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Abstract

In this paper, we introduce the concept of nonnil-FP-injective dimension for both modules
and rings. We explore the characterization of strongly ¢-rings that have a nonnil-FP-injective
dimension of at most one. We demonstrate that, for a nonnil-coherent, strongly ¢-ring R,
the nonnil-FP-injective dimension of R corresponds to the supremum of the ¢-projective
dimensions of specific families of R-modules. We also define self-nonnil-injective rings
as ¢-rings that act as nonnil semi-injective modules over themselves and establish the
equivalence between a strongly ¢-ring R being ¢-von Neumann regular and R being both
nonnil-coherent and self-nonnil semi-injective. Furthermore, we extend the notion of semi-
hereditary rings to ¢-rings, coining the term ‘nonnil-semihereditary’ to describe rings where
every finitely generated nonnil ideal is u-¢-projective. We provide several characterizations
of nonnil-semihereditary rings through various conceptual lenses. Our study also includes an
investigation of the transfer of the nonnil-semihereditary property in trivial ring extensions.
Additionally, we define the nonnil-FP-projective dimension for modules and rings, showing
that for any strongly ¢-ring, a nonnil-FP-projective dimension of zero is indicative of the
ring being nonnil-Noetherian. We also ascertain that, for a strongly ¢-ring R, its nonnil-
FP-projective dimension is the supremum of the NFP-projective dimensions across different
families of R-modules. Lastly, we provide numerous examples to illustrate our results.
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0. Introduction and preliminaries

All rings considered in this paper are assumed to be commutative with non-zero identity
and prime nilradical. We use Nil(R) to denote the set of nilpotent elements of R and Z(R)
the set of zero-divisors of R. Now we recall terminologies and notations that will be used
throughout the paper.

0.1 ¢-ring, strongly ¢-ring, and ¢-torsion theory

A ring R with Nil(R) being divided prime (i.e., Nil(R) C xR for all x € R \ Nil(R)) is
called a ¢-ring. Let H (resp., H) be the set of all ¢-rings (resp., the set of all ¢-rings with
non-maximal nilradical). A ring R is called a strongly ¢-ring if R € H and Z(R) = Nil(R).

Let 7°" be the set of all strongly ¢-rings in 7. Let R be a ring and M be an R-module.
Define

¢-tor(M) :={x € M | sx =0 for some s € R\ Nil(R)}.

If ¢-tor(M) = M, then M is called a ¢-torsion module, and if ¢-tor(M) = 0, then M
is called a ¢-torsion free module. A submodule N of an R-module M is said to be a ¢-
submodule it M /N is ¢-torsion. It is worth noting that in the language of torsion theory,
the class T of all ¢-torsion modules is a (hereditary) torsion class, equivalently ¥ is closed
under (submodules,) direct sums, epimorphic images, and extensions. An ideal / of R is said
to be nonnil if 1 SZ Nil(R). An R-module M is said to be ¢-uniformly torsion (u-¢-torsion
for short) if sM = 0 for some s € R \ Nil(R). An R-module M is said to be ¢-divisible if
M = sM forall s € R \ Nil(R).

0.2 FP-injectivity and FP-projectivity

Maddox [29] studied the absolutely pure modules. It is well-known that an absolutely pure
module is precisely F P-injective. An R-module M is said to be absolutely pure if every
short exact sequence 0 - M — N — P — 0 is pure. Next, Stenstrom [33] studied the
consequences of extending the notion of injective modules to that of FP-injective modules. He
gave the basic properties of FP-injectivity in an arbitrary ring and the FP-injective dimension
of amodule. Recall that the FP-injective dimension of an R-module N (denoted by FP-idg N)
is the least non-negative integer n for which Ext';;rl (M, N) = 0 for every finitely presented
module M, and if no such an integer exists, set FP-idg N = oo. Next, he studied this notion
in coherent rings, and then characterized the coherent rings which are self-FP-injective, that
is the coherent rings R which are FP-injective modules over itself. He established in [33,
Proposition 4.2] that a coherent ring is self-FP-injective if and only if each injective module
is flat. He also established that a self-FP-injective coherent ring which is perfect is a quasi
Frobenuis ring [33, Theorem 4.4]. According to [10], Ding and Mao studied the FP-projective
dimension of a module and the FP-projective dimension of a ring. An R-module M is said
to be FP-projective if Ext}e(M , N) = 0 for any FP-injective module N. The FP-projective
dimension of a module M (denoted by FP-pd, M) is the least non-negative integer n such
that Ext’,’e+l (M, N) = 0 for any FP-injective module N, and set FP-pdy M = oo if no such
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n exists. They also defined the FP-projective dimension of a ring R as
FP-gl. dim(R) := sup {FP-deM | M is a finitely generated R-module} .

The FP-projective dimension has a nice properties when the ring in question is a Noetherian
ring. In fact, it is shown in [10, Proposition 2.6] that a ring R is Noetherian if and only if its
FP-projective dimension is zero. Therefore, the FP projection dimension measures how far
the ring is from being Noetherian.

0.3 Generalizations of coherent rings and modules

Among the many recent generalizations of the concept of the coherent ring in the literature,
we can find them as follows. Due to Bacem and Ali [26], a ¢-ring R is called ¢-coherent if
R/ Nil(R) is a coherent domain [26, Corollary 3.1]. An ideal of a ring R is said to be nonnil
if I ¢ Nil(R). A ¢-ring R is said to be nonnil-coherent if every finitely generated nonnil
ideal is finitely presented, which is equivalent to saying that R is ¢-coherent and (0 : r) is
a finitely generated ideal of R for each r € R \ Nil(R), where (0 : r) = {x € R | rx = 0}
[32, Proposition 1.3]. If R is a strongly ¢-ring and ¢-coherent, then R is a nonnil-coherent
[26, Remark 2.1]. Recently, El Haddaoui, Kim and Mahdou extended the nonnil coherence
of ¢-rings to modules over ¢-rings. If R is a ¢-ring and M is an R-module, then M is said
to be nonnil-coherent if M is finitely generated and every finitely generated ¢-submodule is
finitely presented [11, Definition 2.1]. It is also shown in [11, Theorem 2.1] that a ¢-ring R
is nonnil-coherent if and only if every finitely generated ¢-submodule of a finitely generated
free module is finitely presented.

From [32, Definition 1.7], an R-module N is said to be nonnil-FP-injective if
Ext}e(M , N) = 0 for every finitely presented ¢-torsion module M. By [12, Definition 3], an
R-module N is said to be nonnil semi-injective or ¢-FP-injective if Ext}e (R/I,N) = 0 for
every finitely generated nonnil ideal / of R. It is easy to see that every nonnil-FP-injective
module is nonnil semi-injective. It is shown in [12, Proposition 2.3] that the converse holds
if R is nonnil-coherent.

0.4 ¢-Priifer rings, ¢-Bézout rings, and ¢p-von Neumann regular rings

In [4], Badawi introduced and studied a new class of ¢-rings which are said to be nonnil-
Noetherian. A ¢-ring R is said to be nonnil-Noetherian if R/ Nil(R) is a Noetherian domain
[4, Theorem 1.2], which is equivalent to saying that every nonnil ideal of R is finitely
generated. Anderson and Badawi [3] introduced two classes of ¢-rings which are called ¢-
Priifer and ¢-Bézout rings. A ¢-ring R is said to be ¢-chained if R/ Nil(R) is a valuation
domain [3, Theorem 2.7]. A ¢-ring R is said to be ¢-Priifer if R/ Nil(R) is a Priifer domain
[3, Theorem 2.6]. Every ¢-chained ring is ¢-Priifer [3, Corollary 2.8]. A ¢-ring R is ¢-Priifer
if and only if R}, is ¢-chained for every prime ideal p of R, if and only if Ry, is ¢-chained
for every maximal ideal m of R [3, Theorem 2.9]. All ¢-Priifer rings are Priifer [3, Theorem
2.14], and if in addition Z(R) = Nil(R), then all Priifer rings are ¢-Priifer [3, Theorem
2.16]. A ¢-ring R is said to be ¢-Bézout if R/Nil(R) is a Bézout domain [3, Theorem
3.3]. In [35], Tang, Wang and Zhao introduced the class of ¢-rings which are called ¢-von
Neumann regular rings. An R-module M is said to be ¢-flat if for every R-monomorphism
f + A — B with Coker(f) ¢-torsion, f ® 1 : AQr M — B ®g M is also monomorphism
[35, Definition 3.1]. A ¢-ring R is said to be a ¢-von Neumann regular ring if its Krull
dimension is 0, which equivalent to saying that every R-module is ¢-flat.
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0.5 ¢-(weak) global dimension of a ring

El Haddaoui and Mahdou [14] introduced and defined the ¢-(weak) global dimension of rings
with prime nilradical. An R-module P is said to be u-¢-projective if Ext}e(P, N) = 0 for
each u-¢-torsion R-module N [14, Definition 3.1]. The ¢-projective dimension of M over R,
denoted by ¢-pd M, is said to have at most n > 1 (where n € N) if either M =0or M # 0
which is not u-¢-projective and which satisfies Ext'};rl(M , N) = 0 for every u-¢-torsion
module N. If n is the least non-negative integer for which Ext',‘;r] (M, N) = 0 for every
u-¢-torsion module N, then we set ¢-pdp M = n.If no such n exists, set ¢-pdp M = oco. An
R-module E is said to be nonnil-injective if Ext}e(R /1, E) = 0 for all nonnil ideals of R [40].
The ¢-injective dimension of M over R, denoted by ¢-idg M, is said to have at most n > 1
(where n € N) if either M = 0 or M # 0 which is not nonnil-injective and which satisfies
Ext’l’e+1 (R/1, M) = 0 for every nonnil ideal I of R. If n is the least non-negative integer
for which Ext’};rl (R/1, M) = 0 for every nonnil ideal / of R, then we set ¢p-idg M = n.If
no such n exists, set ¢-idg M = oo.For a ring R, we define the ¢-global dimension of a
ring as the supremum of ¢-pd,(R/I), where [ is a nonnil ideal of R such that R/I is not
u-¢-projective; if no such nonnil ideal exists, then the ¢-global dimension of R is zero. If R
is a ring of Z(R) = Nil(R), then its ¢-global dimension is the supremum of ¢-pdz(R/I),
where [ is a nonnil ideal of R or as the supremum of ¢-idg N, where N is a u-¢-torsion
R-module. Similarly, the ¢-flat dimension of M over R, denoted by ¢-fdg M, is said to have
atmostn > 1 (wheren € N) ifeither M = O or M # 0 which is not ¢-flat and which satisfies
Torf +1(M, N) = 0 for every u-¢-torsion module N. If  is the least non-negative integer for
which Torf 1 (M, N) = 0 for every u-¢-torsion module N, then we set ¢p-fdg M = n.If no
such n exists, set ¢p-fdg M = oo.Let R be a ring of Z(R) = Nil(R). Define

¢-w.gl.dim(R) = sup {¢p-fdg M | M is ¢-torsion}
= sup {¢-fdgR/I | I is a finitely generated nonnil ideal of R},

which is called the ¢-weak global dimension of R [14, Definition 5.7]. More generally, the
¢-weak global dimension of a ring R as the supremum of ¢-fdg(R/I), where [ is a nonnil
ideal of R such that R/I is not ¢-flat; if no such nonnil ideal exists, then the ¢-weak global
dimension of R equals to zero. More precisely, the ¢-weak global dimension of a ring R is
either zero (i.e., if never nonnil ideal is proper) or the least non-negative integer n for which
Tor’lf +1(R/1, N) = 0 for every nonnil ideal I of R such that R/I is not ¢-flat and every
u-¢-torsion module N.

0.6 Amalgamated duplication
To provide examples, we will use the amalgamated duplication of a ring R along an R-
submodule E of the total ring of quotients T (R), introduced by D’ Anna and Fontana and

denoted by R < E (see [9]), is the following sub-ring of R x T (R) (endowed with the usual
component-wise operations):

Re< E:={(r,r+e)|re Rande € E}.

0.7 Summary of results

This paper consists of five sections including an introduction.
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In Sect. 1, we extend the FP-injective dimension (studied in [33]) to the rings with prime
nilradical. We define the nonnil-FP-injective dimension of an R-module N and the nonnil-FP-
injective dimension of a ring R, denoted by NFP-idg N and NFP-i.gl.dim(R), respectively.
Next, in Theorem 1.5, we characterize the strongly ¢-rings R of NFP-i.gl.dim(R) < 1. Then
it is shown in Corollary 1.6 that over a nonnil-coherent strongly ¢-ring R, NFP-i.gl.dim(R)
is the supremum of the ¢-projective dimension of certain families.

In Sect. 2, we define the self-nonnil-injective rings as ¢-rings which are nonnil semi-
injective modules over themselves. We establish in Theorem 2.7 that a strongly ¢-ring R is a
¢-von Neumann regular ring if and only if R is nonnil-coherent and self-nonnil semi-injective.

In Sect. 3, we generalize the notion of semihereditary rings to the class of ¢-rings, in
particular, to H. A ring R is said to be nonnil-semihereditary if every finitely generated
nonnil ideal of R is u-¢-projective. Then several characterizations of nonnil-semihereditary
rings are given in terms of various notions. Next, we study the transfer of being nonnil-
semihereditary in the trivial ring extensions. Finally, we end this section by providing an
example of a ¢-Priifer ring that is not nonnil-semihereditary.

In Sect. 4, we define the nonnil-FP-projective dimension of an R-module N and the nonnil-
FP-projective dimension of a ring R (denoted by NFP-pdx N and NFP-p.gl.dim(R), respec-
tively). We next establish in Theorem 4.4 that for any strongly ¢-ring R:
NFP-p.gl.dim(R) = O if and only if R is nonnil-Noetherian, and we will show in Corol-
lary 4.2 that for a strongly ¢-ring R, NFP-p.gl.dim(R) is the supremum of the NFP-projective
dimensions of various family of R-modules.

For any undefined terminology and notation the reader is referred to [7, 17, 18, 23, 34,
36].

1 Nonnil-FP-injective dimension

We start this section by recalling the definition of the nonnil-FP-injective module.

Definition 1.1 [32, Definition 1.7] An R-module N is said to be a nonnil-FP-injective module
if Ext}e(M , N) = 0 for every finitely presented ¢-torsion R-module M.

Proposition 1.1 Let R be a ring. Then every nonnil-FP-injective module is divisible.
Proof The proof of this proposition is similar to that of [14, Theorem 2.8]. O

Recall from [13] that an exact sequence 0 - A — B — C — 0is said to be nonnil-pure
if for every finitely presented ¢-torsion module F, we obtain the following exact sequence
0> FQr A - F®r B - F ®@g C — 0. In particular, every pure exact sequence is
nonnil-pure. A submodule A of B is said to be nonnil-pure if the exact sequence 0 — A —
B — B/A — 0 is nonnil-pure.

The concept of nonnil-FP-injectivity is closely related to that of nonnil-pure exact
sequences.

Theorem 1.2 [13, Theorem 2.27] The following are equivalent for an R-module M.

(1) M is nonnil-FP-injective.

(2) If G is a finitely generated ¢p-submodule of a finitely generated free module F, then
every homomorphism G — M can be extended to F — M.

(3) Every exact sequence 0 — M — M’ — M" — 0 is nonnil-pure.
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(4) There exists a nonnil-pure exact sequence 0 — M — M’ — M" — 0 with M’
nonnil-FP-injective.
(5) Given any diagram of R-modules and homomorphisms

0— A2 B
‘Lfl(/;l
M

with the above row exact and Coker(g) a finitely presented ¢-torsion module, there is
a homomorphism h : B — M making this diagram commute (i.e., hg = f).

(6) Every exact sequence 0 — M l> B — C — 0 is split for any finitely presented
¢-torsion R-module C.

(7) If0 > A — B — C — 0 is an exact sequence such that C is finitely presented
¢-torsion, then the sequence

0 — Homg(C, M) - Homg(B, M) — Homg(A, M) — 0O
is also exact.

Definition 1.2 Let M be an R-module. Then the nonnil-FP-injective dimension of M, denoted
NFP-idg M, is said to have at most n € N*, if either M = 0 or M # 0 which is not
nonnil-FP-injective and which satisfies Ext’ll;rl(F , M) = 0 for every finitely presented ¢-
torsion R-module F. If n is the least non-negative integer for which Ext'I’QH(F ,M) =0
for every finitely presented ¢-torsion R-module F, then NFP-idg M = n; if no such integer
exists, then NFP-idg M = oco. For aring R, we set its global nonnil-FP-injective dimension

(NFP-p.gl.dim(R) for short) as follows:
NFP-p.gl.dim(R) = sup {NFP-idg N | N is a u-¢-torsion module} .

Remark 1.1 (1) Let M be an R-module. It is easy to establish that M is a nonnil-FP-injective
module if and only if NFP-idg M = 0.

(2) By Definition 1.2, the global nonnil-FP-injective dimension of a ring R is either zero
(i.e., every finitely presented u-¢-torsion module is nonnil-FP-injective) or the supremum of
all NFP-idg N, where N is a nonzero u-¢-torsion and not a nonnil-FP-injective module.

(3) If R is a ring such that Nil(R) = Z(R), then for every R-module N, we get
NFP-idg N < n if and only if Ext’l’;rl(F , N) = 0 for every finitely presented ¢-torsion
R-module F'. In fact, if N = 0, then the above equivalence holds. If N # 0, then N can
not be nonnil-FP-injective. Deny, N = 0 by Proposition 1.1 above, a desired contradiction.
Therefore, the above equivalence holds by Definition 1.2.

Note that if an R-module M is u-¢-torsion, then so is M+ := Homgz(M, Q/Z) [14,
Corollary 3.2].

Theorem 1.3 Let R be a ring of Z(R) = Nil(R) and § denote the set of all finitely presented
¢-torsion R-modules. Then

¢-w.gl.dim(R) < NFP-i.gl.dim(R) < sup ¢-pdp F.
Fed

In particular, R is a ¢-von Neumann regular ring if and only if NFP-i.gl.dim(R) = 0.
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Proof Set n := suppz ¢-pdg F. We claim that NFP-i.gl.dim(R) < n. Let N be a u-¢-
torsion module and let F' € §. Then ¢-pdp F < n, and so Ext'I’;rl (F,N) =0.Thus NFP-
idg N < n, and so NFP-i.gl.dim(R) < supp.g ¢-pdg F. Now, set p := NFP-i.gl.dim(R)
and we claim that ¢-w.gl.dim(R) < p. Let F € § and N be a u-¢-torsion module.
Then N1 is a u-¢-torsion module. Thus Tor§+](F, N)T = Ext?rl(F, Nt) = 0 since
NFP-i.gl.dim(R) = p. Consequently Torff_H(F, N) =0,andso ¢-w.gl.dim(R) < p. O

Theorem 1.4 Let R be a ring and M be a nonzero and non-nonnil-FP-injective module. Then
the following assertions are equivalent:

(1) NFP-idgM < n.

(2) Ext’};'] (F, M) = 0 for any finitely presented ¢-torsion module F.

(3) If the sequence 0 - M — Eoy — --- — E, — 0 is exact with Ey, ..., E,_|
injective, then E, is nonnil-FP-injective.
If R is a nonnil-coherent ring, then the above statements are equivalent to:

(4) Ext’};‘l (R/1, M) = 0 for any finitely generated nonnil ideal I of R,

Proof (1) < (2) This follows immediately from Definition 1.2.

(2) < (3) This follows from the isomorphism Ext's" (F, M) = Exth(F, E,).

Assume that R is nonnil-coherent. Then:

(2) = (4) This is straightforward.

(4) = (2) We use induction on the number of generators of F. Assume that F is finitely
presented ¢-torsion by m generators and let F’ be the submodule generated by one of
these generators. Since R is nonnil-coherent, both F/ and F/F’ are finitely presented ¢-
torsion by less than m generators. So we obtain an exact sequence Ext’,’e+1 (F JF', M ) —
Ext'l’?+1 (F, M) > Ext'l’?+1 (F’, M), where both end terms are zero by induction. Hence

Ext;t(F, M) = 0. O

Definition 1.3 [12, Definition 3] Let R be a ring and M be an R-module. Then M is said to
be nonnil semi-injective or ¢-FP-injective if Ext}e (R/1, M) = 0 for any finitely generated
nonnil ideal 7 of R.

Remark 1.2 1t is easy to see that every nonnil-FP-injective module is nonnil semi-injective.
It is shown in [12, Proposition 2.3] that over any nonnil-coherent ring R, an R-module is
nonnil-FP-injective if and only if it is nonnil semi-injective.

Recall that an R-module is said to be n-presented if M has an n-presentation (that is an
exact sequence F, - F,_1 — --- —> Fy — M — 0, where each F; is a finitely generated
free R-module). In addition, if M is a ¢-torsion R-module, then M is said to be ¢-n-presented
and the above exact sequence is called a ¢-n-presentation of M.

Definition 1.4 [12, Definition 2] Let R be aring and n, d € N. An R-module N is said to
be ¢-(n, d)-injective or nonnil (n, d)-injective if Ext‘f:‘l (R/I, N) = 0 for any nonnil ideal
I such that R/I is a ¢-n-presented R-module.

The following theorem characterizes the nonnil-coherent ring R with nonnil-FP-injective
dimension at most n € N.

@ Springer



104 Page8of27 Y. El Haddaoui et al.

Theorem 1.5 The following are equivalent for a nonnil-coherent strongly ¢-ring R.

(1) NFP-i.gl.dim(R) < n.

(2) NFP-idg N < n for any u-¢-torsion R-module N.

(3) ¢-pdg F < n for any finitely presented ¢-torsion R-module F.
(4) ¢-pdg R/I < n for any finitely generated nonnil ideal I of R.
(5) Every u-¢-torsion module is ¢-(1, n)-injective.

Proof (1) < (2) This follows immediately from Definition 1.2.

(2) = (3) Let F be a finitely presented ¢-torsion R-module. Then for every u-¢-torsion
module N we have Ext'};rl (F, N) =0, which implies that ¢-pdp F' < n.

(3) = (4) This is straightforward.

(4) = (2) This is similar to the proof of (4) = (2) in Theorem 1.4.

(4) < (5) This is obvious. O

Corollary 1.6 Let R be a nonnil-coherent strongly ¢-ring R. Then:
NFP-i.gl.dim(R) := sup {4)-de F | F is finitely presented ¢-t0rsi0n}
= sup {d)— pdg R/I | I is a finitely generated nonnil ideal}

Proof This follows immediately from Theorem 1.5. O

2 Nonnil-self injective rings and nonnil semi-injective modules

We start the section by the following definition.

Definition 2.1 Let R be a ring and consider the following exact sequence of R-modules:
0—>A—B—~>C—0. (1)

The sequence (1) is said to be ¢-strongly pure exact if for every finitely generated nonnil ideal
I of R, we get the following exact sequence 0 — Hompg(R/I, A) — Homg(R/I, B) —
Hompg(R/I,C) — 0. In particular, every nonnil-pure exact sequence is ¢-strongly pure.
A submodule A of B is said to be ¢-strongly pure if the exact sequence 0 - A — B —
B/A — 0is ¢-strongly pure. In particular, every nonnil-pure submodule is a ¢-strongly pure
submodule.

The following is our first characterization of nonnil semi-injectivity of modules.

Theorem 2.1 The following are equivalent for an R-module M.

(1) M is nonnil semi-injective,

(2) If I is a finitely generated nonnil ideal of R, then every homomorphism I — M can
be extendedto R — M.

(3) Every exact sequence 0 — M — M’ — M" — 0 is ¢-strongly pure.

(4) There exists a ¢-strongly pure exact sequence 0 - M — M’ — M"” — 0 with M’
nonnil semi-injective.

Proof The proof is similar of that of [13, Theorem 2.27]. O
Remark 2.1 Following the work of [31], we establish by similar way that the self-nonnil-

semi-injectivity of R-modules is a hereditary property if we assume that Z(R) = Nil(R).

@ Springer



Nonnil-FP-injective and nonnil-FP-projective dimensions and... Page9of27 104

Definition 2.2 A ¢-ring R is said to be nonnil-self-injective if R is a nonnil-injective module
over itself.

Recall from [31] that if R is a strongly ¢-ring, then the nonnil-injectivity is a hereditary
property. The following theorem establishes that the ¢-von Neumann regular rings and the
nonnil-self-injective rings are the same.

Theorem 2.2 Let R € H and set R := R/ Nil(R). Then the following conditions are equiv-
alent:

(1) R is a ¢-von Neumann regular ring.
(2) R is a nonnil-self-injective strongly ¢-ring R.
(3) Nil(R) and R/ Nil(R) are nonnil-injective R-modules.
(4) Nil(R) is a nonnil-injective ideal of R and R/ Nil(R) is a self-injective ring.
(5) R/Nil(R) is a self-injective ring.
(6) Every u-¢-torsion R-module M is R-flat.
(7) Torf(M, X) = Nil(R) Torf(M, X) for every u-¢-torsion R-module M and every
R-module X. B
(8) Torf(M, X) = Nil(R) Torf(M, X) for every u-¢-torsion R-module M and every
finitely generated R-module X.
9) Torf (M, X) = Nil(R) Torf (M, X) for every u-¢-torsion R-module M and every
finitely presented R-module X.
(10) Tor{e (M, R/I) = Nil(R) Tor{e (M, R/I) for every u-¢-torsion R-module M and every
nonnil ideal I of R.
(11) Tor{e (M, R/I) = Nil(R) Torf (M, R/I) for every u-¢-torsion R-module M and every
finitely generated nonnil ideal I of R.
(12) Every u-¢-torsion R-module is an injective R-module.
(13) R is a total quotient ring such that Z(R) = Nil(R).

To prove Theorem 2.2, we need the following lemmas.
Lemma 2.3 If R € H, then R/ Nil(R) is a u-¢-projective R-module.

Proof Assuming that R € H, we claim that Ext}e(R /Nil(R), X) = 0 for any u-¢-torsion
R-module X. Let X be a u-¢-torsion R-module. We first establish that Hom g (Nil(R), X) =
0. Let y € Homg(Nil(R), X). Since X is a u-¢-torsion R-module, sX = 0 for some
s € R\Nil(R). Since R € H, it follows that Nil(R) is a ¢-divisible R-module, and so
Nil(R) = s Nil(R). Then for every n € Nil(R), we can write n = sn’ for some n’ € Nil(R)
and so, y (n) = sy (n’) € sM = 0. It follows that Hom g (Nil(R), X) = 0. But from the short
exact sequence 0 — Nil(R) - R — R/Nil(R) — 0, we get 0 = Homz (Nil(R), X) —
Ext}e(R/Nil(R), X) — 0. Therefore, R/ Nil(R) is a u-¢-projective R-module. ]

Lemma24 Let R and T be rings, M be an R-T-bi-module, A be a u-¢-torsion R-module
and X be a u-¢-torsion T-module. If M is both a ¢-flat R-module and a u-¢-projective
T -module, then

Exty(A ®g M, X) = Exth(A, Homz (M, X)).
Proof Let0 - X — E — G — 0 be an exact sequence of 7T-modules, where E is an

injective T-module. Since M is a u-¢-projective T-module, we get the following short exact
sequence 0 - Hom7 (M, X) — Homp (M, E) — Homp (M, G) — 0. But [14, Theorem
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5.8] implies that Hom7 (M, E) is a nonnil-injective R-module. So we get the exact sequence
Hompg (A, Homr (M, E)) - Homg(A, Hom7 (M, G)) — Ext}e(A, Homy (M, X)) — O.
By [36, Theorem 2.2.16 (Adjoint Isomorphism Theorem)], we get the following commutative
diagram with exact rows

Hompg (A, Homy (M, E)) — Hompg (A, Homp (M, G)) —— Ext}Q(A, Homp (M, X)) —— 0

|

Homy (A ® g M, E) ——— Hom7 (A ®g M, G) ——— Exth(A®g M, X) —— 0

Therefore, we get the desired isomorphism Ext}.(A ®g M, X) = Extk (A, Homr (M, X)).
o

Lemma 2.5 Let R be a ¢-ring. Then we get the following isomorphism
1 ~ Tl
Extg(A, X) = Extg(A, X)

for every u-¢-torsion R-module X and every u-¢-torsion R-module A. In particular, a u-¢-
torsion R-module X is a nonnil-injective R-module if and only if X is an injective R-module.

Proof By combining Lemmas 2.3 and 2.4 and by setting R = M, we get the following
isomorphism Extk (4, X) = Extlﬁ(A, X) for every u-¢-torsion R-module X and every u-¢-
torsion R-module A, since A g M = A. Now, assume that X is a u-¢-torsion R-module.
Then it is easy to see that M is a u-¢-torsion R-module, and so for every nonnil ideal 7 of R
(setting I := I/Nil(R)), we have

X is a nonnil-injective R-module <> Ext}e (R/1,X)=0
= Extlﬁ(R/I, X)=0
= Bxtp(R/I, X) =0

<= X is an injective R-module.

Proof of Theorem 2.2 (1) = (2) This follows from [14, Corollary 5.34].

(2) = (3) Assume that R is a nonnil-self-injective strongly ¢-ring. Then Nil(R)
is a nonnil-injective ideal. In fact, it is easy to see that R/Nil(R) is a ¢-torsion free
R-module, and so for any nonnil ideal / of R, we get Homg(R/I, R/Nil(R)) = 0
by [35, Theorem 2.3]. Using the sequence 0 — Nil(R) - R — R/Nil(R) —
0, we get Ext}Q(R/I,Nil(R)) = 0 since R is nonnil-self-injective. Thus Nil(R) is a
nonnil-injective ideal. Since Ext}?(R/I, R/Nil(R)) = Ext%? (R/I,Nil(R)), it follows that
Ext}e(R/I, R/Nil(R)) = 0, and so R/ Nil(R) is a nonnil-injective R-module.

(3) & (4) This follows from [38, Proposition 1.4].

(4) = (1) Let s € R\ Nil(R). Since R/ Nil(R) is a nonnil-injective R-module, it is
divisible R-module by [14, Theorem 2.8]. So there exists 7 € R such that 1 + Nil(R) = sr +
Nil(R), and hence sr € 1 4+ Nil(R) € U (R), the set of units of R. Thus R\ Nil(R) C U (R).
Therefore, R is a local ¢-ring with maximal ideal Nil(R). Hence R is a ¢-von Neumann
regular ring by [14, Theorem 5.14].

(5) < (1) This follows immediately from [14, Corollary 5.15] and [35, Theorem 4.1]
since R/ Nil(R) is a field because it is both an integral domain and a self-injective ring.

©6)= (7)) = (8) = (10) = (11) & (8) = (9) = (11) These are obvious.
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(11) = (6) Since R € H, it follows that Nil(R) is a ¢-divisible ideal of R, and so M can
be considered as an R-module. In addition, we have the natural isomorphism ROM = M. If
I is an ideal of R containing Nil(R), then we set I := I/ Nil(R), so R/I = R/I. Following
[14, Theorem 5.9], by setting A = T = R and X = R/I where I is a finitely generated nonnil

ideal of R, we get the following isomorphism Torf(f ®r M,R/I) = Torf(M, R/I) =
R ®g Torf (M, R/I) = 0. That is equivalent to Torf (M, R/I) = Nil(R) Torf (M, R/1).

(1) = (12) If R is a ¢-von Neumann regular ring, then R is a field by [35, Theorem 4.1],
and so every u-¢-torsion R-module is an injective R-module.

(12) = (1) Let M be a u-¢-torsion R-module and / be a nonnil ideal of R. Then
Ext}e(R/l, M) = 0 by Lemma 2.5 above. It follows that R/ is a u-¢-projective R-module,
i.e., ¢-gl.dim(R) = 0, and so R is a ¢-von Neumann regular ring by [14, Theorem 5.29 &
Corollary 5.33].

(6) = (1) Let I be a nonnil ideal of R. Then R/I is a flat R-module, and so
w. gl. dim(R) = 0. It follows that R is a semisimple domain, i.e., R is a field. Therefore, R
is a ¢-von Neumann regular ring by [35, Theorem 4.1].

(1) = (6) This is straightforward since every u-¢-torsion R-module over a ¢-von Neu-
mann regular ring is zero.

(1) < (13) This follows immediately from [14, Theorem 5.14 & Corollary 5.15]. m}

Corollary 2.6 If (R, Nil(R)) is a non-reduced local ¢-ring, then R < Nil(R) is a nonnil-self
injective ring that is not self-injective.

Proof From [8, Corollary 2.5], it is clear that R o< Nil(R) is never a nonnil-self-injective

ring since Nil(R) is not generated by an idempotent element. It is easy to establish that

Ro<Nil(R)  ~ _ R<Nil(R) ~ S .
Nil(;;f\él&e)) = Nil(EQI\(IilgR) = NilIER)’ which is a ¢-von Neumann regular ring by [14,

Theorem 5.14]. Hence R is a nonnil-self-injective ring by Theorem 2.2. O

Definition 2.3 A ring R is said to be self-nonnil semi-injective if R is a nonnil semi-injective
module over itself.

Next, the following theorem characterizes the ¢-von Neumann regular rings.

Theorem 2.7 The following are equivalent for a nonnil-coherent ring R.

(1) R isa ¢-von Neumann regular ring.

(2) R is self-nonnil semi-injective strongly ¢-ring.

(3) Every nonnil semi-injective module is ¢-flat.

(4) Every injective module is ¢-flat.

(5) Every R-module can be embedded in a ¢-flat module.

(6) An R-module is ¢-flat if and only if it is nonnil semi-injective.

Before proving Theorem 2.7, we establish the following lemma, which is an analog of
[33, Lemma 4.1].

Lemma 2.8 Let R be a self-nonnil semi-injective and nonnil-coherent strongly ¢-ring. Then
every ¢-flat module is nonnil semi-injective.

Proof Let M be a ¢-flat module and consider an exact sequence 0 - K — F - M — 0,
where F is free. Then F is a nonnil semi-injective module. Indeed, let / be a finitely generated
nonnil ideal of R and set F = @J R for some index set J. Using [36, Theorem 3.9.2 (1)],
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we get Bxth(R/I, F) = @, ExtL(R/I, R), and so Extk(R/I, F) = 0 since R is assumed
to be self-nonnil semi-injective. Thus F is nonnil semi-injective. Since M is ¢-flat, the
sequence 0 > K — F — M — 0 is ¢-strongly pure, and so K is nonnil semi-injective
by Theorem 2.1. Then for any finitely generated nonnil ideal I of R, we get the following
exact sequence 0 — Exth(R/I, M) — Ext%(R/I, K) = 0. Hence ExtL(R/I, M) = 0 by
Remark 2.1. Therefore, M is nonnil semi-injective. O

Proof of Theorem 2.7 (1) = (2) This is straightforward.

(2) = (3) Let E be a nonnil semi-injective module. Then E™ is a ¢-flat module by [12,
Corollary 3.13], and so E™ is a nonnil semi-injective module by Lemma 2.8. Therefore,
by duality formula (i.e., the isomorphism TorR(R/I, E)* = ExtL(R/I, ET), where I is a
finitely generated nonnil ideal of R), we get Torf(R/I, E) = 0. Therefore, E is a ¢-flat
module by [35, Theorem 3.2].

(3) = (4) This is straightforward since every injective module is nonnil semi-injective.

(4) = (5) This is clair since every R-module can be embedded in an injective module.

(5) « (1) This follows from [32, Theorem 2.5].

(1)&(2) = (6) It is easy to see that every nonnil semi-injective module is ¢-flat since
R is a ¢-von Neumann regular ring. By (2) and Lemma 2.8, every ¢-flat module is nonnil
semi-injective.

(6) = (3) This is obvious. ]

Corollary 2.9 The following are equivalent for a nonnil-coherent ring R.

(1) R is avon Neumann regular ring,
(2) Every nonnil-FP-injective module is ¢-flat.

Proof This follows immediately from Theorem 2.7 and [12, Proposition 2.3]. O

3 Nonnil-semihereditary rings

In this section, we introduce and study a new generalization of the semihereditary ring. A
ring R is said to be semihereditary if every finitely generated ideal is projective. Recall from
[26] that an R-module P is said to be uniformly ¢-projective (u-¢-projective for short) if
Ext}e(P, N) = 0 for every u-¢-torsion module N [14, Definition 3.1].

Definition 3.1 A ring R € H is said to be nonnil-semihereditary if every finitely generated
nonnil ideal of R is u-¢-projective.

It is shown that in [14, Theorem 5.11] that every u-¢-projective module is ¢-flat.
Example 3.1 Ttis easy to see that every ¢-von Neumann regular ring is nonnil-semihereditary.
The following theorem is a first characterization of nonnil-semihereditary rings.

Theorem 3.1 The following are equivalent for a ring R € H.

(1) R is nonnil-semihereditary.
(2) R is a nonnil-coherent ring such that every finitely generated nonnil ideal of R is
projective.

Before proving Theorem 3.1, we need the following lemmas:
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Lemma3.2 Let R € H. If M is a finitely presented ¢-flat module, then M is projective.

Proof Let M be a finitely presented ¢-flat module. By [35, Theorem 3.5], we can assume that
R is a local ¢-ring with unique maximal ideal m # Nil(R) (see [36, Exercise 1.35]). From
[35, Theorem 3.2], we get Torf (M, R/m) = 0, and so M is free by [36, Theorem 3.4.12].
Therefore, M is locally free and finitely presented, i.e., a projective module. m}

For a ring R and an R-module M, denote by R o« M the trivial extension of R by M.

Remark 3.1 Lemma 3.2 is not true if R € H, i.e., if R is a local ¢-ring with maximal ideal
Nil(R). In fact, from [14, Example 5.4], in the ring R = Z/27Z  7Z/27Z, the R-module
R/Nil(R) = Z /27 is finitely presented ¢-flat, but not projective.

Lemma3.3 Let R € H and I be a finitely generated nonnil ideal of R. Then R/ is ¢-flat if
and only if I = R.

Proof First, we establish that the ¢-rings are connected. In fact, if there exists a nontrivial
idempotent e in a ¢-ring R, then e(1 — e¢) € Nil(R) implies that either ¢ € Nil(R) or
1 —e € Nil(R). Butif e € Nil(R), then e = 0, which impossible. Then 1 — e € Nil(R), and
so e € U(R), which is also impossible. Then R is connected. On the other hand, we have
from [14, Corollary 5.36] that R/I is a projective R-module, and so [ is generated by an
idempotent by [1, Exercise (10.24)]. Then R/I is ¢-flat if and only if / = R. O

Proof of Theorem 3.1 (1) = (2) Suppose R is a nonnil-semihereditary ring and let / be a
finitely generated nonnil ideal of R. We may assume that / is proper. By Lemma 3.3, R/I can
not be ¢-flat, and so ¢-w. gl. dim(R) < 1. Suppose on the contrary that Nil(R) C Z(R). Then
there exists s € Z(R)\Nil(R). But R is a ¢-ring, which implies that R is a connected ring, and
so R/sR can not be a ¢-flat R-module by [14, Theorem 5.13 & Corollary 5.36]. Then (s) is
a ¢-flatideal. By [14, Theorem 5.4], the short exact sequence 0 — (0 :s) > R — (s) = 0
is ¢-pure, which implies that the R-homomorphism givenby ¢ : (0 : s5) ®r % — % is an
R-monomorphism. But its kernel equals to (%:)S). Then (s) = s(0 : s), in particular, s = rs
for some r € (0 : s), and so s = 0, a contradiction. Consequently, we proved that every
¢-ring of p-w.gl.dim(R) < 1is a strongly ¢-ring, i.e., Z(R) = Nil(R). Thus R is a ¢-Prfer
ring by [14, Corollary 5.23], in particular, R is a nonnil-coherent ring. Hence [ is a finitely
presented ideal. But [ is a ¢-flat ideal by [14, Theorem 5.11]. Therefore, I is projective by
Lemma 3.2.

(2) = (1) This is straightforward. ]

Corollary 3.4 Every nonnil-semihereditary ring is a nonnil-coherent ring.

Proof If Nil(R) is amaximal ideal, then R is a ¢p-von Neumann regular ring by [14, Theorem

5.14], and so R is a nonnil-coherent ring. If R € H, then it follows from the proof of
Theorem 3.1 that R is a nonnil-coherent ring. O

Corollary 3.5 The following are equivalent for a ring R € 'H.

(1) Ris nonnil:.semihereditary.
(2) R is a ¢-Prfer strongly ¢-ring.

Proof (1) = (2) This follows immediately from the proof of Theorem 3.1.

(2) = (1) Assume that R is a ¢-Prfer strongly ¢-ring. Then R is a nonnil-coherent ring
by [26, Remark 2.1]. Let I be a finitely generated nonnil ideal of R. Then [ is u-¢-projective
by [14, Theorem 5.41]. Consequently, R is a nonnil-semihereditary ring. O
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The following is an analog of a well-known result for the semihereditary ring. [36, Theorem
3.7.9].

Theorem 3.6 If R € H is a nonnil-semihereditary ring, then every finitely generated ¢-
submodule M of a free module is a direct sum of a finite number of finitely generated nonnil
ideals of R.

Before proving Theorem 3.6, we need the following:

Lemma 3.7 Consider the following commutative diagram of R-modules with exact rows:

i 14

00— A 0

B C
L b

0— A B 2y —0,

where B,v, i and i’ are the natural inclusions. If B is a ¢-submodule of B’, then C is a
¢-submodule of C' and A is a ¢-submodule of A’.

Proof Assume that B is a ¢-submodule of B’. Then we claim that C is a ¢-submodule of C’.
Let x’ € C'. Then p(y") = x’ for some y’ € B’. Since B is a ¢-submodule of B’, it follows
that sy’ € B for some s € R \ Nil(R), and so sp(y") = sx’ € C. Hence C is a ¢-submodule
of C'. Let x € A’. Then there exists s € R \ Nil(R) such that sx € B. Since i’ is the natural
inclusion, we can set A’ = ker(p), and so sx € ker(p) N B C A. Hence A is a ¢>-submodule
of A’ O

Proof of Theorem 3.6 Let M be a finitely generated ¢-submodule of a free module F. We can
set F := R™ andlet p : F — R be the n-th projection, and set I := p(M). Then we get
the following commutative diagram of exact rows:

0 N M5 0

L A

0— RD — F 23R —50

By Lemma 3.7, we get that I is a ¢-submodule of R, that is, a nonnil ideal of R. Thus /
is projective by Theorem 3.1. Hence M = N & . Using again Lemma 3.7, we get that N
is a finitely generated ¢-submodule of R"~1), and so the assertion can be proved by using
induction on n. O

Recall that the ¢-weak global dimension of a ring R is the least non-negative integer n
for which Torff +1(R/1, N) = 0 for every nonnil ideal / of R and every u-¢-torsion module
N [14, Remark 5.11].

Next, the following result is the ¢-torsion theoretical analog of the well-known theorem
for the semihereditary ring [36, Theorem 3.7.10].

Theorem 3.8 The following are equivalent for a ring R € H.

(1) R is nonnil-semihereditary.

(2) R is nonnil-coherent and every finitely generated nonnil ideal is u-¢-projective.
(3) Every finitely generated nonnil ideal of R is projective.

(4) R is nonnil-coherent and every finitely generated nonnil ideal of R is flat,

(5) R is nonnil-coherent and ¢-w. gl. dim(R) = 1.
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(6) Every finitely generated ¢-submodule of a finitely generated free module is projective,
(7) R is nonnil-coherent and every u-¢-torsion module is ¢-(1,1)-injective.
(8) R is a nonnil-coherent strongly ¢-ring and NFP-i.gl.dim(R) = 1.

Proof (6) = (1) This is straightforward.

(1) < (2) This follows by Definition 3.1.

(2) < (3) This follows by Theorem 3.1.

(3) = (4) Let I be a finitely generated nonnil ideal of R. Then I is finitely presented
since it is projective, and so R is a nonnil-coherent ring. It is easy to see that / is flat.

(4) = (3) Let I be a finitely generated nonnil ideal of R. Then [ is a finitely presented
ideal since R is assumed nonnil-coherent, and so / is projective since it is flat.

(1) = (6) Let M be a finitely generated ¢-submodule of a finitely generated free. Then
M is a direct sum of finite number of finitely generated nonnil ideals. So M is projective by
Theorem 3.1.

4) = (5) It follows from [14, Theorem 5.26] that ¢-w.gl.dim(R) < 1. But if ¢-
w. gl.dim(R) = 0, then R ¢ H, a contradiction. Then ¢-w. gl. dim(R) = 1.

(5) = (4) Let I be a finitely generated nonnil ideal of R. Since R is nonnil-coherent, /
is a finitely presented nonnil ideal. By [14, Theorem 5.26 and Corollary 5.36], [ is a ¢-flat
ideal, and so I is projective.

(7) < (8) This follows from Theorems 1.3 and 1.5.

(1) < (8) This follows immediately from Corollary 1.6. O

Recall from [12] that a ¢-ring is said to be ¢-(n, d), where n, d € N, if every ¢-n-presented
module has a ¢-projective dimension at most d. It is shown in [12, Theorem 2.21] that every
strongly ¢-ring which is a ¢-(1, 1)-ring is a ¢-Priifer ring.

Theorem 3.9 Let R € H be a nonnil-coherent ring. Then R is a ¢-(1, 1)-ring if and only if
R is a nonnil-semihereditary ring.

Proof Let I be a finitely generated nonnil ideal of R, then either / = Rorl # R.If I = R,
then 7 is projective. Now, if I # R, then R/I is never u-¢-projective by Lemma 3.3, and so
¢-pdgr(R/I) = 1. Thus I is u-¢-projective, and so I is projective since R is assumed to be
nonnil-coherent. Hence R is nonnil-semihereditary.

Conversely, let M be a finitely presented ¢-torsion R-module. Then M = F/N, where
F is a finitely generated free R-module and N is a finitely generated ¢-submodule of F. By
Theorem 3.8, N is projective, and so ¢-pdg M < 1. Thus R is a ¢-(1,1)-ring. O

Recall from [36, Theorem 3.7.12] that every semihereditary ring is closed under local-
ization, and thus so is every Priifer domain. We show that this result holds in the context of
nonnil-semihereditary rings.

Theorem3.10 Let R € H and S be a multiplicative subset of R. If R is a nonnil-
semihereditary ring, then so is S™'R.

Proof First, it is easy to establish that S™' R € . Let J be a finitely generated nonnil ideal
of ST'R. Then it is easy to see that there exists a finitely generated nonnil ideal I of R such
that S™'7 = J. By Theorem 3.1, we get that J is (S~ ! R)-projective since I is projective.
Therefore S™'R is a nonnil-semihereditary ring by Theorem 3.1. Using [26, Exercise 1.16],
we establish immediately that S~ R is a strongly ¢-ring if R so is. O
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Recall from [3, Theorem 3.2] that a ¢-ring R is said to be ¢-Bézout if every finitely
generated nonnil ideal of R is principal. Also recall from [14, Definition 2.7] that a ¢-ring R
is called a ¢-principal ideal ring if every nonnil ideal is principal. Therefore every ¢-principal
ideal ring is ¢-Bézout.

Proposition3.11 Let R € ﬂZN. If R is a ¢-Bézout ring, then R is nonnil-semihereditary.

Proof Let J be a finitely generated nonnil ideal of R. Then there exists a € R\Nil(R)
such that J = aR. It is easy to verify that J is free since Z(R) = Nil(R), and so R is
nonnil-semihereditary by Theorem 3.1. O

Recall from [3, Theorem 2.7] that a ¢-ring is said to be a ¢-CR ring if R/ Nil(R) is a
valuation domain. The following is an analog of the well-known result [36, Theorem 3.7.12].

Theorem3.12 Let R € ﬂZN. Then R is a ¢-CR ring if and only if R is both nonnil-
semihereditary and local.

Proof This follows from Theorem 3.5 and [14, Theorem 5.44]. ]

Recall from [14, Definition 4.6] that a ¢-ring is said to be ¢-hereditary if every nonnil ideal
is u-¢-projective. It is known that aring R is a Noetherian ring, then R is semihereditary if and
only if R is hereditary. The next result establishes the relationship between the ¢-hereditary
nonnil-Noetherian rings and the nonnil-semihereditary rings.

Proposition 3.13 Let R € H. Assume that R is a nonnil-Noetherian ring. Then the following
are equivalent.

(1) R is nonnil-semihereditary.
(2) R is ¢-hereditary.

Proof This is straightforward. O

Theorem 3.14 Let R € H be a nonnil-semihereditary ring and M be a finitely presented
¢-torsion module. Then for every direct system of R-modules {N;};c, EXt}e(M, h_I)n N;) =
h'_I)nExt}e(M, N;) and Ext’}Q(M, h_H)l N;) =0 for everyn > 2.

Proof Let M be a finitely presented ¢-torsion R-module and consider the following short
exact sequence 0 - N — F — M — 0, where F is a finitely generated free R-module.
Since R is nonnil-semihereditary, N is a finitely generated projective R-module by Theo-
rem 3.8. Consider the following commutative diagram of R-modules with exact rows:

Homg(F, lim N;) — Hompg(N, lim N;) — Extp(M, lim N;) — 0

’ l% |

1i_n)1HomR(F, N;) — li_n)lHomR(N, N;) — H_I)HEXt}e(M, Ni) — 0
By [36, Theorem 3.9.4 (1)], the two left vertical arrows are isomorphisms, and so we have

Extg (M, lim N;) = lim Exty (M, N;). Since N is projective, we have Ext (M, lim N;) = 0
for every n > 2. O
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Corollary 3.15 Let R € H be a nonnil-semihereditary ring and {N;};c; be a direct system of
nonnil semi-injective R-modules. Then h_n)l N; is nonnil semi-injective.

Proof This follows immediately from Theorem 3.14. O

Theorem 3.16 Let R € H be both a nonnil-Noetherian ring and a nonnil-semihereditary
ring, E be an injective module, and N be a submodule of E. Then E /N is nonnil-injective.

Proof Let I be a nonnil ideal of R. Then pdi R/I < 1 by Theorem 3.1, and so for the
following short exact sequence 0 - N — E — E/N — 0, we get 0 = Ext}e (R/I1,E) —
Ext}e(R/I, E/N) — Ext%e(R/I, E/N) = 0. Hence E/N is nonnil-injective. O

Now, we study the transfer of being nonnil-semihereditary rings in the trivial ring exten-
sions. From [15, Corollary 2.4], a trivial ring extension R o M is a ¢-ring if and only if
R is a ¢-ring and M is a ¢-divisible module. It is easy to establish that R o« M € H if
and only if R € H and M is ¢-divisible. If M is an R-module, then we set Zg(M) :=
{r € R | there exists x € M\ {0} such that rx = 0}.

Theorem 3.17 Let R € H and M be a ¢-divisible R-module. If R is a nonnil-semihereditary
ring and Zr(M) = 0, then R « M is nonnil-semihereditary.

Before proving Theorem 3.17, we need the following:

Lemma3.18 Let R € H and M be a ¢-divisible R-module such that Zr(M) = 0. If I is a
projective ideal of R, then 1 o< M is a projective ideal of R o< M.

Proof Define

R— RxM

¢ r+—— (r,0)

It is easy to see that ¢ is a ring homomorphism. Let / be a projective ideal of R. Then we get
I ®r (R x M) is a projective (R o« M)-module. We claim that / « M = I Qg (R x M).
Define

I®r(RxM) — I(Rx M)
a® (r,u) — a(r,u)

Itis easy to see that o7 is a surjective R-homomorphism, and so o7 is a well-defined map. It is
easy to verify that o7 is a surjective (R o« M)-homomorphism. If a ® (r, u) € ker(o7), then
(ar,au) = (0,0),and sowecanwritea Q@ (r,u) =ar® (1,0)+a® (0, u) =a ® (0, u). If
u =0,thena® (r,u) = 0. Assume thatu # 0. Thena € Zr(M) = 0,andsoa® (r,u) = 0,
i.e., o7 is an injective map. Hence I ®g (R « M) = I(R « M). From [14, Lemma 6.2],
we get I(R «« M) = I & M. Therefore (I x M) = I ®r (R o« M) is a projective
(R o M)-module. ]

Proof of Theorem 3.17 Assume that R is a nonnil-semihereditary ring and Zg(M) = 0. Let
J be a finitely generated nonnil ideal of R o< M. Then from [11, Lemma 4.2], there exists
a unique finitely generated nonnil ideal / of R such that / = I o« M. By Theorem 3.1, /
must be projective, and so J is a projective ideal of R o« M by Lemma 3.18. Thus R x M
is nonnil-semihereditary by Theorem 3.1. O
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Recall from [21, Theorem 2.2] that every ring R of w.gl.dim(R) < 1 is reduced. It
follows from [2, Theorem 3.2 (3)] that Nil(R o« M) = Nil(R) & M, and so a trivial ring
extension R o« M is reduced if and only if R is reduced and M = 0.

Corollary 3.19 Let R be a Priifer domain, but not a field, with quotient field Q. Then A =
R o Q is a nonnil-semihereditary ring which is not semihereditary.

Proof The ring A = R « Q satisfies the conditions of Theorem 3.17, and so A is a nonnil-
semihereditary ring but not semihereditary since Q # 0. O

Next we give some examples of nonnil-semihereditary rings.

Example 3.2 (1) The ring Z o Q is nonnil-semihereditary.
(2) Let K be a field. Then the ring A = K [X] « ¢f (K [X]) is nonnil-semihereditary.
(3) Thering (Z + XQ[[X]]) « ¢f (Q[[X]]) is a nonnil-semihereditary ring.

It is known that every nonnil-semihereditary ring is ¢-Priifer. What about the converse?
(See Corollary 3.5). The following example responds to this question.

Example 3.3 The ring R = Z « Q/Z is ¢-Priifer which is not a nonnil-semihereditary
ring: in fact, it is easy to see that R/ Nil(R) is a Priifer domain, and so R is ¢-Priifer but
Z(R) # Nil(R). By Corollary 3.5, R is not a nonnil-semihereditary ring.

Our next goal is to generalize the following result.

Theorem 3.20 [28, Proposition 2.2] Let R be a Priifer ring and P be a prime ideal of R. If
P is either regular or maximal with respect to containing only zero divisors, then R/ P is a
Priifer domain.

So, our first main result of this work is stated as follows.

Theorem 3.21 Let R be a Priifer ring with a regular primary ideal Q. If R/Q € H, then
R/Q is a nonnil-semihereditary ring such that either /Q is a maximal ideal of R or \/Q
is not maximal such that for every finitely generated ideal J strictly containing / Q, we get
J/Q is a projective ideal of R/ Q.

Proof Let R be a Priifer ring with a regular primary ideal Q of R such that R/Q € H.
First, we claim that R/+/Q is a Priifer domain. If /0 is a maximal ideal of R, then it is
straightforward to see that R /+/Q is a Priifer domain. Now, assume that /Q is not a maximal
ideal of R. Let I; := I;/+/Q (1 < i < 3) be nonzero ideals of R/+/Q. Since Q is regular in
R, I, I, and I3 are regular ideals of R, and so we obtained that 11 (I N [3) = I1 I, N 1113 by
[22, Theorem 13 (6)] since R is assumed a Priifer ring. Passing to the quotient, we get that
L(LN 1) =1 L NI I 1t follows from [6, Theorem 1.1 (12)] that R/+/Q is a Priifer
domain. But R/Q is a ¢-ring and Z(R/Q) = Nil(R/Q) since Q is assumed primary in R,
and so R/Q is a nonnil-semihereditary ring by Theorem 3.5. By [3, Theorem 2.6], R is a
¢-Priifer ring since R/ /0 is a Priifer domain. It follows from [3, Theorem 2.14] that R/ Q is
a Priifer ring. On the other hand, we get that ¢-w. gl. dim(R/Q) < 1by [14, Corollary 5.27].
If p-w.gl.dim(R/Q) = 0, then R/Q is a ¢-von Neumann regular ring by [14, Theorem
5.29], and so </Q is a maximal ideal of R by [14, Theorem 5.14]. If ¢-w. gl. dim(R) = 1,
then R/Q is a ¢-Priifer ring such that /Q is not a maximal ideal of R, i.e., Nil(R/Q) is
not a maximal ideal. Hence, if J is an ideal of R strictly containing /0O, then J/Q is a
finitely generated nonnil ideal of R/Q, and so J/Q is a u-¢-projective ideal of R/Q by [14,
Theorem 5.41]. But R/ Q is a nonnil-coherent ring by [26, Remark 2.1], so J/Q is a finitely
presented ideal of R/ Q. It follows from [14, Corollary 5.36] that J/Q is a projective ideal
of R/Q. O

@ Springer



Nonnil-FP-injective and nonnil-FP-projective dimensions and... Page190f27 104

By Theorem 3.21, it is easy to find the result of Theorem 3.20 above.

Corollary 3.22 Let R be a Priifer ring with regular prime ideal Q. Then R/Q is a Priifer
domain.

Proof If Q is a prime ideal of R, then R/Q is an integral domain, and so R/Q € H. It
follows from Theorem 3.21 that R/ Q is a Priifer domain. O

Corollary 3.23 Let (R, m) be a local Priifer ring and Q be a regular primary ideal of R
that is not m-primary. If R/Q € H, then R/Q is a Bézout ring such that for every finitely
generated ideal 1 of R strictly containing \/Q, we get that (Q : I) = Q.

Proof Assume that (R, m) be a local Priifer ring and Q be a regular primary ideal of R that
is not m-primary. If R/Q € H, then (R/Q, m/Q) is a local ring such that Nil(R/Q) is not
a maximal ideal of R/Q since Q is not an m-primary ideal of R. Following the proof of
Theorem 3.21, R/Q is a ¢-Priifer ring which is a strongly ¢-ring, and by [14, Corollary
5.42], we get that R/ Q is a ¢-Bézout ring. According to [3, Proposition 3.7], we deduce that
R/Q is a Bézout ring. Let I be a finitely generated ideal of R strictly containing /Q. Then
1/Q = (a+ Q) for some a € I since R/Q is a Bézout ring. By Theorem 3.21 and [36,
Theorem 2.5.24], we get that J/Q is a free ideal of R/Q, which implies that (Q : I) = Q.

O

Corollary 3.24 Let (R, m) be a local Priifer ring and p C m be a regular prime ideal of R.
Then R/p is a Bézout domain and for every finitely generated ideal I of R such thatp C I,
we get that (p : I) = p.

Proof This is straightforward by Corollary 3.23. O

Corollary 3.25 Let (R, m) be a local Priifer ring and Q be a regular primary ideal of R that is
not m-primary. Assume that R := R/Q € H and let M be a finitely generated R-submodule
of a finitely generated free R-module F. If for every x € F there exists s € R\\/Q such that
5x € M, then M is a free R-module.

Proof Assume that (R, m) be a local Priifer ring and Q be a regular primary ideal of R
that is not m-primary. If R/Q € H, then (R/Q, m/Q) is a local ring such that Nil(R/ Q)
is not a maximal ideal of R/Q since Q is not an m-primary ideal of R. By the proof of
Theorem 3.21, R/Q is a ¢-Priifer ring that is a strongly ¢-ring. Assume that M is a finitely
generated R-submodule of a finitely generated free R-module F such that the condition in
the statement holds. Then M is a ¢-submodule of F. By [14, Corollary 5.43], we deduce that
M is a free R-module. o

Let M be an R-module, the torsion submodule of M, denoted by tor(M) and defined as
follows

tor(M) := {x € M | there exists s € R\ Z(R) such that sx = 0}.

Next, our goal is to introduce Theorem 3.33, which is an extension of the well-known behavior
[30, Theorem 2], stated as follows.

Theorem 3.26 [30, Theorem 2] Let R be an integral domain. Then R is a Priifer ring if and
only iftor(M) is a pure submodule of M for every finitely generated R-module M.

The above theorem is a generalization of the following theorem due to I. Kaplansky [25].
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Theorem 3.27 [25] Let R be an integral domain. Then R is a Priifer ring if and only if tor(M)
is a direct summand of M for every finitely generated R-module M.

We will study some characterizations of ¢-flatness for this purpose.

Theorem 3.28 Let R € H and F be an R-module. Then F is ¢-flat if and only if any equation
ZL] rix;i = Oforeachr; € R suchthatatleastoner; € R\Nil(R) and each x; € F, implies
that there exist{uy, us, ..., uyu} C F and {a,-,j} C R such thatZ?zl riajj =0

and Xi = 2721 aij, juj.
Before establishing Theorem 3.28 above, we need the following Lemma 3.29.

Lemma 3.29 [34, Proposition 8.8, p. 30] Let (y;); be a set of generators for M and (x;); be
a set of elements of L with almost all x; = 0. Then Y_x; ® yi = 0in L Qg M if and only if

there exist a finite set (uj)J of elements of L and a set (aji)JxI of elements of R such that:

(i) aji =0 for almost all (j, i),
(ii) Y ;ajiyi =0 foreach j € J
(iii) x; =) yujaj; foreachi € I.

Proof of Theorem 3.28 Assume that F is a ¢-flat R-module such that Zf’zl rix; =0.If I :=
(r1,r2,...,ry), then I is a nonnil ideal of R, and so the R-homomorphismo : I Qg F — F
given by o (r ® x) = rx is an R-monomorphism for every (r, x) € R ® F by [35, Theorem
3.2]. So, we get Z;’zl ri ® x; = 0in I ® F. Then there exist {u1, us, ..., u,,} C F and
{9ij}<i<n1<j<m C Rsuchthat 377 ria; ; = 0and x; = 3", a; ju; by Lemma 3.29

above.

Conversely, assume that F satisfies the condition in the statement. Let / be a nonnil ideal
of R. We claim that the R-homomorphism o : [ g F — F given by o(r ® x) = rx
is an R-monomorphism for every (r,x) € RQ F.If ). b; ® x; € I ® F goes to zero
in F, then ) b;x; = 0. Without loss of generality, we assume that at least one of b; in
the above sum is a non-nilpotent element since Nil(R) is a ¢-divisible ideal of R. Then,
by hypothesis, there exist u#; and ag;; according to the condition. This gives immediately
Zibi Qx; = Zi,jbi Qajjuj = Zi,jbiaij Quj = Zi0®uj =0.Themap I Q F - F
is thus a monomorphism, and F is ¢-flat by [35, Theorem 3.2]. O

Definition 3.2 Let R be aring.

(1) Anm x n-matrix (a; ;) of elements in R is said to be a ¢-(m x n)-matrix or a ¢-matrix
if the Coker(a : R™ — R") is a ¢-torsion R-module, where « : (x;) — (Zl aijxi).

(2) Aset{uj,uz,...,uy}of afree R-module F with basis {x;};; is said to be a ¢-set if
its representative matrix in the basis {x;};c; is a ¢-matrix.

The following Theorem 3.30 establishes the relationship between the ¢-flatness and the
¢-purity in terms of relations.

Theorem 3.30 A submodule M’ of M is ¢-pure in M if and only if it satisfies: if y1, ..., ¥n
are elements in M, (a,- j) is a ¢-(m x n)-matrix of elements in R and the system of equations

m
D Xiaj=y; (j=1....n), 2
i=1

has a solution (x1, ..., Xy) in M, then it has a solution in M'.
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Proof We assume that the condition is satisfied, and we want to show that for every finitely
presented ¢-torsion R-module F, we get 0 — M’ ® F — M ® F is an exact sequence. Let
the exact sequence

R™ % R" » F — 0,

where « is represented by a matrix (aij) by the rule « : (x;) +— (Zl aijxi). So (aij) is a
¢-(m x n)-matrix in R. This results in a commutative diagram where the two left vertical
arrows are monomorphisms.

M Qg R" — M'Qr R" — M@ F — 0

! ! |

MQ®rR" — MQrR" — MQrF — 0

Applying [34, Lemma 11.3, p. 38] to the above diagram, an element (xy, ..., x,) € M™ =
MQR™mapstou = y_; x;®(a;;) € M®R", whichalsois the image of (y1, ..., y,) € M"
justwhen ), x;a;; = y;. The existence of a solution (z1, . . ., z,,) in M’ of this system means
that u is the image of an element in M’ ® R™ = M™, so [34, Lemma 11.3, p. 38] can be
used to show that M’ ® F — M ® F is a monomorphism.

Conversely, assume that M’ is ¢-pure in M and that the system (2) has a solution in M.
The matrix (a;;) determines a homomorphism « : R™ — R", and one puts L = R"/Ima
which is a ¢-torsion R-module. One can now follow the previous argument backwards to get
the existence of a solution in M’. O

Corollary 3.31 Let M be a ¢-flat module and ) — K — F — M — 0 be an exact sequence
with F free. For any finite set uy, . . ., uy, of elements of K which is a ¢-setin F, there exists
a homomorphism ¢ . F — K such that ¢ (uj) =ujforj=1,...,n

Proof We can write

m
uj:Zx,-a,-j, jZl,...,I’l, (3)

i=1
where {x1, ..., x,} is part of a basis for the free module F'. Since M is ¢-flat, the given exact
sequence is ¢-pure, so the system (3) has a solution zy, ..., z; in K by Theorem 3.30 since

a;,j is a ¢-matrix. We can define ¢ : F' — K so that ¢ (x;) = z;, and then get

¢ (uj) =9 (inaij> = ZZiaij =uj.
i i
o

Corollary 3.32 Let K be a finitely generated ¢-pure submodule of a finitely generated free
module F. If K is generated by a ¢-set in F, then K is a direct summand of F.

Proof Set M := F/K. Then M is finitely presented and ¢-flat. Let the exact sequence

0 - K - F - M — 0. Then K has a finite number of generators uy, ..., uy. If
¢ : F — K maps u; tou; according to Corollary 3.31, then ¢ splits the sequence, and hence
K is a direct summand of F'. O

Our second main result in this section is the following Theorem 3.33, which is an extension
of the well-known behavior [30, Theorem 2].
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Theorem 3.33 The following are equivalent for a strongly ¢-ring R.

(1) R is a nonnil-semihereditary ring.
(2) ¢-tor(M) = tor(M) is a pure submodule of M for every finitely generated R-module
M.

Proof Assume that R is a nonnil-semihereditary ring and let M be a finitely generated R-
module. First, it is easy to see that ¢-tor(M) is a u-¢-torsion R-module since M is a finitely
generated R-module, and so (¢-tor(M))™ is a u-¢-torsion R-module by [14, Corollary 3.2].
On the other hand, it is easy to see that M /¢-tor(M) is a ¢-torsion free R-module, and
so M /¢-tor(M) is a ¢-flat R-module by [37, Theorem 3.3] and [39, Theorem 4.3]. Then
(M /¢p-tor(M)) ™ is a nonnil-injective R-module by [14, Theorem 5.8], and so the short exact
sequence 0 — (M /¢-tor(M))t — M™T — (¢-tor(M))* — 0 is split by [14, Theorem
2.1]. It follows from [19, Theorem 3.1] that the short exact sequence 0 — ¢-tor(M) —
M — M /¢-tor(M) — O is pure. Therefore, ¢-tor(M) is a pure submodule of M.

Conversely, assume that ¢-tor(M) is a pure submodule of M for every finitely generated
R-module M. If Nil(R) is a maximal ideal of R, then R is a ¢-von Neumann regular ring,
and so R is a nonnil-semihereditary ring. Now, assume that Nil(R) is not maximal and let
I = (a1, as, ...,a,) be afinitely generated nonnil ideal of R. Since R € H, we can assume
thatalla; € R\ Nil(R).Ouraimis to establish that / is a projective ideal of R by Theorem 3.1.
Set

Rl’l
M = .
(ar(ar, az, ..., an))
It is easy to see that (aj, az, ..., a,) € ¢-tor(M), and we get the following equality
n
(ar,az, ... @) = ) _ aie, “
i=1
where {e;} <;<, is the canonical basis of R". But (4) implies the following equality
(a1, az,....ay) = (€1, €2, .... &) (a1, az, ..., a)",

where A’ denotes the transpose of amatrix A. The matrix (a1, a2, . . ., a,)" induces the follow-
ingmap ¢ : R" — R givenby (x1, X2, ..., X,) > Z?:l a;x;.In addition, forevery z € R,

we get ajz = ¢(z,0,...,0) € Im(¢). Then Coker(p) is a ¢-torsion R-module. Since ¢-
tor(M) is a ¢-pure submodule of M, by Theorem 3.30 there exists {p,-, j } C R suchthat

l<j=n
- N

s s s - ) g ey = i= 1 i1, Pi,2---> Pi,n)-
(Pi1s Pi2s -+ -» Pin) € ¢-tor(M) suchthat (a1, az an) Z 14i (pi 1, Pi2 Pin)
In particular, we get

n
a) = Za,-p,-,l + raja; (where r € R). 5)

i=1
But there exist {ri};<j<, C R\Nil(R) and {s;};<;<, C R such that for every (i, j) €
{1,2,...,n} x{1,2,...,n}, we get

ripi,j = sia1da;. (6)
Replacing p; ; = Wr—'la’ € Rin (5), we get
s1ai L s1a
l=0+=")ai+ )Y —a. @)
r1 = n
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So (7) implies that 7 is an invertible ideal of R, and so [ is projective by [21, Theorem 3.9],
as desired. Therefore, R is a nonnil-semihereditary ring by Theorem 3.1. O

We can easily find [30, Theorem 2] using Theorem 3.33.

Corollary 3.34 The following are equivalent for an integral domain R.

(1) R is a Priifer domain.
(2) tor(M) is a pure submodule of M for every finitely generated R-module M.

Proof This follows immediately from Theorem 3.33. O

The following Corollary 3.35 characterizes when an injective module over a nonnil-
semihereditary ring R is a ¢-flat R-module.

Corollary 3.35 Let R be a nonnil-semihereditary ring and E be a finitely generated injective
module. Then E is a ¢-flat R-module if and only if its ¢-torsion submodule (¢-tor(E)) is
finitely generated.

Proof Assume that E is a ¢-flat module. By [39, Theorem 4.3] E is a ¢-torsion free R-module,
and so ¢-tor(E) is a finitely generated R-module.

Conversely, assume that ¢-tor(E) is a finitely generated R-module. By Theorem 3.33 the
short exact sequence 0 — ¢-tor(E) - E — E/¢-tor(E) — 0is pure, and so for every R-
module M, we get the short exact sequence 0 — Hompg (M, ¢-tor(E)) — Homgr (M, E) —
Hompg (M, E/¢-tor(E)) — 0. But E is injective, and so we get the commutative diagram
with exact rows:

Homp (M, E) — Hompgr(M, E/¢p-tor(E)) — Ext}e(M, ¢-tor(E)) ——=0

- |

Homp (M, E) — Hompg (M, E/¢-tor(E)) 0 0

Therefore, Ext}e (M, ¢-tor(E)) = 0,i.e., ¢-tor(E) is an injective module, and so ¢-tor(E) is
adivisible R-module. But ¢-tor (E) is a finitely generated R-module, and so it is a u-¢-torsion
R-module. Since Z(R) = Nil(R), we get that ¢-tor(E) = 0. It follows from [39, Theorem
4.3] that E is a ¢-flat R-module. ]

4 Nonnil-FP-projective dimension
In this section, we introduce and study a new generalization of FP-projectivity of modules.

Definition 4.1 Let R be a ring. An R-module M is said to be nonnil-FP-projective if
Ext}e(M , N) = 0 for every nonnil-FP-injective module N.

Definition 4.2 Let M be an R-module. Then the nonnil-FP-projective dimension of an
R-module M, denoted by NFP-pdp M, is defined as the least integer n > O such that
Ext’,’;rl (M, N) = 0 for every nonnil-FP-injective module N. Define the nonnil-FP-projective
global dimension of a ring R by

NFP-p.gl.dim(R) := sup {NFP—deM | M is a ¢-torsion R—module} .
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Remark 4.1 As in the classical case, an R-module M is nonnil-FP-projective if and only if
NFP-pdp M = 0.

Theorem 4.1 The following are equivalent for a nonnil-coherent strongly ¢-ring R.

(1) NFP-pdrM < n for any finitely generated ¢-torsion module M.
(2) NFP-pdpM < n for any finitely generated ¢-torsion module M.
(3) NFP-pdgpR/I < n for any nonnil ideal I of R.

(4) ¢-idg F < n for any nonnil-FP-injective module F.

Proof (1) = (2) = (3) These are straightforward.

(3) = (4) Let F be a nonnil-FP-injective module and / be a nonnil ideal of R. By
hypothesis, we get Ext’l’eﬂ(R/I, F) =0, and so ¢-idg F < n.

(4) = (1) Let M be a finitely generated ¢-torsion R-module. Since Z(R) = Nil(R) and
¢-idg F < n, it follows that Exty"' (M, F) = 0, and so NFP-pdx M < n. o

The following corollary is a consequence of Theorem 4.1.

Corollary 4.2 Let R be a nonnil-coherent strongly ¢-ring. Then

NFP-p.gl.dim(R) = sup {NFP-pdgxM | M is a f.g. (u-)p-torsion R-module}
= sup {NFP-deM | M is a ¢-torsion cyclic R-module}
= sup {NFP-pdgR/1 | I is a nonnil ideal of R)}
= sup {¢-idg F | F is a nonnil-FP-injective R-module} .

Corollary 4.3 The following are equivalent for a nonnil-coherent strongly ¢-ring R.

(1) NFP-p.gl.dim(R) < 1.
(2) For every nonnil-FP-injective submodule N of an injective module E, we get E/N is
nonnil-injective.

Proof (1) = (2) Assume that NFP-p.gl.dim(R) < 1 and let N be a nonnil-FP-injective
submodule of an injective module E. Then ¢-idg N < 1 by Corollary 4.2, and so E/N is
nonnil-injective by [14, Theorem 2.6].

(2) = (1) Let N be a nonnil-FP-injective module. Then N is a submodule of its injec-
tive hull E(N). Therefore E(N)/N is nonnil-injective. Hence ¢-idg N < 1. Consequently
NFP-p.gl.dim(R) < 1 by Corollary 4.2. O

It is shown in [12, Proposition 2.3] that for a nonnil-coherent ring R, an R-module M
is nonnil-FP-injective if and only if Ext}e (R/1, M) = 0 for every finitely generated nonnil
ideal I of R.

Theorem 4.4 The following are equivalent for a strongly ¢-ring R.

(1) NFP-p.gl.dim(R) = 0.

(2) R is nonnil-Noetherian.

(3) Every finitely generated ¢-torsion R-module is finitely presented.
(4) Every cyclic ¢-torsion R-module is finitely presented.

(5) Every nonnil-FP-injective R-module is nonnil-injective.
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Proof (2) = (3) and (3) = (4) These follow from [11, Theorem 3.13].

(4) = (2) This is straightforward.

(2) = (5) This follows immediately from [12, Proposition 2.3].

(5) = (1) This is straightforward by Corollary 4.2.

(1) = (2) Let I be anonnil ideal of R and N be an FP-injective module. By Corollary 4.2,
we have Ext}e (R/I, N) = 0 since N is nonnil-FP-injective. Therefore R/I is finitely pre-
sented by [16]. Hence R is nonnil-Noetherian. O

Corollary 4.5 Let R be a nonnil-Noetherian strongly ¢-ring and M be a finitely generated
R-module. If M is nonnil-FP-injective, then M is a nonnil-FP-projective module.

Proof This is obvious by Corollary 4.2 and Theorem 4.4. O

Corollary 4.6 Let R be a nonnil-Noetherian strongly ¢-ring and M be an R-module. Then:

(1) M is nonnil-injective if and only if M+ is nonnil-injective.
(2) M is nonnil-injective if and only if M™ is ¢-flat.

Proof (1) By Theorem 4.4, M is nonnil-injective if and only if M is a nonnil-FP-injective
R-module. By [26, Remark 2.1], we deduce that R is a nonnil-coherent ring, and so M is a
nonnil-FP-injective if and only if M+ is a nonnil-FP-injective by [12, Corollary 3.13] and
Remark 1.2. Using Theorem 4.4, we deduce that M is a nonnil-injective module if and only
if sois M+,

(2) This follows immediately by (1), Remark 1.2, and [12, Corollary 3.13]. O

Corollary 4.7 Let R be a Noetherian domain and M be an R-module. Then:

(1) M is injective if and only if M is injective.
(2) M is injective if and only if M™ is flat.

Proof This follows immediately from Corollary 4.6, [35, Theorem 3.2], and [14, Theorem
2.2]. O

Acknowledgements The authors would like to thank the reviewer for his/her comments.

Funding H.Kim was supported by Basic Science Research Program through the National Research Foundation
of Korea (NRF) funded by the Ministry of Education (2021R111A3047469).

Data availability This manuscript has no associate data.

Declarations

Conflict of interest The authors have no Conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

104  Page 26 of 27 Y. El Haddaoui et al.
References
1. Altman, A.B., Kleiman, S.L.: A term of commutative algebra. ResearchGate (2021). https://www.

Nk e

32.
33.
34.
35.
36.
37.
38.

39.

As

researchgate.net/publication/351211952_A_Term_of_Commutative_Algebra

Anderson, D.D., Winders, M.: Idealization of a module. J. Commut. Algebra 1(1), 3-56 (2009)
Anderson, D.F.,, Badawi, A.: On ¢-Priifer rings and ¢-Bézout rings. Houst. J. Math. 30(2), 331-343 (2004)
Badawi, A.: On nonnil-Noetherian rings. Commun. Algebra 31(4), 1669-1677 (2003)

Bakkari, C., Kabbaj, S., Mahdou, N.: Trivial extensions defined by Priifer conditions. J. Pure Appl.
Algebra 214(1), 53-60 (2010)

Bazzoni, S., Glaz, S.: Priifer Rings. Multiplicative Ideal Theory in Commutative Algebra, pp. 55-72.
Springer, New York (2006)

Cartan, H., Eilenberg, S.: Homological Algebra. Princeton University Press, Princeton (1956)

Chhiti, M., Mahdou, N., Tamekkante, M.: Self injective amalgamated duplication along an ideal. J.
Algebra Appl. 12(6), 1350033 (2013). https://doi.org/10.1142/S0219498813500333

D’Anna, M., Fontana, M.: An amalgamated duplication of a ring along an ideal: the basic properties. J.
Algebra Appl. 6(3), 443-459 (2007)

Ding, N., Mao, L.: FP-projective dimensions. Commun. Algebra 33(4), 1153—1170 (2005)

. El Haddaoui, Y., Kim, H., Mahdou, N.: On nonnil-coherent modules and non-Noetherian modules. Open

Math. 20, 1521-1537 (2022)

El Haddaoui, Y., Kim, H., Mahdou, N.: On ¢-(n, d) rings and ¢-n-coherent rings. Commun. Korean
Math. Soc. https://doi.org/10.4134/CKMS.c230303

El Haddaoui, Y., Kim, H., Mahdou, N.: On nonnil-pure theories. Preprint

El Haddaoui, Y., Mahdou, N.: On ¢-(weak) global dimension. J. Algebra Appl. (2023). https://doi.org/
10.1142/S021949882450169X

. El Khalfi, A., Kim, H., Mahdou, N.: Amalgamated algebras issued from ¢-chained rings and ¢-pseudo-

valuation rings. Bull. Iran. Math. Soc. 47(1), 1599-1609 (2021)

Enochs, E.E.: A note on absolutely pure modules. Can. Math. Bull. 19(3), 361-362 (1976)

Enochs, E.E., Jenda, O.M.G.: Relative Homological Algebra. Walter de Gruyter, Berlin (2000)
Facchini, A.: Module Theory: Endomorphism Rings and Direct Sum Decompositions in Some Classes
of Modules. Birkhduser, Basel (1998)

. Fieldhouse, D.J.: Character modules. Comment. Math. Helv. 46(1), 274-276 (1971)

. Glaz, S.: Commutative Coherent Rings. Lecture Notes Mathematics, 1371, Springer, Berlin (1989)

. Glaz, S.: The weak dimension of Gaussian rings. Proc. Am. Math. Soc. 133, 2507-2513 (2005)

. Griffin, M.: Priifer rings with zero-divisors. J. Reine Angew. Math. 239(240), 55-67 (1970)

. Huckaba, J.A.: Commutative Rings with Zero Divisors. Monographs and Textbooks in Pure and Applied

Mathematics, 117, Dekker, New York (1988)

. Kabbaj, S.: Matlis’ semi-regularity and semi-coherence in trivial ring extensions: a survey. Moroc. J.

Algebra Geom. Appl. 1(1), 1-17 (2022)

. Kaplansky, I.: A characterization of Priifer rings. J. Indian Math. Soc. 24(1-2), 279-281 (1960)
. Khoualdia, B., Benhissi, A.: Nonnil-coherent rings. Beitr. Algebra Geom. 57(2), 297-305 (2016)
. Kim, H., Mahdou, N., Oubouhou, E.H.: When every ideal is ¢-P-flat. Hacet. J. Math. Stat. 52(3), 708-720

(2023). https://doi.org/10.15672/hujms.1148258

. Lucas, T.G.: Some results on Priifer rings. Pac. J. Math. 124(2), 333-343 (1986)

. Maddox, B.H.: Absolutely pure modules. Proc. Am. Math. Soc. 81(1), 155-158 (1967)

. Oneto, A.V.: A characterization of Priifer rings. Rev. Union Mat. Argent. 30, 115-117 (1981)

. Qi, W, Xing, S.Q., Zhang, X.L.: Strongly ¢-flat modules, strongly nonnil-injective modules and their

homology dimensions (2023). https://doi.org/10.48550/arXiv.2211.14681

Qi, W., Zhang, X.L.: Some remarks on nonnil-coherent rings and ¢-IF rings. J. Algebra Appl. 21(11),
2250211 (2022)

Stenstrom, B.: Coherent rings and FP-injective modules. J. Lond. Math. Soc. 2(2), 323-329 (1970)
Stenstrom, B.: Rings of Quotients. Grundl. Math. Wiss. 217, Springer, Berlin (1975)

Tang, G.H., Wang, E.G., Zhao, W.: On ¢-von Neumann regular rings. J. Korean Math. Soc. 50(1), 219-229
(2013)

Wang, F.G., Kim, H.: Foundations of Commutative Rings and Their Modules, Algebra and Applications,
22. Springer, Singapore (2016)

Wang, F.G., Zhang, X.L., Zhao, W.: On ¢-projective modules and ¢-Priifer rings. Commun. Algebra
48(7), 3079-3090 (2020)

Zhang, X.L., Qi, W.: Some remarks on ¢-Dedekind rings and ¢-Priifer rings (2022). https://doi.org/10.
48550/arXiv.2103.08278

Zhao, W.: On ¢-flat modules and ¢-Priifer. J. Korean Math. Soc. 55(5), 1221-1233 (2018)

pringer


https://www.researchgate.net/publication/351211952_A_Term_of_Commutative_Algebra
https://www.researchgate.net/publication/351211952_A_Term_of_Commutative_Algebra
https://doi.org/10.1142/S0219498813500333
https://doi.org/10.4134/CKMS.c230303
https://doi.org/10.1142/S021949882450169X
https://doi.org/10.1142/S021949882450169X
https://doi.org/10.15672/hujms.1148258
https://doi.org/10.48550/arXiv.2211.14681
https://doi.org/10.48550/arXiv.2103.08278
https://doi.org/10.48550/arXiv.2103.08278

Nonnil-FP-injective and nonnil-FP-projective dimensions and... Page270f27 104

40. Zhao, W., Zhang, X.L.: On nonnil-injective modules. J. Sichuan Normal Univ. 42(6), 808-815 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Nonnil-FP-injective and nonnil-FP-projective dimensions and nonnil-semihereditary rings
	Abstract
	0. Introduction and preliminaries
	0.1 φ-ring, strongly φ-ring, and φ-torsion theory
	0.2 FP-injectivity and FP-projectivity
	0.3 Generalizations of coherent rings and modules
	0.4 φ-Prüfer rings, φ-Bézout rings, and φ-von Neumann regular rings
	0.5 φ-(weak) global dimension of a ring
	0.6 Amalgamated duplication
	0.7 Summary of results

	1 Nonnil-FP-injective dimension
	2 Nonnil-self injective rings and nonnil semi-injective modules
	3 Nonnil-semihereditary rings
	4 Nonnil-FP-projective dimension
	Acknowledgements
	References


