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Abstract

Branching processes form an important family of stochastic processes that have been suc-
cessfully applied in many fields. In this paper, we focus our attention on controlled multi-type
branching processes (CMBPs). A Feller-type diffusion approximation is derived for some
critical CMBPs. Namely, we consider a sequence of appropriately scaled random step func-
tions formed from a critical CMBP with control distributions having expectations that satisfy
a kind of linearity assumption. It is proved that such a sequence converges weakly toward a
squared Bessel process supported by a ray determined by an eigenvector of a matrix related to
the offspring mean matrix and the control distributions of the branching process in question.
As applications, among others, we derive Feller-type diffusion approximations of critical,
primitive multi-type branching processes with immigration and some two-sex branching pro-
cesses. We also describe the asymptotic behaviour of the relative frequencies of distinct types
of individuals for critical CMBPs.

Keywords Controlled branching processes - Multi-type branching processes - Two-sex
branching processes - Diffusion approximation - Squared Bessel processes

Mathematics Subject Classification 60J80 - 60F17

B Pedro Martin-Chavez
pedromc @unex.es

Matyés Barczy
barczy @math.u-szeged.hu

Miguel Gonzilez
mvelasco@unex.es

Inés del Puerto
idelpuerto @unex.es

I HUN-REN-SZTE Analysis and Applications Research Group, Bolyai Institute, University of
Szeged, Aradi vértanuk tere 1., 6720 Szeged, Hungary

Departamento de Matemdticas, Facultad de Ciencias, e Instituto de Computacién Cientifica Avanzada
(ICCAEX), Universidad de Extremadura, Av. de Elvas s/n, 06006 Badajoz, Spain

Published online: 29 April 2024 9\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13398-024-01593-0&domain=pdf
http://orcid.org/0000-0003-3119-7953
http://orcid.org/0000-0001-7481-6561
http://orcid.org/0000-0001-5530-3138
http://orcid.org/0000-0002-1034-2480

101 Page2o0f36 M. Barczy et al.

1 Introduction

Branching processes can be well-applied to describe evolutionary systems, where elements
reproduce according to certain probability laws. These processes are commonly used in
population dynamics, and, in this context, systems are referred to as populations and elements
as individuals or cells. In this framework, multi-type branching processes, that are appropriate
for modelling the evolution of populations in which different types of individuals coexist, have
been successfully applied. For instance, these processes are used for modelling polymerase
chain reaction (see, e.g., Sagitov and Stahlberg [30]), for modelling cell proliferation kinetics
(see, e.g., Gonzilez et al. [15], Kimmel and Axelrod [26, Chapter 5] or Yanev [37]) or for
studying extinction of outbreak of diseases (see, e.g., Mwasunda et al. [27]). We will focus
our attention on the class of controlled multi-type branching processes (CMBPs). This class
was first introduced in Gonzdlez et al. [14]. The key feature of CMBPs is that the number
of parents of each type at a given generation is determined by a random control mechanism
that depends on the number of individuals of different types in the previous generation.

CMBPs form a wide family of branching processes that include, as particular cases, the
well-known classical branching processes, namely, multi-type branching processes without or
with immigration (MBPs or MBPIs), or two-sex branching processes (see details in Example
2.1). Although, for all these processes, individuals give rise to offspring independently of
each others, in general, a CMBP no longer satisfies the additive property (see, e.g., Athreya
and Ney [4, Chapter 1, page 3]). This is an important property that is satisfied, for instance,
by MBPs and MBPIs. The lack of the additive property for a general CMBP makes it difficult
to study this kind of processes and it comes from the following fact. Provided that we know
the number of different types of individuals in a generation, in case of a general CMBP, the
number of different types of individuals in the next generation is a random sum of some
independent random variables, while, in case of a MBP or a MBPI, it is a non-random sum
(in the sense that the number of summands is deterministic).

This paper aims to obtain a Feller-type diffusion approximation for some critical CMBPs
(details of the model are given in Sect. 2) and to study the asymptotic behaviour of the relative
frequencies of distinct types of individuals. The problems under consideration have a dual
motivation. On the one hand, it has interest in itself from a theoretical point of view. Our
theoretical results (see Theorem 3.3 and its corollaries) may allow us to study relevant applied
problems as well. For example, our result on the asymptotic behaviour of relative frequencies
may find applications in cell kinetics. On the other hand, the obtained scaling limit theorem
can enable us to carry out further research on statistical inference. For example, one may
complete the study on weighted conditional least square estimators for some critical CMBPs,
started in Gonzdlez et al. [11], or one might start to investigate more general quasi-likelihood
estimators. This intended research could contribute to the modeling of real data using CMBPs.

From a mathematical point of view, achieving functional limit theorems for critical branch-
ing processes has attracted the interest of many researchers since 1951, when Feller [10]
was able to provide the first formulation for Galton—Watson processes. He proved that the
sequence of appropriately scaled critical Galton—Watson processes converges in distribution
to a non-negative diffusion process without drift (for a detailed proof based on infinitesimal
generators, see also Ethier and Kurtz [9, Theorem 9.1.3]). The extension to branching pro-
cesses with immigration started with the pioneering paper of Wei and Winnicki [33], where
the limit process is a squared Bessel process that can be characterized as the pathwise unique
strong solution of a certain stochastic differential equation (SDE). Focusing on controlled
branching models, a further extension to the critical, single-type case was first carried out by
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Sriram et al. [32], and, more recently, by Gonzdlez et al. [13]. Furthermore, for some crit-
ical CMBPs, under quite involved technical conditions, Gonzalez et al. [16, Corollary 4.1]
proved a conditional weak limit theorem for the one-dimensional distributions provided that
the explosion set has a positive probability. However, according to our knowledge, functional
limit theorems for critical CMBPs are not available in the literature. Our present paper fills
this gap, it is a natural extension of the result for critical single-type controlled branching
processes (CBPs) in Gonzdlez et al. [13] to the multi-type case.

Assuming that the expectations of the control distributions satisfy a linear relationship with
the population size additively perturbed by a function also depending on the population size
(see (2.10)), we introduce a classification for such CMBPs based on the spectral radius of a
matrix related to the offspring mean matrix and to the control distributions. Under some addi-
tional hypotheses, we prove that a suitably scaled and normalized critical CMBP converges
weakly toward a squared Bessel process supported by a ray determined by an eigenvector
of the aforementioned matrix, see Theorem 3.3. As corollaries, we are able to rediscover
the known results on Feller-type diffusion approximations for critical, primitive MBPIs (see
Corollaries 3.8 and 3.9). What is even more interesting is that we can apply our main theo-
rem to get Feller-type diffusion approximations for some two-sex branching processes. We
emphasize that no such results are available in the literature. Very recently, Bansaye et al.
[5] have also proved a scaling limit theorem for a class of two-sex branching processes that
combine classical asexual Galton—Watson processes and two-sex Galton—Watson branching
processes introduced by Daley [8]. For a comparison of our results and theirs, see Remark
3.12. Finally, a result on the asymptotic behaviour of the relative frequencies for critical
CMBPs is also derived from Theorem 3.3 (see Corollary 3.13). This kind of result has poten-
tial applications, for instance, in the field of cell kinetics, where it is more usual to measure
relative frequencies instead of the absolute cell counts.

The proof of our main result (Theorem 3.3) follows the proof scheme of Theorem 3.1 in
Ispany and Pap [21] for MBPIs, which is based on a weak convergence result for random step
processes due to Ispany and Pap [20, Corollary 2.2] (see also Theorem A.4). This latter result
has been applied in other papers to prove several scaling limit theorems, see, e.g., Ispany and
Pap [21] and Rath [28]. The lack of the additive property for a general CMBP makes the
proof of our Theorem 3.3 more involved. Next, we outline the course of the proof, and we
also point out the new ingredients in it. We start with determining the conditional moments
of the branching process (see Proposition 2.3), which are essential to find out the asymptotic
behaviour of some moments of the branching process (see Lemma A.3). The heart of the proof
of Theorem 3.3 is an application of Theorem A.4 for a sequence of martingale differences
formed from the CMBP in question (see (4.3) in Step 1). Then, in case of MBPISs, the Feller-
type diffusion approximation follows straightforwardly from a continuous mapping theorem
(see Theorem A.5), as Ispany and Pap [21] showed. However, this is not the case for general
CMBPs, an extra additional work (see Step 3) is required. We also emphasize that the additive
perturbation of the expectations of the control distributions mentioned above (see also (2.10))
results a new difficulty in the proofs compared to MBPISs, and it is addressed in the proofs of
Steps 1 and 3.

The paper is structured as follows. In Sect.2, CMBPs are defined, and, under the linearity
assumption (2.11) on the conditional expectations, we introduce their classification by dis-
tinguishing subcritical, critical and supercritical CMBPs. By giving examples, we also point
out that different types of classical branching processes can be viewed as particular cases
of our model, thus illustrating its wide scope of applicability. In Sect.3, we collect all the
hypotheses that are assumed and we present all of our results obtained. Section4 is devoted
to the proof of Theorem 3.3, which is structured in four steps for an easy reading. We close
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the paper with an Appendix which contains some auxiliary results such as the asymptotic
behaviour of the first and second moments of CMBPs and the second and fourth moments
of a corresponding martingale difference (see Lemma A.3).

2 Controlled multi-type branching processes

Let (2, F, P) be a fixed probability space on which all the random variables will be defined,
and let N, Z, R, R} and R, be the set of positive integers, non-negative integers, real
numbers, non-negative real numbers, and positive real numbers, respectively. For all x, y €
RP?, let us denote by x <y if each coordinate of x is less than or equal to the corresponding
coordinate of y. For z = (z1,..., zp)T e RP, let |z] := (z1l, ..., |zp|)T S Ri, and
zt = (zfr, e z;)T e R”, where x* stands for the positive part of x € R and T for the
transpose. The natural basis in R” is denoted by ey, .. ., e,,. The null vector in R? is denoted
by 0,, and 1, is for the vector in R” with all the coordinates 1. The Borel sigma-algebra on
R? is denoted by B(R?). The trace of a matrix A € R”*? is denoted by tr (A). The p x p
identity matrix is denoted by |,. For a matrix A € RIXP let Null(A) := {x € R” : Ax = 0;}.
Along the paper, we will not distinguish between the notations of the norm of a vector in R?
and that of a matrix in R?*?. For z € R?, let ||z|| denote the Euclidean norm of z, and for a
matrix A € RP*P let |A|l := max{||Az]| : |lzll = 1, z € R”}. For a positive semi-definite
matrix A € RP*P, let +/A denote the unique symmetric positive semi-definite square root
of A. For a function i : R? — RP, by the notation h(z) = O(f(2)) as ||z|]| — oo, where
f :R? — R4, we mean that there exist C > 0 and R > 0 such that |h(z)| < Cf(z) for all
z € R? with ||z]| > R. Further, if for all € > 0 there exists R > 0 such that ||h(z)|| < € f(2)
for all z € R? with ||z|| > R, then we write h(z) = o(f(z)) as ||z]| = oo. Convergence in

probability is denoted by ix Some further notations for weak convergence of stochastic
processes with cadlag sample paths are recalled in Sect. 3.

Forafixed p € N anda Zi—valued random vector Zy, let us consider a controlled p—type
branching process (Zy)ez., , defined recursively as

p $ki(Zk)
Zivi =), >, Xejio kel @1
i=1 j=1

where Zy, ¢, (z), 2 € Z" ,and X k,j,i are Zi—valued random vectors:

Zia ®k,1(2) Xk.j.i1
Zy =: s k= : s Xpji= :
Zip k., p(2) Xk.j.i.p
The intuitive interpretation of the process (Z)kez, is as follows:

e Zj.; is the number of i—type individuals in the k—th generation,

o ¢r.i(Zy) is the number of i—type progenitors in the k—th generation,

e Xy ;i1 is the number of [-type offsprings of the j—th i—type progenitor in the k—th
generation.

Assume that {Zo, ¢, (z), Xr,ji :k € Zy, j €N, z € VA= {1,..., p}} are inde-
pendent, {¢,(z) : k € Z,} are identically distributed for each z € Zf_ and {Xg ;i : k €
Zy, j € N} are also identically distributed for each i € {1, ..., p}. The distributions of
$0(2).z € 7", are called the control distributions.
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Moreover, for clarity of the readers, let us write out (2.1) for controlled two-type branching
processes. The number of i—type individuals in the initial generation is Zg;, i = 1, 2, and
the recursive definition in (2.1) takes the form

7 Ok (Zk15Zk,2) X $k2(Zk 15 Zk,2) X
k+L1Y k,j,1,1 k.j.2.1
= + , kelZ,.

<Zk+1,2> ; <Xk,j,1,2> ; (Xk,j-,2,2) "
Part (iv) of Example 2.1 serves as a good illustration of a two-type case.

It is easy to check that the process defined in (2.1) is a Zf_—valued Markov chain. This
model is very general, several other popular branching processes can be seen as particular
cases of the CMBPs, see Example 2.1.

Example 2.1 (i) Multi-type branching processes. We get the subclass of p—type branch-
ing processes without immigration by defining the deterministic control function as
$r(z):i=z,z€Z k€ Zy,in(2.1).

(i) Multi-type branching processes with immigration. Let us consider such a MBPI
(Yi)kez, given by

P Yri

Yirri=Y > & i+, kel (2.2)
i=1 j=1

where {Yy, gk,j,i’lk tk € Zy,j € Nyi € {1,..., p}} are independent Zﬁ—
valued random vectors, {§; ;; : k € Zy, j € N} are identically distributed for each
i € {l,..., p} (offspring distributions) and {I; : k € Z,} are also identically dis-
tributed (immigration distribution). Note that (¥ ¢ )xecz, canbe writtenasa (p+1)-type
branching process with

Y - 1
Zy = ( 1"), Xiji = (5"’0/">, Xi1pt1 = ( "f‘) (2.3)

fork e Zy, j € N,i €{l,...,p}, when ¢ (z) == 2,z € ZZ"' k € Z (see (i)).
Moreover, (Y)iez, can also be written as a controlled (p + 1)—type branching process
with the choices given in (2.3) and the control functions ¢;(z) = (z1, ..., 2p, DT,
zZ e Z{:_+l, k e Z+.

(iii) Multi-type branching processes with migration. Let us consider a stochastic process
(Zi)kez, given by

P Zki+Mii(Zg,i)

Zii=Yy, Y. X keZy,
i=1 j=1

where {Zo, My (2), Xy,ji:k€Zy, jeN, z € Zr,ie{l,..., p}} are independent
ZP—valued random vectors such that Zy and X ;; have non-negative coordinates,
(M (z) .= (My.1(z1), ..., Mkyp(zp))T . k € Z4} are identically distributed for each
z € Zﬂ with range contained in [—z1, 00) X - - - X [~zp, 00),and {X j; 1k € Zy, j €
N} are also identically distributed for each i € {1, ..., p}. Foreachi € {1,..., p},
M ;i (z;) can be interpreted as a migration component for the i—type individuals in the
k—th generation. Depending on the sign of My ; (z;), there is emigration (negative value),
immigration (positive value) or no migration (zero value). In fact, this is an equivalent
way of writing a CMBP, because every ¢, (z) can be written as z + M (z), z € 7r
k € N, with appropriate choices of M (z).
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(iv) Two-sex Galton—Watson branching processes with immigration (2SBPIs). Let us con-
sider such a process (Fi, My )kez, with offspring and immigration distribution defined
as follows. Let (Fy, M) be an Zi—valued random variable (random initial generation)
and

Uy

(Fipr: Mig1) =Y (fijomi )+ (FL ML), Uk = L(F, M), keZy,
j=1

24

where {(Fo, Mo), (fk,j, Mk, ;). (Fkl, M,g) : k € Zy, j € N} are independent Zi—
valued random vectors, {(fx, j, mk ;) : k € Zy, j € N} are identically distributed
(offspring distribution), and {(F, kl , M ,f ) : k € Z }arealsoidentically distributed (immi-
gration distribution). Further, (U )kez, is a sequence of mating units corresponding to
the mating function L : Z, X Z4 — Z, assumed to be non-decreasing in each argu-
ment. In the terminology of Asmussen [3], L can be called a marriage function as well.
Then the 2SBPI (Fy, My)iez, can be considered a CMBP (Zy)ez, given by

[ Fx _ (L@ o S o (FL
Zk = (Mk> f ¢k(Z) = < 1 ), Xk,],l = (mk,j s Xk,],2 = M]g-H

fork € Z4,j e Nyand z € Zi‘ In this case, we emphasize that the coordinates of
the control can be interpreted in a different way compared to what is written after (2.1).
Namely, the first coordinate of the control denotes the number of couples, while the
second one denotes an extra couple, which brings in female and male immigrants. W

Remark 2.2 As happens for the 2SBPI, the intuitive interpretation of the branching process
that appears in part (ii) of Example 2.1 is lost when we see it as a (p + 1)-type branching
process or as a controlled (p + 1)-type branching process. Indeed, we add the possibility
that there is an extra type of individuals in the population, but the number of them in all
generations is 1. The only one individual of extra type always gives birth one individual of
extra type and possibly some individuals of other types, which correspond to the immigrants
arriving in the population. Despite the fact that both cases lack practical interpretability, this
mathematical description is perfectly valid and useful:

(i) It will enable us to recover the known result on the asymptotic behaviour of critical,
primitive MBPIs due to Ispany and Pap [21, Theorem 3.1] (see Corollary 3.8). Fur-
thermore, if we do not want to lose the intuitive interpretation, we could consider the
controlled p—type branching process (Zy)rez, With Zg := Y, ¢;(z) := z+ I+, and
X ji = Ek,j,i fork € Z4, j e Nyand z € Z" , where {Y, sk’j’i, I, :keZy, je
N, i € {1,..., p}} are given in part (ii) of Example 2.1. This is the third representa-
tion of a MBPI (for the other two ones, see part (ii) of Example 2.1). Note also that
(Z1)kez., 1s a particular case of the multi-type branching process with migration in part
(iii) in Example 2.1. In the single-type critical case, Gonzdlez et al. [13, Remark 3.2.2]
proved that (under some moment assumptions) n'z lnt])reR, converges weakly as
n — oo toward a limit process, which coincides with the limit process for a critical
(usual) single-type branching processes with immigration scaled and normalized in the
same way. Corollary 3.9 will imply that a version of this statement remains true in the
p-type critical case.

(ii) It is the first time that a 2SBPI is written as a CMBP (see part (iv) of Example 2.1),
such a rewriting has not been considered until now in the literature. In fact, since the
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control distributions are deterministic in case of a 2SBPI, it suggests a possible way
to generalize the notion of a 2SBPI by allowing random mating functions. Earlier,
only two-sex Galton—Watson branching processes without immigration, introduced by
Daley [8], were viewed as special controlled branching processes (see Sevast’yanov and
Zubkov [31, model 3]). Furthermore, Theorem 3.3 together with part (iv) of Example
2.1 will allow us to obtain scaling limit theorems for some critical 2SBPIs previously
not considered in the literature (see Corollary 3.10). |

Let us introduce notations for some moments. In all what follows, we suppose that

E[[IX0,1.i1*] < oofori € {1,..., p} and E[|l¢o(z)[*] < oo for z € Z, and we denote
m; :=E[X,,i] € R, e(z) :=E[¢y(2)] € RE, (2.5)
T; := Var[Xo,1,;] € RP*P, [(z) := Var[¢y(z)] € RP*7, (2.6)

G =E[(Xori —min*] €eRy, k(@) :=E[($0.:(2) — @) e Ry, (27)

wherei,l € {1,..., ptand z € Z{.

Note that the moments defined in (2.5) and (2.6) are of course well-defined under
weaker assumptions, namely, under the existence of first and second order moments of
the offspring and control distributions, respectively. We also remark that m;, ¥; and ¢; y,
i,l € {1,..., p}, do not depend on the control distributions, while &(z), I'(z), and «; (),
z€Zl i€ {1, ..., p}, do depend.

Let us consider the canonical filtration of the process Fy := o(Zo, ..., Zy), k € Z,
introduce the matrix m := (my, ..., m,) € RY”, and the operator © : R x (RP*P)P —
RP*P zOA =" ziAiforz = (z1,...,2,) " € RPandA = (Aj,...,Ap) € (RP*P)P,

The following proposition is a multi-type counterpart of Proposition 3.5 in Gonzdlez et
al. [12].

Proposition 2.3 For each k € N, we have

B[z | Fir] = mezin, 2.8)

Var[Zi | Fict | = 6(Zi-) © E 4+ I Zi-m T, 2.9)
where X 1= (X1, ..., X)) € (RP*P)P,

Proof Let k € N be fixed arbitrarily. By the Markov property, we get E[Zk | fk,l] =
E[Zi | Zk—1]. Using that ¢, _(z), z € Z%, and X4_1j;, j € N, i € {I,..., p}, are
independent of each other and of Z;_;, we have

$k—1,i (2)

E[Zi | Zi—1 =z] = ZE E Z Xi—1,j,i

i=1 j=1

br—1(2)

I
M'ﬁ

E[¢0.i(2)] mi = me(z)
1

for z € Z”, which implies (2.8). Now we turn to prove (2.9). Similarly as before, we
get
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Var [Zk ’ Zio = z]

P $k-1,i(2) P $k-1,i(2)

=E| Var Z Z Xi—1,ji| Pr—1() | |+ Var|E Z Z Xi—1,ji | 91 (@)
i=1 j=1 i=1 j=1
p p
=Y E[h1i(@%i] + Var[z ¢k1,,-(z)ml1 =e(z) O Z +ml(z)m"
i=1 i=1
for z € Z!. This yields (2.9). o

From now on, we assume that there exist a matrix A € R”*? and a function A : Zi — R?
with ||h(z)]| = o(||z||) as ||z|| — oo such that

e() =Az+h(), zeZf. (2.10)

Roughly speaking, the assumption (2.10) means that the average quantity of ancestors can
be expressed as a linear map of the number of individuals affected by a minor perturbation,
which becomes insignificant (negligible) in comparison with the population size when this
latter is large enough. It is worth noting that migration of parents, both emigration and
immigration, is permitted under (2.10) (see, for instance, part (iii) of Example 2.1 assuming
that || ElMo(z)] || = o(||zl]) as ||z|| = o). In the single-type case, i.e., in case of p = 1, a
corresponding condition has already been assumed (see, e.g., the condition (i) in Theorems
1 and 2 in Gonzdlez et al. [17]). In the multi-type case, the assumption (2.10) was also
considered in Gonzalez and del Puerto [11, condition (11.2)] and in Gonzalez et al. [16,
condition (4.2)], but only with a diagonal matrix A having non-negative entries.
Using (2.8) and (2.10), we get

E [Zk ‘ ]-'k_l] —=mAZ;_ | +mh(Zi_1). keN. @2.11)

We can introduce a classification for a subclass of CMBPs satisfying (2.11) based on the
asymptotic behaviour of E[Z;] as k — oco. Taking expectations of both sides of (2.11), by a
recursive argument, one can derive a formula for E[Z; ], k € N (see (A.5) in Appendix). From
this, one can see that in the description of the asymptotic behaviour of E[Z;] as k — oo, the
powers of the matrix m := mA play a crucial role. We assume that m € Rix‘” and it has only
one eigenvalue of maximum modulus p with algebraic and geometric multiplicities equal
one. By the spectral theory of matrices, the asymptotic behaviour of (mA)* as k — oo is
determined by p, the other eigenvalues do not come into play. Motivated by this, by definition,
we say that such a CMBP is subcritical if p < 1, critical if p = 1, and supercritical if p > 1.
It is important to highlight that whenever the matrix m is primitive (i.e., there exists n € N
such that all the entries of m” are positive), the Perron—Frobenius theorem (see also Lemma
A.1) guarantees the unique existence of p. Moreover, the usual classification of multi-type
branching processes without and with immigration coincides with the one proposed here
(see, e.g., Athreya and Ney [4, Chapter V, page 186] and Kaplan [25, page 948]).

3 Results

Let (Zy)kez, be a controlled p—type branching process given in (2.1). Let us introduce the
following hypotheses.
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Hypothesis 1 E[]|Zo|*], E[l X0,1,:[I*] and E[|l¢¢(z)[|*] are finite for each i € {1,..., p}
and z € Z".

Hypothesis 2 There exist A € R?*?, & € R? and a function g : Zi — R? with ||g(z)| =
o(1) as ||z|| = oo such that

e(z)=Az+a+gk), zelZf.
Hypothesis 3 [|T'(z)|| = o(llz[}) as [lz]| — oo.
Hypothesis 4 «;(z) = O(||z||?) as ||z]| = oo fori =1,..., p.
Hypothesis 5 The matrix M := mA belongs to RY” and

(a) p := 1 is an eigenvalue of M having algebraic and geometric multiplicities 1, and the
absolute values of the other eigenvalues of m are less than 1,

(b) there exist a unique right eigenvector u € Ri and a unique left eigenvector v € Ri
corresponding to p = 1 such thatit; + ...+ i, =1, Au € ]Ri and ¥ il = 1,

(¢) limg_, oo M* = IT and there exist & € R, and 7 € (0, 1) such that ||m* — I1|| < &
for each k € N, where I1 := av'.

k

Hypothesis 6 Foralle > Oand B > 0, thereexists ko(€, B) € NsuchthatP[||Z;]| < B] <€
for each k > kg(e¢, B), k € N.

Remark 3.1 (i) In Hypotheses 1 and 4, the fourth order moment assumptions for the off-
spring and control distributions are used in the proofs only for checking the conditional
Lindeberg condition, namely, condition (iii) of Theorem A.4, in order to prove conver-
gence of some random step processes toward a diffusion process. For critical single-type
CBPs, assuming that the explosion set has probability one, a detailed exposition of a
proof of the conditional Lindeberg condition in question under second order moment
assumptions can be found in Gonzélez et al. [13].

(i1) If Hypothesis 2 holds for ¢(z), z € Zﬁ, then it also holds for any of its linear trans-
formations B¢ (z) + B,z € Zi, with B € RP*P and B € R”, by replacing A, o and
g with BA, Ba + 8 and Bg, respectively. Note that, in Hypothesis 2, « € R? can have
negative coordinates as well, for an example, see part (i) of Remark 3.6.

(iii) Taking into account Lemma A.1, we have that Hypothesis 5 holds if the matrix m is
primitive, its Perron—Frobenius eigenvalue p equals 1, and Au € Ri, where u is the
right Perron—Frobenius eigenvector of m corresponding to p. Moreover, notice that if
m is primitive, then a set of sufficient conditions for m to be primitive is that A € Rﬁi‘o
and that m and A commute. Note also thatif A € ]Rf(p, thenm € Rﬁxl) and Ax € Rﬁ
forall x € RY.

(iv) A sufficient condition for Hypothesis 6 is the almost sure explosion of the pro-
cess, i.e. P[||Zy]| > ocoask — oo] = 1. Indeed, {||Z;|| — ocask — oo} C
Ureo NoeilliZy|l > B} for all B > 0. Therefore, by the continuity of probability,
we have for all B > 0,

1=P [U 1Zall > B}} = lim P {ﬂ{uznn > B}} <liminf P [ Zc|l > BI,

k=0 n=k n=k

yielding thatlimy—, o P[|| Z¢|| > B] = 1forall B > 0,orequivalently limy_, oo P [||Zx]|]
< B = 0Oforall B > 0. Consequently, Hypothesis 6 holds. Itis also interesting to notice
that Hypothesis 6 can not be derived from Hypotheses 1-5, see part (ii) of Remark 3.6
for a nontrivial example, where Hypotheses 1-5 hold, but Hypothesis 6 does not.
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(v) Incase of g = 0, Hypothesis 6 is not needed for our forthcoming main Theorem 3.3.
In fact, in the proof of Theorem 3.3 it will be seen that Hypothesis 6 is only used for
deriving (4.34) and (4.37), which are trivially satisfied for g = 0,,. |

Next, we give an example for a controlled p-type branching process for which the
Hypotheses 1-5 hold.

Example 3.2 Let us consider a controlled p—type branching process with E[||Zo||*] < oo,
E[[1X0,1,i1*] < o0,i €{l,..., p}, and

Gri() =z + Ukily=0, keZy, zeZb, iefl,..., p},

where {Uy,; 1 k € Zy,i € {1, ..., p}}areindependent and identically distributed Zi—valued
random variables such that their common distribution is the uniform distribution on the set
{—1,0, 1}, and 1 4 denotes the indicator function of a set A. The interpretation is as follows.
Whenever there are i—type individuals, there is a migratory component Uy ; that allows the
emigration/immigration of one i—type progenitor or there could be no migration with the
same probabilities % This is a particular case of model (iii) in Example 2.1. Hypothesis 1 is
trivially fulfilled and Hypotheses 2, 3 and 4 hold with A = 1,, « = 0, and g = 0, since,
for each z € ZF , we have

2 P 2
@ = (56 160.0,20) and  ki(2) = S1g-0),

i,j=1

yielding that |['(z)|| < % and «;(z) < % forz € Zi. Moreover, taking into account parts
(iii) and (iv) of Remark 3.1, if m is primitive with Perron—Frobenius eigenvalue 1, then
Hypothesis 5 is also satisfied, and Hypothesis 6 is not needed. |

Let C(R, RP?) be the space of R”—valued continuous functions on R and let us denote
by D(R4, R”) the space of R”—valued cadlag functions on R4 and by D (R4, R?) its Borel
o—algebra corresponding to the metric defined in equation (1.26) in Jacod and Shiryaev [22,
Chapter VI]. For R”—valued stochastic processes with cadlag paths (yﬁ”) JieR,, 1 € N,
and (V;);er, , if the distribution of (¥"),cr, on the space (D(Ry, R?), Doo(Ry, RP))
converges weakly as n — oo to the distribution of (;);cr, on the same space, then we use
the notation (:}Jf”))teRJr £, (Vi)ier, asn — oo.

Let us define a sequence of random step processes (2 f’” )ieR, -1 € N, using the controlled
p—type branching process (Z;)iez, » as

Z;n) ::nilan,J, teRy, nelN.

Recall that, under Hypothesis 5, &, v € Rfi are the right and left eigenvectors of m corre-
sponding to eigenvalue p = 1, respectively.

Theorem 3.3 Suppose that Hypotheses 1-6 hold for the CMBP (Z}) ez, givenin(2.1). Then

L ~
(Z")ier, —> (Zii)ier, asn — oo, 3.1)

where (Z;);cRr, is the pathwise unique strong solution of the SDE

dZ, = ' mad:r + \/TJT((Aﬁ) OXBZdw,, teR,, (3.2)

with initial value Zy = 0, where OV;),cr, is a standard Wiener process.
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T

Remark 3.4 The coefficient functions R > x —» ? ma € Rand R 3 x +—

\/ f)T((Ait) © X)dxt € R satisfy the conditions of Theorem 1 in Yamada and Watanabe

[36], so pathwise uniqueness is guaranteed for SDE (3.2). Indeed, foé u~!du = oo for all
€ > 0 and square root is a strictly increasing non-negative function vanishing at zero such
that [/x — /y| < /Ix — y[ for all x, y € R,. Moreover, if 7 'ma € R, (respectively,
? ' ma > 0), then Z; is non-negative (respectively, positive) for all # > 0 by the comparison
theorem (see, e.g., Revuz and Yor [29, Chapter IX, Theorem 3.7]) and, consequently, Zf in
(3.2) may be replaced by Z;. Indeed, in case of TJT((AIZ) O X)v =0,wehave Z;, = v mat,
t € Ry, and in case of il ((Au)©X)v > 0andt > 0, we have Z; has a Gamma distribution
with parameters 23 ' ma/(3 ' ((Ait) ® £)¥) and 2/ (3 " ((Ait) © £)# 1) (following, e.g., from
Ikeda and Watanabe [19, Chapter IV, Example 8.2]). |

Remark 3.5 (i) It turns out that the limit process in (3.1) can also be characterized as the
pathwise unique strong solution of the SDE

dZ, = madr + IV (AZ)* 0 TdW,, 1eRy, (3.3)

with initial value Z9 = 0,, where (W;);cRr, is a standard p—dimensional Wiener
process (for details, see Step 4 in the proof of Theorem 3.3).

(ii) If all the coordinates of the vector @ € R” in Hypothesis 2 are negative, then it is easy

to prove that the pathwise unique strong solution of the SDE (3.2)is Z, = 0,1 € Ry.

|

In the next remark, we point out that Hypothesis 6 basically excludes that P [¢0 0,)=0 p]
= 1, this condition appears for the conditional weak limit theorems for one-dimensional
distributions of critical CMBPs in Gonzalez et al. [ 16, Sect. 4]. Further, we also demonstrate
that Hypothesis 6 is independent of Hypotheses 1-5.

Remark 3.6 (i) If P [¢(0,) =0,] = 1, then @ = —g(0,,) in Hypothesis 2. Moreover, if
P|¢y(0,) = Op] = land 0, isastate of (Zy)xez, ,i.€., thereexistsanng € Z, such that
P|Z,,=0 p] > 0, then Hypothesis 6 does not hold. Indeed, in this case, we have {Z,,, =
0,} € {Z; =0,)} foreach k > ng, k € Z, yielding that {Z,,, = 0,} C {||Z«]| < B}
for all B > 0 and k > ng, k € Zy. Consequently, we get 0 < P[Z,, =0,] <
P[lZx]| < B]forall B > 0 and k > ng, k € Z.. By choosing € := %P [Zn0 = OP] >
0, one can see that Hypothesis 6 does not hold. If P [¢O(0p) = Op] =1land 0, isnota
state of (Zy)rez, , then, in principle, Hypothesis 6 can hold. For example, let p := 2,

02 lf z = 02,
=: 1
$i(2) ( 2t ) if z#0y,z€Z2,

z1+z22—1

1 0 1 .
Xk,j,l =: (0) s Xk,j,2 = (0), Zy =: <0> s keZy, jeN.

Then P [¢((02) = 0] = 1 and

kEZ+,

Zk=(k+1)<(l)>, k e N.
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Hence one can easily see that Hypotheses 1-6 hold with

—1
if z =0y,
b (i) em () wene [ e

0, if 7 £ 0y, 2z €Z%,

ene() () ()

In this case, without the application of Theorem 3.3, we readily have that

n 1 1 1
v (o (), (), e

Of course, Theorem 3.3 also gives the same result, since in this case the SDE (3.2) takes
the form dZ; = dt, t € R4, with initial value Zy = 0, yielding that Z; = ¢, ¢ € R;..
(i) We give a nontrivial example, where Hypotheses 1-5 hold, but Hypothesis 6 does not.
Fix p :=2and Zy := 1p. Fork € Zy, let ¢, (z) := z+ 1y forz € Zﬁ_\{()z} and
¢1(02) := 0y; and for k, j € Nand i € {1,2}, let X; ;; be a random vector with
values in {02, 15} taking both values with probability 5. Then m; = E[X¢,1.i] = 312
for i € {1,2}. Further, let A := I, @ := 15, g(02) := —1, and g(z) := 0, for

z € Zi_\{Oz}. Hence m = mA = m = %(i i), which is a primitive matrix with

and

Perron—Frobenius eigenvalue o = 1. Consequently, Hypotheses 1-5 hold with the above
introduced A, &, g, M, and & := %12 =: ¥. Moreover, since 0, is a state of (Zy)iez,

and P [¢0(02) = 02] = 1, part (i) of this remark implies that Hypothesis 6 does not
hold. |

In the next remark, we point out that Theorem 3.3 with p = 1 gives back the result of
Gonzdlez et al. [13] for critical single-type CBPs.

Remark 3.7 Theorem 3.3 with p = 1, i.e. for critical single-type CBPs, yields that (Z,(")) 1eR,
converges weakly toward (Z;);cr, asn — 00, where (Z;);cRr, is the pathwise unique strong
solution of the SDE

dz, = madt +/m-1SZ"dW,, teR,,

with initial value Zp = 0, where 0V;);cRr, is a standard Wiener process, and m > 0 and X
are the offspring mean and variance, respectively (A must be m~! in order that (Zy)rez . be
critical). It is worth mentioning that Gonzalez et al. [ 13, Theorem 3.1] obtained the same limit
process (Z;);cr, assuming the following three hypotheses, namely, (CO): the explosion set
has probability one, (C1): e(z) = m~lz +m—la’ + o(1) as z — oo with some ¢’ > 0, and
(C2): T'(z) = o(z) as z — oo. Notice that if (C0), (C1) and (C2) hold, then our Hypotheses
2,3, 5 and 6 are satisfied. Indeed, Hypotheses 2, 3 and 5 follow trivially from (C1) and (C2),
and (CO) implies Hypothesis 6 as it was pointed out in part (iv) in Remark 3.1. Concerning
Hypotheses 1 and 4, in part (i) of Remark 3.1, we already mentioned the reason why the
fourth moments on the offspring and control distributions are assumed in our paper. |

As a consequence of Theorem 3.3 one can deduce the asymptotic behaviour of a
critical primitive MBPI previously proved by Ispany and Pap [21, Theorem 3.1]. Let
(Yi)kez, be a MBPI defined in (2.2) such that the offspring mean matrix mg :=
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(E[&0.1.1]----E[§0.1.,]) € RY™" is primitive with Perron—Frobenius eigenvalue 1, and
let u and v be its right and left Perron—Frobenius eigenvectors, respectively (see Lemma
A.1). Then (Y )rez, is a critical primitive MBPL. Let us denote my := E[I] € ]Rﬁ and
V= (Var[&g ]..... Var[§g ,]) € RP*P)P.

Corollary 3.8 (Ispany and Pap [21, Theorem 3.1]) Let (Y )kez, be a critical primitive p—
type branching process with immigration such that E[||Y0||2] < 00, E[||§0’1’i ||4] < 00,
iefl,....p}and E[|1,|*] < co. Then

_ L
(n IYLntj)IER+ — (ytu)teR+ asn — o9,

where (V;)ier, IS the pathwise unique strong solution of the SDE

dy, = v 'mpdr + /o T@oVoYdw, reR,,

with initial value Yo = 0, where (W, )er, is a standard Wiener process.

Proof To apply Theorem 3.3, let us rewrite (Y)rez, as a CMBP (see part (ii) of Example
2.1).Fork € Z4, j e Nandi € {1, ..., p}, we have

Y . 1
Zy = ( lk>, Xy ji= <§k(’)“>, Xi1,pr1 = ( klﬂ).

Further, for k € Z, and z € Zﬂ’fl, the deterministic control functions ¢;(z) =
1,5 2ps DT can be written in the form ¢ (z) = Az + o + g(z), with

I, 0 0
A:(O"-’r 0”) oc:(lp) and  g=0,4.
P

Then we have E[||Zo[*] = E[1+]Yoll*] < oo, E[IXo.1.il*] = E[ll§o,:1*] < oo,
ie{l,....phE[IX01,p11*] = E[(1 + [11]*)?] < oc. Thus I'(z) = 0 € RPFD*(P+D

and ki (z) =0, z € Zfrl, i €{l,..., p}, and hence Hypotheses 1, 2, 3 and 4 hold. Since
g = 0,11, Hypothesis 6 is not needed, see part (v) of Remark 3.1. Finally, Hypothesis 5 is
satisfied with

mg my ~ mg 0, u v 5 Iz 0,
m=| _ coom=1 ,  u= , U= S ,
Op 1 Op 0 0 0 OP 0

where I := limg— mk, and ¢ and 7 in part (c) of Hypothesis 5 can be chosen as for ITg
(since mg is primitive with Frobenius—Perron eigenvalue 1, and see part (iii) of Lemma A.1).
Further, we get

s (Var["s'o,],i] 0p> el } 5 Var[I;] 0,
i = T , rel, ..., py, p+l = T s
0, 0 0, 0
and, consequently, Theorem 3.3 yields the statement. O
Motivated by part (i) of Remark 2.2, we derive another corollary of Theorem 3.3.

Corollary 3.9 Let (Zi)kez.. beacritical controlled p—type branching process given in part (i)
of Remark 2.2 such that E[| Yo |1*] < oo, E[1§9.1,;1*] < 00,i € {1,..., p}, andE[|II1]|*] <
oo. Then

_ L
(' Zu)ier, —> (ZiU)er,  asn — oo,
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where (Z;);cr, is the pathwise unique strong solution of the SDE

dz; =v'mpdt +JvT @O VWZ dW, 1eR,,

with initial value 2y = 0, where WW,),er_. is a standard Wiener process.

Proof We follow the same steps as in the proof of Corollary 3.8. We have E[||Z0||2]
E[IYol*] < oo, E[IIX0.1.ilI*] = E[ll§g1:I*] < o0, i € {1,.... p}, E[l$o(2)]I*]
8E[||z||4 + ||Il||4] < o00. Therefore, Hypothesis 1 is satisfied. Hypothesis 2 also holds
because €(z) = Az + o + g(z),z € ZE, with A = |,, « = my and g = 0,,. Due to
E[||Il||4] < oo, itisclearthatI'(z) = Var[I|] € RP*P andk;(z) = E[(Il,,' — ml,i)4] < 00,
zeZV,i e{l,..., p},soHypotheses 3 and 4 are satisfied. Furthermore, Hypothesis 5 holds
with

IA

m=mg, M=mg a=u v=v, MN=I

where Mg := limy_, oo m'g, and ¢ and 7 in part (c) of Hypothesis 5 can be chosen as for I (see
part (iii) of Lemma A.1). Indeed, by our assumption, m; is primitive with Perron-Frobenius
eigenvalue equals 1. Finally, Hypothesis 6 is not needed, since g = 0, (see part (v) of Remark
3.1). Hence the result follows from Theorem 3.3 using also that vagml = v my, since v
is the left Perron-Frobenius eigenvector for mg. O

Next, we establish a scaling limit theorem for a 2SBPI with the promiscuous mating
function L(x, y) := x min{l, y},x, y € Z4. This type of mating function was first considered
by Daley [8], and it was deeply studied by Alsmeyer and Rosler [1, 2]. Up to our knowledge,
no such result as the following one is available in the literature (for more details, see Remark
3.12).

Corollary 3.10 Let (Fy, Mi)rez, be a 2SBPI defined in (2.4) with the promiscuous mat-
ing function. Assume that (Fy, My) is a N2—valued random vector, E[||(F0, M0)||2] < 00,
E[ll(fo.1. mo.DII*] < oo, and E[||(F], M{)||*] < co. IfP[M{ =0] =0and E[ fo.1] = 1,
then
_ L
(" (Fipgs My )ier, — (X (1L E[mo1])ier, asn — oo,

where (X;);er, is the pathwise unique strong solution of the SDE

at e[ ] @+ Nl fo ] 4 v, 1Ry,

with initial value Xy = 0, where W;):cr, is a standard Wiener process.

Proof Recall that L(x, y) = x min{l, y}, x,y € Z.

First, using that P [M{ = 0] = 0 and (Fp, Mp) is N?—valued, we check that L(F,, M,)) =
F, for each n € Z, almost surely. For this, since M,, is Z,—valued, taking into account the
form of L, it is enough to verify that P[M, = 0] = 0, n € N. Indeed, by a conditioning
argument with respect to U,,, we can get for eachn € Z,

P[Mys1 = 0] =P [M] = 0] E[®[mo1 = 0)"" | =0.

Consequently, (Fi, M)rez, coincides almost surely with the 2-type controlled branching
process (Z)kez, given by

i
| Fr _ [« o fk,j o Fk+1
Zy = (Mk> s Pp(2) = <1> s Xpj1= (mk,j . Xpjo= !
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fork € Zy, j e N,and z = (21, 22) € Z2.

We want to apply Theorem 3.3 for (Z;)ez, - The control distributions are deterministic, so
Hypothesis 3 and 4 are trivially satisfied. In addition, we get E[|| Zy ||2] = E[|| (Fo, My) ||2] <
oo, E[lIXo,1,111*] = E[lI(fo,1, mo,DII*] < oo and E[|IXo,1.211*] = E[II(F], MDII*] < o0,
yielding that Hypothesis 1 holds. For each z € Z2, we have

do(2) = (le> =Az+a with A= <(1) 8) and « = (?)

and hence Hypothesis 2 holds with the given A, o, and g = 0,. Hypothesis 6 is not needed,
see part (v) of Remark 3.1. Further, we get

- E[fo.1] E[F/] _— Var[ fo1]  Cov | fo,1, mo,1]

(E[mo 1] E[M{] ’ 1 Cov [ fo.1, mo,1]  Var[mo,] ,

o (E[fo.’l] 0>7 5 ( Var[F]]  Cov[F], M{]>.
E[mo,1] 0 Cov[F], m{]  Var[Mm]]

Since E[ fo,1] = 1 and m* = m, k € N, the conditions of Hypothesis 5 are satisfied with

S (i 1 e

and IT = limg_, oo MF = M. Therefore, Theorem 3.3 implies that

)= (et ()
- = asn — 090,
n\ My, 1R, 1+ E[mo,l] E[mo,l] teR,

where (2;)cr, is the pathwise unique strong solution of the SDE

a2, = (1 +E[mo  DE[F{ ] dr +/a +E[mo D Varl fo1] 27 Wi, 1€ Ry,

with initial value Zy = 0, where (W, ),cr. is a standard Wiener process. With the process
(X)ier, givenby X; = (1 4+ E[mo,1])7' 2, t € Ry, we obtain the desired result. ]

Next, we apply Theorem 3.3 for a 2SBPI defined in (2.4) with a so-called self-fertilization
mating function defined by L(z) = z1 + 22, 2 = (21,22) € Rf_, which allows both
females and males have partenogenesis (asexual reproduction). In this model, every indi-
vidual (regardless whether it is a female or male) corresponds to a mating unit and can have
female and male offsprings independently of the other individuals. There is a kind of phe-
nomenon in nature as well, e.g., for aphids and for some reptiles. The following result can be
considered as another new contribution in the field of Feller-type diffusion approximations
of 2SBPIs.

Corollary 3.11 Let (Fy, Mi)rez, be a 2SBPI defined in (2.4) with the self-fertilization mating
function. Assume that E[||(Fo, Mo)|1*] < oo, E[II(fo.1, mo,)II*] < oo, E[I(F], MDII*] <
oo, and E[ fo,1], E[mo.1] € (0, 1) are such that E[ fo.1] + E[mo,1] = 1. Then
_ L
(" (Flrys My Dier, —> (X (E[fo.1] E[mo1Dier, asn — oo,

where (X;);er, is the pathwise unique strong solution of the SDE

dx, = (E[F{ |+ E[M]]) ar +Varl fo1 +moa] 4T dW 1 e Ry,
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with initial value Xy = 0, where OV;);cr, is a standard Wiener process.

Proof Let us rewrite (Fi, My)kez, as a CMBP (Zj)rez, (see part (ii) of Example 2.1).
We want to apply Theorem 3.3 for (Z)kez, - The control distributions are deterministic, so
Hypothesis 3 and 4 are trivially satisfied. In addition, we get E[[| Zo[|*] = E[|I(Fo, Mo)|I*] <

o0, E[IIXo,1,11*] = E[ll(fo,1, mo,)1I*] < oo and E[[Xo,12/1*] = E[I(F{, M))II*] < oo
yielding that Hypothesis 1 holds. For each z Zﬁ_, we have

_fzitz22\ _ . (11 _ {0
¢0(z)—< | >—Az+a with A—<00> and u—<1>,

and hence Hypothesis 2 holds with the given A, «, and g = 0,. Hypothesis 6 is not needed,
see part (v) of Remark 3.1. Further, we get

( [fO 1] [ {]) < Var[f(),l] Cov [fO,l» m0,1]>

3= ,
[m() 1] [ ] Cov [f(),l, mo,l] Var[mo_l]
( [fo.1] E[fo. 1]) - ( Var[F/]  Cov[F], M{])

2= .
E[mo,1] E[mo,1] Cov[Fl, M]]  Var[Mm]]

The two eigenvalues of i are 0 and E[ fo,1] 4+ E[mo,1] = 1, and consequently the spectral
radius of M is 1. Using also that E[ fo.1]. E[mo,1] € (0, 1), we have that m is a primi-
tive matrix with Frobenius—Perron eigenvalue 1. Note also that m* = m, k € N, since

E[ fo.1] + E[mo,1] = 1. Taking into these considerations, one can check that the conditions
of Hypothesis 5 are satisfied with

u:(l];[[rf;ll]]> a:(i), Aﬂ:(é), fi= Jim i =,

and the constants ¢ € Ry 4 and7 € (0, 1) in part (c) of Hypothesis 5 can be chosen arbitrarily.
Therefore, Theorem 3.3 implies that

(1 <FL"’J )) £ (X, (E[f0’1]>> asn — oo
nAM ) 1eR4 E[m(),]] 1Ry

where (&;)cRr, is the pathwise unique strong solution of the SDE

dX,:(E[F{] +E[M{] ) dr+\/(Var[fo,1] +2Cov [ fo.1, mo,1] + Var[mo )X dW;,
t e R+,

with initial value Xy = 0, where (V;);cr, is a standard Wiener process. This easily yields
the assertion. O

Remark 3.12 Scaling limits for a class of processes that combine classical asexual Galton—
Watson processes and two-sex Galton—Watson branching processes without immigration
(introduced by Daley [8]) have been recently studied in Bansaye et al. [5]. However, this
new family of processes does not include the class of two-sex Galton—Watson branching
processes with immigration as a particular case, so the results in Bansaye et al. [5] do not
imply our Corollaries 3.10 and 3.11. Even if we recover two-sex Galton—Watson branching
processes without immigration as particular cases of the model (1)-(2) in Bansaye et al. [5]
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(using their notations, with the special choices 5,{,’;\’ := —1 and S,Z'f},N =—-1,n,p eN,
which intuitively mean that the individuals (females or males) do not survive in the next
generation), then their Theorem 2.1 cannot be applied, because their assumption (A1) does
not hold in this case. Furthermore, note that for two-sex Galton—Watson branching processes
without immigration, our Corollary 3.10 cannot be applied as well, since the assumption
P [M 11 = ] = 0 does not hold in this case, however Corollary 3.11 can be applied and the
limit process of the scaled two-sex Galton—Watson branching processes without immigration
in question is the identically zero process. |

Next, we formulate another corollary of Theorem 3.3, namely, we derive a limit distribution
for the relative frequencies of distinct types of individuals. For different models, one can find
similar results in Jagers [23, Corollary 1], in Yakovlev and Yanev [34, Proposition 1], [35,
Theorem 2], and in Barczy and Pap [7, Corollary 4.1].

Recall that if m is primitive with Perron—Frobenius eigenvalue 1, then & and ¥ denote the
right and left Perron—Frobenius eigenvectors corresponding to 1, respectively.

Corollary 3.13 Suppose that Hypotheses 1—4 and 6 hold for the CMBP (Zy)icz.,. given in
(2.1). Assume also that the matrix m is primitive with Perron—Frobenius eigenvalue 1, and

Au € Ri. If, in addition, P 'ma >0, then forallt > 0andi, j € {1,..., p}, we get

1 e’TZLm —P> —e’Tﬁ as n— o0

T

lej Z) 70} e,TZLntJ e;»rfl
and
T
e Z P -

1 i = lnt) —>e'ut as n— oo.

21 F0 Sp T,

P ko€l Zyw

Remark 3.14 The indicator functions 1 (€T Z 0} and 1 Zuj#0,) are needed in Corollary
/ nt

3.13, since it can happen that P[Z ;) = 0, ] > 0 for some 7 > 0. [

Proof of Corollary 3.13. Forallt > Oandi, j € {l,..., p}, Theorem 3.3 yields that
1
7<eiTZWJ,eJTZL,,,J> i> (eint Z,,eJTit Zt) as n— oo.

The function g : R*> — R defined by g(x, y) := £ Tyz0y, (x, ) € RR?, is continuous on the
set R x (R\{0}), and the distribution of (el. u Z,, el i u Z,) is concentrated on this set, since,

by Remark 3.4, P[Z;, > 0] = 1 forall > 0 and e/Tit > 0. Hence the continuous mapping
theorem yields that '

e Z\_mJ

Il =
e Z,,,J#O TZ\_H[J

=g e Z ), n e ZLntj)

T ~
C T T- e, uz e;
—gle;uz,euz)=1,7- _ = = as n — oo,
i € t {ejuz,;éo} e;-ru z, el
thus we obtain the first convergence (using also that the limit is not random, so convergence
in distribution yields convergence in probability in this case).
Similarly, foreachi € {1, ..., p}, the function & : R” — R defined by h(xy, ..., x,) :=

,x.l 2 Lr wop (x1,...,xp) € RP,is continuous on the set R”\{(x1,...,x,) € RP:

Zk:l x; = 0}, and the distribution of & Z; is concentrated on this set, since P[Z; > 0] = 1,
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t > 0,and & € RY, imply that P[Y 7, e/ a2, = 0] = 0. Using that 1z, 20,] =
1 (X0, e Zp £0)° the continuous mapping theorem yields that

e/ Z )

-1

14z, 20,)

T T
e, uz _ e u —Ti
YN Tz NP GTh E
Di—1 € BE Y el
as n — oo, where we also used that the sum of coordinates of # is 1 (see part (ii) of
Lemma A.1). Thus we obtain the second convergence as well (using again that the limit is
not random). O

L ~
— h(uz) = 1{Zf:le[ﬁ2,7é0

4 Proof of Theorem 3.3

The proof is divided in four steps. In the first three Steps 1, 2 and 3, we introduce some
auxiliary stochastic processes, prove their convergence in distribution, and in Step 4, we
discuss that how Steps 1-3 yield the assertion. The detailed proofs for Steps 1-3 can be
found after Step 4.

Step 1

From the process (Z)kez, , we define a martingale difference sequence with respect to the
filtration (Fy)rez, given by

M, = Zk—E[Zk ‘]—'k_l], k €N, (4.1)

and we also consider the following sequence of random step processes

Lnt]
Mz(n) —p! Zo+ZMk , teRy, neN. (4.2)
k=1

We will prove that
M E M asn — oo, 4.3)

where (M, );cr, is the pathwise unique strong solution of the SDE

dM,; = \/(AI:I(Mt +tma))T O T dW,, teRy, 4.4)

with initial value Mg = 0,, where (W;);cr, is a p—dimensional standard Wiener process.

Step 2
We will show that (4.3) implies

W, (MD) L W(M)  asn — oo, (4.5)
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where the mappings ¥ : D(R4+, R”) — D(R4, R?) and ¥, : D(Ry, R”) — D(R4, RP),
n € N, are given by

Y (f)(t) = T(f @) + tma), (4.6)
|nt] . .
W, () @) =@l f0)+ )y ml (f (1> —f (’ — 1) + lma> . @)
n n n

j=1
for f e DR, RP),t e Ry, neN.

Step 3

We will check that 2 = ¥, (M™) + V™ 5 e N, and

Z0 5 w(M)  asn— oo, (4.8)
where (V,(")),G]R +» 1 € N, is another sequence of random step processes defined by

Lnt)
Vi =0ty wmlime (), teRy, nel 4.9)
j=1

Step 4

As a consequence of Steps 1-3, one can easily derive (3.1). Namely, let us define

Z, =W (M) =TI(M, +mma), teRy, (4.10)
V=92, =0 (M; +ma), 1Ry, 4.11)
where we used that # ' T1 =9 a9 ' =o' (see Hypothesis 5).

Then Z = Yu, since
Vit = (M + tma)it = (5 M) + ta(d ma) = [IM,; + tTima = Z,, € Ry.

Further, by It6’s formula, we can show that ()} ),cRr, is the pathwise unique strong solution
of the SDE (3.2) with initial value 0, thus (3.1) follows and the proof concludes. Indeed, the
SDE (4.4) can also be written in the form

M, =\ T (M, + ma)* (A © T AW, 1€ Ry, (4.12)
since At € Ri (see Hypothesis 5) implies that
@ (M, +tma)T A = (A)d " (M, + rma)) T = (ATIM, + ma)™, 1 eRy.

Therefore, (););er., is the pathwise unique strong solution of the SDE

dy, =o' madr +/ V8V (AR) © TdW,, teRy, (4.13)

with initial value 0, since, by (4.11), dY; = v madr + 9" dM;, t € Ry, and (M;)ser,
is the pathwise unique strong solution of (4.12) with initial value 0.
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Suppose that f)T((Aﬁ) © X)v # 0, then the process W;);cr, given by

W, = <5T((Af4) o) 2)5)_1/2 i VA OZW:, teRy,

is a well-defined one-dimensional standard Wiener process, since At € R”, yielding that
(Am) © X is a positive semi-definite matrix. In such a case, the SDE (4.13) can be written as

dY; = o 'madr + /Y (AR) © R)pdW;, 1 e Ry, (4.14)

which coincides with the SDE (3.2), as desired. Otherwise, it is trivial because if T)T((Aﬁ) ®
Y)v = 0, then ||ﬁT\/ (Au) © X|| = 0, yielding that SDEs (3.2) and (4.13) correspond to the
ODE dx(t) = vma dz, t € R, with initial value 0, and this ODE has the identically zero
solution.

Finally, notice that the statement in Remark 3.5 can be derived using the equality Z = Yu,
(4.8), (4.10), (4.11), and (4.12). Namely, we have

dZ, = Mmadr + MTdM; = lIma dr + I/ YV (AR) © £)dW,, 1 eR,.

Since A € RY, we have
ViAu= A" =AYt =(AZ)T,  teRy,

yielding (3.3), as desired.

Proof of Step 1

We need to show that (4.3) holds. To this end, we apply Theorem A.4 withb(t, x) = 0, € R?,
Ct,x) = \/(AlzI(x +tma))t © X € RP*P, (t,x) € Ry x R?, p is the Dirac measure

concentrated at 0,,, U = M, F,E") = Fi, U(()”) =n"1Zyand U,(C") =n"'M;, k,neN.
First, we check that the SDE (4.4) has a pathwise unique strong solution for all R”—valued
initial values. As seen in Step 4, we can rewrite the SDE (4.4) in the form (4.12).

If (M(yO)),eR . is a strong solution of (4.12) with initial value M(yO) =y € R?, then
we check that the process ((P(yo) o 0))) teR, » defined by

73(}’0) ~T(M(J’O) tmoc), (}’0) M(}’o) P,(yO)fl, te R+,
is a strong solution of the SDE
dP, = o 'madr + /P "/ (AR) © TdW,,
dQ; = —Tmadr +,/P; (1, — T)/(ARt) © TdW;,,

with initial value

teRy, (415

PPV, 05 = @ yg, yo — 3 yoi) = @ yor yo — b yo) = (@ yo, (I, — ) yp).

Notice that the first SDE in (4.15) readily follows from (4.12), and the second one can be
checked as follows

40 = dMYY — 7P = —a madr + (1, — ad ") dMOY

= —fImadt + (I, — H)\/(P(yo))+((Aﬁ) OX)dW,, teR,.
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Conversely, if ((P,(po’qo), pro’qo)))tERJr is a strong solution of the SDE (4.15) with initial
value (P(()po’qo), Q(()Po'qo)) = (po, qo) € R x R”, again by 1t0’s formula, the process

M;po,qo) — pt(ﬂosqo);, + Q;”O"Io), teRy,

is a strong solution of (4.12) with initial value M(()p 0-40) _ polt + ¢q.

Now, let us see that the map R? > y > (§'y, (I, — I)y) is a bijection between R?

and R x Null(f)T). Let xo, yo € R? be two vectors with the same image under the map in
question. Then the injectivity (i.e. xo = y,) follows from

T (v xo) = (@' yg)

xo—@(® x0) = yo — @@ yp),

xXo = T)Tyo
(Ip —IDxo = (Ip — Iy,

y yielding that

where we have used Hypothesis 5. Further, for all (pg,qy) € R x Null(3 "), the vector
Yo = polt + q is an element of the preimage of (po, g,), since, using that va=1,we
have v (poit + q0) = po + 0= po and

(Ip = T(poit +qo) = poii +qo — poit(@" &) — v g9 = g0 — - 0 =g

Hence the map in question is surjective.

All in all, it is enough to prove that SDE (4.15) has a pathwise unique strong solution for
all initial values in R x R?, in particular for all initial values in R x Nu]](f)T), which is shown
below. The pathwise uniqueness for the first SDE in (4.15) (see also the SDE (4.13)) is clear

by the discussion in Step 4 and Remark 3.4. We now proceed with the second SDE in (4.15).

One can easily get that its pathwise unique strong solution with initial value Q;p 0-40) _ q0

takes the form
t
Q"1 = g — fimat + (I, — I)y/(AR) © z/ VPP aw,,  teR,,
0

and not only for all (po, go) € R x Null(f)T) but also for all (po, g9) € R x R”.

In what follows, we check that the assumptions of Theorem A.4 hold with our previous
choices.

Step 1/A

For each n, k € N, we get that E[[|n~" M||*] < oo, since

E[IIMkllz] = tr (Var[M]) = tr (E[Var [Mk ’ fk,l]]) =tr (E[Var [Zk ’ fkfl]:l) < 00,

where we used the variance decomposition formula and, at the last step, equation (2.9).

L
Further, n_]ZO —> 0,asn — oo.

Step 1/B

For all T > 0, the condition (i) of Theorem A.4 is trivially satisfied, since (M )eN iS a
sequence of martingale differences yielding that E [M k ’ fk,l] =0, keN.
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The conditions (ii) and (iii) of Theorem A.4 can be written in the following forms

Lnt]

1 t
sup TZE[Mk(Mk)T ‘}—kfl]—/ RMTds O X o0 asn— oo,
el0.71 | " 1 0

(4.16)
|nT|

1 2 P

= > B[ 1M agy 0 ‘ Firr] =50 asn— ooforall 6 >0, 4.17)

n k=1

where the process (’R,f”))teR . is defined by

R .= AMM™ +tma), 1eRy, neNl.
Step 1/C

We show (4.16). Taking into account E [Mk(Mk)T ' ]fk,1] = Var [Zk ‘ fk,l], k e N,
equation (2.9) and Hypothesis 2, we can obtain

[nt] |nt]
1 1
= Y E[MiM0T | F | = n—z(LmJa +Y Az + g(qu))) op
k=1 k=1 (418)

| bl
+ m(; > r(zk,l))mT, reRy.
k=1

Using again Hypothesis 2 together with equation (2.8), the martingale differences in (4.1)
can be written as

My=Zy—mMZi_1 —ma—mg(Zi_1), k € N. 4.19)
With this expression and equation (4.2), we have

|nt]
- (1
R = ATT 7<zo + Z (zk —MZi_) — ma — mg(zk,l))) + tma

n k=1

Lnt]

1 ~ r— t ~ -
= L Afizpy + T p e - L Y Afimg(Zi1). 1e€Ry, nel,
n n n =
because I = (lim;_ o rﬁl)rﬁ~: limj— oo M =11 by Hypothesis 5.
Since A € R”, we have ATl = (A)v ' € R?”” and, consequently, we get that

B, < RM* <Bl, neN, 1eRy,
where the bounds B@t and B(f’), are defined by
Lnt]

1 - nt — |nt] ~ -
BY), = —~AZjy) + ———|Allma) £ = Y |ATImg(Zi—1)].
n n n =
and recall that |z| = (|z1], ..., ]zp]) T € RY foranyz = (z1,...,2,) " € RP. Hence we get
t t t
/ B ds < / (R ds < / B! ds, 1€Ry, nel. (4.20)
0 0 0
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Next, we check that, for all r € R,

lnt]—1

t t t—|nt)? -
/ B, d Z Afiz, L LnJAHZn, iLnJ+(;nz Lnt]) Afima|

1 |nt]

D IATImg(Zi-1)l.

k=1

LnlJ

1 LmJ
DD
j=0

J
Z|Anmg(zk D L

421

To verify (4.21), we split the integral as follows
lnt]—1 j+l '
(n) (n) (n)
/ s ds = Z /l s ds + /m s ds,
j=0 n n
and we take into account
J+1 1 J
/ BY ds = 2Anzji |Al'[moc|:|: Z ATImg(Zi_1)|
k=
for j € {0, ..., |nt] — 1}, and

/’ LntJ (nt — |nt])>
L

BY ds = o AZpyy & | ATIma|

nt|
n

nt — |nt| Lz}
t——— > |ATImg(Zi1)l.

n
k=1

In what follows, we will use that for all A € RP*? and x,y € R?, y, € Ri with
Yy —Yyo <x <y+y, wehave

IA-=x O Xl < A=y O X+ IlyllIZl, (4.22)
where we recall || X|| = ,'P:1 |I%;]|. Hence, from equations (4.18), (4.20), (4.21) and (4.22),
we obtain
[nt ]

Y B[ | A] - fotmg"))* ds© %
k=1

[nt]—1

1 - |nt]
< E Z A(lP—H)ZkOE + TAHZLMJ@ZH
k=0
nt nt| + (nt — |nt z ~
4] @EH ‘L Lt~ ) |Anma|H -

1 [nt] |nt]
+ nfzzg(zkfl)@z + m( ZF(Zk 1))

1 nr]—=1 j nt — |nt] |nt]
+=3 D0 D IAAmgZi | B+ | =5 > IAfImg(Zinl| IZ]]

j=0 k=1 k=1

(4.23)

@ Springer



101 Page 24 of 36 M. Barczy et al.

As a consequence of Hypothesis 2, the function g is bounded, and |||Az||| = ||Az]] <
IAllllz]| for all A € RP*? and z € R”. Thus, in order to show (4.16), we can easily see that
it is enough to prove that

|nt]—1

~ P
sup Z 11, — T Zi || — 0, (4.24)
tefo, 71
sup 3 ||ZLntJ|| =0, (4.25)
te[O rn
|nt]
sup IT(Zi—)l — 0, (4.26)
tel0,T] ”2 Z
lnt]—1 j
sup Z > gzl —> 0, 4.27)
t€l0,7T] =0 k=1

asn — oo forall T > 0. Indeed, for all T > 0, the supremum on [0, 7] of the fifth and
eight terms on the right hand side of (4.23) tend to 0 as n — oo in probability, since

[nt] |nt]
sup > ezl < sup 2Dg(zk Dl

t€[0,T] n? =1
|nT | 1
<—-sup g =01-
n zeZl] n

as n — oo. We remark that, later, at the end of the proof of Step 3, it will turn out that
n 'SP E[lg(Zim)] — Oasn — oo forall T > 0 holds as well.
Let us start proving (4.24) and (4.25). From equation (4.19), the following expression can
be obtained recursively,

nt — LntJ

(Mj+ma+mg(Z;_1)), keN, (4.28)

“M’*

and, using it with Mk = l:I, k € Z, we have
k
(p—MZ = (M —MZo+ Y (M7 — ) (M; + ma+mg(Z;_1)). kel
j=1
Let ENE R4+ and 7 € (0, 1) be the constants given in part (c) of Hypothesis 5 such that
MK — I|| < &7 for each k € N, and let us introduce the constants
C:=sup [/ || <é+ M|, Cg:= sup Ig)]l < oo. (4.29)
el zeZl

Then, using (4.28), the following inequalities hold

Lnt]
VZ4aus ) < IR 11Zo ]+ Y 187 (11 + Imil (el + g (Z;-01) )
j=1
Lt}
< C | 1Zoll + Lne)limil(lecll + Cg) + Y IMjll | . neN, 1eRsy,

j=1
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and
lnt]—1 lnt]—1 \lnt]—1 k
Sy -zl =e Y Fizol+e Y DA (1Ml
k=0 k=0 k=0 j=1

+ Il x (Jlee]l + ||g(Zj—1)”)>

c Lnt)
c
= 1—7 (”ZO” + |nt] \|m||(||a|| + Cg) + Zl IM; ”) ,
J:

foralln € N andt € R, where at the last inequality we also used that

lnt]—1 k ' |nt]
kz_(:) kaﬂxjflexj forallx:(xl,...,xL,,,J)TERE:”J.

j=1
Hence, to get (4.24) and (4.25) it is enough to show

1 P |nT| P
SlZol =0, — S IMil =50 asn—oco, forallT>0.  (430)

The first convergence in (4.30) holds trivially, since, in fact, n"2|Zo| - Oasn — oo
almost surely.
The second convergence in (4.30) follows from (A.3), since, by Jensen inequality,

E[IMi]] < \/E[IIM]?] = O(k'/?) as k — oo, and hence, for all T > 0, we get that

[nT]
STENMl =00 asn — .
k=1

Consequently, n 2 ZL"TJ | M || converges to 0 in L' as n — oo.
Next, we check convergence (4.26). It is enough to prove that for all 7 > 0, we have that

1 (nT]

— D E[IN(Zi-)I] >0 as n— oo. (4.31)
k=1

By Hypothesis 3, for all € > 0 there exists K(¢) > 0 such that ||[I'(z)|| < €]z|| for each
Z € Zi with ||z|| > K (¢). Since

E[IIT(Ze-DII] = E[IT(Zi-DIl (Lyze 1=k @) + Lz i=k@ny)], k€N,

forall7 > 0,e¢ > 0and n € N, we have

1 |nT] [nT]
— 2 ElrZenl] = — Z ( max T2 +€E[||Zk—1||]>

/\

{zeZ8:lzl <K (e))

[nT]

max P@)+ Z 1Zx-111]

(zeZh: |z <K (e)}

IA

T
n
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. . T
where MaX( 77|21 <K (e)) IT(z)|| < oo. Using part (i) of Lemma A.3, we get niz ,&":lj

E[|IZx-1ll] = O(1) as n — oo. Hence for all T > 0 and € > 0, we get

T (nT]
lim |~ max F@]+— Z 1Ze-1ll] | =0,

=00\ N {zeZl:|zl|<K ()}

which yields (4.31), as desired.
Similarly, we prove (4.27) by checking that for all 7 > 0, we get that

nT]j-1

— Z Y Ellg(Zoll = 0  asn— co. (4.32)

j=1 k=0

By Hypothesis 2, for all € > 0 there exists N(¢) > 0 such that ||g(z)|| < € forall z € Zfi
with [|z]| > N (€). Then, using the notation C introduced in (4.29), we get

Ellg(ZoI1 =E[llgZll (Lyzii=nen + Lyza=nen) ]
<CgP[IIZ| = N()]+e€,  keN, (4.33)

and then using Hypothesis 6 we can derive that forall 7 > O and € > O,

[nT] j—1 [nT]—1
Y D EllgZoll <elnT]*+Cp Y (InT] =PI Zi|l < N(e)]
j=1 k=0 k=0
ko(e,N(e))—1
<elnTPP+Ce Y (InTI—K)P[IZ] < N(©)] (4.34)

k=0
InT]—1

+Co Y. (InT]—k)e

k=ko(€,N (€))
for sufficiently large n € N, where

ko(e,N(e))—1

Z (InT| = K) Pl Z]l = N(€)] < ko(e, N(€))[nT]
k=0

and
[nT|—1

> (InT]—ke < en®T?.

k=ko(e,N(€))

As a consequence, for all 7 > 0 and € > 0, we have

lnT] j—1
lim sup — > ElIg(Zo)ll] < €T* + €C T,
n— 00 i=1 k=0

Hence, by taking the limit as € | 0, we obtain (4.32), as desired.

@ Springer



Diffusion approximation of critical controlled. . . Page270f36 101

Step 1/D
We show (4.17). For this, it is enough to verify that for all 7 > 0 and 6 > 0, we have

|nT]

1

= > E[IMiIPLyagoney] = 0 asn — oo. (4.35)
k=1

Using that
1
E[IMlP L] < — 5 E[IMel*], n ke,

the convergence (4.35) follows from equation (A.4). Consequently, we finished the proof of
(4.3).

Proof of Step 2

We want to apply Theorem A.5 to prove the convergence (4.5). We need to check that the
assumptions of Theorem A.5 are satisfied. The continuity of ¥ can be straightforwardly
deduced (following also from Jacod and Shiryaev [22, Chapter VI, Proposition 1.23]), so the
measurability of ¥ holds. For the sequence (¥,,),,cyand N € N, let us introduce the localized
sequence (W), ey given by ¥ : D(Ry, R?) — DRy, R?), WY (f) (1) := W,(f)t AN)
for f e DRy, R?),t € R4, n € N. Since, foreachn € Nand f € D(R4, R?), \Il,llv(f) —
W, (f)as N — oo, itisenough to check the measurability of \Il,llv, n € N (see Barczy etal. [6,
page 603] for the details). Briefly, for each n € N, one can introduce the auxiliary measurable
mappings ¥V-! : D(R,, RP) — (RP)"N*! and WV-2 : (RP)"N+1 — D(R,, RP) defined

by
N1 1 2

for f € D(R4, R?), and

n(tAN)]

. . : 1
W20, X1, k) () = @O 4 N b= (xj —xj_1+ fmot>
j=1 "
for (xg, X1, ...,xXun) € RPN+l and ¢ € R,. Then we have that \I’flv = \Il,’;”2 o \11’11\’71,
n, N € N.

Consider the set C = {f € C(R4, RP) : l:If(O) = f(0)}. Let us check now that C is
measurable and P [M € C] = 1. The projection D(R4, R?) 3 f +> mo(f) := f(0) € R?
and the mapping R” 5 x — (I, — Ix € RP are measurable. Since C(Ry, R?) is a
measurable set (see Ethier and Kurtz [9, Problem 3.11.25]), we have C = C(R4, RP) N
nal(Null(IP — l:I)) € Doo(R4, RP). Furthermore, in Step 1, we proved that M is the
pathwise unique strong solution of SDE (4.4) with initial value 0,,. Hence it has continuous
sample paths almost surely, and [TMo = 10 » = 0, = M. Finally, the procedure to show
that C C Cg,(@,),.y follows the same steps as on page 736 in Ispany and Pap [21].
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Proof of Step 3

First, we check that Z" = W, (M™) + V™ » e N. Using Hypothesis 2 and equations
(2.8), (4.1), (4.7), and (4.9), we get

Ln1)
it 1 i1 1
(¥, (M™y), =l ~Zo+ > bl (nMj + nmoc)
j=1
1 1 |nt]
- ;rﬁ“’”Zo + - > bl (z.,- —MZj_y - mg(Zj1)>
j=1
|nt]
=0 Zpy =Y MM mg(z; )
j=1
=Z" V"  peN, reR,,

as desired.
Next, we show (4.8). Taking into account (4.5) and Jacod and Shiryaev [22, Chapter VI,
Lemma 3.31], in order to prove (4.8), it is enough to see that forall 7 > 0 and § > 0, we get

lim P|: sup [V > 5} —0. (4.36)

=00 | 1¢[0,T]

This can be checked as follows. For all 7 > 0 and § > 0, by Markov’s inequality and
(4.29), we get

[nT]
P sup V=8| <6 'E[n™' Y Iml T~ mg(z,-1)|
t€[0,T] =1

[nT]

Cllmls~"'n™" Z [lgz;-nI]

forn € N, and then we proceed as in the proof of (4.27). For all € > 0, there exists N(¢) > 0
such that ||g(z)|| < € foreach z € Zﬁ with ||z]| > N(¢). So, using Hypothesis 6 and (4.33),
we getforall T > 0ande >0

1 [nT] [nT]
- E[lgz;-nl] <fZ PIZ;-1]l < N(@©)] +e)
= j=1
C ko(e,N(€))—1 [nT]—1
<eT 4+ 22 )
<€l + Z PlIZil < N@©]+ > e
Jj=0 Jj=ko(e,N(€))

1
< €T + Cgko(e, N(e))— +€CgT
n
4.37)
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for sufficiently large n € N. By taking the limit as n — oo, we have that for all 7 > 0 and
€ >0,

nT)
1
limsup— Y " E[g(Z;-1)ll] < €T +€C,T,
n—oo N =1

and then taking the limit as € | 0, we obtain that n! Z]Ln:TIJ E[||g(Zj_1) ||] — Oasn — o0,
yielding (4.36), as desired. O

Appendix

The reader can consult Horn and Johnson [18] for the following known facts about primitive
non-negative matrices (see Definition 8.5.0 and Theorems 8.2.8, 8.5.1 and 8.5.2 in [18]). A
primitive matrix A € Rf_xP is an irreducible matrix with only one eigenvalue of maximum
modulus (the so-called Perron—Frobenius eigenvalue), or equivalently, A € Rix P is primitive

if and only if there exists n € N such that A" € Rﬁi" . By the Perron—Frobenius theorem,
we have the following lemma.

LemmaA.1 LetA € RixP be a primitive matrix and let p be its Perron—Frobenius eigenvalue.
The following statements hold:

(1) p € Ryy, its algebraic and geometric multiplicity are equal to 1, and the absolute
values of the other eigenvalues of A are less than p.

(ii) There exists a unique right eigenvectoru € ]Rf_ . and a unique left eigenvector v € ]Rf_ i
corresponding to p such that the sum of the coordinates of w is 1 and v'u = 1. One
calls u and v the right and left Perron—Frobenius eigenvector, respectively.

(i) If p = 1, then limy_ A¥ = 11 and there exist ¢ € Ryt and r € (0, 1) such that
|AF — T1|| < cr* foreach k € N, where T1 :=uv' € Rij_p.

Next, we will investigate the asymptotic behaviour of the first and second moments of
the norm || Z || for a critical CMBP (Zy)iez, . We will also study the same question for the
second and fourth moments of || M ||, where (M )icn is the martingale difference sequence,
given in (4.1), built from (Zy)cz, . But first, we need the following auxiliary result, which
is easy to prove.

LemmaA.2 Let A, Ay, n € N, beindependent and identically distributed 7.+ —valued random
variables with zero mean. If B is a Z.—valued random variable independent of A and A,,
n €N, then

4
B
E (Z A,»> =3%3(Tp + 1) + (€4 — 3T up,
i=1
where ¥ := Var[A], ¢4 := E[A*], up := E[B], and I' := Var[B].
LemmaA.3 Let (Zy)rez, be a controlled p—type branching process given in (2.1) such that
E[IZoll], E[IX0,1.i ] and E[ll$o(2)|] are finite fori € {1, ..., p}and z € ZE. Assume that

e(z) = Az + h(z), z € ZE, where A € RP*P and h : Z% — RP? satisfies |h(z)|| = O(1)
as ||z|| = oo. Further, suppose that Hypothesis 5 holds.
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(i) Then we have
E[lZlll = Ok) as k — oo. (A.1)

(ii) 1f, in addition, E[||Z0||2], E[||X0,1,,- ||2] and E[|I¢0(z)||2] are finite fori € {1, ..., p},
z € Zﬁ, and ||[T'(2)|| = O(||zl]) as ||z|| = oo, then we have (A.1) and

E[IZc1?] =0(*) ask — oo, (A2)
E[IM’] =0k)  ask — oo. (A.3)

(iii) If; in addition, Hypotheses 1, 4 and | (z)|| = O(||z|]) as ||z|| — oo hold, then we have
(A.1), (A.2), (A.3) and

E[IM*] = Ok»)  ask — oo, (A4)
Proof (i). By (2.8), for each k € N, we have

E[Zi] =E[me(Zi—1)] = ME[Z;_i] + mE[h(Z;_1)]
k—1
=m*E[Zo]+ Y m/mE[h(Zi1-))]. (A.5)
j=0
Hence, using the triangle inequality, for each k € N, we get
=1
IELZA]I < IR I ELI Zoll]+ Y 1A [ Imll E[I1A(Z—1-)1l] -
Jj=0
We recall the power mean inequality used in the proofs several times: foralln € N, a; € R,

1 1
. 1 ki \ ki 1 ko \ B2 .
i=1,....,n,and 0 < k| < kp, we get (ﬁ Z;’zlail) T~ (; Zlf'zlal_z) 2. Using
lxll < /P Yr_;xiforx = (x,...,x,) € R} and the power mean inequality, for any
random vector § = (&1, ..., §,) having non-negative coordinates, we obtain that E[IIE II] <

PIIE[£]]]. Consequently, we get
E[| Zc]] < p IELZil = pCELI Zoll] + M| Cyk).

where C = Supjez., M/ || < oo due to Hypothesis 5 (see (4.29)) and the constant Cy, is
defined by

Cp = sup ||h(2)] < oo. (A.6)
zeZl]
This yields (A.1).
(i1). Since the finiteness of the second moment of the norm of a random vector implies that

of the first moment, using part (i) of the present lemma, we have (A.1). Taking into account
that the expected value and the trace of a random square matrix commute, we have

E[1Z12] = tr (EIZ EIZeIT) + tr (VarlZeD) = EUIZEND® + p | Varl Zi] |
where for the last inequality, we used that for any matrix B € R”*?, we have tr (B) =

P bii <3P 1bisil < plIB]l. We know that (A.1) holds, therefore, in order to get (A.2),
it is enough to see ||Var[Z]|| = Ok?) as k — oo. Using the variance decomposition
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formula, equations (2.8) and (2.9), and the assumption on &(z), z € Z~, together with the
properties of variance, for each k € N, we obtain

Var(Z;] = Var[me (Z—1)] + E[¢(Z4-1) © % + mI(Z-m” |
= Var[mAZi_1 +mh(Z;_1)] +E[e(Zk-1)] © T + mE[[(Zx-1)]m"
= Var[Zi—1 ] " 4+ mVar[h(Zi—)|m" + M Cov [Zi—1, h(Zr—1)]m"
+mCov [h(Zk-1), Zi—1]M" +E[e(Zi-D] © £+ mE[[(Z—)]m".

(A7)
In what follows, we will use that for all z = (z1, ..., z,) € R?, we have
I i
lzo =)= > %] <z YISl = Izl Z]. (A8)
i=1 i=1
where | X := iP: 1 IIZ;il. Proceeding recursively in (A.7), by (A.8), the triangle inequality
and the symmetry of covariance, we get
k=1
IVar[Zi 1| < [IF* 1> [ Var[Zolll + > @7 > [m]* || Var[R(Zi—1— )]
j=0
k=1
+2 3 @7 Il | Cov [Zioi—j. h(Zi-1-)]|
j=0
k—1 _ k—1 _
+ Y IR I E[lle(Ze- pITIEN+ Y 167 2 ImI> E[IT (Ze-1- )]
Jj=0 Jj=0
(A.9)

and now we look for an upper bound for each term on the right hand side of (A.9).
In case of the first term, we easily have

IVar Zolll = [E[Zo(Z0) "] - E1Z01 B[ (20)T]| < E[1Z01%] + (ELZoll))° < ox.
In case of the second term, since ||k (z)|| = O(1) as ||z|| — oo, by (A.6), we get
IVar[h(Z)]I| < E[IlR(Z0)I1*] + ElIR(ZD? = O(1)  ask — co.
In case of the third term, using (A.1) and (A.6), we get
ICov [Zk, R(ZII < EUIZiINk(Zi) 1+ EUNZINENR(Z)] = Ok)  ask — oo.
In case of the fourth term, by the assumption &(z) = Az + h(z), z € Z%, we have
Ellle(ZoI]l < IAIEUNZkIN+ Ch, k€N,

where the constant Cy, is defined in (A.6). Using (A.1), this implies that

Ellle(Z) [l = Ok)  ask — oo. (A.10)

In case of the fifth term, by the assumption |'(z)|| = O(||z]|) as ||z|| — oo and the
equation (A.1), we get

E[IT(Z)II] < ITOp) [ + Cr E[ Zk|l] = O(k)  ask — oo, (A.11)
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where

Cr= sup [zI7'IT @) < o0.
z€ZE\{0,}

Taking into account the previous estimations and thatsup ;7 || M/ || < oo due to Hypoth-
esis 5 (see (4.29)), the inequality (A.9) implies that

k—1
IVar[Zi]ll = O(1) + O(k) + 3 Ok — 1 — j) = O*k?)  ask — oo,
j=0
which concludes the proof of (A.2).
Next, we verify (A.3). Then
E[IMu?] =E[uw (MeMo)T) | =t (E[McM0T]), ke, (A.12)

where, by the tower rule, we have E[M(M)"] = E[Var [Zk ’ ]—"k_l]]. Consequently,

using (2.9), (A.8) and the inequality tr (B) < p||B| for any matrix B € R”*? (justified
earlier), we get that

tr (E[Mk(Mk)TD = (E[e(Zi_ ] O %) +tr (m E[I(Zi_1)] mT)
< pllE[e(Zi—] © Z| + pIMmE[T(Zi—)]mT|
< pE[Ie(Z=DI]IZI + pE[IT(Ze—DII] Iml?, & € N. (A.13)

Therefore, (A.3) follows from (A.10), (A.11), (A.12) and (A.13).
(iii). Consider the following reformulation of the martingale difference sequence (M )xeN
defined in (4.1):

p [ Ok—1i(Zk-1)
M = Z Z Xi—1,ji —€i(Zg—)m; |,  keN,
i=1 j=1

where we used (2.8).
Applying the power mean inequality twice, and adding and subtracting the random variable

—1,i (Zg—-1)
Z?k:f’ i = dro1i(Zi-1)m;, we get
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p || Pk—1.i(Zk-1) 4
M < D2 Y. Xiwji—&(Zem
i=1 j
P || k=10 (Zr—1) 4
<p? Z Z Xi—1,j.i — &i(Zk—1)m,;
i=1 j=1

P Gk—1,i (Zk—1) 4

<8p° Y S Kicrgi —m)| + | (-1 (Zien) — e (Zi—p)mi|)*

j=1
. . . . 2
for k € N. Using again the power mean inequality and that ||z|* = (z% + ...+ Zf,) ,
2=(z21,...,2p) € ZE , we get
P p Pe—1,i (Zk—1) 4
E[IM*] <8p*> "> E Y Kkorjid —mig)
i=1 =1 j=1

PP
+8513 E[((¢k—1,i(zk—l) — & (Zk—l))mi,l)4] .

We will compute the previous upper bounds by first determining the corresponding condi-
tional expectations with respect to F_;. Using the notations (2.7) and the Markov property
of (Zx)kez,,foreachk e N, i,/ € {1,..., p}, we obtain

[(¢k Li(Zg—1) — &i(Zy— 1) ,z‘fk 1]—m,1Kt(Zk s
and, by (2.6), (2.7) and Lemma A.2 together with the independence of ¢;_,(z), z € Z%,

Xi—1,j,i-J €N,iefl,..., p}and Z;_, we get that

dk—1,i (Zk—1) 4

E S Kaorgii—min || Fer | =352, (T Zeen) +6(Zi)?)
j=1
+ (g — 357, Dei(Zi-),

where ¥; ;; is the /—th diagonal element of the variance matrix X; (see (2.6)).
Consequently, we get

E[lIM]I*] p“f

i=1

+3%7,,

Mm

( l;E Ki(Zy— 1)]+3E%]’1E[Fi,i(zk—l)]

~

r—|l

i(Zi-1)?] + (Gt = 352, D E[ei(Zi-)] )

Thus, to get (A.4) it is enough to check that foreachi € {1, ..., p}, E[&; (Z)], E[F,-,,-(Zk)],
E[ei(Z1)?], Elxi(Zy)] are O(k?) as k — oo. Using (A.10) and (A.11), we get

Ele;(Z)] < Ellle(Zp)l1 = O(),  E[T}:(Zy)] < E[IT(Zo)|] = O(k)
ask — oofori € {1, ..., p}. Moreover, by (A.1) and (A.2), we obtain
E[ei(Z)?] < E[le(Z0)11*] = E[IAZk + h(ZVII*] < 2(IAIPE[I1Ze11*] + C7) = O(K?)
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ask — oofori € {1,..., p}, where Cj, is defined in (A.6). Finally, by Hypothesis 4, we get

. -2
Ce:= sup |zl ki ()] < o0,
z€Z\{0,}
i=l,...,p

and hence, by (A.2), we have E[x; (Zy)] < «;(0,) + C E[| Z¢|*] = O(k?) as k — oo for
ie{l,...,p} ]

Next, we recall a result on weak convergence of random step processes toward a diffusion
process due to Ispany and Pap [20, Corollary 2.2].

Theorem A4 Letb : Ry x RP — R? and C: Ry x RP — RP*" be continuous functions.
Assume that uniqueness in the sense of probability law holds for the SDE

dut = b(t, ut)dt + C(t,ut)th, t e R+, (A14)

with initial value Uy = uy for all ug € RP, where (W;):er, is an r—dimensional standard
Wiener process. Let 3 be a probability measure on (R?, B(R?)), and let (U;);cr, be a

solution of (A.14) with initial distribution 3. For eachn € N, let (U,(("))kezJr be a sequence of
RP—valued random vectors adapted to a filtration (]—',E")) kezy (i.e, U ,((") is ]-',f")—measurable )
such that E[HU,(C") ||2] < oo foreachn, k € N. Let

[nt]
u(”) ZU(”) teRy, neN.

Suppose U(()") £, n as n — 0o, and that for all T > 0,

(i) sup;eqo,7 HZLMJ E [ vy

(ii) Supte[O T] HZk i [U(n)

A ] = o b ™y ds| > 0asn — oo,

A ] - o ce U™, U Tds| > 0asn -

LnTJ )2 m 1 _P
(iii) Zk:l E[IIU [| H{HU,((”>II>9 ‘ FZ ] —> Oasn — oo forall® > 0.

Then U™ i> U asn — oo.

For measurable mappings @, ®, : DR, R”) — D(Ry,R”),n € N, let Co (,),. b
the set of all functions f € C(R4, RP) for which ®,(f,) — ®(f) whenever f, i) f

with f, € D(R;, R?), n € N. The notation i) refers to local uniform convergence, i.e.,
sup;cpo.7) 1 fn(®) — fF@O)Il — Oasn — oo forall T € Ry . The following result is a kind
of continuous mapping theorem, which can be considered as a consequence of Theorem 3.27
in Kallenberg [24], and its proof also appears in Ispany and Pap [20, Lemma 3.1].

Theorem A5 Let (U;)icr, and (u,("))tdh, n € N, be RP—valued stochastic processes with

cadlag paths such that U™ N Uasn — oo. Let ® : DRy, RP) - DR, RP) and
®, : DR+, R?) - DRy, RP), n € N, be measurable mappings such that there exists a

measurable set C C Cg (@,),.x WithP[U € C] = 1. Then @, U™) i> ®U) asn — .
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