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Abstract
Let X be arearrangement-invariant space on [0, 1]. It is known that its Zippin indices B x, Bx

and its inclusion indices yyx, éx are related as follows: 0 < EX <l1l/yx <1/éx < BX <1.
We show that given E,B € [0, 1] and y,§ € [1, oo] satisfying B < 1/y <1/ < B, there
exists a rearrangement-invariant space X such that Bx = 8, Bx =PBand yx =y, 8x =6.

Keywords Rearrangement-invariant Banach function space - Lorentz spaces - Zippin
indices - Inclusion indices - Embedding

Mathematics Subject Classification 46E30

1 Introduction

Indices associated to quasiconcave functions are an important tool for studying
rearrangement-invariant (r.i. in short) spaces and the operators acting on them. An upper-
most example are the Boyd indices of a r.i. space X, oy and ax, which in general satisfy
0 < ax <oy <1 and characterize the boundedness of the Hilbert transform acting on X,
ie., when 0 < oy <oy < 1;see[2, Ch. 3, Section 5]. Related, and simpler, indices are the
Zippin indices, Bx and Bx (see bellow for the definition), which satisfy

0<ax <fx <PBx<ax <1
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R.i. spaces X satisfying ax = Bx and By = @'x are known as spaces of fundamental type.
The class of r.i. spaces of fundamental type include most of the classical r.i. spaces; see [5].

The study of the fine spectra of the finite Hilbert transform acting on a r.i. space X over
(—1, 1) depends in a relevant way on the following inclusion indices

yx ==inf{p € [1,00]: L? < X}, 8x :=sup{pe[l,00]: X < LP}.

In particular, the condition that the Boyd indices, the Zippin indices, and the inverse of the
inclusion indices all coincide allows giving a full description of the fine spectra, see [4,
Theorem 7.2]. The Zippin indices and the inverse of the inclusion indices satisfy

0<Bx<1l/yx <1/8x <Bx <1, 1)

see [4, Lemma 6.1(a)].

The inclusion indices appear in the study by Herndandez and Rodriguez-Salinas of Orlicz
spaces having a sublattice lattice isomorphic to L?, see [9, p. 185], [10, p. 192], [11, p. 11].
Garcia del Amo, Herndndez, Sanchez, and Semenov have used them to study disjoint strict
singularity of inclusions between r.i. spaces [8, p. 249]. The incluson indices have been
specifically studied by Ferndndez-Cabrera [6, 7]; Fernandez-Cabrera, Cobos, Herndndez
and Sanchez [7]; Cobos, Fernandez-Cabrera, Manzano and Martinez [3].

The aim of this paper is to discuss the distribution of values in inequalities (1). Hernandez
and Rodriguez-Salinas in [9, Theorem A] proved that given a triple «, 8, p satisfying 0 <
o < p < B < oo there exist an Orlicz space having the Zippin indices 1/8 and 1/« and
a sublattice which is lattice isomorphic to L?. Further, they proved in [10, Theorem 1] that
for a triple «, B, y satisfying 0 < @ < y < B < 00, there exists an Orlicz space with the
upper inclusion index y and the Zippin indices 1/8 and 1/«. This implies that the second
inequality in (1) may be strict. By a duality argument based on formulae (2) and (4) below,
this fact yields that the penultimate inequality in (1) also may be strict.

In this regard we establish the following result.

Theorem 1 Given é, B €l0,1] and y, 8 € [1, oo] satisfying

B<1/y <1/8 <B,

there exists a quasiconcave function ¢ : [0, 1] — [0, 00) such that for every r.i. space X
with the fundamental function equivalent to ¢ one has

Bx=PB. Bx=B. yx=v. Sx=36.

Note that, by [12, Ch. II, Theorem 4.2], a function ¢ : [0, 1] — [0, c0) is a fundamen-
tal function of an r.i. space if and only if it is quasiconcave. If ¢ is quasiconcave, then the
Marcinkiewicz space My, is an r.i. space whose fundamental function coincides with ¢. Fur-
ther, let ¢ be the least concave majorant of the quasiconcave function ¢. Then the fundamental
function of the Lorentz space Ay is equal to ¢ and ¢/2 < ¢ < @ (see Sect.2 below).

A consequence of the above theorem is the following.

Corollary 2 If p € (1, 00), then there exists an r.i. space X such that for every ¢ € (0, p—1),
LPTeo oy X oy P8l
and its Zippin indices are trivial, that is, Bx = 0 and Bx =1
The paper is organised as follows. In Sect.2, we collect necessary definitions. Section 3

contains the proofs of Theorem 1 and its Corollary 2.
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2 Preliminaries

Let L° be the space of all equivalence classes of complex-valued Lebesgue measurable
functions on [0, 1] and let m denote the Lebesgue measure on [0, 1]. The distribution function
of f e LY is defined by

dp(y) :=mfr €[0,1]:[f(O)] >y}, y>0.

Functions f,g € LU are called equimeasurable if d f = dg. The nonincreasing
rearrangement of f is given by

ff@) =sup{ly >0:ds(y) >t} =inf{y > 0:ds(y) <1}.
Following Semenov [15], a Banach subspace X of LY is called a symmetric space if

(a) forany g € L0 equimeasurable to f € X,onehas g € X and ||gllx = || fIlx;
(b) for every g € LY and f € X the inequality | f| < |g| a.e. implies that g € X and

lgllx < I flx-

Lebesgue spaces L” with p € [1, oo], Orlicz spaces L®, and Lorentz spaces L4 (see below)
are the most widely used examples of symmetric spaces.

If X is symmetric, then the function px (t) := || xg | x, where E C [0, 1] is a measurable
set with m(E) = ¢, is well defined and is called the fundamental function of X.

The associate space X’ of X consists of all functions g € L satisfying

1
/0 |f(x)g(x)dx < o0

for all f € X. Itis equipped with the norm

1
lglx := SUP{/O If)g)ldx - | fllx < 1}.

Semenov proved [15, Theorem 2] (see also [12, Ch. II, Theorem 4.1]), that if X is symmet-
ric, then L < X < L! where < denotes a continuous embedding. A symmetric space
X is said to have the Fatou property if for every sequence { f,,} in X suchthat0 < f, 1 f a.e.,
one has either f € X and || f;|Ix 1 I fllx,or | fullx 1 co. Symmetric spaces with the Fatou
property are usually called rearrangement-invariant Banach function spaces (or, shortly, r.i.
spaces), see [2, Ch. 1-2].

A function ¢: [0, 1] — [0, co) is said to be quasiconcave if ¢ () = O precisely when
t = 0, the function ¢(¢) is increasing and the function ¢ (¢)/t is decreasing on (0, 1]. Following
[14, Section 2], for a quasiconcave, and hence measurable, function ¢ : [0, 1] — [0, c0),
one can define its dilation function

o(xs)
se0,min{1,1/x}] #(5)

My(x) =

It follows from [12, Ch. II, Theorem 1.3] (see also [14, Theorem 1.2]) that
log M, log M,
ogMy(x) lim o8 o(X)

2(¢) T oexe1 logx T xS0+ logx
log M log M,
a(g) = inf 2EMeC) _y, Toe My ()
x>1  logx x—>o0o  Jogx
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If X is an r.i. space, then its fundamental function ¢yx is quasiconcave (see, e.g., [15,
Theorem 1], [2, Ch. 2, Corollary 5.3]). The numbers

Bx == alpx), Bx :=a(px)

are called the Zippin (fundamental) indices of the r.i. space X (see [14, p. 27], [16], and also
[2, Ch. 3, Exercise 14]). It is well known that

OSEXSBXSL éx-kﬁx/:l, EX’+BX:1 )

(see, e.g., [14, formulae (4.14)—(4.15)]).
The inclusion indices yx and x can be expressed as follows:

.. ogt . logt

8x =liminf ————, yy =limsup ———— 3)
0% logox (1) or log ox (1)

(see [8, p. 249] or [3, Theorems 1.1—1.2]). Since the fundamental functions of X and X’

satisty px (t)px (1) = 1 (see [2, Ch. 2, Theorem 5.2]), the following relation between the

inclusion indices of X and X’ hold:

1 n 1 I 1 1 ] @

vx  Ox " oyx 8x '
It follows from (3) that the middle inequality in (1) becomes the equality if and only if the
limit

. logt
im ———
t—0+ log ox (¢)
exists (see, e.g., [6, p. 669] or [3, Corollary 1.3]).

Suppose 1 < p < ocoand 1 < g < oo. The Lorentz spaces L?-? consist of all measurable
functions f : [0, 1] — C such that || f1|(,,4) < 00, where

1 1/q
([) {tl/pf**(t)}q ?) ,1<gq<oo,

sup {tl/pf**(t)}, q = 00,

0<r<l1

||f||(p,q) =

and
1 t
£ = 2 / FE()dy.
t Jo

The spaces L?"°° are frequently called weak L”-spaces or Marcinkiewicz spaces. It fol-
lows from [2, Ch. 4, Theorem 4.6] that L are rearrangement-invariant Banach function
spaces. In view of [2, Ch. 2, Theorem 5.13], the Lorentz space L” -1 and the Marcinkiewicz
space LP°° are respectively the smallest and the largest of all r.i. spaces having the same
fundamental function as L?.

As usual, two functions ¢, ¥ : [0, 1] — [0, co) are said to be equivalent if there exist
constants ¢, C € (0, 0o) such that

cp(t) =y @) <Cop(t), tel0,1].

For a quasiconcave function ¢ : [0, 1] — [0, 00), let M, be the Marcinkiewicz space
consisting of measurable functions f : [0, 1] — C satisfying

Iflla, = Sup lo 0} < oo
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Then M, is an r.i. space whose fundamental function coincides with ¢ (see, e.g., [2, Ch. 2,
Proposition 5.8] or [12, formula (4.28)]).
For each quasiconcave function ¢ : [0, 1] — [0, 00), its least concave majorant ¢ satisfies

oM)/2 <) <@@), tel0,1]

(see, e.g., [2, Ch. 2, Proposition 5.10]). The Lorentz space Ay consists of all measurable
functions f : [0, 1] — C such that

1
1 fllas = /O FH) 3 < oo,

It is well known that Ag is an r.i. space whose fundamental function is @ (see, e.g., [2,Ch. 2,
Theorem 5.13] or [12, formula (4.28)]).

3 Proofs

Inequalities (1) were proved in [4, Lemma 6.1(a)] under the assumption that the Boyd indices
of X are non-trivial. For completeness, we include a proof of them.

3.1 Proof of inequalities (1)

Inequality 1/yx < 1/8x follows immediately from equalities (3).
It follows from [13, Lemma 4.2] that if 8x < 1/p, then X < LP”. Hence

1/Bx = sup{p € [1,00]: Bx < 1/p} < sup{p € [1,00]: X > L} = §x,

which implies that 1/6x < Bx. B
Let p’ := p/(p — 1). It follows from (2) that Bx» < 1/p" if and only if Bx > 1/p. By
[2, Ch. 1, Proposition 2.10], X' — LP"if and only if L? — X. So, if Bx > 1/p, then
LP — X. Hence
1/Bx =inf{p € [1,00]: Bx > 1/p} = inf{p € [1,00] : L¥ — X} = yx.

Therefore, é x < 1/yx.

3.2 The case of coinciding inclusion indices

In this subsection, we will prove Theorem 1 in the case where the inclusion indices coincide.
The proof will follow from the theorem below.

Theorem 3 Let p € [1, o0] andﬁ,g e [0, 1]besuchthaté <l1l/p< B,andletp : [0,1] —
[0, 1] be an increasing continuous function such that p(t) = 0 precisely when t = 0. Then
there exists a quasiconcave function ¢ : [0, 1] — [0, co) such that

tYPp(t) < @@ty <tVP/p(1), te(0,1], 5)

and

alp) =B, alp) =p. (©)
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Proof Our construction is inspired by the construction presented in [1, p. 261], and it works
as follows. It requires three sequences {ax }xeN, {Pk}xeN, {ck }ken, Whose terms satisfy

O<apr) <cr<by<ar <1, keN,
and a continuous function ¢ : [0, 1] — [0, 0o) satisfying

t) .
&) is constant on [bg, ay) ,

——= is constant on [c, by) ,

is constant on [ax+1, ck) - 7

The terms by should be defined so that the intervals [by, ai) are large enough for the first
condition in (7) to ensure that the first equality in (6) holds. Similarly, the terms ¢ should
be defined so that the intervals [ck, b) are large enough for the second condition in (7) to
ensure that the second equality in (6) holds. Finally, the sequence {aj }xen should converge
to O sufficiently rapidly so that, via the third condition in (7), it is guaranteed that ¢(t)/ t% is
constant “most of the time", which leads to (5).

Following the above, for any sequence {ai }ren With the terms in (0, 1], set

b
P ck::f:%, keN.

Choose a sequence {ay} so that

_ 1_ _ B_1
it < cx plap) < kFEVGE) gy < e (E-3) ®)

and set ag := 1. Let
1
o) :=tr, te€lall

Suppose we have defined ¢ on [ag, 1] with k > 1 in such a way that

<=

t

1
o)k <o) < ———, € lap, ar1). ©)
p(n)' 7k
Let us define ¢ on [ak+1, ax). We start with
t\2
@(t) == p(ak) (a> , telbgar). (10)

It follows from (9) with ¢t = a; and the second inequality in (8) that for all 7 € [bg, ax),

1 1
o< (;)ﬂ al (z)ﬂ};<t>};
4 — 1\ — = — 71| — —
plag)' % \ak plap)' "t \a a

1 ! 1
» —£ ~F®ID
(i)p = k - t% < plar) t%
Ak plag)'

a’ b \2~
= kl—l <a7k> -3
plar) % k plap) %

1
tr t

IA

<=
<=

S|=

L

— <
plap) " p(n)! T
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On the other hand, it follows from (9) with ¢t = ay and (10) that for ¢ € [bg, ax),

1

7 —1 1\ 7 - (1) 11 1
o) > ap plap) ~F ” > a; p(a) @ = pla)' "kt > 17 p(t)'

So,
1 1 t%
7o) TE <t) < ———— .t €b.ap). (11)
p(t)' T
Now, take B
¢ B
@(t) == @(bi) (;k> . tefer, br). (12)

It follows from (11) with ¢+ = by and the third inequality in (8) that for all ¢ € [ck, by),

L BVEAEE N
o) = bl pb0)' " F (=) =blpb)' (- —
by by by

a 1

1 1 {ck - t\7r L _g L
> bf p(be)' (5) (E) = p(b)' xkv P
1

1 1 1
> p(bn)' EpB) TP = p(by) “FTEY = p()! TR 17,

<=

On the other hand, it follows from (11) with + = by and (12) that for all ¢t € [cg, by),

S|=

1
by 1\’ by t\7 ty t
o= —— -\ ) =—— 1 \,) = TS
p(br) ~FT Nk p(br) ~ T Nk p(bi) "FT - p(r) T E
So, combining the above two inequalities with inequality (11), we arrive at

P

1 t
170 THT < o) < . relaa. (13)

p(t)' ~F
Finally, let

1
o(1) = plci) (é) . e a0 (14)

Then it follows from (13) with t = ¢, that for all ¢ € [dk+1, ck),

= 1

B (| O

—_ 1 - 1 9
plep)! T \Ck ple) T p(n)TET

L t\F 1 T S R I
o(0) > ¢/ ple)'™ wi(—)" = tPp(ck) BT >tPp(t) TF,
Ck

So, the above two inequalities and (13) imply that

<=

1 _ 1
M) T < p(t) £ ———. 1€ a1, )
p(t) &I

(cf. (9)). Since p(t) € (0, 1], this inequality implies (5).
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Fork € N, let
L :=1bx,ar]l, Dy :=lck,br], Iy :=lary1, ekl

and

The above inductive argument produces a continuous function on (0, 1] satisfying (5) and
such that ¢(t) = t'/? for t € [a, 1],

o) =constj P, teliy, j=123 keN. (15)

Set ¢(0) = 0. It is clear that ¢ is quasiconcave. Since log ¢ is continuous and piecewise
smooth, it follows from (15) thatif x > 1 and 0 < s < 1/x, then

XS Xsid _
log ¢(xs) — log p(s) = / (logo(1))' dt < / B =Flogx,

and hence
o0s) _ B (16)
o(s)
Similarly, if x, s € (0, 1), then
N s dt
log o(s) — log p(xs) = / (log (1)) di > / B =—pogx,
XS X5
and
s _ B 17)
@(s)

Take any x > 1 and choose k > x, k € N. Then xc; € [ck, bx) and it follows from (12)
that

p(xs) _ plic) 5
M, = = .
b= S e T e

Hence My (x) = xP (see (16)), and

log M,
(p) = inf &M
x>1 log x

=p.
Similarly, take any x < 1 and choose k € N such that 1/k < x. Then xa; € [by, ax) and
it follows from (10) that

o0s) _ plrar) _

M = =
o= S S T e

Hence M, (x) = x& (see (17)), and

log M, (x)
alp) = sup gli‘”
O<x<l1 ogx

=é7

which completes the proof of (6). O
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Corollary 4 Given p € [1,00] and B, B such that 0 < B < 1/p < B < 1, there exists
a quasiconcave function ¢ : [0,1] — [0, 00) such that for every ri. space X with the
Sfundamental function equivalent to ¢, its inclusion indices satisfy yx = 6x = p and its
Zippin indices satisfy Bx = B and B = Bx.

Proof Take p(¢) = 1/log(e —1+1/t),t € (0, 1], and p(0) = 0. It follows from Theorem 3
that there exists a quasiconcave function ¢ : [0, 1] — [0, co) such that

! ) <o) <t'/Plogle —1+1/1), 1€ (0,1], (18)

t]/P—
loge — 141/t

and (6) holds.
Let X be an r.i. space such that ¢y is equivalent to ¢. Then there exist constants ¢, C €
(0, 00) such that

cp(t) = ox(t) = Co(r), t€[0,1].

Hence
logt logt
5x = liminf —2' _ — liminf —2
1—0+ logex() 10t loge(r)
. log ¢ : log ¢
yx = lim sup ———— = lim sup

ot logex () o+ loge(®)’

Moreover, in view of (6), the Zippin indices of X satisfy
Bx =8, Bx=8.
It follows from (18), for ¢ € (0, 1], that

1 1
—logt —loglog(e — 14 1/t) <loge(t) < —logt + loglog(e — 1 + 1/1).
p p

Dividing by logt < 0, we get

1 . loglog(e — 1+ 1/1) - log ¢(t) _ 1 loglog(e —1+1/1)
p log ¢ ~ logt ~ p log ¢t ’
Since
. loglog(e — 1 + 1/1) o1 —1/1?
lim = lim —
=0+ logt 1—»0t 1/t (e — 1+ 1/t)log(e — 1+ 1/1)
-1
= lim =0, (19)
=0+ ((e — 1)t + D log(e — 1 + 1/1)
we arrive at
Sx=yx=p
(see (3)), which completes the proof. ]

3.3 The case of distinct inclusion indices

In this subsection, we prove Theorem 1 in the case where the inclusion indices are distinct.
The proof will follow from the theorem below.
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Theorem5 Let B, B € [0, 1] and y, 8 € [1, 00] be such that

B=1/y <1/8<B. (20)
Then there exists a quasiconcave function  : [0, 1] — [0, co) such that
— logt

a() =8, a@y) =4, litlllzgp oz v ()

. logt
im inf =
-0+ log ()

V. 5. (@1

Proof We first outline the proof. We will choose p and p(¢) such that 1/y < 1/p < 1/8
and p(t) decays to O sufficiently slowly as # — 0. Then Theorem 3 produces a quasiconcave
function ¢ such that

1
5

1
<) <tvp@), te(O1]
p(t)
and the first two equalities in (21) (with ¢ in place of i) are satisfied while the last two are
not.

We need to modify ¢ on a part of [0, 1] to get the third and the fourth equalities in (21).
To achieve this, we construct inductively a subsequence {ay(j)}jen of the sequence {a }ren
from the proof of Theorem 3. Take t; € (0, ax(;)] and set ¥ (¢) := const tﬁ, t € [1), akjl,
where the constant is such that v/ (ax(j)) = @(ax(;)). We can choose 7; in such a way that

1
V(t)) = ijp(rj). (22)

1 _
This is because ¢ ¥ ,o(t)/tﬁ — 0ast — 01. Next, take v;j € (0, 7;] and set ¥ (¢) := const 18,
t € [v}, t;), where the constant is such that ¥ is continuous at 7;. We can choose v; in such
a way that

ol

V) = 2 (23)
T

This is because
]
1
135 /p(1)

Finally, take ¢; € (0, v;] and set ¥ (¢) := const té, t € [gj, vj), where the constant is such
that ¥ is continuous at v;. We can choose ¢; in such a way that

V(sj) = o(s)).

-0 as r— 0.

1
This is because 0 < ga(t)/tE < t7,0(t)/té — 0ast — 0F. We then choose k(j + 1) in such
a way that ag(j+1)—1 < ¢; and keep

Y () = @) on [akj+1), 551 2 lak+1)» aki+1)—1]-

The last equality ensures that the first two equalities in (21) hold, while (22) and (23) allow

one to prove the last two equalities in (21). Details of the above argument are given below.
Let

1 1/1 1 1/1 1 1/1 1 1/1 1
—==l-+—-), k=---=)==|=-=-")==|———])>0,
p 2\ y 4\8 vy 2\8 p 2\p vy
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and

|
PO = e 111/

Integrating the inequality

te(0,1], p):=0. 24)

1
_— <
s2(e—141/s)
between ¢ € (0, 1] and 1, one gets log(e — 1 4+ 1/¢) — 1 < 1/t — 1. Therefore
1
—_ >,
logle — 14+ 1/t) —

1
—, O0<s<1
52 -

which implies that
1> p?(t) = 1™ =13
Hence

<l o), te 1]
—— <trp(t) < — <t7p(t), te(0,1].
p(t) p(t)
Let ¢ : [0,1] — [0, 00) be the quasiconcave function constructed in the proof of
Theorem 3, which satisfies
1

1 L
s 1 tp 1
<trp) @) < — <tvp@), t€(O]1] (25)
() ()
Below, we also use the notation a; from the proof of Theorem 3. Note that the sequence {ay}
is decreasing and a; — 0 as k — oo (see the first inequality in (8)).

Let

V@) =) =17, 1€la 1],

and k(1) := 1. In the next step, j = 1, but it is convenient for future reference to write it up
for a general j € N.
It follows from the last two inequalities in (25) with # = gy}, that

1

P

1
) 12 .
plargy) < P <a plargy). jeN,
0)) p(aj)) k(j) )
which implies that
1
ay o p(arg))
1< L(”ﬂ jeN. (26)
ak(j) \—
p(arj))
ak(j)
Since 1/y — B > 0in view of (20), we have
1
t7 Loty >0 as t — 0t 27)
Then |
t7p(t
%—)0 as t— 0T, jeN. (28)
t -
w(ak)) <7>
/ ak(j)
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It follows from (26) and (28) that there exists ; € (0, ax(;)] such that

1
kv 1
) p(t; y
7 p(T)) Lol< t7 p(t)

 \2 - t \2'
j
o(ar ) (7) @(akgj) ( )
ak(j) ak(j)

B 1 B
i \& L r\2 1
w(ak)) (71) =1/ p(1j), ela;) (7) <tvp@), t €lrj, aj).  (29)
ak(j) ak(j)

t e [‘Ej, ak(j)].

Hence

Let

B
) . telry, a;))- (30)
ar(j)

Y (@) = plaxg)) (

Then v is continuous at ag . It follows from (17) with s = ax(;) and x = t/ay ;) that

B
@) ro\=
< (7) . te [T, aj)-
plar()) ak(j)

Hence ¢(t) < ¥ (¢) fort € [1}, ai(j)]. Combining inequalities (25) with the above inequality,
the inequality in (29) and definition (30), we get

1
Yy <), 1€l an) G31)
< < ) is k()
o(1) J )]

It follows from the first inequality in (31) with = 7; that

NP
wuﬂ<%>
Tj

1
fja /p(T))

1 <

, jeN. (32)

Since B — 1/6 > 0 in view of (20), we have

tg_r?lp(t) —~0 as t— 0F.

t E
Y(z;) (U)

1
15/p(1)
It follows from (32) and (33) that there exists v; € (0, ;] such that

N N
wwn(—) wu»(—)

Then

—-0 as t— 0", jeN. (33)

: =1, 1< . , lE[Uj,‘L’j].
uj/p(u,) 15 /p(t)
Hence ]
v\ vl Ay 34
¢(T]) (‘Cj) = )O(Uj)’ m = W(Tj) (ﬁ) , L€ [U]»Tj]- (34
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Let 7
Y(@) =Y (z;) (TL) , L€y, T)). (35)
j

Then v is continuous at 7;. It follows from the above definition and the second inequality in
(31) with t = 1; that

% t B $ t % 1 1
v(t) <1 p(t)) =) =7 p(T)) =) = p(tpty <t7v, telvj, 1l
J J
Combining inequalities (31) with the above inequality, the inequality in (34) and definition
(35), we get

1

igjfwﬂ)st, € [vj. al- (36)

It follows from definition (35), the equality in (34) and the first two inequalities in (25) that

=

o —

1
= v/ p)) < e,

Ywj) = 2
RN

which implies that
| < o(vj)

—_ U é
waq)<i)
Uj

The last two inequalities in (25) and the asymptotic relation in (27) imply that

, jeN. (37)

o0 7

t\2 ~ t\2
Y (vj) (*) v (v)) (*)
Uj Uj

It follows from (37) and (38) that there exists ¢; € (0, v;] such that

0< -0 as r— 0T, jeN. (38)

w(s,')' S=l 1= W), S relsul
wwﬂ<i> wwn(—)
Uj Uj
Hence
i\t t\8
Wv,-)(%) =¢(s5)), I/f(vj)<f> <o), telgj,vjl (39)
Uj Uj
Let
t\£
Y(t) =) (;) , telgj,v)). (40)
J

Then y is continuous at v;. It follows from the first inequality in (36) with = v; that

1/f(l)>vj§<[>ﬂ> v (I>é— AR t€lgj, vl
“pwp) \v;) T pwp\vi) T pw) T 53> vil

The above inequality, definition (40), inequality in (39), and the last two inequalities in (25)
imply that

<y <o) <17 p(). 1€lg;.vjl.
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Combining these inequalities with inequalities (36), we get
1 L
o=y =tv, telg) ag) (41)
Let
k(j+1):=1+min{k e N: g < ¢;}

and

V(@) =), t€larg+n,sj)- (42)
It follows from the equality in (39) and definition (40) that ¥ (g;) = ¢(g;). Hence ¥ is
continuous at ¢;. Inequalities (25), (41), and definition (42) imply that

1 1
13 < (t) <tV t € largry, ak(pl

Above, we had j = 1. Repeating the same procedure for j = 2, 3, ..., we get a continuous
function ¢ : (0, 1] — (0, co) such that
Y() =), tela,arg-1], jeN (43)

(note that [a(j), ax(j)—1] C lax(j), sj—1]), and

1
<y <17, 1e1] (44)
It follows from definition (30) and the equality in (29) that
V) =1"p). jeN 5)
Analogously, it follows from definition (35) and the equality in (34) that
L
Y()) = . JjeN. (46)
p(vj)
Finally, there is a partition Ujen[7/+1, m1) = (0, 1) such that
W) =cons 1P, telmi.m). B e [g, B. l/p} . leN. @7

Set ¢ (0) = 0. It follows from (47) and the continuity of v that v is quasiconcave and (16)
and (17) remain true with ¥ in place of ¢. Hence

My = sup Z(és)) <xf, xe(l, o), (48)
My (x) = Oig;;l % <xB, xe(,0. (49)

Let the sequences by = ai/k and ¢y = by /k be as in the proof of Theorem 3. Take any x > 1
and choose j € N so that k(j) — 1 > x. Then xcg(j)—1 € [ck(j)—1, Pr(j)—1) and it follows
from (43) and (12) that

Yxs) _ Y(xeg)-1) _ g
M, = = .
v= S U S an)

Hence My (x) = xP (see (48)), and

log M
@) = inf CEMY D)
x>1  logx
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Similarly, take any x < 1 and choose j € N so that 1/(k(j) — 1) < x. Then xayj-1 €
[br(j)—1, ax(j)—1) and it follows from (43) and (10) that

Y (xs) ‘/’(xak(j)—l) 8
M = = —.
v = oiljgl Y(s) — vlakg)-1) *

Hence My (x) = x2 (see (49)), and

log My (x)

oY) = =B.
O<x<l log X
So, the first two equalities in (21) hold.
Estimates (44) imply
logt logt
lim sup o8 im i o8 (50)

<y, liminf >
1o+ log (1) -0t log (1)

Since 0 < ayg(j+1) < vj < 1j < agj forall j € Nand ay — 0 as k — oo, we conclude
that v; — O and 7; — 0 as j — oo. Finally, it follows from (45)—(46), (24), and (19) that

. log . log T i log T
1m Sup Z 11m ————— = l1m
ot logw(t) j=oelog¥(zj)  j—o0 L logtj +log p(t))
J— 1 1 —
- jli)ﬂ;o 1 loglog(e—1+1/7;) Vs
1 loglogtecLil/r)
14 0g T
log¢ logv; logv;
liminf —2' < lim —2%  _ jim 08Y)

-0t log (1) ~ jooology(vj)  j—oo flogu; + logp(v))

1
= lim =
j—oo 1 _ loglog(e—1+1/v;)
é logv;

Combining the above inequalities with (50), we arrive at

. logt L logt
lim sup =1y, liminf =
o+ logyr(t) =0+ log ¥ (1)
which completes the proof of the last two equalities in (21). O

Corollary 6 Let B, B € [0, 1] and y, 8 € [1,00] satisfy p < 1/y < 1/8 < B. Then there
exists a quasiconcave function ¥ : [0, 1] — [0, 0o) such that for every r.i. space X with the
Jfundamental function equivalent to  one has

Bx=8. Bx=B, yx=vy. dx=4.

This result follows from Theorem 5 and (3).
Theorem 1 immediately follows form Corollaries 4 and 6.

3.4 Inclusion indices in terms of Lorentz and Marcinkiewicz spaces

The following fact was observed in the case of r.i. spaces with nontrivial Boyd indices in [4,
formulae (3.5)—(3.6) and (6.1)—(6.2)].

Lemma7 Let X be an ri. space. If 1 < §x < yx < 0o, then

yx =inf {p € (1,00) : LP"® < X}, 8x =sup{p e (1,00): X — LP'}.
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Proof Since 1 < 8y < yx < 00, we have
yx =inf{p e (1,00): L? — X}, Sx =sup{pe(l,00): X — L'},
Set
Y = inf{p €(1,00): LP*® — X}, 8;( = sup{p €(l,00): X — Lp’l}.
Since LP! < LP < [P for every p € (1, 00), we have
yx < vy, 8y <dx.
If yx < yy°, then there exist p1, p2 such that yx < p1 < p2 < yg°. It follows from the
definitions of yx and yg° that LP! — X and LP>*° ¢ X. Since LF>* < LP! (see, e.g.,

[2, p. 217]), the absence of inclusion of L7>° into X is impossible. Then yx > y¢°. The
proof of 8 > 8 is similar. Thus yx = y£° and 8y = 8. ]

3.5 Proof of Corollary 2

It follows from Corollary 4 with 8 = 0 and 8 = 1 that there exists an r.i. space X such that
its inclusion indices are yx = 8x = p and its Zippin indices are trivial, that is, Bx = 0
and Bx = 1. Since yx = 8x = p, in view of Lemma 7, for every & € (0, p — 1), one has
LP+e® s X s LP~51 which completes the proof. O
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