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Abstract

The classification problem for simple s[(2)-modules leads in a natural way to the study of
the category of finite rank torsion free s[(2)-modules and its subcategory of rational s[(2)-
modules. We prove that the rationalization functor induces an identification between the
isomorphism classes of simple modules of these categories. This raises the question of what
is the precise relationship between other invariants associated with them. We give a complete
solution to this problem for the Grothendieck and Picard groups, obtaining along the way
several new results regarding these categories that are interesting in their own right.

Keywords Torsion free s[(2)-modules - Rational s[(2)-modules - Grothendieck group -
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1 Introduction

Simple sl(2)-modules are quotients of the universal enveloping algebra of s[(2) and hence
have countable C-dimension. Thus the generalized version of the Schur Lemma, due to
Dixmier, applies to them, showing that every simple s[(2)-module is a Casimir module, (see
Theorem 3.2). This is the first reduction in the classification problem of simple s[(2)-modules.

The next important step in this program is the following key dichotomy: a simple s[(2)-
module is either a weight module or a torsion free module; we refer the reader to [12, Thm.
6.3] for further details.

There is a well known [12, Theorem 3.32] explicit classification of simple weight modules
into four families consisting of finite dimensional, Verma, anti-Verma and dense modules.
This classification has allowed us in [14] to establish the extension properties of weight
5[(2)-modules to Witt and Virasoro algebras.
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On the other hand, Block proved in [4] that simple torsion free modules can also be
classified, although admittedly in a less explicit way, since they are parametrized by the
similarity classes of irreducible elements of a certain non commutative euclidean algebra.
See Theorem 4.5 and Bavula’s paper [2] for the precise statement.

In a previous paper [13] we proved that every simple torsion free module has finite rank,
(Theorem 4.9). Therefore, in the context of the classification program it is sensible to study
in detail the category s[(2)-Mod; of torsion free finite rank s[(2)-modules. The finite rank
result, together with Bavula’s approach, lead us in a natural way to introduce the full subcat-
egory R of s[(2)-Mods formed by rational s[(2)-modules. One advantage of considering
rational representations is that they are finite dimensional C(z)-vector spaces, and torsion free
finite rank s[(2)-modules are exactly their s[(2)-submodules. However, as we shall prove,
their major convenience lies in the existence of a bijection between the isomorphism classes
of simple torsion free modules S/\pl(sl(Z)-Modtffr) and the isomorphism classes of rational
representations that are R- irreducible, (see Theorem 4.20). This allows us to reduce the
determination of §El(s[(2)-Modtffr) to a problem on finite dimensional C(z)-vector spaces
instead of a problem on C[z]-modules. The situation is reminiscent of that encountered in
integral representation theory, see for instance [16]. A key role for understanding this rela-
tionship is played by the rationalization functor Fry : s[(2)-Mod — ‘R that sends a torsion
free finite rank s[(2)-module to the rational module obtained by localization, (see Definition
4.19).

One of the central motivations of this paper is precisely to study to what extent the equiv-
alence between the isomorphism classes of simple objects in the categories s[(2)-Modt:, R
can be extended to other types of invariants associated to them. In particular, we will endeavor
to analyze in detail the relationship between their Grothendieck groups. To achieve this goal,
we start with a careful study of R.

A key result of this paper, on which many others depend, is the existence of minimal
polynomials over C for the Casimir operators of rational representations:

Theorem (6.1) If (W, p) is a rational sl(2)-representation, then the minimal polynomial
Mc, (1) of its Casimir operator Cp, considered as a C(z)-linear endomorphism of W, has
its coefficients in C; that is, Mc, (1) € Clt]. Therefore, the Casimir operator C, understood
as a C-linear endomorphism of W has minimal polynomial Mc ,(t).

From this we obtain that every s((2)-endomorphism of a rational representation also has
a minimal polynomial over C, (Proposition 6.3). Another key result that we obtain from
Theorem 6.1 is that every rational representation decomposes into a finite direct sum of
generalized Casimir rational s[(2)-modules, (Theorem 6.8). This gives a decomposition of
the abelian category R into the Hom-orthogonal direct sum of the abelian subcategories of
generalized rational Casimir modules:

R = PRe,.
neC

We also obtain important consequences regarding the problem of classification of simple
torsion free s1(2)-modules. In Theorem 6.13 we prove that one has the following identifica-
tions

SpI(s1(2)-Mody) = Spl(s1(2)-Modyre) =% Splre (RC) = Splg (R).

Therefore, determining the isomorphism classes of simple torsion free s[(2)-modules is equiv-
alent to the determination of the isomorphism classes of R-simple rational s[(2)-modules.
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The latter is an easier problem since we are dealing with C(z)-vector spaces instead of
Clz]-modules. Taking into account the above mentioned dichotomy, this gives a complete
description of the isomorphism classes of simple s[(2)-modules

Spl(s1(2)-Mod) = Spl(s((2)-Mody,eigno) | [ SpI(s1(2)—Modys)
~ Spl(s1(2)-Modyycign) | [ SPl (R).

The categorical properties of rational representations are also very interesting. We prove
in Theorems 6.5 and 6.7 that R is an essentially small abelian category of finite length, and
therefore it is a Jordan—Holder category and a Krull-Schmidt category. Moreover, we will
see in Proposition 6.17 that the s[(2)-endomorphisms of an R-simple rational module are just
the C multiples of the identity. This result can not be obtained either by means of Dixmier’s
generalization of Schur’s Lemma, because rational modules have C-dimension equal to the
continuum, or by Quillen’s Lemma, because rational modules are never s((2)-simple. From
this we also get that R is a Homc-finite category, (Theorem 6.20).

Most of these properties of rational modules have their reflection on the category
50(2)-Modyss;. This is the case for the existence of minimal polynomials for Casimir operators,
(Theorem 7.1), and s[(2)-endomorphisms, (Proposition 7.3). We also obtain in Theorem 7.9
a decomposition of the exact category sl(2)-Modysf; into the Hom-orthogonal direct sum of
the exact subcategories of generalized Casimir modules:

s(2)-Modgrr = €D € i, -
neC

As far as categorical properties are concerned, the behavior of torsion free finite rank modules
is nearly as good as in the rational case. We prove in Proposition 7.4 and Theorem 7.8 that
5[(2)-Mod; is an essentially small exact category. Furthermore, in Theorem 7.13 we will see
that it is Homc-finite and therefore it is a Krull-Schmidt category. We also have a very precise
relationship between R and the ambient category sl(2)-Modsf;. Indeed we will prove that R
is a thick subcategory, (Proposition 7.4), and the rationalization functor Fi, is a retraction of
the natural embedding i : R <> s[(2)-Modssy, (Proposition 7.6). Moreover, in Theorem
7.7 we show that R is a faithful reflective localization of s[(2)-Modys with localization
functor Fy.

The most notable property missing from the rational case is the finite length condition,
(see Remark 7.5). However, we will prove in Proposition 7.36 that s[(2)-Modj; satisfies both
the ascending and descending chain conditions on pure submodules and thus is a finite pure
length category. By Proposition 7.38, pure length agrees on rational modules with R-length.
Moreover, introducing the concept of purely simple s[(2)-module, we show in Proposition
7.39 that every torsion free finite rank s[(2)-module admits pure composition series and we
prove in Theorem 7.41 the key result that the Jordan—Holder theorem holds for them.

Armed with the knowledge we have gained about the structural properties of these cat-
egories, we proceed to study their Grothendieck groups. The main tools we use in their
computation are devissage subcategories and a generalization of Heller’s devissage theorem
that identifies special instances of them, (Theorem 8.2).

The additive Grothendieck group Kg9 (R) of the category of rational representations is
completely determined by the Krull-Schmidt property of R, which implies that indecom-
posable generalized Casimir rational modules form a devissage subcategory, as shown in
Theorem 8.3, and also yields the decomposition R = P uec RC;, provided by the minimal
polynomial of the Casimir operator, (see Theorem 8.4 and Corollary 8.6). In turn, the structure
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of the general Grothendieck group Ko(R) is completely determined by the above decompo-
sition and the devissage subcategory formed by the R-simple Casimir modules, since R is
a Jordan—Holder category, (Theorems 8.7 and 8.8). We also analyze the compatibility of the
devissage procedure with respect to the canonical filtration of a generalized Casimir rational
module W € RC* described in Proposition 5.2, proving that rational Casimir modules form a
devissage subcategory for RC®, (Theorem 8.9 and Corollary 8.11). Therefore, the algorithm
for disassembling (devissage) the class of a rational module W in the Grothendieck group
[W] € Kp(R) into a sum of classes of simple Casimir modules in Ko (Spl(RC)) proceeds in
stages. First, we decompose W into a sum of generalized Casimir representations according
to the minimal polynomial of its Casimir operator. Then these classes of generalized Casimir
modules are decomposed into a sum of Casimir rational representations by means of the
canonical filtration. Finally, each one of these Casimir classes is decomposed by means of a
composition series into a sum of classes of simple Casimir modules.

We obtain analogous results for the Grothendieck groups of s((2)-Mody;, (Theorems
8.13 and 8.14,) where now the key points are to prove that the category of purely simple
modules PSpl(s[(2)) is a devissage subcategory, and use the decomposition s[(2)-Modfr: =
@D ,.cc C}, s obtained from the minimal polynomial of the Casimir operator. We also have
compatibility with the canonical filtration, (Theorem 8.15), although the proof is more
involved since now we cannot use Theorem 8.2.

The relationship between the general Grothendieck groups of R and s[(2)-Mod; can be
established by an analogue of Heller’s localization theorem for the quotient of an abelian
category under a Serre subcategory. There is a well known one to one correspondence
between Serre subcategories and torsion theories. The localization theorem says that the
map induced on Grothendieck groups by the quotient functor is a surjection and has in its
kernel the Grothendieck group of the corresponding torsion theory, [18, Theorem 5.13, pag.
115]. Although the situation here is different because s[(2)-Mod; is only an exact category,
we are able to establish our localization result due to the fact that the rationalization functor
Frat: 51(2)-Modyrr — R, as explained above, is a reflective localization. Indeed, we prove
in Theorem 8.20 that there exists a naturally split short exact sequence

0 — VT (51(2)-Modyry) — Ko(51(2)-Mody) % Ko(R) — 0

where V7 (s1(2)-Modyg;) are the virtual torsion modules of finite rank. This is the best
analogue one could hope for, since the kernel of Fyy is just the zero module.

The categories s[(2)-Mods:, R are stratified according to rank and C(z)-dimension,
respectively. The rationalization functor is compatible with these stratifications and therefore
induces an identification between the isomorphism classes of simple objects of the corre-
sponding strata

Spl(s(2)-Mod”;.) —> Spl (R™).

We study in detail the one dimensional stratum since it plays a key role for several results
ranging from the rationalization and extension problems to the Picard group. In the first place,

by Corollary 6.14 one has the identifications Rl = Splr (R") = RC! and by Theorem 6.13
we get Spl (sl(2)- Modtffr) ~ R1.We describe R explicitly as a quotient of the space C(z) * of
invertible rational functions, (Theorem 9.1). This makes it possible to answer the question as
to whether a one dimensional rational representation arises as the rationalization of a rank one
polynomial representation, (Theorem 9.3). We also analyze the extension problem for rational
representations. It is a classical result of Bavula [2, Theorem 3], (see also [12, Theorem 6.40
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pag. 210]) that the extension groups of finite length s[(2)-modules have finite C-dimension.
We have proved in Theorem 6.20 that the space of s[(2)-homomorphisms between rational
5[(2)-modules is also finite C-dimensional. Therefore it is natural to analyze whether this is
also true for the higher extension groups between rational modules. However, we show that
this is not the case in Corollary 9.6 where, thanks to the explicit characterization of R!, we
describe explicit rational modules whose first extension group has infinite dimension over C.

Since the category of rational representations R is a C-linear abelian subcategory of the
category of finite dimensional C(z)-vector spaces, it is natural to study which of its properties
remain valid for R. It is remarkable that the tensor product ® of C(z)-vector spaces restricts
to R, because this is not the usual construction for s[(2)-modules, where the tensor product
is taken over C. Moreover, we show that this rational tensor product has very nice properties
that can be summarized by saying that (R, ®) is a closed symmetric monoidal category, (see
Theorem 10.5 where we also describe the internal Hom). This makes it possible, following
May [11], to define the Picard group Pic(R) of the category of rational representations. In
Theorem 10.8 we show that it is completely determined by the one dimensional stratum and
that Pic(R) = R!. Moreover, we prove that the level map gives rise to a split short exact
sequence

0 — Pic®(R) — Pic(R) 5 € = 0

and that we have an identification Pic%(R) = (C(z)g with the multiplicative subgroup of
C(z)* formed by the invertible rational functions without zeros or poles at the origin, (The-
orem 10.10). The symmetric monoidal structure also makes it possible to introduce ring
structures on the Grothendieck groups (see Sect. IO.EZ.

The identification I?rm: S/\pl(5l(2)-Modt1ffr) 5 R = Pic(R) given in Theorem 6.13
allows one to formally define the Picard group of the category s[(2)-Mod as the
group Pic(sl(2)-Modg) = §51(5[(2)—M0dt'ffr). The existence of this group structure on
Spl(s[(2)-M0dtlffr) might point to the existence of an appropriate symmetric monoidal struc-
ture on the category sl(2)-Modys such that its Picard group is the one introduced above. We
plan to investigate this in future work.

We summarize the notation used in the paper.

e 5((2)-Mod is the category of s(2)-modules;

e ( is the full subcategory of s[(2)-Mod formed by all Casimir s[(2)-modules;

e R (resp. RC) is the full subcategory of s5[(2)-Mod formed by all rational s[(2)-modules
(resp. rational Casimir s[(2)-modules).

For any subcategory A of s[(2)-Mod, we have the following full subcategories of .A:

o Ay, of torsion free s[(2)-modules;

o Ay, of torsion free, finite rank s[(2)-modules;
o Ay, of torsion free, finite type s[(2)-modules;
e Ind(A), of indecomposable s[(2)-modules of A;
e Ind 4(A), of A-indecomposable objects of A;

e Spl(A), of simple s[(2)-modules of A;

e Spl 4(A), of A-simple objects of A.

and we denote:

° @(A), the isomorphism classes of indecomposable s[(2)-modules of .A4;
e Ind 4(A), the isomorphism classes of A-indecomposable objects of .A;
e Spl(A), the isomorphism classes of simple s[(2)-modules of A;
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° S/\pl A(A), the isomorphism classes of .A-simple objects of A;
Finally, given two subcategories Aj, A, of A, we write:

e | (A, Ay) if Hom4(M, N) = 0 for every M € Ob(A;), N € Ob(Ay);
e A; L Ajifonehas L (Af, Ay) and also L (A, Aj). In this case we say that Aj, Ay
are Hom-orthogonal.

2 s((2)-modules

Let s1(2) be the Lie algebra of the Lie group SL(2, C) and recall that s[(2) is a simple Lie
algebra. We have set C as the base field but everything admits a straightforward generalization
to an arbitrary algebraically closed field of characteristic 0. Let {e, f, i} be a Chevalley basis
of 5[(2) satisfying the commutation relations:

e, fl1=h, [k, e] =2e, [k, f1=-2f. (2.1)

For the purposes of this paper, it will be more convenient to consider the basis

{L_l =f, Lo:= —%h, Ly := —e} . 2.2)

Every sl(2)-module V has a natural C[z]-module structure, where z acts on V by Ly.
That is, z - v := Lo(v), for every v € V. Let us now consider the ring automorphism
V: C[z] — CJz] such that V(z) = z + 1. For any k € Z, we denote by Endfém(V) the

C[z]-module of Vk_semilinear endomorphisms of V; i.e.,
Endfé[z](V) = {p € Endc(V) st ¢(z-v) = VE(2) - 9(v) = (2 + k) - 9(v)} .

In particular, one has End%[z](V) = Endcp;)(V). The C[z]-module of Vk_semilinear

automorphisms of V, Auté{:[Z J(V), is defined similarly.
Notice that an s[(2)-module is just a C[z]-module V endowed with two C[z]-semilinear
endomorphisms

p(L_1) € Endg,(V), p(L1) € Endgyy(V), (2.3)
that satisfy
[o(L-1), p(L1)] = —2z. (2.4)

In what follows we think of every s[(2)-module in this way. Given such a p defined on a
Clz]-module V, we denote by V), the corresponding s[(2)-module.

3 Casimir modules

The Casimir element C of the universal enveloping algebra of s[(2) can be expressed in the
following equivalent ways:

1
C=lh+ D2 =11+ fe=Lo(Lo— 1) — L_iL;,

1
C=Z[(h—1)2—1]+ef=L0(Lo+1)—L1L_1. (3.1)
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Definition 3.1 The Casimir operator of an s[(2)-module (V, p), is the endomorphism C,, :=
p(C) € Endg2) (V). We say that (V, p) is a Casimir module of level u € Cif C, = p1Idy.
We denote by C (resp. C,,) the full preadditive (resp. additive) subcategory of s[(2)-Mod
formed by all Casimir modules (resp. of level ).

Having in mind (3.1) and defining the polynomial:
mu(z) =z2(z—1) —pn e Clz],
one easily checks that Casimir modules of level p are exactly the C[z]-modules endowed

with C[z]-semilinear endomorphisms p(L_1), p(L1) as in (2.3) that verify:

p(L-1)op(L1) =mu(z), p(L1)op(L_y)=mu(z+1). (3.2)

The commutation relation (2.4) follows automatically from (3.2)
Casimir (simple) sl[(2)-modules of level p are exactly the (simple) modules over the
generalized Weyl algebra:

Au) = U/C—pn) = U/(L_1Ly —mu(2)) = U/(L1Ly —mu(z+ 1)),

where U := U (sl(2)) is the universal enveloping algebra of s[(2) and (x) denotes the left
ideal generated by x, see for instance [ 12, Chapter 6]. Moreover, A () is a Z-graded algebra:

A(w) = A,
i€Z

with A(w)o = Clz] and A(w)—; = A(u)o - (L-1)", A(w); = A(u)o - (Ly)', fori > 0.

The key role played by Casimir modules follows from the generalized version of Schur
Lemma introduced by Dixmier, see [9, Lemma 4.1.4], since simple s[(2)-modules have count-
able C-dimension. We get the next result [12, Theorem 4.7].

Theorem 3.2 Every simple s1(2)-module is a Casimir module. Hence, one has
Spl(sl(2)-Mod) = Spl(C).

Proposition 3.3 Let (V1, p1), (Va, p2) be two Casimir sl(2)-modules of levels 1 and o,

respectively. Then one has:

1. If 1 # po, then Homgyo)(V1, V2) = 0. Therefore, the categories C,,, C,,, are Hom-
orthogonal and there is a natural identification C = | | 1eC Cp.
2. If 1 = pua and V is torsion free, then

Homyg2)(V1, V2) = {¢ € Homcp,(V1, V2): p2(L1) o = ¢ o p1 (L)}

Proof (1) The first claim follows since ¢ € Homg((2)(V1, V>) intertwines both Casimir opera-
tors. The second is a consequence of the first and the definition of the coproduct of preadditive
categories. (2) One implication is obvious. On the other hand, given ¢ € Homc(;(V1, V2)
such that p2(L1) o ¢ = ¢ o p1(L1) we have

Ty (Dp2(L—1) 0 p — o p1(L-1)]

= pa(L_1)op2(L1)o[pa(L-1)0op —¢pop(L_y)]

= p2(L-1) o [p2(L1) o pa(L-1) 0P — p2(L1) o o p1(L-1)]

= p2(L-1) o [p2(L1) o pa(L-1) 0P — ¢ o pi1(Ly) o p1(L-1)]

= p2(L-1) o[, (2)p — ¢ o (7, (2))]

=p(L_1)o [(71';1.2 (2) — Ty (2)e].
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Since j11 = pp we get my,, (2)[p2(L—-1) 0 ¢ — ¢ o p1(L_1)] = 0 and bearing in mind that V,
is torsion free we have pa(L_1) o¢p — ¢ o p1(L_1) = 0. O

4 Torsion free modules
4.1 Polynomial modules

Definition 4.1 Let V be an s[(2)-module. We say that V is a polynomial s[(2)-module or that
we have a polynomial representation of s[(2) if V' is a finite type free C[z]-module.

The study of polynomial Casimir representations was one of the main achievements of
[13]. Its relevance follows from their close relationship with simple modules as the following
result shows.

Theorem 4.2 [13,Thm. 2.10] Every simple, torsion free, finite type s\(2)-module is a polyno-
mial Casimir representation of s\(2). Furthermore, a torsion free, finite type s{(2)-module is
simple in s(2)-Modys; if and only if it is simple in the subcategory consisting of polynomial
Casimir representations.

4.2 Rational modules

Now we introduce rational s[(2)-modules and describe the role that Casimir modules play in
this case.

The description given by Bavula [2, 3] of all simple s[(2)-modules is based on the euclidean
algebra B of skew Laurent polynomials over the field of rational fractions C(z) defined
by the extension of the automorphism V. Following the standard notation, we write B =
C()[X, X~ 1 V] whose product is determined by the condition:

X E@=V(EQ@) X =E@+i)- X',

for every £(z) € C(z) and every i € Z. Notice that a B-module is just a pair (W, o) formed
by a C(z)-vector space W endowed with a V-semilinear automorphism o.

We denote by B-Mod the category of B-modules and B-Modgyq is the subcategory formed
by those B-modules that are finite dimensional C(z)-vector spaces. For any subcategory B of
B-Mod, we denote by Spl(13) the simple B-modules of 3 and S/\pl([)’) is the set of isomorphism
classes of simple B-modules.

If one considers the multiplicative subset S = C[z]\ {0}, then the generalized Weyl algebra
A(p) embeds naturally in the localization S~'A(n) and there is a natural identification
B ~ S~!'A(u) providing a natural embedding of C-algebras ®,, : A(u) < B thatat the same
time is a morphism of left C[z]-modules such that ®, (L) = X, ®,(L_;) = n#(z)X_l.
From now on, we identify A(u) with its image under ®,, inside B. The natural functor of
extension of scalars

F:=B®u) (-): C, — B-Mod 4.1)

sends an s[(2)-module V toits localization S~'V = B®4,,) V as a B-module. Restricting the
action of B to A () via the embedding ®,,: A(u) < B, one obtains a functori, : B-Mod —
C,. which is the right adjoint functor of F' and there is a functorial isomorphism F o i, =

Idp-mod-
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Remark 4.3 For any Casimir s[(2)-module V defined by a representation p, the B-module
structure of S~!'V is given by the V-semilinear automorphism

SN pL)): S7'v > s7v

that is, one has

\. (L) = 5 (L) (L) _PLDO _ p(Ll)(v)'
p() p@) V(p()  pi+1D

Therefore, the functor of extension of scalars is just F(V, p) = (S_1 v, s! (p(L1))), show-
ing that F is an exact functor.

A key property of the euclidean algebra B is that it is both a left and a right principal
ideal domain, see [12, Corollary 6.11]. This implies the following pleasant consequence, see
[12, Propositions 6.14, 6.15].

Proposition 4.4 The isomorphism classes of simple B-modules form a set
Spl(B-Mod) = (Irr(B)/ ~) := Irr(B)
that gets naturally identified with the similarity classes I?r(IB) of irreducible elements of B.
One has the following crucial result, see [2, 3] and [12, Thm. 6.3.6, Cor. 6.3.9].
Theorem 4.5 The functor of extension of scalars F : C,, — B-Mod induces a bijection
F: Spl(Cu.t) — Spl(B-Mod)

between the isomorphism classes S’-I;I(C%tf) of simple, torsion free, Casimir sl(2)-modules
of level w and the set Spl(B-Mod) of isomorphism classes of simple B-modules. The inverse
bijection maps a simple B-module to its A(u)-socle.

Hence we have the following “reasonable size” property.
Corollary 4.6 The categories Spl(C,. i), Spl(B-Mod) are essentially small.

We would like to extend this type of result to other invariants of the category of torsion
free s[(2)-modules. In order to do this we need to recall the next property.

Proposition 4.7 [13,Lemmas 2.11, 2.12] Any simple B-module is a finite dimensional vector
space over the field of rational functions C(z). That is, one has

Spl(B-Mod) = Spl(B-Modsq).
Therefore, the category Spl(B-Modgq) is essentially small.

This motivates the following:

Definition 4.8 We say that an s[(2)-module W is rational or that we have a rational rep-
resentation of s[(2) if W endowed with its C[z]-module structure is a finite dimensional
C(z)-vector space. We denote by R the abelian category of rational s[(2)-modules and RC
(resp. RC,,) is the full preadditive subcategory formed by rational Casimir representations
(resp. of level w).
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Thanks to Proposition 3.3 we have a natural identification RC = [ [, ¢ RC,, of preadditive
categories. On the other hand, Proposition 4.7 just states that the image of simple B-modules
under i, : B-Mod < C, is contained in RC,,. Combining this with Remark 4.3 and Theorem
4.5, we get:

Theorem 4.9 Every simple, torsion free s\(2)-module has finite rank and thus
Spl(sl(2)-Modr) = Spl(s[(2)-Mods;).
Considering the extension of scalars functor, we have the following dichotomy:

Corollary 4.10 A simple, torsion free s((2)-module is either a polynomial module or a non
finite type s((2)-submodule of a rational module.

Corollary 4.11 The simple s\(2)-modules of the categories C,, ¢ and C,, iy coincide. That is,
one has

Spl (C/J.,tf) = Spl (Cu,tffr)

and therefore, the category Spl(C,, i) is essentially small.

Remark 4.12 The category of rational representations R is a full subcategory of s[(2)-Modgf;.
Given two rational representations Wy, W», one easily checks that

Homy (Wi, W2) = Homg (o) (W1, W2)
is a C-vector subspace of Homc ;) (W1, Wa).

Definition 4.13 If W is a C(z)-vector space, we denote by RC(W) (resp. RC,,(W)) the set
of rational Casimir s[(2)-module structures (resp. of level w) such that p(Lg) = z.

Having in mind (3.2), one proves straightforwardly the following result.

Proposition 4.14 There is a bijective correspondence between RC,, (W) and the set of C(z)-
semilinear automorphisms Auté(z) (W), such that

p(Loy) = mu(@)p(L1)~" € Autg, (W), (L) € Autg, (W)

noting that the commutation relation (2.4) follows automatically.

Example 4.15 For any i € C one has a Casimir representation p* defined on C(z) by
pULp) =1,V pW(Lo) =z, pW(L)=V.

Via the embedding i, : B-Mod < C,, one has that B-modules are exactly the s[(2)-
Casimir modules of level u that are C(z)-vector spaces. In particular, those B-modules that
are finite dimensional C(z)-vector spaces belong to RC,,. Taking into account (3.2) one has
the following:

Theorem 4.16 The functor i, : B-Modgq — RC,, is an equivalence of categories whose
inverse is the functor F : RC,, — B-Modyq of extension of scalars; thatis, F oi,, = Idp-mod,
iy o F =1drc,. Moreover, F is naturally isomorphic to the forgetful functor j,: RC, —
B-Mody defined by ju(W. p) = (W, p(L1)).
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Corollary 4.17 The isomorphism of categories i, : B-Modgg — RC,, induces an identifica-
tion

SpI(B-Mod) = Splyc, (RC,.)
between the categories of simple objects.
For any two levels i, v € C, we define a functor
®,p: RCy — RC,

by ®,, =i, o j,. Taking into account Proposition 4.14 the proof of the following result is
straightforward.

Corollary 4.18 The categories RC,, RC, are isomorphic through the pair of exact func-
tors ®,,: RC, — RCy, ®yy: RCy, — RCy. Moreover, given (W, p) € RC, one has
®uv(Wa p) = (W, q);w(P)) with
7Ty (2)
7 (2)

Quv(p)(L-1) = p(L-1), Pu(p)(L1) = p(Ly).

By means of the natural embedding C[z] <— C(z) = § ~1C[z] we can generalize now the
functor of extension of scalars to rational representations, see (4.1) and Remark 4.3.

Definition 4.19 The rationalization functor
Fra 2 s1(2)-Mody — R

sends a finite rank s[(2)-module (V, p) to Fu(V, p) = (S™'V, prar) where the C(z)-vector
space S ~ly obtained by localization of the C[z]-module V is endowed with the s[(2)-
representation pry; = s (p) defined by

v ) _ PL-)W)

Tal L— VRN E)
pra 1)<p<z) p—1)

(L)<L). v
PO\ b)) T p@”

v p(L1)(w)
(L) [ — ) = 2.
pra 1)<p(z)) pz+1)

One straightforwardly checks that Fi, is a faithful and exact functor that by restriction
induces faithful and exact functors Fyy: City — RC, Frac: Cpifir — RCpu.
These results and Theorem 3.2 show that Theorem 4.5 can be restated as follows:

Theorem 4.20 The rationalization functor Fra: Cyrr —> RC induces a bijection
Frat: SPI(Cutir) = Splge (RC).
Furthermore, given u € C, there is a bijection
Fra: SpUCpu.iiir) = Splc, (RCy).
hence SleCM (RC,) is an essentially small category.

Remark 4.21 Notice that every rational s[(2)-module is torsion free. However, rational mod-
ules are always not simple as sl(2)-modules since they have uncountable dimension as
C-vector spaces, whereas simple s[(2)-modules, which can be realized as quotients of the
universal enveloping algebra U (s((2)), have at most countable C-dimension due to the
Poincaré—Birkhoff—Witt theorem.
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5 Generalized Casimir modules

Definition 5.1 We say that an s5[(2)-module (V, p) is a generalized Casimir s[(2)-module of
level u € C, if its Casimir operator C, fulfills

(Cp—w)" =0,

for some n € N. Moreover, if (C, — n)" = 0 and (C, — ket # 0, then we say that the
generalized Casimir module V has exponent n.

The full subcategory of s[(2)-Mod (resp. R) consisting of generalized Casimir s[(2)-
modules of level u € C will be denoted by Cl: (resp. RC;) and C,(f) (resp. RC,(f) ) denotes
its full subcategory formed by all modules of exponent n. We denote by C*® (resp. RC®) the
category formed by all (resp. rational) generalized Casimir s[(2)-modules.

One easily checks that generalized Casimir modules of level . and exponent n are exactly
the C[z]-modules endowed with C[z]-semilinear endomorphisms p(L_1), p(L1) and a C[z]-
linear n-th nilpotent endomorphism N that verify:

p(L-1)op(Ly) =mu(z) =N, p(L1)op(L_y)=mu(z+1)=N. (.D

The commutation relation, [p(L_1), p(L1)] = —2z, follows automatically from these
expressions and the nilpotent endomorphism N is related to the Casimir operator C, by the
equality N = C, — p. The next result follows straightforwardly.

Proposition 5.2 Every generalized Casimir sl(2)-module (V, p) of level u and exponent n,
has a canonical strictly increasing filtration of length n by sl(2)-submodules:

vi=cvVvic...cvi=V (5.2)

where Vi = ker(C, — u)i,fori =1,...,n, is a generalized Casimir sl(2)-module of level
w and exponent i and V' |V~ is a Casimir s\(2)-module of level .

Moreover, if V is a finite rank torsion free module, then V' and V' VI~ are also torsion
free modules and for everyi = 1,...,n — 1, one has

K (vi/v"*‘) > rk (vl’“/v") .
In particular, if V is a rational module, then V' and V' /V~=" are rational modules.

Proposition 5.3 Let us consider 1, uy € C. If t1 # o, then for any ny,ny € N the

categories C\l\", C\12) are Hom-orthogonal.

Proof Let us suppose that pu; # uo. For any V; € Cﬂ? ) we have to check that
Homys2)(V1, V2) = 0. Let V;* be the filtration of V; described in Proposition 5.2. By the
first part of Proposition 3.3 it follows that Homs[(z)(Vll, Vzl) = 0. Proceeding by induction
on the terms of the filtration V;* one easily shows by considering its successive quotients
that Homg 2y (V1, Vzl) = 0. By means of the natural filtration V' of V, one shows now in a
similar way that Homg2)(V1, V2) = 0. O
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6 Rational s((2)-modules
6.1 C-rationality of Casimir operators and endomorphisms

Let us recall that a C-linear endomorphism of a complex vector space of infinite dimension
does not have in general a minimal polynomial. Therefore, if we take into account that a
rational module has complex dimension equal to ¢ -the cardinality of the continuum- it is
remarkable, and also crucial for obtaining further results, that the Casimir operators of rational
s[(2)-modules always have a minimal polynomial.

Theorem 6.1 If (W, p) is a rational sl(2)-representation, then the minimal polynomial
Mc, (1) of its Casimir operator Cp, considered as a C(z)-linear endomorphism of W, has
its coefficients in C; that is, Mc L, (1) € Clt]. Therefore, the Casimir operator C, understood
as a C-linear endomorphism of W has minimal polynomial Mc ,(t).

Proof Notice that the field automorphisms V and V~! of C(z) induce in a natural way
automorphisms of the polynomial ring C(z)[#] such that given P = a,t" +--- +ajt +ag €
C(2)[t] one has V(P) := V(a,)t" + --- + V(a;)t + V(ap) and a similar formula holds
for V=1 (P). The minimal polynomial of C ©» 1s the monic generator of its annihilating ideal
Ann(C,) C C(2)[t]. One has

p(L1)op(L-1) o V(Mc,)(Cp) = p(L1) o Mc,(Cp)op(L_1)=0. 6.1)
By (3.1) we have p(L1) o p(L_1) = z(z + 1) — C,, plugging this into (6.1) we get
(zz+1) = Cp) o V(Mc,)(Cp) =0.

This shows that the polynomial (f — z(z + 1))~V(Mcp )(#) belongs to Ann(C). Since M, (1)
is the monic generator of this ideal and V(M¢ ,)(7) is also monic of the same degree, there
exists & € C(z) such that we have the equality

(t=z(z+ 1)) - V(Mc,)(1) = (t = &) - Mc,(1). (6.2)

Proceeding in a similar way with p(L_1) o p(L1) o V(Mc,)(C,) one proves that there exists
¢ € C(z) satisfying the identity

(t — 22— 1) -V Mc,)(t) = (1 —¢) - Mc, (0).
Applying to it the automorphism V we get
(rt—zz+1)-Mc,(t) = (1 = V() - V(Mc,)(1). (6.3)
Now, equations (6.2) and (6.3) straightforwardly imply that
V(Mc,)(t) = Mc, ()
and thus the claim follows. O

Corollary 6.2 If (W, p) is a rational representation, then p(L1) and p(L_1) are C(2)-
semilinear automorphisms of W.

Proof Bearing in mind the Cayley—Hamilton theorem, it follows that Theorem 6.1 implies that
all eigenvalues of C, belong to C, hence the C(z)-endomorphisms C,—z(z—1),C,—z(z+1)
are invertible. By the first equality of (3.1) one has C, — z(z — 1) = —p(L_1) o p(Ly),
thus p(L1) is injective and p(L_) is surjective. Similarly, the second equality of (3.1) gives
Cp—z(z+1)=—p(L1) o p(L_1) and thus p (L) is surjective and p(L_1) is injective. O
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Proposition 6.3 Let (W, p) be a rational s((2)-representation. For every T € Endgi2)(W)
the minimal polynomial Mt (t) of T considered as a C(z)-linear endomorphism of W has its
coefficients in C; thatis, Mt (t) € C[t]. Therefore, T understood as a C-linear endomorphism
of W has minimal polynomial Mt (t).

Proof One has p(L1) o V"' (M7)(T) = M7(T) o p(L1) = 0. Since p(L,) is invertible by
Corollary 6.2, it follows that V- M7r)() belongs to the annihilating ideal Ann(7') C C(z)[¢]
of T as a C(z)-linear map. Taking into account that Ann(7) is generated by the monic
polynomial Mr(¢) and that deg(V’l (M7)(t)) = deg(M7(t)), we conclude VM) @) =
M7 (t) and the proof is finished. O

6.2 Categorical properties of rational modules

Proposition 6.4 R is a C-linear abelian subcategory of the category C(z)-Vectiq of finite
dimensional C(z)-vector spaces.

Proof Thanks to Remark 4.12, it follows that R is a C-linear subcategory of the category
of finite dimensional C(z)-vector spaces, which is an abelian category. It is straightforward
to check that R is an abelian category. Moreover, since every exact sequence of rational
5[(2)-modules is an exact sequence of C(z)-vector spaces, the claim is proved. O

Theorem 6.5 R is a finite-length abelian category and thus every rational module has ratio-
nal Jordan—Holder filtrations. Moreover, R is a Krull-Schmidt category and therefore every
rational module has a Remak decomposition into a finite direct sum of indecomposable
rational modules, unique up to reordering of the direct summands.

Proof Since R is an abelian subcategory of C(z)-Vectyq, it follows that every rational module
(W, p) is both Artinian and Noetherian. Hence R is a finite-length abelian category. By
[10,Lemma 5.1 and Theorem 5.5] it follows that R is Krull-Schmidt. The existence of
a Remak decomposition, which is essentially the Krull-Schmidt Theorem, follows from
[1, Theorem 1] taking into account [10, Lemma 5.1]. O

Definition 6.6 For a rational representation W, we define its length, lengthy (W), as the
maximal length of all filtrations of W by rational subrepresentations; that is, by subobjects
of WinR.

It is clear that for any rational s[(2)-module W it holds that:
lengthn (W) < dimg¢) W.
Now we prove that R has a “reasonable size” to have a Grothendieck group.

Theorem 6.7 R is an essentially small category. Therefore, RC®, RC, RCj, and RCy, for
every i € C, are also essentially small categories.

Proof Let (W, p) be an s[(2)-rational representation such that dimc ;) W = m. Choosing an

isomorphism of C(z)-vector spaces ¢: W 5 C(z)™ one has that (W, p) is R-isomorphic
to (C(z)™, p') where p’ = ¢ o p o ¢~ 1. One has

pL)=0@oV, p'Lo)=z pL-)=1(2)0V"!
for certain o (z), t(z) € M(m, C(z)) such that (2.4) holds. One has an identification
R(C(D)™) ~{(0(2), T(2)) € M(m, C(2))*: 0() o T(z+ 1) = T(R) 0 0(z — 1) = 221d,}.
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By Remark 4.12 it follows that 7' (z) € GL(m, C(z)) acts on R(C(z)") by conjugation. In
terms of the previous identification this action is written

T@)e(©(). 1) =T@o0@oTE+ D T@ot@oT-D.
Thus, the isomorphism classes of s[(2)-representations on C(z)™ is given by the set
Iso(R(C(z2)™)) = R(C(2)™)/GL(m, C(z)).

Finally, the isomorphism classes of rational representations in given by the set

Iso(R) = ]_[ Iso(R(C(2)™).

m=>0

Therefore R is essentially small. The other claims follow immediately since all the categories
considered are full subcategories of R. O

6.3 Decomposition of the category of rational modules

Theorem 6.8 The abelian category R of rational s1(2)-modules decomposes into the Hom-
orthogonal direct sum of the abelian subcategories of generalized rational Casimir modules:

R = Pre;,.
neC

This is compatible with the coproduct decomposition RC = [ ]| et RC,. .

Proof Let (W, p) be a rational s[(2)-module. Theorem 6.1 implies that the minimal polyno-
mial Mc,(¢) of its Casimir operator C,, as a C(z)-endomorphism of W space splits over C;
that is,

Mc,(t) = (t —p)" -t —p)™

(where u; # pj fori # j) and, accordingly, W decomposes as a C(z)-vector space as
follows:

W = ker(C, —pn1)"' @ --- @ker(C, — ur)" .

Having in mind that C,, commutes with p(L;) fori € {—1, 0, 1}, the previous expression
is also a decomposition as s[(2)-modules, where ker(C, — u;)" belongs to R,(fi"). The

orthogonality of the decomposition follows from Proposition 5.3. Thus R is the direct sum
of the abelian subcategories RC$,, see [7, page 3]. O

As a formal consequence we get the:

Corollary 6.9 For every u € C, the abelian category RC}, is closed under extensions in R.

6.4 Indecomposable and simple rational modules
Let us recall that a rational s[(2)-module (W, p) is s[(2)-indecomposable or simply inde-

composable, (resp. R-indecomposable) if it can not be written as W = W @ W, where Wy,
W5 are sl(2)-modules (resp. rational s[(2)-modules).
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Proposition 6.10 A rational s\(2)-module is indecomposable if and only if it is R-
indecomposable. Moreover, every indecomposable rational module is a generalized Casimir
module. Hence, we have Indg (R) = Ind(R) = Indgce (RC®) = Ind(RC®).

Proof For the first statement, one implication is obvious. On the other hand, let W be a
rational s[(2)-module that is R-indecomposable and suppose that there is a decomposition
W = Vi @ V; as s[(2)-modules. It follows that Vi, V; are C[z]-submodules. Given vy € V;
and & = JUCIRS C(z), since W is a C(z)-vector space one has

q(2)
& - (v1,0) = (uy, u2),
for certain u; € Vi, uy € V5. On the other hand
q@) - (E-v) =(q@) -u1,9@)  u2) = (@@ -§) - (v1,0) = (p2) - v1, 0).

Therefore, g (z) -uy = 0 and this implies u» = 0. Hence, & -v; € Vi andso Vj is a C(z)-vector
space. In a similar way one shows that V; is also a C(z)-vector subspace. Hence, W would be
‘R-decomposable, giving a contradiction. Therefore, W is necessarily sl(2)-indecomposable.
This finishes the proof of the first claim. The second one is an immediate consequence of
Theorem 6.8. O

Proposition 6.11 If (W, p) is an indecomposable rational s\(2)-module, then every ¢ €
Endg(2) (W) is either an isomorphism or nilpotent.
Proof By Proposition 6.3 any ¢ € Endg(2)(W) has minimal polynomial My(¢) in CJz].
Since ¢ commutes with p(L1) and p(L_;), the ideas used in the proof of Theorem 6.8
show that (W, p) would be decomposable unless M () has a unique root, say . € C. Hence
My (1) = (t — )™ for certain integer m > 1. This implies (¢ — )" = Oand thus ¢ = u+N
with N an m-th nilpotent endomorphism, proving the claim. O
In a similar way let us recall that a rational module is s[(2)-simple or just simple, (resp.
‘R-simple) if it has no non-trivial s[(2)-submodules (resp. rational s[(2)-submodules). In
particular, W is R-simple if and only if length (W) = 1. Notice that one has the following
implications:

R-simple =—> R-indecomposable <= s[(2)-indecomposable.
Proposition 6.12 An R-simple, rational s\(2)-module is a Casimir module. Hence, one has
Spl (R) = Splice (RC*) = Splp(RC), SleCﬁ (RC;L) = Slecu (RC).

Proof A rational s[(2)-module that is R-simple is R-indecomposable, and therefore is a
generalized Casimir module by Proposition 6.10. Furthermore, its exponent has to be 1 since
otherwise by Proposition 5.2 it would have a non trivial filtration and therefore it could not
be R-simple. O

Theorem 6.13 One has the following identifications

SpI(s1(2)-Mody) = Spl(s1(2)-Modyrr) = Splre(RC) = Splg (R).
Proof The first one is due to Theorems 3.2 and 4.9, whereas the second one is given by
Theorem 4.20. The last equality follows from Proposition 6.12. O

In particular, it is clear that every rational s[(2)-module that is one dimensional over C(z)
is R-simple. Therefore we get the:

Corollary 6.14 Every rational s1(2)-module that is one dimensional over C(z) is an R-simple
Casimir s[(2)-module.
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6.5 Action of automorphisms on rational Casimir representations

Recalling Proposition 4.14 and Corollary 6.2, one proves the following fact.
Proposition 6.15 Given a C(z)-vector space W, there is an identification:
Autg ) (W) <= RC, (W),

defined by sending ¢ € Aut(lc(z) (W) to the s((2)-representation p definedon W by p(L_1) =
mu(2) 97! € Autg, (W), p(L1) = ¢ € Autf . (W).

More generally, given a rational representation (W, p) and an automorphism ¢ €
Autc ;) (W) we define amap ¢ - p: s[(2) — Endc (W) such that

¢ p(Loy)=p(Loy) oy € Autgi, (W),
¢-p(Lo) =7z,
¢ - p(L1) =g o p(L1) € Autg, (W), (6.4)
One checks that ¢ - p is a rational s[(2)-representation if and only if
poCp=Cpoq.

Therefore, the group Autc)(W; Cp) = {9 € Autcy)(W): [¢, Cp] = 0}, which naturally
contains C*(z), acts on p € R(W). This action preserves the Casimir operator, that is
Cy.p = Cp. In what follows we denote ¢ - (W, p) := (W, ¢ - p).

In particular, one has:

Proposition 6.16 Autc(;)(W) acts freely on RC(W) and its orbits are RC;(W). Thus,
Autc ) (W) acts freely and transitively on RC, (W), for every u € C.

6.6 Hom-finiteness of the category of rational modules

Let k be a commutative ring. Recall that an additive category .4 is Homy-finite if it is k-linear
and Hom 4 (A, B) is a k-module of finite length for all objects A, B.

Proposition 6.17 Let W be a rational s\(2)-representation. If W is R-simple, then
Endg[(z)(W) =C.

Proof Let¢ € Endg2)(W). By Proposition 6.3, the minimal polynomial of ¢, My (¢), has its
coefficients in C. Considering aroot o of My (), the space of eigenvectors ker (¢ —a) is a non-
zero rational subrepresentation of W. Hence, the hypothesis implies that W = ker(¢ — «);
thatis, ¢ = a € C. ]

Remark 6.18 Let us point out that Proposition 6.17 can not be obtained by more conventional
means. On the one hand, Dixmier’s generalization, [9, Lemma 4.1.4], of Schur’s Lemma can
not be applied since rational s[(2)-modules have C-dimension equal to ¢. On the other hand,
Quillen’s Lemma, [15], can not be applied since, by Remark 4.21, rational s[(2)-modules are
never simple as s[(2)-modules.

Proposition 6.19 If (W1, p1), (W2, p2) are two R-irreducible rational s((2)-representations,
then every element of Homg2) (W1, W2) is either zero or an isomorphism. Moreover, if Wy is
not isomorphic to Wy, then Homg2) (W1, W2) = 0, whereas dim¢c Homg2)(Wi, Wo) =1
if Wy ~ W,.
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Proof Let ¢ € Homg(2)(Wi, W>) be a non-zero homomorphism. Since ker ¢ is a rational
subrepresentation of Wy, we conclude that ¢ is injective. On the other hand, since Im ¢ C W,
is a rational subrepresentation, ¢ is surjective. Hence, ¢ is an isomorphism. Let us consider
an arbitrary homomorphism ¢’ € Homg ) (W;, W2). Then, ¢’ o ¢_] € Endg2)(W>) and,
by Proposition 6.17, we obtain that ¢’ o¢~! € Cand thus Homyg ) (Wi, W) is of dimension
1 over C. ]

Theorem 6.20 Let (Wy, p1), (Wa, p2) be two rational sl(2)-representations. Then,
dimc Homg ) (Wi, W) < length, Wi - lengthp W>.
Therefore, the category R of rational s\(2)-modules is Homc-finite.

Proof We proceed by double induction on length, Wi and lengthr W>. If we have
length, Wi = lengthp W> = 1, then the claim follows from Proposition 6.19. Suppose
now that length, Wi = 1 and lengthr W> > 1 and choose a non-trivial rational subrepre-
sentation of W5, say WZ’. Consider the exact sequence:

Homg(2) (Wi, W3) —> Homg2) (Wi, Wa) —> Homgo) (W1, Wa /W) .

Due to the induction hypothesis, the statement holds for the terms on the left and on the right.
Bearing in mind how the dimension varies with the above exact sequences, the claim holds
for the central term.

Finally, if length, Wi > 1 and length, W»> > 1, we consider a non-trivial rational
subrepresentation of W, say W{, and the exact sequence:

Homg2)(W1/W{, W2) —> Homg2) (W), W2) —> Homg2) (W, Wa).

A similar argument as above yields the result. O

6.7 Extensions of rational s[(2)-representations

Let (W, p’) and (W”, p”) be rational s[(2)-representations. Any rational s[(2)-extension
(W, p)of (W”, p") by (W', p’) givesrise to a short exact sequence of rational representations

0->W —->W-—-> W -0,

that splits as C(z)-vector spaces, thus W = W’ & W” and we can write

(P (L)) B (P (L)) B
,O(L_]) - ( 0 p//(L71)> ’ p(Ll) - ( O p//(Ll)>

where B_| € Hom(E(lz)(W”, W"), By € Hom(lc(z)(W”, W’). The representation condition for
p is equivalent to the equality of C(z)-linear maps in Homg ;) (W”, W')

T:=p'(L_y)oBi+B_10p"(L1)=p"(L1)oB_1+Biop"(L_y). (6.5

This implies the identity

p'(LY)oT —Top"(L1) =p'(L)op'(L_1)oBy—Biop"(L_1)op"(L)

1
= Z(Blon//—CpoBl), (6.6)
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where C,, C,» are the Casimir operators of (W', p") and (W”, p”), respectively. Conversely,
givenany T € Homge,)(W”, W’) that satisfies (6.6), since p” (L_1) is invertible by Corollary
6.2, we can define B_1 := [T — p/(L_1) o Bi]l o p”(L1)~}, then B_y, By satisfy (6.5).
Therefore, the space Sxt%(Wﬁ’)’,,, W;,) of data for rational extensions of the rational s[(2)-
module W,;/” by the rational s[(2)-module W;/ is given by

Extp (W), W),) = {(Bl, T) € Homg ., (W", W') x Home ) (W, W'):
1
o' (L) oT —Top"(L) = G (B1oCp—=Cpo Bl)} :

We denote the extension data (B, T) by (o, p”; By, T) when we want to express explicitly
the underlying representations involved. Moreover, W (o', p”; By, T) € R(W) denotes the
representation defined by (o', p”; B|, T) € Ext;z(WK’)’,,, W[’J,). There is a natural injective
map

Ext: &t (W), W) <> R(W)

defined by Ext(p’, po”; B1, T) := W(o', p”; B1, T).
In particular, we get:

Proposition 6.21 If W/’),, W;]/,, belong to RC,, then one has
EXI;Q(W;)/N» W[/,/) = Homé:(z)(W”, W/) X Homﬁ[(z)(W;),u, W[/)/)
1 _ 1 (2)
and Extly (W), W) = Exth e (W), Wy) © RCE (W),

To determine the isomorphism classes of extensions we have to find those morphisms
¢ € Homg ) (W(p', p”; B{l), TOY, W', p”; sz), T®)), such that the diagram

0 w’ W', p"; B](l)7 T(l)) w” 0

|

0 w’ W', p"; B{Z), T(2)) w" 0

_ IdW/ o
¢_( 0 IdW//>

with « € Homg(;)(W”, W) and one checks that the condition that ¢ is a morphism of
5[(2)-modules is equivalent to the equalities

is commutative. Therefore

2 1
BY — BV =aop" (L)~ p/(L) 0w,
1
7® 1M = 1(Croa—aoCy).

Equivalently, Homg ;) (W”, W’) acts on &xtR(W;’,,, W;],) and the C-vector space Ext%a
(W;’,,, W;,) of extensions of W/’)’,, by W;/ is the quotient under this action

Exti (W), W),) = &t (W), W,,)/ Home ) (W, W').
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Taking into account the previous results and Theorem 6.8, we obtain for rational Casimir
representations the following description of the extension groups.

Proposition 6.22 Let W;),, W;)’,, be two rational Casimir representations of levels i, " € C,
respectively.

1. If i # 1, then Ext}z(WK’;,,, W) =0.

2. If W' =, then one has

Extl (W), W)y) = (Homb, (W, W)/ Homeo (W', W)
X Homs[(z)(W;)/u, W;)/),
where o € Homg ;) (W”, W') acts on By € Hom(lc(z)(W”, W’ by
a-B:=By+aop (L1)—p (L) oa.

Corollary 6.23 If W';,, W,;’,, are two rational Casimir representations of level , then
W(p', p"; B1, T) is a Casimir representation of level , if and only if T = 0. Therefore, the
category RC,, is not closed under extensions in R.

7 Finite rank torsion free s((2)-modules

Notice that the abelian category of rational representations R is a full subcategory of the
category sl(2)-Modyg; of finite rank torsion free s[(2)-modules. In this section we aim at
studying what properties of R are valid in the larger category s[(2)-Modgf;.

7.1 Minimal polynomials for Casimir operators and endomorphisms

Since finite rank torsion free sl[(2)-modules always have infinite dimension as C-vector
spaces, the following result is not obvious.

Theorem 7.1 If (V, p) is a finite rank torsion free s\(2)-module, then its Casimir operator
C, considered as a C-linear endomorphism has a minimal polynomial and it coincides with
the minimal polynomial of the Casimir operator C,,, of its rationalization.

Proof The rationalization of (V, p) gives an injection of s[(2)-modules (V,p) <
(S~lv, Prat). Therefore, one has C, = C Dratly and so the result follows from Theorem 6.1.
O

Corollary 7.2 If (V, p) is a finite rank torsion free sl(2)-module, then p(L1) and p(L_1)
are injective C[z]-semilinear endomorphisms of V and their images are essential C[z]-
submodules.

Proof By Corollary 6.2 we know that s-1 (p(Ly)), s—1 (p(L—1)) are C(z)-semilinear auto-
morphisms of $~!V. This implies the injectivity of p(L;) and p(L_;) and also that their
images are essential C[z]-submodules. O

Taking into account Proposition 6.3 and using the same ideas as in the proof of Theorem
7.1 we get the following result.
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Proposition 7.3 Let (V, p) be a finite rank torsion free s\(2)-representation. Every sl(2)-
endomorphism ¢ € Endgi2)(V) considered as a C-linear endomorphism has a minimal
polynomial and it coincides with the minimal polynomial of its rationalization S~ (¢) €
Ends[(Z)(Frat(Vv P)).

7.2 Categorical properties of finite rank torsion free modules

We begin by analyzing the exact structure.

Proposition 7.4 The natural inclusion sl(2)-Modyr < sl(2)-Mod makes the category
5l(2)-Modygg; into a C-linear exact category. The abelian category R is a thick subcate-
gory of the exact category sl(2)-Modgf;.

Proof Since s[(2)-Mod; is a full additive subcategory of the abelian category s[(2)-Mod,
according to [6, Lemma 10.20] we get the first claim if s[(2)-Modg; is closed under extensions
in s[(2)-Mod. This follows from the exactness of the rationalization functor and the left
exactness of the torsion subfunctor. To prove the second claim we must show that if 0 —
V' — V — V" — 0is exact in s[(2)-Mody, then V € R if and only if V', V" € R.
Since V € R if and only if the underlying C[z]-module structure on V is such that for every
A € C multiplication by z — A is an isomorphism, the result follows immediately by the snake
Lemma. O

Remark 7.5 The main difference with rational representations is that s[(2)-Mody; is not a
finite length category. This is so because although every rational module W has finite R-
length, it never has finite length as an object of s[(2)-Modyf;, because if this were true then
W would have countable C-dimension, which is impossible.

Following the ideas of Remark 4.3 one gets the following result.

Proposition 7.6 Let Fiy : sl(2)-Modssr — R be the rationalization functor. If iy : R —
5[(2)-Modys; is the natural embedding, then there is an isomorphism of functors Fiy o iy =
IdRr and thus Fyy is a retraction of iy

Now we prove a result that later will be crucial for studying the structure of the Grothedieck
group of the category s[(2)-Mod;gf;.

Theorem 7.7 The embedding functor iy : R — sl(2)-Modyss is a right adjoint of the ratio-
nalization functor Fyy: sl(2)-Modyr — R. Therefore, R is a reflective localization of
s1(2)-Modyg with localization functor Fy. Moreover, Fyy is faithful.

Proof One checks the first claim straightforwardly. The second follows from the first one
thanks to [8, Proposition 1.3, pag. 7] since it : R <> sl(2)-Mody; is fully faithful. Finally,
it is well known that Fry is faithful precisely if the component of the unit of the adjunction n
over a finite rank torsion free s[(2)-module V is a monomorphism. This is immediate since
nv is the natural inclusion V < S~'V. O

We end this section proving that s[(2)-Mods; has a “suitable size” for Ko-groups.

Theorem 7.8 The category sl(2)-Mody; is essentially small and thus Cg., Cifr, C;’tffr and
Cuuqitr, for every u € C, are also essentially small categories.
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Proof The rationalization functor induces a map Fiy: Iso(s[(2)-Mod;) — Iso(R). By
Theorem 6.7 the category R is essentially small. Therefore, to prove the claim it is enough
to show that given {W} € Iso(R), the isomorphism classes {V'} of finite rank torsion free
5[(2)-modules such that Fi (V) >~ W form a set. Without loss of generality we may assume
that V is an s[(2)-submodule of W. Now the condition F,(V) = W is equivalent to saying
that V has rank r = rk(W). It is well known, [17,10.6.2, pag. 92], that s[(2)-Mod, as the
category of modules over the enveloping algebra U (s1(2)), is well powered and therefore
there is a set Sub(W) of s[(2)-submodules of W. The collection Sub, (W) formed by those
submodules of W whose rank is r is a subset of Sub(W), finishing the proof. ]

7.3 Decomposition of the category of finite rank torsion free modules

Taking into account Theorem 7.1, the following result is proved in the same way as Theorem
6.8.

Theorem 7.9 The exact category sl(2)-Modss: decomposes into the Hom-orthogonal direct
sum of the exact subcategories of generalized Casimir modules:

sl(2)-Modysy = @C;,tffr'
neC

This is compatible with the coproduct decomposition Cysy = || 1eC Cpu tffr-

7.4 Indecomposable and simple finite rank torsion free modules

Proposition 7.10 Let V be an object of sI(2)-Modsgy. If V is

1. Indecomposable, then V € Cg,; that is, Ind(sl(2)-Modyr) = Ind(Cgy,). Moreover,
every ¢ € Ends2)(V) is either an isomorphism or nilpotent;
2. Simple, then V € Cyy; that is, Spl(s[(2)-Modsr:) = Spl(Cgfir)-

Proof (1) The first part follows from Theorem 7.9. For the second one, having in mind Propo-
sition 7.3, one may argue as in Proposition 6.11. (2) follows from Theorem 3.2. Alternatively,
a finite rank torsion free module that is simple is also indecomposable. Therefore, recalling
the proof of Proposition 6.12, we are done. O

7.5 Hom-finiteness and Krull-Schmidt property for finite rank torsion free modules

Bearing in mind Proposition 7.3, Proposition 6.17 gives:

Proposition 7.11 Let (V, p) be a finite rank torsion free s\(2)-module. If (V, p) is isimple,
then El‘lds[(z)(‘/) =C.

This result and the same ideas used in the proof of Proposition 6.19 give the following:

Proposition 7.12 If (V1, p1), (Va, p2) are two simple finite rank torsion free s{(2)-modules,
then every element of Homg((2)(V1, V2) is either zero or an isomorphism. Moreover, if V1 is
not isomorphic to Va, then Homg2)(V1, V2) = 0, whereas dimc Homg2)(V1, Vo) = 1 if
Vi >~ Vs

By Theorem 7.7, Fyy is faithful, this together with Theorem 6.20, yields:
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Theorem 7.13 Let (V1, p1), (Va, p2) be two finite rank torsion free s\(2)-modules. Then,
dimc Homg(2)(Vi, Vo) < rank(Vy) - rank(V3) .
Therefore, the category sl(2)-Mods; of finite rank torsion free s(2)-modules is Homc-finite.
This in turn implies:

Corollary 7.14 The category s1(2)-Mod; of finite rank torsion free s\(2)-modules is a Krull—
Schmidt category.

Proof 1If k is a field, then a Homy-finite exact category is a Krull-Schmidt category, this
follows from [1, Corollary pag. 310, Theorem 1 pag. 313]. Therefore, the claim follows from
Theorem 7.13. o

7.6 Purely simple modules

Let us recall the following:

Definition 7.15 Given a finite rank torsion free C[z]-module V, one says that a C[z]-
submodule V' is:

1. A pure submodule if V /V’ is a torsion free C[z]-module,
2. An essential submodule if V /V’ is a torsion C[z]-module.

The following is well known.

Proposition 7.16 If V is a finite rank torsion free C[z]-module and V' C V is a C[z]-
submodule, then

PV :="'v)ynv

is a pure submodule of V and V' is an essential submodule of P(V'). Moreover, P(V') =V’
if and only if V' is a pure submodule and P(V') = V if and only if V' is an essential
submodule.

Definition 7.17 Let V be a finite rank torsion free C[z]-module. For any C[z]-submodule
V' C V, the pure submodule P (V') is called the purification of V' in V.

Proposition 7.18 If (W, p) is an R-simple rational s\(2)-module, then it has no proper pure
sl(2)-submodules. Therefore, every proper sl(2)-submodule of W is an essential submodule.

Proof Let V < W be an s[(2)-submodule. Then there is a commutative diagram of short

exact sequences
0 0
Vv w

0 w)V—0
0 Frat (V) Fra(W) —— Fue(W/V) —— 0

Since, Fra (W) >~ W and W is R-simple, we get either Fi5 (V) = 0 or Fio (V) = Fra(W).
In the first case we have V = 0, whereas in the second one Fy(W/V) = 0 and this is
equivalent to say that W /V is either zero or a torsion C[z]-module. O
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Proposition 7.19 Let (V, p) be a finite rank torsion free s\(2)-module. Fio(V, p) is an R-
simple rational-module if and only if V has no proper pure sl(2)-submodules, if and only if
every proper sl(2)-submodule of V is an essential submodule.

Proof Let V' < V be a proper s[(2)-submodule. Then there is a commutative diagram of
short exact sequences

0 i’ i vV 0
| | |

0 —— Fp (V) —— Fra(V) —— F(V/V') —— 0

If Foe(V) is R-simple, then we get that either Fya (V') = 0 or Fia (V') = Fe(V). In the
first case we would have V' = 0, whereas in the second one Fy,(V/V') = 0 and this is
equivalent to say that V /V' is either (0) or a torsion C[z]-module. Since V' is proper, the
only possibility left is that V /V’ is a torsion C[z]-module and thus V' is essential.

In a similar way, let W C F4 (V) be a proper rational s[(2)-submodule. Then there is a
commutative diagram of short exact sequences

0 0
| |

00— wnVv Vv v/iwnv ———0
| | |

0 w Fat(V) —— Fue(V/WNV) —— 0

Hence rank(W N V) < rank(W) < rank(V) and thus V/W N V is not a torsion module.
This implies that W N V is a pure s[(2)-submodule of V and therefore either W NV = 0 or
W NV = V.In the first case the commutative diagram gives W = 0 whereas in the second
W = Fa(V). This finishes the proof. O

Theorem 7.20 Let (V, p) be a finite rank torsion free sl(2)-module. If (V, p) is sl(2)-simple
then its rationalization Fy,(V, p) is an R-simple rational module.

Conversely, if Frat(V, p) is an R-simple rational module then either (V , p) is sl(2)-simple
or it has a unique s\(2)-simple essential s1(2)-submodule (V', p') — (V, p).

Proof If (V, p) is a simple finite rank torsion free s[(2)-module, then it has no proper s[(2)-
submodules and therefore Fiy(V, p) is R-simple by Proposition 7.19. On the other hand,
if Fra(V, p) is an R-simple rational module, then it follows from [12,Lemma 6.26] that it
has an s[(2)-simple s[(2)-submodule (V’, p') < F(V, p). At the same time we have an
inclusion of s[(2)-modules (V, p) < Fy(V, p), hence we get an inclusion of s[(2)-modules

V', pHn(,p)— V', p)

and since (V’, p’) is 5[(2)-simple we must have either V' NV = 0or V' NV = V’. However,
the first possibility never occurs because V' C S~V always intersects V non trivially.
Therefore, there is an injection of s[(2)-modules (V’, p’) < (V, p) and by Proposition 7.19
this is either an equality or an essential submodule. If there were two s[(2)-simple essential
s[(2)-submodules (V{, p}), (V3, p}) of (V, p), then either one has V[ NV, =0or V| = V,.
However, the first possibility never occurs since S~! vi=S§ -1 V, =38 —ly. O
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Taking into account the previous results we can give the following:

Definition 7.21 We say that an s[(2)-module (V, p) is purely simple if it is a finite rank
torsion free module and it satisfies the equivalent conditions:

1. It has no proper pure s[(2)-submodules,
2. Its proper s[(2)-submodules are essential,
3. Fa(V, p) is R-simple.

We denote by PSpl(s[(2)) the category formed by all purely simple s[(2)-modules.

Remark 7.22 Thanks to Theorem 7.20, every simple s[(2)-module is purely simple. There-
fore, there is an inclusion of categories Spl(s((2)-Mod) < PSpl(s((2)).

Definition 7.23 If (V, p) is a purely simple s[(2)-module, let (V’p’) be its unique s[(2)-
simple essential s[(2)-submodule and leti¢y ) : (V', p) < (V, p) be the natural inclusion.
We say that the subobject of (V, p) defined by the pair (i(v 5, (V', p’)) is the type of (V, p)
and we denote it T(V, p). The injection i(y ) is called the structural morphism of the purely
simple module (V, p) and when there is no danger of confusion we identify t(V, p) with
the simple s[(2)-module (V’, o).

Proposition 7.24 A purely simple module is indecomposable.

Proof Let (V, p) be apurely simple s[(2)-module. Suppose there exists two finite rank torsion
free s5[(2)-modules (V1, p1), (V2, p2) such that (V, p) = (V1, p1) @ (V2, p2) then

Fiat(V, ) = Fra(V1, 1) © Fra(V2, 02).

Since Fi4(V, p) is R-simple, we have either Fi,(V1, p1) = 0 or F5(Va2, p2) = 0 and this
implies that either V| = 0 or V, = 0, proving the claim. O

Proposition 7.25 Every torsion free s((2)-module of rank 1 is purely simple.

Proof Every proper submodule of a rank 1 torsion free s[(2)-module has rank 1 and therefore
is an essential submodule. O

We also have an equivalence for rational modules.
Proposition 7.26 A rational module is R-simple if and only if it is purely simple.

Proof The direct implication follows from Proposition 7.18. On the other hand if W € R is
purely simple and it has a proper rational submodule W C W, then W’ would be essential
and thus dimg ;) W' = dimg(;) W. This would imply W’ = W which is impossible. ]

Proposition 7.27 Let (V', p') be a simple finite rank torsion free sl(2)-module. An s1(2)-
module (V, p) is a purely simple module of type V' if and only if V is an sl(2)-submodule
of Fuat(V', p') that contains V'; that is, if and only if one has a chain of sl(2)-modules
V', ) S (V,p) € Fra(V', p").

Proof The direct implication follows from Theorem 7.20. On the other hand, if (V, p) is an
5[(2)-module and we have a chain of s[(2)-modules (V', p') € (V, p) C Fu(V/, '), it is
clear that (V, p) is a finite rank torsion free s[(2)-module. Moreover, one has

Fa(V', p") € Fa(V, p) € Frae(V', 01,

hence Fiy(V', p') = Fia(V, p) and therefore (V, p) is purely simple. O
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Proposition 7.28 If (V, p) is a purely simple s((2)-module, then it is a Casimir module and
Endgi2)((V, p)) = C.

Proof Let (V’, p’) be the type of (V, p). The chain of s[(2)-modules (V’, p’) € (V, p) C
Frat(V', p') gives that the Casimir operators satisfy C, = C DotV and so the first claim

follows from Proposition 7.10.
On the other hand, since Fyy is faithful by Theorem 7.7, the equality Fr(V’, p') =
Frat(V, p) obtained by applying the rationalization functor yields an injection

Frac: Endg[(z)((V, p)) = Ends[(Z)(Frat(V, p) = Ends[(Z)(Frat(V/v /0/))

and since Endgio)(Fa((V', ")) = C, due to Proposition 7.11, we conclude that
Ends12)((V, p)) =C. o

Remark 7.29 As a consequence of Theorem 7.9 and Proposition 7.28, one has that the cate-
gory PSpl(s((2)) decomposes as follows

PSpl(s((2) = | [ PSpl(sl(2)),.
neC

where PSpl(sl(2)), is the full subcategory of PSpl(s[(2)) formed by those purely simple
5[(2)-modules that are Casimir modules in C;, ;. This decomposition is compatible with the
one given in Theorem 7.9 and there is a commutative diagram

PSpI(s1(2)) === [ [ ,cc PSPI(s1(2)),x

Spl(Cuttr) === [ ;e SPI(Cp,1str)

Proposition 7.30 If (V1, p1), (Va, p2) are two purely simple s1(2)-modules, then every ele-
ment of Homg2)(V1, V2) is either zero or injective. Moreover, if T(V1, p1) # ©(Va, p2),
then

Homyg2)(V1, V2) =0,
whereas if T(V1, p1) = ©(Va, p2) and Homg(2)(V1, V2) # 0O, then the rationalization mor-
phism
Frar: Homg2)(V1, V2) — Homg2) (Frat (V1 p1), Frar(Va, p2))
is an isomorphism of one dimensional vector spaces.

Proof By Theorem 7.7 the functor Fy is faithful, hence the rationalization morphism is injec-
tive. Since the rationalizations of V| and V5 are R-simple, from Proposition 6.19 it follows that
for any ¢ € Homg((2)(V1, V2) its rationalization Fyy(¢) € Homg(2)(Frac(V1), Fra(V2))
C is either zero or an isomorphism. In the first case ¢ = 0, whereas in the second ¢ is injec-
tive. If ©(V1, p1) % t©(Va, p2), then F4 (V1) % Fra(V2) and bearing in mind Proposition
6.19 we get

Homgy2) (Frac(V1, 1), Frae(V2, p2)) =0,

thus Homg((2) ((V1, p1), (V2, p2)) = 0. On the other hand, if ©(Vy, p1) =~ ©(V2, p2), then
Frat(V1, p1) = Frat(Va, p2) and again by Proposition 6.19 we get

Homg o) (Frat(V1, p1)s Frar(V2, p2)) =~ C.
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Hence, if Homg o) ((V1, p1), (V2, p2)) # 0, the rationalization morphism is also an isomor-
phism. O

Therefore, we give the following:

Definition 7.31 Given two purely simple s[(2)-modules (V1, p1), (V2, p2) we write
V1, p1) < (Va2, p2)

if T(Vy, p1) = ©(Va2, p2) and there is an injective morphism Vi < V5 of sl(2)-modules.

It is straightforward to check that this defines a partial order relation among the objects of
the category PSpl(s[(2)),, of purely simple modules of level 1. Forany (V, p) € PSpl(sl(2)),,
we always have

T(V,p) =(V,p) < Fra(V, p).

It also induces an order relation on the full subcategory PSpl(sl(2); 7), (resp.
PSpl(sl(2); ),) of PSpl(s((2)), formed by those purely simple modules of level o with
fixed type a simple Casimir module t € Spl(C;, i) (resp. fixed isomorphic type defined by
aclass T € S/\pl(C#,lffr)).

Proposition 7.32 One has the following decomposition compatible with the order relation

PSplsl(2), = [  PSplsi(2); ).
fE§Bl(C[L,lffr)

This in turn gives rise to a decomposition of isomorphism classes

PSpIGsI2), = || PSpIGIQ): 2,
2eSpl(Cpu.ii)

Notice that any isomorphism of s[(2)-modules ¢: 71 = 12, induces an isomorphism of
categories ®: PSpl(sl(2); 71), — PSpl(sl(2); 72),, that maps (Vi, p1) € PSpl(sl(2); 71),
to the same s1(2)-module (V1, p1) butnow endowed with the structural map iy, ) o¢*' . The
inverse functor &1 : PSpl(sl(2); 12),, — PSpl(sl(2); t1),, maps (V2, p2) € PSpl(sl(2); 12)
to (V2, p2) with structural map i(v,, 5,) o ¢. It is obvious that the functors ® and &1 are
monotonic, that is they are compatible with the order relations.

Proposition 7.33 Let (V1, p1), (Va, p2) be two purely simple sl(2)-modules. One has
V1, p1) < (V2, p2) and (V2, p2) < (V1, p1) if and only if (V1, p1) = (V2, p2).

Proof If (V1, p1) < (Va, p2) and (Va, p2) < (Vi, p1), then there are injective morphisms
of sl(2)-modules i: Vi < V5, j: Vo < Vj. Then j oi € Endg2)(V1) is injective and
therefore by Proposition 7.28 there exists z; € C* such that j o i = z;Idy,. In a similar
way, there exists zo € C* such thati o j = z2Idy,. Hence i and j are isomorphisms. The
other implication is obvious. O

Proposition7.34 [f0 — Vi — Vo — V3 — 0 is a non vanishing short exact sequence of
purely simple modules, then either Vi = 0 and Vo >~ V3 or V3 = 0 and V| >~ Vj.

Proof Applying the rationalization functor we get a non vanishing short exact sequence
0 — Frat (V1) = Frat(Va) = Frt(V3) — 0 of R-simple rational s[(2)-modules. Therefore,
either Fi((V1) = 0 or F4(V3) = 0, this implies the claim. O

@ Springer



94 Page 28 of 50 F.J. Plaza Martin, C. Tejero Prieto

Corollary 7.35 The type functor ©: PSpl(sl(2)) — Spl(s[(2)-Mod) is exact.

Moreover, it is easy to see that T: PSpl(s[(2)) — Spl(s[(2)-Mods;) is compatible with
the decompositions given in Remark 7.29 and Proposition 7.32.

Proposition 7.36 The category sl(2)-Modyy: satisfies both the ascending and descending
chain conditions on pure submodules.

Proof This follows since the length of a chain of pure submodules cannot be greater than the
rank of the module. o

Definition 7.37 For a finite rank torsion free s[(2)-module V, we define its pure-length,
p-length(V), as the maximal length of all filtrations of V by pure submodules.

Proposition 7.38 Forany W € R (resp. V € sl(2)-Mod:) one has
p-length(W) = length (W), (resp. p-length(V) < rank(V)).

Proof The first claim follows from Proposition 7.26. The second is clear since p-length(V) <
lengthy, (Frac(V)) < rank(V). O

Moreover, one has:
Proposition 7.39 Every finite rank torsion free s\(2)-module (V, p) has a finite filtration
Oy=VocVic---CVu=V (7.1

such that every V; is a pure s1(2)-submodule and the successive quotients V; /V;_1 are purely
simple s1(2)-modules.

Proof Notice first that the length of a chain of pure submodules cannot be greater than the
rank of the entire module.We proceed by induction on the rank of V. If rank(V) = 1 then V
is purely simple by Proposition 7.25, hence (0) C V is the required filtration. Therefore, let
us assume that the claim is true for modules of rank less than or equal to n and let us prove
it for modules of rank n + 1. So let us consider a torsion free s[(2)-module V of rank n + 1.
If V is purely simple then (0) C V has the required properties. If V is not purely simple,
then it has at least one proper pure s[(2)-module V' C V. Since rank(V’) < rank(V), by the
induction hypothesis V' has a filtration V, verifying the required conditions. Then V; := V|
is a purely simple submodule and V /V] is a torsion free s[(2)-module of rank at most n.
Then by the induction hypothesis U = V / V| has a filtration

O)y=UycUycCc---cUp_1=U

such that every U; is a pure s[(2)-submodule and the successive quotients U;/U;_; are
purely simple s[(2)-modules. If 7: V — U = V/Vj is the natural projection, we define
now V; = ~(U;_y) fori > 2. Then

O=VwcVic---CV,=V
is the desired filtration. ]

Definition 7.40 Given a finite rank torsion free s[(2)-module (V, p), a filtration having the
same properties as (7.1) is called a pure composition series or a pure Jordan—Holder filtration
of (V, p).

Now we have the key result:
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Theorem 7.41 (Jordan-Holder) Let (V, p) be a finite rank torsion free s\(2)-module and let

O=VvwVcVvic---CcV,=V,
O=VycVic.---CcV,=V,

be two pure composition series of (V, p) with purely simple successive quotients {E; =
Vi/Vic}it,, {E} = V;/V;_l Yi_1, respectively. Thenn = m, and there exists a permutation
o of 1,...,n such that E; is isomorphic to E(’y(i).

Proof Applying the rationalization functor we get two composition series of the rational
5[(2)-module Fi4(V, p). Since the Jordan—Holder theorem holds on R by Theorem 6.5, we
conclude that m = n.

Now, we make an induction on the rank of V. If rank(V) = 1, then V is purely simple
by Proposition 7.25 and thus (0) C V is its unique pure composition series. Therefore, let
us assume that the claim is true for modules or rank at most  and let us prove it for modules
of rank » + 1. Suppose that rank(V) = r + 1.

If V| = V|, then V/V) has rank less than r. Taking the quotient under V; of the original
filtrations we get two filtrations of V / V]

O cCcVy/ViC---CVyy/VI CV/V,
Ocvy/vic---cV,_,/VicV/v,

whose successive quotients are {E;}!'_,, {E l’ }i_,. By the induction assumption there exists a
permutation o of 2, .. ., n such that E; is isomorphic to E/, i) Since the successive quotients
of the original filtrations are {Vi} U {E;}!_,, {Vi} U{E[}!_,, we are done.

So let us assume Vi # V/. Since V; and V| are purely simple modules, and V; N V] is a
submodule of both of them, we conclude that either V| N Vl/ is not a proper submodule or is

an essential submodule of V; and Vl’ . Therefore, there are four possibilities

1. V]ﬂVllC—> V],V]ﬂVl/C—>V1/,
2. V1/L> Vl,

3. V1 — V{,

4. 'V, ﬂVl/ZO.

Let us analyze these cases separately.

(1) We have a commutative diagram

0
Vi/Vinv,

|

Vz/VlﬁV{%()

0

|

0———viny|

|

0 Vi

|

V]/VlﬂV{

|

0

Vo / Vi 0

|
/
;

CtH— F— F¢——o©o
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Since V1N V] is essential in V| we have rank(V{NV{) = rank(V}), hence rank(V;/ViN
V) = 0 and rank(V2/V; N V{) = rank(V,/V;) > 0 since V is a pure submodule of
Vo. Thus V,/Vi N V{ is a torsion free module and its zero rank submodule Vi /V| N V{
is zero. Therefore V| C Vl’. A similar argument shows that Vl’ C Vi, hence V| = Vl’
but this is not possible since we have assumed V| # Vl/ .

(2) Using the same commutative diagram as above we would also get Vi = V/ and this is
again not possible.

(3) In this case the roles of V; and V{ are interchanged, and thus the same reasoning would
show that this case is not possible.

(4) Since V1 N Vl’ = 0 we have an natural inclusion of s[(2)-modules i: V| & Vl’ — V.
We consider the quotient module U = V/(V; @ V|) and the quotient map 7 : V —
V /(Vi @ V). By Proposition 7.39, U has a pure composition series (0) = Uy C Uy C
.-+ C Ur = U and we denote its successive quotients by E; = U;/U;_1. We have a
commutative diagram

=

El

Ct—0¢+—0o+— N¢+—o
(e}

o
<
CH—T¢—<<¢— P +—o°

and a similar one interchanging the roles of V; and V| providing an exact sequence

’

q

0 Vi VIV, U 0.

Therefore we can define pure composition series {q_1 U, ,-)}f?zo, {q' -, i)}f.‘:() of V/V;
and V /V/, respectively, with successive quotients E| U {E; }f.‘zl, Ei U {E,-}le.

On the other hand taking the quotient of the original pure composition series by V; and
V{, respectively, we get filtrations for V /V; and V / V| given by
O cWV/Vic - CVyy/V1 CV/Vi,
0)CcVy/ViC---CV,_/V]CV/V],
whose successive quotients are {E;}7_,, {Elf }7_,. Since both V/V| and V/ V/ have rank less

than r, by the induction hypothesis we have the following equivalences, up to permutation
and isomorphism, between collections of purely simple s[(2)-modules

{Ey, ..., Ex) ~{E}, E1, ... E}, {Ej,...,E}}~{E\ E\,...E}.
Therefore, k = n — 2 and we also have equivalences
{E1,Ea,...,En} ~{E\,E},E\,...En2} ~{E\, E}, ..., E)},

finishing the proof. o
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8 Grothendieck groups

If A is an abelian category and B is a full subcategory that is essentially small, then one can
define its Grothendieck group Ko (B), see [18, Definition, pag. 72], as the quotient of the free
abelian group Z[Iso(5)] on the set of isomorphism classes of objects of B by the subgroup
of relations R(B) generated by the short exact sequences of .A whose terms all belong to 5.
Moreover, if 3 is additive then there is also the additive Grothendieck group K SB (B) defined as
the quotient of Z[Iso(13)] by the subgroup of relations R® (B) C R(B) generated by split short
exact sequences. Therefore, there is a natural surjective group morphism 7®: KSB B) —
Ko(B) — 0. Besides the compatibility of K with direct sums of exact categories, see
[19,7.1.6, pag. 142], there are two basic techniques, introduced by A. Heller, for computing
Kop-groups: devissage and localization, see [18, Theorems 3.1, 5.13, pags. 92, 115].

However in order to achieve our goals we need to generalize Heller’s devissage theorem.
Let K denote either K, 59 or Ko. We give the following:

Definition 8.1 Let .4 be an abelian category, B, C be full subcategories. We say that C is a K-
devissage subcategory for 5if C is a subcategory of B such that the embedding functori: C —

B induces a group isomorphism Kj(i): KJ(C) 5 K§(B). Then Ko()~': Ko(B) 5 K3 (C)
is called the devissage isomorphism defined by C.

Heller’s devissage theorem says that if C is closed in .4 under subobjects and quotients
and every object of B has a C-filtration (i.e an increasing finite filtration with all succes-
sive quotients in C), then C is a Ko-devissage subcategory for B. We need the following
generalization.

Theorem 8.2 Let A be an abelian category, B, C be full subcategories. If C is a subcategory
of B, such that

1. Every object of B has a C-filtration.
2. If By € By € B3 are objects of B with B3/B; € C, then Bo/B;, B3/B; € C.

then C is a Ko-devissage subcategory for IB. Moreover, the devissage isomorphism
X = Ko()~": Ko(B) = Ko(C)

is given by

X((B) =) _[Bi/Bi-1]

i=1

where B;/B;_1 are the quotients of a C-filtration B, = (B;)?_| of B € B.

Proof The embedding functori: C <> B givesraise toamorphism of groups Ko(i): Ko(C) —
Ko(B) and we write i, = Ko(i). Let us define a group morphism ¢: Ko(B) — Ko(C)
that is the inverse of i,. By hypothesis every object B of B has a finite C-filtration
0=ByC B C---C B, =B.Let

m

¢(B) := Y [Bi/Bi_1] € Ko(C).

i=1
In order to see that ¢ is correctly defined we have to prove that it does not depend on the chosen
C-filtration of B. By Schreier’s Theorem for abelian categories [19, 6.2, pag. 137], any two
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C-filtrations admit equivalent refinements; that is, their successive quotients are isomorphic
up to a permutation. By induction we only need to check it for one insertion. Suppose that
B;_1 C B; is changed to B;_; C B’ C B;, then we have a short exact sequence

0— B//B,',1 — Bi/Bi_1 — Bi/B/ -0

and since B;/B;_1 € C, by condition (1) this is a short exact sequence in C and thus in K¢ (C)
we have the equality [B;/B;—_1] = [B’/Bi—1] + [B;/B’]. This shows that ¢ is well defined.

By the universal property of Ko(B), to prove that ¢ induces a group morphism
x: Ko(B) = Ko(C) we must show that for any short exact sequence in 5

0->B —>B5B -0
one has ¢(B) = ¢(B’) + ¢(B"). This is easy, because if
B,=0=ByCB C---CB,, =B, B/=0=By<B/<---CB,=B"
are C-filtrations, then
0O=ByCB C---CB, Ca'B)H<C---Ca'(B)=x"(B")=B

is a C-filtration whose successive quotients are those of B together with those of B./, proving
thus the additivity of ¢ on short exact sequences. For every C € C one has x (i+([C])) = [C]
because 0 C C is a C-filtration. On the other hand, if B, is a C-filtration of B € B, writing
down the short exact sequences defined by the successive quotients, 0 — B;_; — B; —
Bi/Bi—_1 — 0, it follows that i,.(x ([B])) = [B]. Thus i,: Ko(C) — Ko(B) is a group
isomorphism whose inverse is . O

8.1 Grothendieck groups of the category of rational modules

We have proved in Theorem 6.7 that the abelian category R of rational s[(2)-modules is
essentially small, therefore we can define its Grothendieck groups KSB (R) and Kp(R). For
the first one, if we denote by [W]® ¢ KSB (R) the class defined by a rational module W, we
have the following result.

Theorem 8.3 (global Krull-Schmidt—-Remak devissage) The categoryIndgcs (RC®) isa K, ga -
devissage subcategory for the abelian category R. Therefore, K, 59 (R) is isomorphic to the
free abelian group on the isomorphism classes of R-indecomposable generalized Casimir
rational s\(2)-modules. Moreover, the Krull-Schmidt—Remak devissage isomorphism

K§ (R) = Z{Indgcs (RC*)]

XKSR :

is given by

Xese (W1®) = [Wi]®

i=1
with W; the factors of a Remak decomposition W = @' W; of a module W € R.

Proof By Proposition 6.10 one has Indg (R) = Ind(R) = Indrce (RC®) = Ind(RC®). The
K -devissage property follows from [18, Theorem 2.1, pag. 76] since we know, thanks to
Theorem 6.5, that R is a Krull-Schmidt category. The result follows since on Ind(R) there
are no nontrivial split exact sequences. O

Now we refine this result by means of the particular structure of the category R.
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Theorem 8.4 (decomposition) There is a decomposition isomorphism

% : K§(R) > P K§ (RC)
neC
given by

14
P (WI®) =) (W, 1®

i=1

where W, € RCj, are the factors of the decomposition of the rational s\(2)-module W

provided by the minimal polynomial of its Casimir operator. There is also a decomposition
isomorphism W® : Z[dres(RC*)] = @, cc Zdgrcs (RCH)1.

Proof The first decomposition is obtained by taking into account that Kf)B is compatible
with direct sums of abelian categories, see [19,pag. 125], and the identification of cate-

gories ¢: R = @MEC RCj, proved in Theorem 6.8. We define ®® := K(¢). For the

second decomposition, notice that ¢ induces also an identification ¥ : Indgrce(RC®) 5
LI ueC IndRc; (RC;). We put @ := Ky(y) and consider the identification used in the
proof of Theorem 8.3. O

Following the proof of Theorem 8.3 we get now:

Theorem 8.5 (Krull-Schmidt-Remak devissage of level u) For every u € C the category
IndRC’-l (RC}) isa K(E)B -devissage subcategory for the abelian category RC},. Moreover, the
Krull-Schmidt—Remak devissage isomorphism of level |

Xisen: K§ (RCL) = Zllndges (RC)]

is given by

m
Xesru((WI®) = [Wi1®
i=1
with W; the factors of a Remak decomposition W = &L W; of a module W € RCy,.
As a consequence of Theorems 8.3, 8.4 and 8.5 we get the next result.

Corollary 8.6 (compatibility) There is an identification
Xins = D Xrsu: €D KE(RCy) = €D Zllndges (RC).
neC neC neC
From now on in this section devissage will mean Ko-devissage. For the general

Grothedieck group, we have:

Theorem 8.7 (global Jordan-Holder devissage) The category Splr - (RC) is a devissage sub-
category for the abelian category R. Thus Ko(R) is isomorphic to the free abelian group on
the isomorphism classes of R-simple rational Casimir s\(2)-modules. Moreover, the Jordan—
Holder devissage isomorphism

Xu: Ko(R) = ZISplge(RO)]
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is given by
Xon (WD) =D [Wi/Wi_1]
i=1

with W; /W;_1 the quotients of a composition series We = (W)L, of W € R.

Proof We have proved in Theorem 6.5 that R is a finite length category. In this case,
Heller’s devissage theorem [18, Theorem 3.1, pag. 92] does apply to Splr.(RC) and R,
see [18, Corollary 3.2, pag. 93]. The result follows since on Sply (R) there are no nontrivial
short exact sequences. m}

Now we reflect the structure of R on the Grothendieck group. We begin with a natural
decomposition that, as Theorem 8.4, is a consequence of Theorem 6.8.

Theorem 8.8 (decomposition) There is a decomposition isomorphism
®: Ko(R) = €P Ko(RC)
neC
given by
P
AW =Y [W,,]
i=1

where W, € RC}, are the factors of the decomposition of the rational s\(2)-module W
provided by the minimal polynomial of its Casimir operator. There is also a decomposition

isomorphism W Z[gglRC (RO)] = @MGC Z[SIBIRC” (RCI.
Moreover, we have:

Theorem 8.9 (canonical filtration devissage of level u) The category RC,, is a devissage
subcategory for the abelian category RC;, and the canonical filtration devissage isomorphism
of level

Xerw: Ko(RCS) = Ko(RCp)
is given by

1

Xeru (WD = (Wi /W]

i=1

where W;/W;_1 € RC, are the quotients of the canonical filtration W, = (Wi)gzo of a
generalized Casimir rational sl(2)-module W of level 1.

Proof Let us show that RC,, and RC;, satisfy the conditions of Theorem 8.2 with C = RC),
and B = A = RC;,. This choice is possible since we know that RC}, is an abelian category.
The existence of RC,-filtrations for every object of RC}, is guaranteed by the existence of
the canonical filtration given in Proposition 5.2. Let us assume now that we have on RCj, a
chain V; € V, C V3 such that V3/V; € RC,,. From the short exact sequence in RC;

00— WV/V—> V3/Vi — V3/V) = 0
it follows that all of its terms belong to RC,,. O

Proceeding as in Theorem 8.7 we get:
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Theorem 8.10 (Jordan—Holder devissage of level u) The category SleC# (RC,) is a devis-
sage subcategory for RC,,. Hence Ko(RC,,) is isomorphic to the free abelian group on the
isomorphism classes of R-simple Casimir rational s\(2)-modules of level j. Moreover, the
Jordan—Holder devissage isomorphism of level |

Xoman: Ko(RCL) = ZISplge, (RC,)]

is given by
Xowu (W )—Z[W,/Wz 1]

with W; /W;_1 the quotients of a composition series We = (W;)!_, of W € RC,,.
As a consequence of Theorems 8.7, 8.8, 8.9 and 8.10 we get the following result.

Corollary 8.11 (compatibility) There is an identification

=P Km0 Xera: @ KoRCL) = @ ZUSplre, (RC,)1.

neC neC neC

Remark 8.12 Given two levels u,v € C, by Corollary 4.18 there is an exact functor
®,,: RC, — RC, inducing an equivalence of categories. Therefore, we have an iso-

morphism ®,,,: Ko(RC,) = Ko(RC,). Hence, fixing uo € C we get an identification
Ko(R) = @,uccK0(RCpig) = ®uccZISPIRCy,)].

8.2 Grothendieck groups of the category of finite rank torsion free modules

We have proved in Theorem 7.8 that the category of finite rank torsion free mod-
ules sl(2)-Modysf; is essentially small. Therefore we can define its Grothendieck groups
K SB (s1(2)-Modysf) and Ko(s[(2)-Modss:). The determination of these groups in the present
case runs in parallel to the computations carried out for rational modules. For the sake of
brevity, we just indicate how the theorems proved in Sect. 8.1 can be obtained for finite rank
torsion free modules, we use the notation introduced there.

Theorems 8.3, 8.4, 8.5 and 8.6 regarding the additive Grothendieck group KSB remain
valid replacing R by sl(2)-Modiftr, RC® by Cgy and RCj, by C}, .. The proofs are the
same, save that now in Theorem 8.3 we use Proposmon 7. 10 that glves Ind(sl(2)-Modf;) =
Ind(C§,) and in Theorems 8.4 we use the identification of categories ¢ : 5[(2)-Modff; =
D,.cc C}, i proved in Theorem 7.9.

For the general Grothendieck group Ko, Theorems 8.7, 8.8, 8.9, 8.10 and 8.11 remain
valid but the situation is more involved. Therefore we present now the precise statements and
indicate the changes needed in their proofs.

Theorem 8.13 (global Pure Jordan—-Holder devissage) The category PSpl(sl(2)) is a devis-
sage subcategory for the exact category s[(2)-Modgg:. Thus Ko(s[(2)-Modss:) is isomorphic
to the free abelian group on the isomorphism classes of purely simple sl(2)-modules. More-
over, the Pure Jordan—Holder devissage isomorphism

Yoot Ko(s1(2)-Modygsr) — Z[PSpl(sl(2))]
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is given by

Xpon (VD) =D [Vi/Vioi]

i=1

with V; /Vi_1 the quotients of a pure composition series Vo of V € s((2)-Modg.

Proof We have proved that s[(2)-Mod; is exact, Proposition 7.4, and of finite pure-length,
Lemma 7.36. Therefore any V € 5[(2)-Modst: has a pure composition series Vo = (V;)I,.
Let us put

m

@(V) := Y [Vi/Vi-1] € Ko(PSpl(sl(2)).
i=1
This is well defined since by Theorem 7.41 the Jordan—-Holder theorem is valid for pure
composition series. Now one proceeds as in the proof of Theorem 8.2, showing that ¢ is
additive on short exact sequences because if we join two composition series, as we did there,
one checks easily that we get a pure composition series. The rest of the proof is completely
analogous. The claim follows since according to Proposition 7.34 there are no nontrivial
short exact sequences on PSpl(s(2). O

The following result is a consequence of Theorem 7.9.

Theorem 8.14 (decomposition) There is a decomposition isomorphism
Dyt : Ko(s1(2)-Modisir) — P Ko(Chyg5r)
neC

given by

14
(VD) =Y [Vy,]
i=1

where V. € CM,tffr are the factors of the decomposition of V € CM’tffr provided by the
minimal polynomial of its Casimir operator. There is also a decomposition isomorphism

Wigte : ZIPSPI(s1(2))] = €D, ZIPSPI(s1(2)),)].

With respect to this decomposition we have the following commutative diagram of embed-
dings of categories

PSpl(sl(2 .

We use it to prove the following result.

Theorem 8.15 (canonical filtration devissage of level w) The category C, iit: is a devissage
subcategory for the exact category C;,tffr and the canonical filtration devissage isomorphism
of level 1

Xerai: Ko(Ch i) = Ko(Cpu i)
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is given by

1
Xern(V Z Vi/ Vi1l

where V;/Vi_1 € Cy .t are the quotients of the canonical filtration V, = (Vi)f':o of a
generalized torsion free Casimir sl(2)-module V of level p.

Proof The commutative diagram of category embeddings gives the equality
Ko(ah) = Ko(c?) o Ko(by).

Proceeding as in Theorem 8.13 one has that both K (a;) and K (b,,) are isomorphisms and
therefore Ko(c,,) is also an isomorphism. This proves that C,, « is a devissage subcategory
for the exact category C*® Lt We denote (C,})* = Ky (c;).

Given V € C® ot We define

m

Peru(V) =Y [Vi/Vio1] € Ko(Cpuitir)
i=1

where V;/V;_1 € C, - are the quotients of the canonical filtration V, = (Vi)ﬁzo of V
described in Proposition 5.2. Let us prove now that ¢..,. ,, is additive on short exact sequences.
In first place, by considering the short exact sequences of the canonical filtration V,, one
checks that (c’ ) (@cp (V) =1[V] € KO(CM fr). Given a short exact sequence 0—V —
v>5 VS5 0in Cpuuitr let V= (V)1 _0, Ve = (VDIL,, VI = (V) be the canonical
filtrations of V', V, V", respectively. Proceeding as in the proof of Theorem 8.2, joining V/
to 77! (V") we get another filtration V, of V whose successive quotients are those of V.’
together with those of V. Therefore, the short exact sequences of the filtration V, of V give
us
’ m//
V1= (e | DIV 0+ IV VT | = €0« @er (V) + 0 n (V).
i=1 i=0
Since we also have [V] = (c;)*(gacﬁu(\/)) and we have proved that (cp)+ is injective, we
conclude that .. . (V) = ¢cp (V) + @ (V) as claimed. Therefore, by the universal
property of the Grothendieck group, ¢, ,, induces a group morphism x ., ,.: Ko(C}, " ) =
Ko(Cp i) such that (c”)* o Xep.n =1d Ko(Cl) )" If C € Cp e, then its canonical filtration
is 0 € C, thus XCF,M((C )«([C]) = [C]. ThlS shows that x., . o (c )¢ = IdKo(CM ) >
finishing the proof. O

Proceeding as in Theorem 8.13 we get:

Theorem 8.16 (Jordan—Holder devissage of level w) The category PSpl(sl(2)),, is a devis-
sage subcategory for C,, st:. Hence Ko(Cy. ) is isomorphic to the free abelian group on the
isomorphism classes of purely simple Casimir torsion free sl(2)-modules of finite rank and
level . Moreover, the Jordan—Hdlder devissage isomorphism of level |

Xosne: Ko(Cpuiir)) = ZIPSpl(s1(2)),.]
is given by

Xpswn VD =Y [Vi/ Vi1l

i=1
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with V; / Vi1 the quotients of a composition series Vo = (Vi)IL, of V € Cyy .
As a consequence of Theorems 8.13, 8.14, 8.15 and 8.16 we get the following result.
Corollary 8.17 (compatibility) There is an identification
Xosn =D Xpsman © xerw: @D KoCh) = @D ZIPSpI(sl(2)),.].
neC neC neC
Moreover, by Proposition 7.32 there is a further decomposition
ZIPSpl(s1(2)).] = @D (Cou.itir) ZIPSPI(sL(2); £),.].

7eSpl

Remark 8.18 The algorithm for disassembling (devissage) the class of a finite rank torsion
free module V in the Grothendieck group [V] € Ko(sl(2)-Mod) into a sum of classes of
purely simple modules in Ko(PSpl(s((2))) proceeds in stages:

1. First, we perform the decomposition V =V, & --- & V,,, into generalized Casimir

. C . .. .
representations, where Pmi/; (1) =(t —p)™ -+ (r — pp)"r is the minimal polynomial
of the Casimir operator of V. Hence, one has

VI=V 1+ 4 [V,

2. Theclass[V),;] € Ko(C},, ) is decomposed by means of the canonical filtration Vy,; o =

(Vi )iy of Vi, to give
ni
Vi1 = Vi i/ Vig.j—11 € Ko(Cpy itie)-
j=1

3. The class [V, j/ Vi, j—1]1 € Ko(Cy; i) is finally decomposed by means of a pure
composition series Py, j o = (P;L,»,j,k)zio of Vi, j/ Vi, j—1, yielding
r‘/
Wi i/ Vi j—11 = Y [Pu; j i/ Pus.ji—11 € Ko(PSpl(s((2)) ).
k=1
4. Summing all together we get

pinisrij

V1= Z [P#i»jwk/Pu,',j,kfl].

i=1,j=1k=1

Remark 8.19 By Proposition 7.28 we know that purely simple modules are Casimir modules.
For every pair of levels u, v € C there is an exact functor

W, 0 PSpl(sl(2)), — PSpl(sl(2)),
that maps (V, p) € PSpl(s((2)), to ¥, ((V, p)) = (S;MI(Z)V, W, (p)) where Sq, (o) is the
smallest multiplicative system of C[z] that is left invariant under 7, (z) V~—land V (the precise
description of Sy, (;) can be determined easily) and

p(L-1)(v)
T(2)V-1(s)

L
V(L) (5) =m(@) Y) - pLHE)

Y@ (5) = 7505
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This functor is compatible with the isomorphisms established in Corollary 4.18 for the cate-
gory of rational Casimir s[(2)-modules. That is, there is a commutative diagram of functors:

PSPI(s1(2)), — RC,,

‘IJ;LVJ/ KJ/(D[U}

PSpI(s1(2)), — ™3 RC,,

Although there is a morphism of functors Idpspl(s[(Z))H — W, o W, one checks that
W, o W, is not the identity functor. Thus, in contrast to what happens for rational s[(2)-
modules, the Grothendieck group Ko(sl(2)-Mod) can not be determined by knowing

Ko (Cpg i) 2 Z[@(E[(Q))MO] for a particular level o € C.

8.3 Relationship between the Grothedieck groups of rational and torsion free finite
rank modules. The localization theorem

The rationalization functor Fry : s[(2)-Mod — R is exact and therefore it induces a group
morphism between the Grothendieck groups of these categories:

Frate := Ko(Fra) 1 Ko(s1(2)-Modyt;) — Ko(R).

Moreover, we have seen in Theorem 7.7 that R is a reflective localization of the category
5[(2)-Mod with quotient functor Frae. We prove now the analogue of Heller’s localization
theorem, [18, Theorem 5.13, pag. 115].

Theorem 8.20 There is a short exact sequence

0 — Ker(Fu) — Ko(s1(2)-Modirr) ~5 Ko(R) — 0

that splits naturally by the section iy : Ko(R) — Ko(s[(2)-Modsty) defined by the embed-
ding iy : R — sl(2)-Modsgy. Therefore, the corresponding retraction R : Ko (s[(2)-Mods;)
Ker(Fiax) maps the class [V] € Ko(sl(2)-Modyg:) of a module to R([V]) = [V] —
ittrs [ Frat (V)] € Ker(Fiaee). It follows that Ker (Fyq.) gets identified with the group of virtual
torsion modules of finite rank

V7 (sl(2)-Modsgr) = {[V1] — [V2]: VI € V; € s1(2)-Modysr, V1/Va is torsion}
and
Ko(s1(2)-Modygz) — VT (s1(2)-Modigrr) @ Ko(R).

Moreover, given W € RC,, we have Fr;tlk (W)H = P/Sﬁ(sl(Z), T((WD)y-

Proof We have seen in Proposition 7.6 that Fy is a retraction of iy This implies the first
claim. The form of the associated retraction is obvious. It is clear that V7 (s[(2)-Mod) €
Ker(Fiaix). The other inclusion follows since R is surjective. The final claim follows from
Proposition 7.32. O

To conclude this section let us point out that, thanks to the universal property of the
Grothendieck group, the additive functions rank and dim induce surjective group morphisms
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that fit into the following commutative diagram of groups

Ko(s1(2)-Modry) — 2 ko (R)

z

Finally, there is an analogous diagram replacing rank by p-length and dim by length. It
follows that virtual torsion modules have zero rank and zero p-length.

9 Rational representations of dimension 1

The dimension of rational representations as C(z)-vector spaces stratifies the category R
into strata R™ of representations of dimension . In this section we focus on the stratum R
of dimension 1 and we establish when these representations do arise as rationalization of a
polynomial representation of rank 1. We also give the structure of all s[(2)-submodules of a
one dimensional rational representation.

9.1 The stratum of one dimensional rational representations

Let W be a one dimensional C(z)-vector space. We are interested in s[(2)-representations p
defined on W such that p(Lg) = z. By Corollary 6.14 it follows that (W, p) is an R- simple
rational Casimir module, of level w, for a certain u € C. Hence we have R! = Sply (RYH =

RC! and from Theorem 6.13 we get Spl(ﬁ[(Z) Modtﬁr) ~ Rl
Let us consider V € Autc(z) (W), then by Proposition 6.15 it determines a representation

P ¢ RC, (W). Bearing in mind Proposition 6.16 and the fact that dimc;) W = 1, we
know that there is a bijection

C(2)* «— RCu(W) 9.1)

that maps r(z) € C(z)* to the representation p(“) =r(z) - p™ according to (6.4). That is:

ﬂp.(z)
riz—=1

However, there can be different rational functions giving rise to isomorphic representa-
tions.

PUI(L_1) := oVl pW(Lo) =z, pM(L1):=r()oV. (9.2)

Theorem 9.1 Tio rational functions r1(z), r2(z) € C(z)* yield isomorphic representations

pff”, pr(f) on W, and we write r1(z) ~ r2(z), if and only if there exist a1, ..., a, € C and

ai, ...,d, € 7Z such that:

rZ(Z) -0
r1(2) l_[z+az —

i

Proof By the previous discussion, the rational representations defined by 1 (z), r2(z) € C(z)
are isomorphic if and only if there exists an isomorphism of s((2)-modules, 7 : (W, p,,) =S
(W, pr,), where T is defined by #(z) € C(z)*. By Proposition 3.3, T is a morphism of
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s[(2)-modules if and only if p/”(L1) o T = T o p" (L}):
r(z)oVot(z) = t(z)ori(z) oV

or, what amounts to the same

n@ 1@
r@ o tz+ 1)

The claim follows from the following proposition. O

Proposition 9.2 Ler f(z) € C(2)* be given. Then, the functional equation for t(z) € C(z)
defined by:

1@
Pre G

has a solution if and only if there are a1, ..., o, € Cand ay, ..., a, € Z such that:

f(z) = Hl

Pzt a — o
i=1

and, if this is the case, then the solution is:

1@ =c [[Pe—aia)

i=1

where ¢ € C* is arbitrary and P(z, m) € C(z) is the m-th Pochhammer rational function.

Recall that the Pochhammer function is defined by:

2(z+1)-...-(z+n—-1) forn >0
P(z,n) = {1 forn =0 9.3)
1
(G [EE=Ea ) ) forn < —1

Proof 1If f(z) and #(z) are as in the statement, it is clear that the functional equation holds
by the properties of the Pochhammer rational functions.
Assume that the functional equation has a solution, #(z), and write it as #(z) = 2@ with

q(2)
p(2), q(z) € C[z], we get
_ r@ g+
far= p+1)  q@
Ifp)=B-@=B1) - @—Pn)q@ =y (Z—y1) - (2— yn) then
Flo) = =B  @=Pw) GeE=—n+D E—wm+D
z—=p1+1) @Z—=Bm+1) (z—=y1) (z—yn)

and this has the required form. O
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9.2 Rationalization of polynomial representations

In this section we study when a 1-dimensional rational Casimir representation is the ratio-
nalization of a polynomial Casimir representation of rank 1. That is, given (W, p,) with
W =~ C(z) and p, defined by r(z) € C(z) as in (9.2), we wonder whether there exists (V, p)
with V >~ C[z] and an isomorphism of s[(2)-modules (W, p,) =~ Fy(V, p) .

Theorem 9.3 Let (W, p;) be a 1-dimensional rational Casimir representation defined by
r(z) € C(z)*. There exists a polynomial Casimir representation of rank 1, (V, p’), such that
(W, o) = Fra(V, p') if and only if there are a1, . .. ,a, € Cand ay, ..., a, € Z such that
r(z) is of the following four possible types:

M) r@) =y -muz+ D[, o,

—Q;

() r@@) =y e+ D[, e,

a1 rz) =y - Buz+ DI, Zta’a,a’ ;
(IV) r(Z) =Yy 1_[1 1 Ztala,al :

withy € C* and 7,,(2) = &, (2) - B,.(2) is the product of degree 1 monic polynomials.

Proof First, recall the following classification of polynomial Casimir representations of rank
1 given in [13, Theorem 5.3]: the Casimir representations of level p on a rank one free
Cl[z]-module V, are:

M p(L-p) =5 -V, p(Lo) =2z p(L) =y mu(z+1V.
D) p(L-1) =5 -Bu@ V™", plo) =z, p(L1)=y auz+DV.
(I p(L-1) = 5 -V, p(lo) =z, pL) =y Bulz+DV.
V) p(L-)) =5 7@V, pLo) =z pL)=y-V.

where y € C* is arbitrary and o, (z), B, (z) are monic polynomials of degree 1 such that
nu(Z) = OZM(Z) : ,B/J.(Z)

Now, let (W, p,) be defined by the relations (9.2) with r(z) € C(z). Suppose that there
exists a polynomial Casimir representation of rank 1, (V, p’), of type I as above such that
Fa(V, p') >~ (W, p). By Theorem 9.1, it follows that (W, p,) is equivalent to F,(V, p’)
if and only if there exist «y, ..., o, € Cand ay, ..., a, € Z such that:

Y omuz+1) ﬁ 77—

r(2) Latai—ai
proving the claim for type I. The proof for types II, III and IV is similar. O

Remark 9.4 The description of all s[(2)-submodules of an arbitrary 1-dimensional ratio-
nal representation is rather complicated. Let us illustrate this claim with the following
example. We begin by constructing non-trivial rank 1 torsion free s[(2)-submodules of any
1-dimensional rational Casimir representation. Let r(z) € C(z)* and consider its associated
rational s[(2)-module (W, p,), with p, given by (9.2). Every 0 # w € W generates a non
trivial s[(2)-submodule V,, of (W, p,) that is also a Casimir module, and therefore we have

= A(u) - w. Taking into account the graded decomposition of the algebra A(u) given in
Sect. 3, it follows that V,, is the C[z]-submodule of W generated by {w,, }; ez With

pr(L_) ™™ (w)  form <0,
wy = {w form = 0,
pr(L1)™(w) for m > 0.
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A straightforward computation shows that

T {P (ﬂur((;)rl),m) -V (w) form < 0,
m =

P(r(z), m) - V" (w) form > 0.

Here P(£(z), m) € C(z) denotes the m-th Pochhammer expression on the rational fraction
&(z) € C(z). That is

1
EGImEGtmtDEGz—1) form <0,
PE(),m) = {1 form = 0,

E@E+ D - E(z+m—1) form > 0.

It is worth pointing out that V,, is not a finite type C[z]-module. However, since
Vw >~ A(n)/I,, where I, is the left ideal of A(w) that annihilates w, it follows from
[12, Theorem 4.26 pag. 128] that V,, is a finite length s[(2)-module. On the other hand, since
Frat(Vin, pryv,) = (W, p) is R-simple, we conclude that (Vy,, pr |y, ) is a purely simple s[(2)-
module. Moreover, every sl(2)-submodule V of (W, p,) is a Casimir module, and therefore

it is of the form
V=Y Vi,
iel

for a certain family {w; };<; of elements of W.

9.3 The Ext;2 groups for rank 1 rational representations

Givenr;(z) € C(z) fori = 1, 2,letus denote by W; the rational Casimir s[(2)-module of level
w defined on a one dimensional C(z)-vector space W by the representation p; (L) := ri(z)V
built as in (9.2).

By Proposition 6.22 one has

Exth, (Wa, W) = (End(lc(z)(W)/EndC(Z)(W)) x Homsgi(2)(Wa, W),

where o € Endg(;) (W) actson B € Hom(lc(z)(W) by
oa-B:=B+aopy(Ly)—pi(L))oa. 9.4

By Proposition 6.19, if W is not isomorphic to W5, then Homg ) (W2, W) = 0, whereas
Homg2) (W2, W1) is a one dimensional complex vector space if Wy is isomorphic to W>.
On the other hand, C(z) = Endc(;)(W) and via V we have an identification of C(z)-vector

spaces C(z) = End(lc(z)(W) that maps b(z) € C(z) to b(z)V. Therefore, given a(z) € C(z),
the equation (9.4) is equivalent to

oa-b=b+r(a(z) —ri(x)a(z+1).

Hence, two elements by (z), b2(z) € C(z) define the same class in Ext;z(Wz, W) if and only
if they satisty the equality

ri@az+1) —r()a(z) = b1 (z) — ba(2).
This equation is a first order linear difference equation of the form

az+ 1) —r@az) = &),
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where r(z) = r2(2) ,E6() = bi@=h@) C(z). By Theorem 9.1, W is isomorphic to W5 if

ri(z)’ ri(z)
and only if there exist 7(z) € C(z) such that 28 = t(tz (fl) Substituting above we get the

first order linear difference equation ¢(z + 1) — ¢(z) = s(z) where ¢(z) = t(z)x(z) and
5(z) = t(z + 1)&(2). Now we have the:

Lemma 9.5 Given s(z) € C(z), there exists a rational function ¢(z) € C(z) solving the
difference equation:

pz+ 1) —¢(@) = s(2)
if and only if there are ay, ..., a, € Cand ay, ..., a, € 7Z such that:
Res,—y, 5(2)(z — @)/ dz = —ReS;—q, 4, 5(2)(z — (@; —a;))) dz  Vj = 0.

Proof Recall that, by the partial fraction decomposition, a rational function can be expressed
as a sum of a polynomial plus fractions of type ¢ ﬂ . The polynomial will be called the
polynomial part of the rational function. Note that 1t sufﬁces to prove the statement for these
two cases; namely, for polynomials and for rational functions with zero polynomial part.

Letus show that there is a polynomial ¢ (z) solving the equation for an arbitrary polynomial
s(z) € C[z]. Having in mind that the set of Pochhammer’s functions {P(z,n)|n > 0}
(see (9.3)) is a basis of C[z] and that:

P(z+1,n)— P(z,n) = Pz+1,n—1)

the statement follows.
Now, let us deal with the case of rational functions with zero polynomial part. Let ¢ (z)
be a solution. Let us write:
n -1

$(2) = ZZ

(z—aj )"
j=li=r;

It is straightforward that s(z) satisfies the condition of the statement.
Conversely, let 5(z) be rational function with zero polynomial part fulfilling the condition;
that is,

n -1 1
s(z) - Zzﬁu <(Z_ (@ —a))  (z —cxl)1>

i=1 j=r;
for certain complex numbers f;; € C. It is easy to check that it can be assumed that n = 1

anda; = 1. Then ¢ (z) := ;:1»-1 (Zf;) < is the solution. 0

As a consequence of the previous results we get the:

Corollary 9. 6 IfW1 W, are 1-dimensional rational Casimir sl(2)-modules such that Wy >~
Wa, then —— = a)’ v ﬂ)’ € C(z) define the same class in ExtR(Wz, Wy)ifandonlyifa—p € Z

andi = j.
In particular, for a 1-dimensional rational Casimir s\(2)-module W, one has:

dimc ExthL (W, W) =

Remark 9.7 This is in sharp contrast with what happens for finite rank torsion free s((2)-
modules of finite length, for which Bavula proved in [2] that all the Ext’s groups are finite
dimensional C-vector spaces.
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10 Picard Group and Grothedieck rings of rational representations

We recall from Proposition 6.4 that the category of rational s[(2)-modules, R, is a C-linear
abelian subcategory of the category C(z)-Vectgq of finite dimensional C(z)-vector spaces. Itis
therefore natural to wonder what properties or constructions of C(z)-Vectgg can be restricted
toR.

It is remarkable that, thanks to Theorem 6.5, the tensor product ® of C(z)-vector spaces
does restrict to R and that it satisfies very nice properties that can be summarized by saying
that (R, ®) is a closed symmetric monoidal category, see Theorem 10.5. This makes possible
to define the Picard group Pic(R) of the category of rational representations, see [11].

10.1 The monoidal structure
We begin by constructing the tensor product of rational Casimir s[(2)-modules.

Definition 10.1 Let (Wy, p1), (W3, p2) be two rational Casimir s[(2)-modules of levels
i1, n2 € C, respectively. We define on the C(z)-vector space Wi ®c(;) W2 the semilin-
ear endomorphisms

Ty 4112 (2)
Ty (Z)nuz (2)

(p1 ® p2)(L1) == p1(L1) ® p2(L1) € Endg:() (Wi ®c(z) Wa).

(p1 ® p2) (L) = p1(L-1) ® pa(L-1) € Endgl) (Wi ®c() Wa),

An easy application of Proposition 4.14 proves that (W ®c(;) W2, p1 ® p2) is a rational
Casimir s[(2)-module of level w1 + uy that we call the rational Casimir tensor product of
(W1, p1) with (W2, p2) and we denote it (W1, p1) ®c(;) (W2, p2). Given (W, p) € RC we
denote by lev((W, p)) € C its level, then for every (Wy, p1), (W2, p2) € RC we have

lev((W1, p1) ®c) (W2, p2)) =lev((Wy, p1)) + lev((W2, p2)).

Definition 10.2 Let (Wy, p1), (W3, p2) be two rational Casimir s[(2)-modules of levels
w1, n2 € C, respectively. We define on the C(z)-vector space Homc ;) (W1, W) the semi-
linear endomorphisms such that for any ¢ € Homc;) (W1, W>) one has

Homc(,) (1, p2)(L-1)(p) = ”‘;‘7’;‘;)1)2@_1) oo pi(L1),
Mn2
1
H L = Li)ogo L_1).
omg(z) (01, p2)(L1) (@) JTM(Z'F]),OZ( Dogopi(L_y)

By mean of Proposition 4.14 one shows that (Homc ;) (W1, W2), Homc(;) (p1, p2)) is a
rational Casimir representation of level ;> — 1 and we denote it by

Homc;) (W1, p1), (W2, p2)).

A lengthy but straightforward check of the axioms, see [5, Section 6.1], proves the following
key result, where (C(z), p(o)) has been defined in Example 4.15.

Theorem 10.3 The category RC endowed with the tensor product ® of rational Casimir
sl(2)-modules is a closed symmetric monoidal category with unit (C(z), 2O, Moreover,
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given any two rational Casimir representations (W1, p1), (Wa, p2), their internal Hom is
given by Homc ;) (W1, p1), (W2, 02)); that is, one has

Homyg2) (Wo, po) ®cy (Wi, p1), (W2, p2))
= Homy(2) ((Wo, po), Homg ) (W1, p1), (W2, 02))).

It is straightforward to show that Definitions 10.1 and 10.2 can be used also to endow
the tensor product of generalized rational Casimir s[(2)-modules with the structure of an
5[(2)-module. Furthermore, one has the following results.

Lemma 10.4 If (Wi, p1) € RC\I, (Wa, p2) € RC\2, then one has:

1. The tensor product (W1 @c;) W2, p1 ® p2) is a generalized rational Casimir s[(2)-
module and

(W1 ®c) W2, p1 ® p2) € RCmez

wheren < ny + ny + min{n, no} —
2. Thesl(2)-module Homc ) (W1, p1), (W2, p2)) is a generalized rational Casimir s[(2)-
module that is their internal Hom and

Home () (Wi p1). (W2, p2)) € RCan)ful

wheren < ny +ny +min{ng, ny} — 2.

Theorem 10.5 The category R endowed with the tensor product @ of rational sl(2)-
modules is a closed symmetric monoidal category with unit (C(z), p©). Moreover, given
any two rational representations (Wi, p1), (Wa, p2), their internal Hom is given by
Homg ;) (W1, p1), (W2, p2)).

Proof 1If (W1, p1), (W3, p2) are two rational s[(2)-modules and

@Wf"]b Wz—@ W)

are their decompositions into a direct sum of generalized rational Casimir modules described
in Theorem 6.8, then we introduce an s[(2)-module structure on their tensor product

Wl ®C(Z) W2 = @ W(WL;) ® Z) (nj)
i=1,j=1

by declaring this to be a direct sum of s[(2)-modules and endowing each component with
the sl(2)-module structure defined by the tensor product of generalized rational Casimir
modules, see Lemma 10.4. In a similar way one has

k,l
; (nj)
HOH’I(C(Z)(W] ,Wo) = @ Hom(C(z)(Wl(n:,_), W n] )

i=1,j=1

and we introduce an s[(2)-module structure on it by declaring again this to be a direct sum of
5[(2)-modules and endowing each component with the s[(2)-module structure defined by the
internal Hom of generalized rational Casimir modules, see Lemma 10.4. We denote this s[(2)-
module structure by Homc ;) (W1, p1), (W2, p2)). The claims follow straightforwardly. O
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Remark 10.6 Recalling Theorem 9.3, we observe that if we tensor out two rational represen-
tations that come from polynomial representations through the rationalization functor, then
we obtain a rational representation which may not arise from a polynomial representation.
Indeed, it is straightforward to see that the tensor product of two rational representations of
type I can not be obtained as the rationalization of a polynomial representation.

10.2 The Picard group

An essentially small closed symmetric monoidal category (C, ®) has a Picard group Pic(C)
that was introduced by May in [11]. In order to describe the Picard group Pic(R) of (R, ®),
one defines the dual of a rational representation (W, p) as

(W, p)* := Homc(y (W, p), (C(z), p©))

where as before Hom¢(;)(—, —) denotes the internal Hom of (R, ®). There is a canonical
map

v: (W, p)" ® (W, p) = Homg) (W, p), (W, p))

and one says that (W, p) is dualizable if v is an isomorphism. One checks straightforwardly
that this is always the case.

Proposition 10.7 Every object of the symmetric monoidal category (R, ®) is dualizable.

One says that (W, p) € R is invertible if there exists (W', p’) € R such that
(W, p) ®c() (W, p') = (C(2), p).

We denote by Inv(R) the subcategory of R formed by the invertible elements. Taking C(z)-
dimensions in the above identity it follows that we must necessarily have dimc ;) (W, p) =
dimg ) (W', p’) = 1 and as we have seen in Sect. 9.1, this implies that both representations
are Casimir. Moreover, one proves, see [11, Theorem 2.6, Lemma 2.9], that the invertibility
of (W, p) forces the equality (W', p') = (W, p)*.

Theorem 10.8 The subcategory Inv(R) of invertible elements of the closed symmetric
monoidal category (R, ®) is the stratum R of one dimensional rational representations, or
equivalently the one dimensional rational Casimir representations RC'.

Proof We have already seen that an invertible representation necessarily belongs to R! =
RC!. On the other hand, given (W, p) € RC}L since we have seen in Proposition 10.7 that

every object is dualizable, we have a canonical isomorphism

v (W, p)* ®c(y (W, p) — Home(y (W, p), (W, p)).

Composing this with the trace isomorphism
Tr: Homee) (W, ), (W, p)) = (C(2), p©)
we get the desired isomorphism (W, p)* ®c(;) (W, p) — (C(z), ). o

We recall now the definition of the Picard group, see [11, Definition 2.10].
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Definition 10.9 The Picard group Pic(R) of the closed symmetric monoidal category (R, ®)
is the set of isomorphism classes er/(R) = R! = RC' of invertible objects endowed with
the product and inverses given by

(W, p)]-[(W', 0)] = [(W. p) ®c) (W, )], [(W, )" = [(W, p)*],
for every [(W, p)1. [(W’, p")] € Inv(R).

Now we state the main result of this section.
Theorem 10.10 The level morphism gives rise to a short exact sequence
. 0 . lev
0 — Pic’(R) — Pic(R) — C — 0.

The Picard group Pic(R) gets identified with the group RC(C(z)) = C x (C(z)*/ ~).
This induces a group morphism section o : C — Pic(R) given by o (n) = (C(z), p(“)) that
splits the short exact sequence. Furthermore, there are isomorphism of groups

Pic’(R) = C(g)§, Pic(R) — C x C(q) (10.1)

compatible with the above exact sequence, where (C(q)g are the rational functions without
zeros or poles at 0.

Proof We have the identifications ﬁ(R) = 7’3\61 = 7'3\0(((3(1)) Moreover, we have seen
that there is a bijection between RC 1(C(2)) and C(2)*, see (9.1) and (9.2). Hence, we have
RC (C(z)) =C x (C(2)* /™), where the C component is the level of the representation and
~ is the equivalence relation described in Theorem 9.1.

Let us show the second claim. Let r1(z), r2(z) € C(z) be such that they yield isomor-
phic sl(2)-representations p,(f‘ ), ,o,(f ) on W; hence, by Theorem 9.1, it means that there are

oy, ...,a, € Canday, ..., a, € Z such that

r1) ]_[ fTY (10.2)

r2(2) z+a; — o

This equation holds if and only if the following three conditions are fulfilled: 1) the zeroes
of r1(z) and those of r,(z) are equal mod Z; 2) the poles of r; (z) and those of r;(z) are equal
mod Z; 3) the quotient {° of the leading coefficient of the numerator of 71 (z) by the leading
coefficient of its denominator is equal to the analogous quotient 75° for r2(z). For a non-zero
rational function r(z) € C(z)*, define

IL (q — exp(—2ﬂiozi))
[1; (¢ — exp(—27iB)))

where a1, ..., «, is the set of zeroes of r(z), B1, ..., Bm its set of poles, ro, the quotient of
the leading coefficient of the numerator of 7(z) by the leading coefficient of its denominator
and i := /—1. This gives a surjection (): C(z)* — C(q);.

Moreover, the representations associated to r{(z) and r>(z) are isomorphic if and only if
F1(q) = r2(¢). Hence, there is a bijection of sets RC(C(z)) — C x Clg); -

It remains to show that it is a homomorphism of groups. But this is straightforward since

F(q) :=roo e Clg)qy

the trivial representation, which is given by p(o)(Ll) = V;ie. r(z) = 1, corresponds
to 7(¢g) = 1 and the tensor product of representations corresponds to the product of the
associated functions. O
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Remark 10.11 Pursuing the above identifications, one sees that (10.1) establishes a one to
one correspondence between the rational Casimir representations of level O arising from
polynomial ones and the following rational functions, where y € C*:

{y,v(q +exp(miy/1+4w)), y(g +exp(—miy/1 +4u)),
v (g + exp(miy/1 +4p)) (g + exp(=miy/1 4+ 4u))}.

The identification I?rm: §El(5[(2)—M0dtlffr) 5 75\1 = Pic(R) given in Theorem 6.13
makes possible to give the following formal:

Definition 10.12 The Picard group of the category s[(2)-Mod;gs; is the group
Pic(s[(2)-Modysi) = Spl(sl(2)-Mod ;)
obtained by declaring I?rat: S?)l(s[(Z)-Modllffr) 5 7/51 to be a group isomorphism.

The existence of this group structure on §51(5[(2)-M0dt1fﬁ) might point to the existence
of an appropriate symmetric monoidal structure on the category s[(2)-Mod; such that its
Picard group is the one introduced above. We will analyze this in future work.

10.3 The Grothendieck rings

The monoidal structure (R, ®) of the category of rational representations allow us to intro-
duce a ring structure on K 59 (R) with @ as addition and ® as multiplication. One says that
(K, 59 (R), @, ®) is the additive Grothendieck ring of R. Taking into account that every ratio-
nal representation is dualizable, we have a natural map of semi-rings «: Iso(R) — K(R).
For more details see [11, Section 3].

One says that two rational s[(2)-modules Wy, W, are stably isomorphic if there exist a
rational module W such that Wi @ W ~ W, @& W. We have proved in Theorem 6.5 that
R is a Krull-Schmidt category and thus R satisfies the cancellation property; that is, stably
isomorphic rational representations are isomorphic. Therefore, from [11, Propositions 3.4,
3.6] it follows that the natural map «: Iso(R) — K (R) is injective and induces an injective
group morphism S: Pic(R) — KéB (R)* into the group of invertible elements giving rise
to a commutative diagram

Pic(R)——— Iso(R)
B o
KR *—— KL (R).
This is a pullback diagram because, thanks to the cancellation property of R, given W € R
one has that a ([W]) € KSB (R)* if and only if [W] € Pic(R). The monoidal structure of R
is compatible with short exact sequences since every C(z)-vector space is flat. This implies

that the kernel of the natural surjective map 7@ KéB (R) — Kp(R) — 0 is an ideal and
thus Ko(R) is a quotient ring of KSB (R).
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