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Abstract

We study a double phase Neumann problem with a superlinear reaction which need not
satisfy the Ambrosetti-Rabinowitz condition. Using the Nehari manifold method, we show
that the problem has at least three nontrivial bounded ground state solutions, all with sign
information (positive, negative and nodal).
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1 Introduction

Let @ € RY be a bounded domain with a Lipschitz boundary 3. In this paper we study the
following double phase Neumann problem

—A%u(z) — Agu(z) + @U@ u@z) = f(z,u(z)) in Q,

ou (D
a—:OonBQ, l<g<p<N.
n
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Givena € L*®(Q2) \ {0} with a(z) > O fora.a.z € Qand 1 < r < +00, we denote by
A{ the weighted r-Laplace differential operator defined by

Afu = div (a(z)|Du|" "> Du).

If a = 1, then we have the usual r-Laplacian denoted by A,. The differential operator in
problem (1) is the sum of two such operators with different exponents. Hence the differential
operator is nothomogeneous. There is also a potential term & (z) |u|¢ 2y withé € L®( Q2)\{0},
£(z) > 0 for a.a. z € Q. The differential operator of problem (1) is related to the so-called
“double phase" integral functional defined by

/ (a()|Du|” + |Du|?) dz.
Q

The integrand of this functional is
0(z,x) =a(z)x? +x9 forallz € Q, all x > 0.

We do not assume that the weight a(-) is bounded away from zero (that is, we do not have
that essinfga > 0). Therefore the integrand 6 (z, x) exhibits unbalanced growth, namely

x? <60(z,x) <co (x? +xP) foraa z € Q, allx >0, some ¢y > 0.

Such functionals, wre first considered by Marcellini [14,15] and Zhikov [27,28], in the
context of problems of the calculus of variations and of nonlinear elasticity theory. Recently
the interest for such problems was revived and some important interior regularity results were
obtained for local minimizers of such functionals. We refer to the works of Baroni et al. [1],
Mingione and Ridulescu [16], and Ragusa and Tachikawa [24]. However, until now there is
no global regularity theory (that is, regularity results up to the boundary) for the solutions of
such problems. This fact limits the tools available for the study of such equations and makes
double phase problems more difficult to deal with. In fact, the unbalanced growth of 6(z, -)
implies that the usual Sobolev spaces do not suffice for the analysis of the problem and we
have to use the general abstract setting of Musielak-Orlicz-Sobolev spaces.

In the reaction of problem (1), we have a Carathéodory function f(z, x) (that is, for all
x € R the mapping z — f(z, x) is measurable and for a.a. z € Q2 the function x — f(z, x)
is continuous). We assume that f(z, -) exhibits (p — 1)-superlinear growth as x — =£oo
but without satisfying the usual in such cases Ambrosetti-Rabinowitz condition (the AR-
condition for short). The absence of a global regularity theory for such problems requires a
different approach for double phase equations. In problems with balanced growth ((p, ¢)-
equations), for which a powerful global regularity theory exists (see Lieberman [10]), the
main tools are truncation and comparison techniques, critical point theory and Morse theory
(critical groups). We refer to the works of Liu and Papageorgiou [12], Papageorgiou and
Rédulescu [17,18], Papageorgiou et al. [21], Papageorgiou and Zhang [23]. Here instead, we
use the Nehari manifold method as this was developed by Brown and Wu [2], Brown and
Zhang [3], Szulkin and Weth [25] and Willem [26].

We show that problem (1) has at least three nontrivial bounded solutions, all with sign
information (positive, negative and nodal (sign changing)). Recently there have been some
multiplicity results for double phase problems. We refer to the works of Gasifiski and Papa-
georgiou [5], Ge et al. [8], Liu and Dai [11], Papageorgiou et al. [22] (Dirichlet problems) and
Gasinski and Winkert [7], Papageorgiou, Radulescu and Repovs [20] (Neumann and Robin
problems). Closer to our work here are the papers of Gasiriski and Papageorgiou [5] and Liu
and Dai [11], which deal with superlinear Dirichlet problems, employing more restrictive
conditions on the reaction and using a different approach.
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2 Mathematical background and hypotheses

As we already mentioned in the introduction, in order to accommodate the unbalanced growth
of 6(z, -), we have to use Musielak-Orlicz-Sobolev spaces. A comprehensive presentation of
the theory of these spaces can be found in the recent book of Harjulehto and Hésto [9].

We make the following hypotheses on the weight a(-), the potential function £(-) and
exponents g, p.

Ho: a € CO1(Q) (that is, a : @ +— R is Lipschitz continuous), a(z) > 0 forall z € €,

N
£e€L®(Q)\{0},6(z) >0foraa.zeQ,1<qg<p<qg* <q*:N7q>,p<N.
-9

Remark 1 In contrast to previous works on Dirichlet double phase problems, we do not

1
require that P <1+ v This condition implies that p < ¢*, but the converse is not true.

For Dirichlet problems this condition guarantees that the Poincaré inequality is valid for the
corresponding Musielak-Orlicz-Sobolev space (see Harjulehto & Histo [9, pp. 100, 138]).

Let M(€2) be the space of all Lebesgue measurable functions u : Q2 +— R. As usual we
identify two measurable functions which differ only on a Lebesgue-null subset of €2. Then
the Musielak-Orlicz space LY () is defined by

LY (Q) = {u e M(Q) : pp(u) < +00},

with pp(-) being the modular function defined by
po (u) = /99(1, u(2)dz = fQ (a@u@)? + |u2)|7) dz.
We equip L?(Q) with the so-called “Luxemburg norm"
. u
o :mf{k ~0: pp (X) < 1}.

Then LY (€2) becomes a Banach space which is separable and reflexive (in fact, uniformly
convex).

Using L?(€2) we can define the corresponding Musielak-Orlicz-Sobolev space who(Q)
as follows

Wh(Q) = {u e L7(Q) : |Dul € LY ()} .
Here Du denotes the weak gradient of u(-). We equip W ¥ (€2) with the following norm
lull = lluello + | Duelp for all u € W' (),

where || Dullg = ||| Dul||s. This space is also a Banach space which is separable and reflexive
(in fact, uniformly convex).
We have the following embeddings for these spaces (see Gasinski and Winkert [7]).

Proposition 1 If hypotheses Hy hold, then the following embeddings are true:

(@) LY(Q) = L"(Q) and W'¥(Q) — WL (Q) continuously forall 1 <r < q;
) WhH(Q) — L™ (Q) continuously if 1 <r < g and compactly if 1 <r < q;
(c) LP(Q) — L?(Q) continuously.

There is a close relation between the norm || - ||g and the modular function pg (+).
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Proposition 2 [f hypotheses Hy hold, then

@ ifu € LYQ\{0}, then llull = n <= po %) =1

®) llullp <1 (resp. =1, > 1)< pg(u) <1 (resp. =1, > 1);
© lullg < 1= [lully < pou) < llull}:

@) llullg > 1= llully < pou) < llully;

©) llunlle = 0 <= pg(uy) — 0;

) Nuplle — +00 <= py(uy) — +o00.

Let (-,-) denote the duality brackets for the pair (Whe(Q)*, wh9(Q)) and let V :
who(Q) > Wh?(Q)* be the nonlinear operator defined by

(V(u), h) =/ a(z)lDu|p_2(Du,Dh)RNdz+/ |Du|9~2(Du, Dh)gndz
Q Q

forall u, h € W9(Q).
The next proposition summarizes the main properties of this nonlinear operator (see Liu
and Dai [11]).

Proposition 3 If hypotheses Hy hold, then the operator V. : W-9(Q) — W9 (Q)* is
bounded (that is, it maps bounded sets to bounded sets), continuous, monotone and of type
(8)+, namely it has the following property:

“Up = win WH(Q), limsup(V (un), un — u) <0
n—o0

imply that

u, — uin Wh9(Q).”

For every u € WI’O(Q), we set

1/q
| = [ Dullg + </QE(Z)|MI"dZ> .

Evidently, this is a norm on who(Q).
Proposition 4 If hypotheses Hg hold, then || - || and | - | are equivalent norms on who(Q).

Proof Since & € L*°(R2) (see hypotheses Hy), we have

/QS(Z)IMquZ < lElloollullg < crllullg

for some c¢; > 0 (see Proposition 1).
Therefore

i
lul = | Dully + ;" llully < eallul (@)

for some ¢ > 0, allu € WH(Q).
Claim: There exists ¢3 > 0 such that ¢z ||u|| < |u| for all u € W19 ().
Arguing by contradiction, suppose we can find {u,},cy € W' () such that

1
luy| < —|luy| foralln € N.
n
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Letv, = n (n € N). Then we have
llun |
1/q 1
lvall = 1 and | Dvy,lo + (/ E(z)lvnlqdz> <= foralln € N. 3)
Q

By passing to a subsequence if necessary, we may assume that
Up 2 vin WI’G(Q) and v, — v in LY(Q) (see Proposition 1). 4)

Then from (3) and (4), we have

1/q
||DU||9+(/ -‘E(z)lvl"dz) <0,
Q

1/q
= IIDvlle+</ S(z)lvl"dz) =0,
Q

= ||Dv]lg =0andsov =n € R. )

From (5) we have

[n|? / £(z)dz = 0.
Q

Since / &(z)dz > 0 (see hypotheses Hyp), we have that n = 0 and so v = 0. From (3)
Q

we have

[Dv,lle — O,
= v, — 0in WH9(Q),

which contradicts the fact that ||v,|| = 1 for all n € N (see (3)). Finally, (2) and the Claim
imply that

Il - || and | - | are equivalent norms on who ().

This proof is now complete. O

In a similar fashion we can show also the following result. In what follows, | - [I1,; denotes
the norm of the Sobolev space wha(Q).

Proposition5 If £ € L°(Q)\{0} and £(z) = O for a.a. z € Q, then || - |14 and [u] =

1/q
| Dully + (/ S(z)lulqdz) are equivalent norms on WhH4().
Q

Given u € Wh9(Q), we define
u(z) = max {u(z), 0}, u (z) = max {—u(z), 0} forall z € Q.
We know that
ut e WI’G(Q), u=ut—u", ul=ut+u".
If X is a Banach space and ¢ € Cl(X,R), then

Ky ={u € X :¢'(u) =0} (the critical set of ¢).
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Also, if ¢ € R, then
={ueX:pu)<cj.

Now we introduce the hypotheses on the reaction f(z, x).
Hi: f: Q x R+ R is a Carathéodory function such that f(z,0) = 0 for a.a. z €  and

() 1f(z )] <a@) (14 x"") foraa.z € Qallx € Rwitha € L®(Q)and p < r < ¢*;
X

F(z, .
(i) if F(z,x) = / f(z,s)ds, then limy _, 1+ % = +o0 uniformly for a.a. z € Q;
0 X
. . fzx) . . . )
(iii) for a.a. z € €2, the quotient function x N is increasing on R\ {0};
X
(iv) limy_,¢ M = 0 uniformly for a.a. z € Q.
|x|9—2x

Remark 2 Fors > 0 and x # 0, we have

1 —s?

fz,x)x + F(z,sx) — F(z,x)
1 1 d
= / F(z, x)xt?P~dr —/ EF(Z’ tx)dt

1 1
= / f(z, 0)xtP~ldr — f f(z, tx)xdt (by the chain rule)
s N

_ /1<f(z,x) P ACL)) )lxlp_lxtp_ldt

lx|p=t ep= x|t

> 0 (see hypothesis H (iii)),
= F(z,x) = F(z,sx) < _psp Fzxx
foraa.z € 2, allx e R, alls > 0. (6)
If in (6) we choose s = 0, then
pF(z,x) < f(z,x)x foraa.z € 2, allx € R, 7

fz, x)

im = —+o0o0 uniformly for a.a. z € Q (see hypothesis Hj (ii)).
x— 300 |x|F*2x

=

So, we see that f(z, -) is (p — 1)-superlinear as x — =£o00. However this superlinearity
property is not formulated using the AR-condition which is common in superlinear problems,
see Liu & Dai [11], hypothesis ( f1). Also, in hypothesis Hj (iii) we do not require that the

<,

E is strictly increasing on R\ {0} as itis common in the literature,
X

see Liu & Dai [11], hypothesis (fs). Compared to the other superlinear Dirichlet double
phase work of Gasinski & Papageorgiou [5], we do not require f(z, -) to be locally Lipschitz
and replace hypothesis H(f)(iii) of [5] by hypothesis Hj(iii). In case f(z,-) is strictly
differentiable, then hypothesis H(f)(iii) of [5] has the form (p — 1) f(z, x)x < fl(z, x)x2
fora.a. z € @, all x € R (see Clarkc [4, p. 33]), which of course implies the monotonicity of
the quotient function. Note that hypothesis Hj (iii) is equivalent to saying that for a.a. z € €2,
J(z, x)x
|x|?
First we will study problem (1) under the following stronger set of hypotheses.

quotient function x >

the mapping x +— is increasing in |x| # O.
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H: f : @ x R — R is a Carathéodory function such that f(z,0) = 0 for a.a. z € Q,
hypotheses H’1 (1), (ii), (iv) are the same as the corresponding hypotheses Hj (i), (ii), (iv) and
Sz, x)

|x|P=1

(iii) for a.a. z € €2, the quotient function x — is strictly increasing on R\ {0}.

Example 1 The following function satisfies hypotheses Hy but not H). For the sake of sim-
plicity we drop the z-dependence.

|x|P~2x if |x| < 1,
fx)= - .
[x]P7*x (n|x| + 1) if1 < |x].

This function does not satisfy the AR-condition and so it does not fit in the framework of
Liu & Dai [11]. Also it does not fit the framework of Gasiriski & Papageorgiou [5] since it
does not satisfy hypothesis H( f)(iii) of [5].

In what follows, p,(-) denotes the modular function defined by

pa(Dut) =/ a(z)|DulPdz forallu € W0 (Q).
Q

Let ¢ : WH9(Q) > R be the energy (Euler) functional for problem (1) defined by

1 1 1
@) = —pa(Du) + — || Dullf + */ &(2)|ul?dz —/ F(z,u)dz
p q qJQ Q
forallu e Wh(Q).
We have that ¢ € C! (W1-?(Q)) and the Nehari manifold N of ¢(+), is defined by
N={ueW"(Q: (¢w.,u) =0, u#0}.

Evidently, every weak solution of problem (1) is in the Nehari manifold. Since we want
to produce constant sign solution for problem (1), we introduce the C!-functionals ¢ :
W19(Q) > R defined by

1 1 1
@+ () = —pa(Du) + — | Dull§ + */‘ E(@)|ul?dz — / F(z, 2u™)dz.
p q qJQ Q
We associate with these functionals, the following submanifolds of N
Ny = {ue Wh(Q): (¢} ), u) =0, u=0, u#0},
No={ue W (Q) : (¢ u),u) =0, u<0, u#0}.

Finally, in order to produce a nodal (sign changing) solution of problem (1), we introduce
the set

No = {u e W (Q): (¢'w), u™) = (¢'u),u”) =0, u™ #0}.
Note that
N,, N_, Ng € N. 8)

For the study of N and of its submanifolds, we introduce the fibering function. So, let
uewh? (2)\ {0} and consider the function

ky(t) = @(tu) for all t > 0.
This is the fibering function for u. Note that
tu € N if and only if &, (r) = 0.
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3 Constant sign solutions under strict monotonicity

In this section, working with the functionals ¢+ and the submanifolds N, we will produce
two constant sign (positive and negative) solutions for problem (1) under Hj.

The Nehari manifold N is much smaller than the space W ¥ (2). So, the energy functional
¢(-) restricted on N may exhibit properties which fail globally. In our case note that on account
of hypothesis Hj (ii), ¢(-) is unbounded below. However, as we show in the next proposition,
@|N s coercive, thus bounded below.

Proposition 6 If hypotheses Ho, Hy hold, then ¢|N is coercive.

Proof Arguing by contradiction, suppose we can find {u, },cry € W19 () such that
u, € Nforalln e N, |lu,|| - +o00, ¢(u,) < cqforsomecqs >0, alln e N. (9)

Since u, € N, we have
Pa(Duy) + || Duy ||} +/ E(@)lul?dz =/ f (@, up)undz,
Q Q
1 1 g 1 . 1
= —pa(Dup) + — || Dunlly + — §@)unl?dz = — Sz, un)undz
p p PJa pPJa

> / F(z,uy)dz
Q

for all n € N (see (7)). (10)
From (9) and (10), we obtain
1 1 q
— == ) (1Dunllyg + | £@Iun|dz) < cqforalln €N, (11)
q p Q
= {unlen € wb4(Q) is bounded (see Proposition 5),
= {uplpeny € L7 () is relatively compact (see Proposition 1). (12)
From (9), (11) and (12) it follows that
1
—pa(Duy) < c5forsomecs >0, alln € N, (13)
pr

= py(Duy) + /Qé(z)|u,,|qdz < ¢ for some cg > 0, alln € N (see (11), (13)),

= {uplen C wl? (2) is bounded (see Proposition 4). (14)
Comparing (9) and (14), we have a contradiction. This proves that ¢|N is coercive. m]
Clearly we have

orIng = @INg, o-IN_ = oIn_-

Since N4, N_ C N (see (8)), from Proposition 6 we infer the following corollary.
Corollary 7 If hypotheses Hy, H; hold, then ¢ |n, and ¢_|N_ are both coercive.

Next we show that N 7 . Now we will start using the stronger hypotheses Hj.
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Proposition 8 If hypotheses Ho, H) hold and u WO (Q)\{0}, then there exists a unique
t, > 0 such that

tyu € N.

Proof We introduce the function 8, : R4 +— R defined by

Bu(t) = 1" pa(Du) + 17 (IIDMIIZ +/ S(Z)Iul"dZ> —/ [z tuw)(tuydz — (15)
Q Q

forallt > 0.
‘We see that
Bu(t) =tk (r) forall 7 > 0. (16)
Hypothesis H’l (iii) implies that if x # 0 and ¢ € (0, 1), then

f(z,tx)(@x)  f(z,x)x

Pl e
= f(z,tx)(tx) < t? f(z,x)x foraa.z € Q, allx #0, allt € (0, 1). 17)
We use (17) in (15) and obtain

fora.a.z € Q,

Bu(t) = 17 pa(Dut) + 14 <||Du||3+ / s<z)|u|qdz> 4 / o wyudz
Q

> 14
T

[u]? — / f(z, wudz.

Since ¢ < p, we see that
Bu(t) > Oforall t € (0, 1) small. (18)

Also we have

PlD) — paDu + (nDunq | E(Z)IMI"dz) [ e,
< pu(Du) + ot — [ PEE 4z (e 1),
Q
= zlirfoo Pul®) = —oo (see hypothesis Hj (ii)),
= Bu(t) < O0fort > 0 large. (19)

Then relations (18), (19) and Bolzano’s theorem, imply that there exists ¢, > 0 such that
ﬂu (t.) =0,
= 1,k (ty) = 0 (see (16)),
= k(1) =0,
= t,u € N.

Finally, note that

ﬂu<r>=0<:>pu<1)u>=f fe @, 1 <||Du||3+fs(z>|u|qdz).
Q tP Q

tP—q

In the last equality the right-hand side is strictly increasing in > 0 (see hypothesis Hj (ii))
and so it follows that ¢, > 0 is unique. O
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In a similar fashion, working with ¢ and ¢_, we show the nonemptiness of the subman-
ifolds N4 and N_, respectively. Recall that N1 € N (see (8)).

Proposition 9 If hypotheses Hy, H} hold and u € W9 () \ {0} withu > 0 (resp. u < 0),
then there exists a unique 1,7 > 0 (resp. t;; > 0) such that

t:u € Ny (resp.t,u € N_).

The next proposition presents a useful connection between the fibering function and the
elements of the Nehari manifold.

Proposition 10 If hypotheses Hy, H| hold and u € N, then ¢(tu) < ¢(u) forall t > 0.

Proof From (16) we have

Bu(1) = k;, (1),
= Bu(1) =0 (since u € N).

Note that
ko) 1 1 g q F(z,tu)
= D0+ (nDunq +st(z>|u| az) - | =
ky (1) o
7 — —o0 as t — 400 (see hypothesis H| (ii)),
= k,(t) < Oforall ¢t > 0 large. (20)

On the other hand, on account of hypotheses H’1 (1), (iv) given ¢ > 0, we can find ¢; =
¢7(e) > 0 such that

Fzx) < S1x)7 + erlx|” foraa. z € Q, allx € R. @1
q

Then using (21) we have

tP 14 1 - -
ku(t) = —pa(Du) + — | 5= —ecs | [wl? — 1" crllull;
p g \2¢

for some cg > 0 (see Proposition 5).

Choosing ¢ € (0, ﬂ) we obtain

ky (1) > cot? — cyot” for some cg, c19 > 0, all ¢ € (0, 1),
= ky(t) > Oforallz € (0, 1) small (recall that p < r). (22)

From (21), (22) it follows that there exists 7, > 0 local maximizer of the fibering function.
Then
K, (f) = 0,
= f,u €N,
= f, = | and it is a global maximizer of k,(-)
(recall that # € N and see Proposition 8),

= @(tu) < @(u) forall t > 0.

This proof is now complete. O
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The same result is also true for ¢ .

Proposition 11 Ifhypotheses Hy, H) hold andu € N (resp.u € N_), then o (tu) < ¢ (u)
(resp. p_(tu) < ¢_(u)) forallt > 0.

In the next proposition we show that the elements of the Nehari manifold are in norm
bounded away from zero.

Proposition 12 If hypotheses Hy, H) hold, then there exists j1o > 0 such that
0 < po = llullr, llull for allu € N.

Proof From hypotheses H’1 (i), (iv), we see that given ¢ > 0, we can find c1; = c11(¢) > 0
such that

fz,x)x <elx|?+cyy|x|" foraa. z € Q, allx € R. (23)

Let u € N and we can always assume that |||, |u| < 1. Then

pa(Dut) + (nDunZ + /Q E(Z)Iulqdz)

< ecpp[ul? + cirllully for some ¢jp > 0,

1
= pq(Du) + (F — 8612) [u]? < crtllully.

Choosing ¢ € (O

s 5T | we obtain
29=1cqp

pg(Du) +/ &(2)|u|?dz < c13|ull; for some c13 > 0,
Q

r/q
= pg(Du) + (/Qé(z)lulqdz> < cigllully

for some c14 > 0 (recall that |u| < 1 and that ¢ < p),

= ||Du||g + (/Q £(2) |u|”dz>p/q < ci4|lull} (see Proposition 2),
= |u|” < cis|lul|} for some ¢i5 > 0,
= |lull? < cisllul;. for some cj6 > 0.
Therefore we conclude that we can find g > 0 such that
0 < wo < |lully, |lu] forall u € N.
This proof is now complete. O

From (8) it follows the following auxiliary property.

Corollary 13 If hypotheses Hy, H} hold, then

0 < po =< llully, llull forallu € Ny.
Now let

= inf dm_ =inf g_.
my = inf gy andm_ = infy

‘We show that both infima are attained.
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14 Page 12 of 21 N.S. Papageorgiou et al.

Proposition 14 If hypotheses Hy, H| hold, then there exist ug € Ny and vo € N_ such that
@4+ (uo) =my and ¢_(vo) = m—.
Proof We consider a sequence {u,},ey € W19 () such that
u, € Ny forall n € Nand ¢4 (u,) | m4. 24)

From Corollary 7, we know that {u,},cny € W12 () is bounded and so by passing to a
subsequence, we may assume that

un — ugin WH(Q) and u, — ug in L' (). (25)
Since N4+ C N (see (8)), we have

pa(Duy) + || Duy||d +/ &(2)|un|?dz :/ f(z, un)updz, uy > O0foralln e N. (26)
Q Q

Then up > 0 (see (25)) and from Corollary 13 and (25), we see that 0 < po < |luoll,,
hence ug # 0.
From (25) and (26), we have

pa(Dug) + ||DMO||Z+/Q§(Z)|M0|qu S/Qf(z, uo)uodz.

Suppose that the above inequality is strict, that is,

pa(Dug) + | Do |4 + /Q E@luol’dz < /Q £z uo)uods. @7)

We use the function B, (-) from the proof of Proposition 8. We know that
Buo () > 0fort € (0, 1) small (see (18)), By, (1) < 0 (see (15), (27)).
So, we can find ¢ty € (0, 1) such that

ﬁuo (t()) = 07
= 1ok, (to) = 0 since ug > 0 and 50 ¢ (1ug) = ¢(tug), t > 0,
= toug € N4.

‘We have
m4 < @4 (fouo)

1 1
= —pa(D(tou,)) + — (IID(touo)IIZ +/ €(Z)|touolqd2> —/ F(z, toug)dz
p q Q Q
1
= */ (f (z, touo) (touo) — pF(z, toug)) dz
pPJa

1 1 .
+ <f - —) <|ID(touo|IZ +/ é(z)ltouol"dz)> (since foug € N4). (28)
q p Q
On account of (6), we have

Sz, sx)(sx) — pF(z,5x) < f(z, x)x — pF(z,x) (29)
fora.a.z € Q,allx e R, all s € (0, 1).
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Recall that 0 < 79 < 1. So, using (27) and (29) in (28), we obtain

1
my < — / (f(z, uo)uo — pF(z, uo))dz
pJa

1 1
+ <f - —) <||Duo||3 +/ s<z>|uo|‘1dz)
q 14 Q

< liminf (l/ (f(z,up)u, — pF(z,un))dz
plJa

n—0oQo

1 1
n <— - —) <||Dun||;’ + s<z)|un|qdz>) (see (25))
q P Q

1 1
= liminf (—,oa(Du,,) + — (IIDun IIZ +/ ‘E(Z)Iu,,lqdz) —/ F(z, u,,)dz)
p q Q Q

n—o0
= liminf ¢4 (4,) = m4,
n—oo

a contradiction.
So, we have

pu(Duo) + 1Duol + [ e uoltaz = [ fGuoyuods
= up € N4.
Then it follows that
po(Duy) — pg(Duyo) (see (25)).
The uniform convexity of 6(z, -) implies that
po(Du,, — Dug) — 0 (see Harjuletho & Hasto [9, p. 65] ),
= Du, — Dugin L? (Q, RN> (see Proposition 2),
= u, — ug in W"?() (see(25) and Proposition 4).
So, finally we can say that
@+ (o) =my, ug € Ny,
Similarly, working with ¢_ (-) and N_, we show that there exists vy € wL9(Q) such that
o_(vg) =m_, vo € N_.
This proof is now complete. O

Next, we show that the two minimizers produced in Proposition 14 are in fact critical
points of the functionals ¢4 and ¢_ respectively. This means that Ny and N_ are natural
constraints for ¢ and ¢_, respectively (see Papapgeorgiou et al. [19, p. 422]). Our proof is
inspired by the works of Willem [26, p. 74] and Szulkin and Weth [25, p. 611].

Proposition 15 If hypothesis Ho, H| hold and uy € N and vy € N_ are the two minimizers
from Proposition 14, then ug € Ky, and vg € K,_.

Proof Lett € If{+\{1} (IS&Jr = (0, +00)). Since up € N4 from Proposition 11 we have

P+ (Tuo) < @4 (uo) = m4. (30)
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We argue indirectly. So, suppose that ug ¢ K, . Then

¢!y (uo) # 0.
We can find § > 0 and d > 0 such that

lu —uoll <38 = ¢/ W+« >d.

13
We consider the interval 1 = <§, 5) From (30) we have

my = max ¢4 (Tug) < m4. 31)
Tedl
. . ds  my —my
We can always choose § > 0 even smaller if necessary in order to have 3 < —
dé

Then we apply the quantitative deformation theorem of Willem [26, p. 38] with ¢ = 3

and S = Bs(up) = {u e W'9(Q) : lu —ug|l < 8}. So, we produce a deformation % :
[0, 1] x W9 (Q) > W19 (Q) such that

o h(l,u) =uif o1 (u) ¢ [my —2¢, my + 2¢] N Bas(ug);
o h (l, gt ﬁEa(uo)) St
o wi(h(1,u)) < @i(u)forallu e WH9(Q).

From these properties of the deformation and (31), we deduce that

max ¢ (h(1, Tug)) < ms. (32)

tel

Claim: A (1, Tug) "N N4 # 0.
Let ¢ () = h(1, tug) and consider the following two functions

00(1) = (¢, (Tuo), uo).
1
o1(1) = ;((ﬂ;(x/f(f)), V(1)), T >0.

Recall that up € N4. So, we have

((p;(ruo), up) >0if0 <7 < 1, (33)
(¢l (tug), up) <0if 1 <7
(see Propositions 11 and 9). (34)

By dp(:, -, -) we denote the Brouwer degree. Then from (33), (34) and Lloyd [13, see
Tllustration 1, pp. 19, 20], we have

dp (oo, 1,0) = —1. (35)
From the properties of the deformation, we have

oolar = o1lar,
= dpg(og, 1,0) =dp(o1,1,0),
= dp(o1, 1,0) # 0 (see (35)),
= o1(r) = 0 for some t € I (see [9], [19]),
= ¥(tr) = h(l, Tug) € Ny.

@ Springer



Multiple solutions for superlinear... Page 15 of 21 14

This proves the Claim.
But then on account of the Claim, we have

m4 < max ¢4 (h(1, Tuo)).
tel

Comparing with (32) we have a contradiction. Therefore ug € K, .
Similarly we show that vp € K_. O

Now we are ready to produce two constant sign solutions for problem (1) (positive and
negative solutions), under the strict monotonicity condition H/l (iii).

Proposition 16 If hypotheses Ho, H) hold, then problem (1) has at least two nontrivial
constant sign solutions

ug € Ny NL®(Q), up(z) > 0foraa. z € Q,
vo € N_ N L®(RQ), vo(z) < 0fora.a. z € Q.
Proof From Proposition 15 we know that
up € Ni and vg € N_

are nontrivial constant sign solutions of problem (1). As in Gasifiski and Winkert [6, Theorem
3.1], we have that

up € Ny NLX(RQ), vg € N_ NL>(Q).
Finally using Proposition 2.4 of Papageorgiou, Vetro and Vetro [22], we have
vo(z) < 0 < up(z) fora.a. z € Q.

This proof is now complete. O

4 Nodal solutions under strict monotonicity

In this section we prove the existence of a nodal (that is, sign changing) solution for problem
(1), under the strict monotonicity hypothesis H (iii). For this purpose, we bring in the picture
the submanifold Nj.

We define

mq = inf @.
No(p

Proposition 17 If hypotheses Hy, H} hold, then there exists yo € No such that
mo = ¢(yo)-
Proof We consider a sequence {y},en S w9 () such that
yn € Ng forall n € N and ¢(y,) | mo.

From Proposition 6 we know that {y,},cy € W' (Q) is bounded. Then { v }
wh9(Q) and {y, }

neN <

ey S WH(Q) are bounded, too. So, we may assume that

yF 5 $rand y, = $in WH(Q). (36)
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Suppose that y; = 0. Since y, € N, we have that y,J[ € N; foralln € Nand so
pu(Dy)) + 1051+ [ e@0dz = [ feyiivfdz foralln € N
Q Q

= D)+ [ @0z 0
(see (36) and recall that y; = 0),
= 31— 0,
=y — 0in W'Y(Q) (see Proposition 4).  (37)
But from Corollary 13 we know that
0<pp < ||y;l"|| foralln € N. (38)

Comparing (37) and (38), we have a contradiction.
Therefore y; # 0. Similarly we show that y, # 0.
According to Proposition 9, there exist a unique 71, £, > 0 such that

fl},}l € N+ and ?2)7‘2 e N_.

We set

Evidently we have

yg =1, ¥y = 9> and so yo € No.

‘We have
mo = lim ¢(yn)
n—oo
= lim (¢+(3,) + ¢-(=3,))
> liminf (¢4 (f1y,7) + ¢—(—2y, ) (see Proposition 11)
n—oo
= (o)
> my (since yo € No),
= mo = ¢(yg) with yg € Np.
This proof is now complete. O

Reasoning as in the proof of Proposition 15, we show that Ny is a natural constraint for
@(-), thatis, yo € K. In this case we apply the quantitative deformation theorem of Willem
[26], using the following data: the set

13 13
D=(:.>)x(5.2
(33)(33)

W(r7 t) = h(l’ Tj}l - tj)z)a T, = 07
UO(f» t) = ((ga/(tj}])a 5’1)7 (‘P/(—I)AQ), _)72))
1 1
oi(t, 1) = (;(w’(\ﬁ(t, N, ¥ n’), ;(W/(—I/f(f, 07, =y (z, t)7)> .

and the functions
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Using the quantitative deformation theorem of Willem [26, p. 38], with the above data,
we have the following result.

Proposition 18 If hypotheses Hy, H| hold and yo € No is the minimizer from Proposition
17, then yo € K.

So, under the stronger strict monotonicity condition, we can state the following multiplicity
theorem for problem (1).

Proposition 19 If hypotheses Hy, H} hold, then problem (1) has at least three nontrivial
solutions

ug € Ny NL®(Q), up(z) > 0fora.a. z € L, my = ¢4 (ug),
vo € NLNL®(Q), vg(z) <O0foraa z € Q, m_ =q_(vg),
yo € No N L>®(R) nodal, mg = ¢(yo).

5 Multiple solutions under relaxed monotonicity

In this section we drop the strict monotonicity condition Hj (iii) and prove a multiplicity
result (three solutions theorem) with sign information for all the solutions, under the weaker
set of hypotheses Hj.

For this purpose, we introduce the following perturbation of the reaction

fe(z,x) = f(z,x) +€)x]"2x, £>0.

X
This perturbation of f (-, -) satisfies hypotheses H’1 We set Fy(z,x) = /0 fe(z, s)ds

and we consider the corresponding energy functionals ¢y, gozt : WH9(Q) — R defined as
¢, o+ only now F(z, x) is replaced by Fy(z, x). Also, to these functionals we associate the
corresponding Nehari manifolds N ¢ NE, Ng.

Proposition 20 If hypotheses Hy, H| hold, then there exists L > 0 such that
0<p<oiu)forallue Ne, all ¢ € (0, 1).

Proof On account of hypotheses H (i), (iv), given & > 0, we can find c¢;7 = c¢17(¢) > 0 such
that

F(z,x) < Elxlq + c17]x|" fora.a. z € Q, allx € R. (39)
q
Letu € Nt (¢ € (0, 1)). From Proposition 10, we have

@e(u) = max g (tu)
t>0

tP 14 g
> max | —p,(Du) + — | | Dullg +/ £()Nul?dz
p q Q

>0
—/ F(z,tu)dz — tr||u||;> (since 0 < £ < 1).
Q

Using (39), Proposition 5 and choosing ¢ > 0 small, we obtain

oe(u) > max (c18t” — c1ot”) for some c1g, c19 > 0, all 7 > 0,
>

= @¢(u) > o > 0 (recall that p < r).
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This proof is now complete. O
In a similar fashion we show similar results for the functionals <p2t(-).
Proposition 21 If hypotheses Hy, H| hold, then there exist i+ > 0 such that
0<py < (pZ‘(u)forallu e N¢ ,alle e (0,1),
0 < - <, (u)forallu e N, all € € (0, ).

Now letting £ — 07 we will produce constant sign and nodal solutions for problem (1)
under the relaxed monotonicity condition H (iii).

Theorem 22 [f hypotheses Hy, Hy hold, then problem (1) has at least three nontrivial solu-
tions

ug € Ny NL®(R), up(z) > 0foraa. z € L, ¢i(ug) =my,
vo € N_NL®(Q), vg(z) <O0foraa z €, o_(v9) =m_,
yo € Nog N L% () nodal, ¢(yo) = my.
Proof Let £, — 0T.From Proposition 19 we know that we can find y, € W9 () such that
ya €N (n e N), e, (Yn) = mf)” — mg > 0asn — oo, (pén(yn) =01 eN)

(note that { mg"] N - ]f%+ is decreasing). (40)
ne

We will show that {y,},cn S W? () is bounded. Arguing by contradiction, suppose
that at least for a subsequence, we have

|ynll — +oo. 41)
We set w, = ”y—"” (n € N). Then ||w,| = 1 for all n € N and so we may assume that
Yn
Wn = W in W (Q) and b, — ¥ in L' (). (42)

Suppose that w = 0 and let k > 1. Then on account of Proposition 11, we have
Ly
my = @¢, (yn)
k
Ea 7P e 1
[yl

= Yy, (ki)

kP . k4 - .
= —pa(Dwy) + — (”Dwn”q +/ E(Z)|wn|qdz>

p q Q

—:/Iﬁakwﬁdz—ﬂkwﬁﬂw
Q

k4 N N
z—m—/ﬂm%m—wwm
p Q

for some ¢p9 > 0 (since k > 1, g < p, |w, || = 1).

Passing to the limit as n — oo and recalling that w = 0, we obtain

K4
my > ;czo (see (40), (42)).
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Since k > 1 is arbitrary, we let k — +o00 and have a contradiction.
Now assume that w # 0 and let Q = {z €Q:w(z) # 0}.

Then |f2|N > 0 (by | - |[¥ we denote the Lebesgue measure on RY). We have
|yn(z)| = 400 fora.a. z € Q.
From (40) we have

‘en
my

0=
lynll?

@i, (Yn)
Iy ll?

1 R 1 R R F(z,yn)
< L Do)+ —— (annnZ +/ 5(z>|wn|‘fdz) —f F&on)
? alnlP o o Tonl”

1 F(z,
< - <pg(D1I;n) —I—/ S(z)lﬁ)nlqdz> —/ @ y")dz foralln > ny
q Q o lynll?

1 . R F(z,
1L (annnz +f s<z>|wn|qdz> —/ F&on) .
q Q o lyall?

(since | Dw,llg < ||w,|l = 1, see Proposition 2)

1 F(z,
< e _/ (z yn)dz
q  lyall?

for some ¢p; > 0, all n > n; (see Proposition 4). (43)

On account of hypothesis Hj (ii), we have

F(z,
/ (z yn)dz_) too,
& lyall?

F,
:/ RO
a lyll?

(see Hj (i) and use Fatou’s lemma). (44)

If in (43) we pass to the limit as » — 0o and use (44) we have a contradiction.
Therefore {y,},eny € W9 (€) is bounded and so we may assume that

Yu — yoin WH?(Q) and y, — yoin L"(Q). (45)
From (40) we have

(V(yp), h) +/ 5(Z)|yn|q_2ynhdz=/ f(z, y)hdz forall h € W9 ().
Q Q

We choose h = y, — yo € who(Q), pass to the limits as n — oo and use (45). We obtain
lim (V(yn), yn — y0) =0,
n—oo
= y, — Yo in WI’G(Q) (see Proposition 3). (46)
From (46) and Proposition 20, we have

0 < <90,
= yo #0andso yp € N.

@ Springer



14 Page 20 of 21 N.S. Papageorgiou et al.

Reasoning as in the proof Proposition 17, using Proposition 21, we show that yaL # 0,
vo # 0, hence yp € No. Therefore we have

o € No, ¢'(vo) =0, ¢(y0) = mo,
= yg € NN L*(Q) is a ground state nodal solution of problem (1).

Similarly, working with ‘/’2; and Nﬁ’ and passing to the limit as n — oo, we obtain

up € W9(Q) such that
up € Ny NL2(Q), ¢’ (ug) =0, ug(z) > 0foraa. z € Q, oug) =m,
(positive ground state solution) and vy € whe (€2) such that
vo € NLNL®(Q), ¢'(vg) =0, vp(z) < O0foraa. zeQ, o(vg) =m_
(negative ground state solution). O
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