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Abstract

In this paper we continue the study of the spaces (’)M,a,(RN ) and Oc’w(RN ) undertaken in
Albanese and Mele (J Pseudo-Differ Oper Appl, 2021). We determine new representations of
such spaces and we give some structure theorems for their dual spaces. Furthermore, we show
that O/ (]RN ) is the space of convolutors of the space S,,(RY) of the w-ultradifferentiable
rapldly decreasmg functions of Beurling type (in the sense of Braun, Meise and Taylor) and of
its dual space S/ (RY). We also establish that the Fourier transform is an isomorphism from
O/C, ® (RM)onto © Mo (RM).In particular, we prove that this isomorphism is topological when
the former space is endowed with the strong operator lc-topology induced by £ (S, (RY))
and the last space is endowed with its natural Ic-topology.

Keywords Convolutor - Multiplier - Weight function - Ultradifferentiable function space -
Fourier transform
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1 Introduction

The study of the space O3 (RY) of multipliers and of the space O¢(R") of convolutors
of the space O‘c(RY) of rapidly decreasing functions was started by Schwartz [34]. Since
then, the spaces Oy (RN) and O‘c(RY) attracted the attention of several authors, even
recently, (see, f.i., [3,21-24,28-31] and the references therein). Their interest lies in the
rich topological structure and in the importance of their application to the study of partial
differential equations. In the case of ultradifferentiable classes of rapidly decreasing functions
of Beurling or Roumieu type in the sense of Komatsu [25] or in the frame of Gelfand—Shilov
spaces, the spaces of multipliers and of convolutors have been also considered and studied in
the recent years (see, f.i., [15,17,18,26,27,32,33,36,37]). Inspired by this line of research, in
[2] the authors recently introduced and studied the space (’)M,w(RN ) of the slowly increasing
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functions of Beurling type in the setting of ultradifferentiable function space in the sense
of [12], showing there that it is the space of multipliers of the space S, (R") of the w-
ultradifferentiable rapidly decreasing functions of Beurling type, as introduced by Bjorck
[6]. An analogous result for a more general classes of ultradifferentiable rapidly decreasing
functions of Beurling type or Roumieu type was recently established also in [14]. We point
out that, in general, the ultradifferentiable classes defined in one way cannot be defined in
the other way (see [10]).

In this paper we continue the study of the spaces OM,w(RN ) and Oc,w(]RN ) undertaken
in [2], where their elements were defined in terms of weighted L°°-norms. Our main aim is
to show that O’C’ w(RN ) is the space of convolutors of the space S, (RN) and of its dual space
S (RN) (see Sect. 5). To this end, Sects. 3 and 4 are devoted to establish all the necessary
results. In particular, in Sect. 3 we first prove that the elements of both spaces OM,(U(RN )
and Oc,w(RN ) can be also defined in terms of weighted L”-norms and then we give some
structure theorems for their dual spaces. The characterization in terms of L?P-norms relies
on an appropriate weighted Sobolev embedding theorem (Proposition 3.6). In Sect. 4 we
introduce the weighted Fréchet spaces D Ll w(RN ), 1 < p < o0, and study the convolution

operators on their duals, i.e., on the weighted spaces of ultradistributions D/L,, w(RN ) (of
1

Beurling type) of Lp/—growth, p’ being the conjugate exponent of p. Finally, in Sect. 6 we
establish that the Fourier transform is an isomorphism from O’Cyw(]RN )onto O, (RM). This
isomorphim is topological when the former space is endowed with the strong operator lc-
topology induced by £, (S, (R")) and the last space is endowed with its natural lc-topology.
We point out that the methods of the proofs are different from the ones used in [14,15].
Indeed, in [14,15] the proofs relies on tools from the time-frequency analysis as the short
time Fourier transform (STFT).

2 Preliminary

We first give the definition of non-quasianalytic weight function in the sense of Braun-Meise-
Taylor [12] suitable for the Beurling case, i.e., we also consider the logarithm as a weight
function.

Definition 2.1 A non-quasianalytic weight function is a continuous increasing function  :
[0, o0) — [0, 0o) satisfying the following properties:

(o) there exists K > 1 such that w(2t) < K (1 + w(¢)) for every t > 0;

®B [ ﬁ%dt < 00}

(y) thereexista € R, b > 0 such that w(¢) > a + blog(1l + ¢), for every t > 0;

(8) ¢u(t) = woexp(t) is a convex function.

We recall some known properties of the weight functions that shall be useful in the
following (the proofs can be found in the literature):
(1) Condition («) implies for every t1, t, > 0 that

ot +n) < K1+ o) + o). 2.0

Observe that this condition is weaker than subadditivity (i.e., w(t; + ) < w(t1) + w(12)).
The weight functions satisfying («) are not necessarily subadditive in general.
(2) Condition (&) implies that there exists L > 1 such that for every 1 > 0

w(et) < L(1 + w(1)). 2.2)
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(3) By condition (y) we have for every A > Nb—;l that
e *W ¢ LP(RN), (2.3)

Given a non-quasianalytic weight function w, we define the Young conjugate ¢; of ¢,, as
the function ¢ : [0, o0) — [0, oo) by
@y (s) := sup{st — @, ()}, s>0. 2.4
10
There is no loss of generality to assume that w vanishes on [0, 1]. Moreover ¢ is convex

and increasing, ¢ (0) = 0 and (¢5)* = ¢,,. Further useful properties of ¢ are listed below
(see [12]):

(1) @ is an increasing function in (0, co).
(2) Foreverys,t >0and A > 0

* s+t * i * £ * s+t
207, (Tx >5A¢w (A)+A¢w (x) sxgow( . ) 2.5)
(3) Foreveryt >0and x > 0
t t
ALg* | — t<irpf| - AL, 2.6
() wrem (1) o

where L > 1 is the constant appearing in formula (2.2).
(4) Foreverym, M € N with M > mL, where L is the constant appearing in formula (2.2),
and for every t > 0

2" exp <M<p:) (ﬁ)) < Cexp (m(p:f) <i>) , 2.7
m

We now introduce the ultradifferentiable function space S,, (R™) in the sense of Bjork [6].

with C := ¢"L.

Definition 2.2 Let w be a non-quasianalytic weight. .
We denote by S, (RV) the set of all functions f € L'(RV) such that f, f € C®®RN)
and foreachA > O and o € N{)V we have

|l exp(h)d® flloo < 00 and || exp(rh)d® flloo < 00, (2.8)

where f denotes the Fourier transform of f. The elements of S,(RY) are called w-
ultradifferentiable rapidly decreasing functions of Beurling type. We denote by S;(RN )
the dual of S,,(R") endowed with its strong topology.

We refer to [12] for the definition and the main properties of ultradifferentiable function
spaces £,(L2), D, (£2) and their duals of Beurling type in the sense of Braun, Meise and
Taylor. We now recall some properties of S,,(RY).

Remark 2.3 Let w be a non-quasianalytic weight function.

(1) The condition (y) of Definition 2.1 implies that S,, (RN) € S(RN) with continuous
inclusion. Accordingly, we can rewrite the definition of S, (R™) as the set of all the rapidly
decreasing functions that satisfy the condition (2.8).

(2) The space S,(RY) is closed under convolution, under point-wise multiplication,
translation and modulation, where the translation and modulation operators are defined by
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Ty f(x) = f(x —y)and M, f(x) := e f(x), respectively, where ¢, x, y € RN ([6, Propo-
sitions 1.8.3 and 1.8.5]).

(3) The Fourier transform F : S,(RY) — S, (R") is a continuous isomorphism, that can
be extended in the usual way to S, RM) (16, Proposition 1.8.2]),i.e. F(T)(f) = (T, f) for
every f € S,(RM)and T € S, (RN ). Moreover, for every f € S,(RV) and T € S (RV)
the convolution (T f) (x) := (Ty f ), for x € RN, (where f is the function x > f(—x))
is a well defined function on RN such that Tx f € S(’l) (RN ), see [6, Theorem 1.8.12], and

F(Txf)= fFT. (2.9)

(4) The space S,(RN) is a nuclear Fréchet space, see, f.i., [9, Theorem 3.3] or [16
Theorem 1.1].

The space S,,(RY) is a Fréchet space with different equivalent systems of seminorms.
Indeed, the following result holds.

Proposition 2.4 Let w be a non-quasianalytic weight function and consider f € S(RN). Fix
1 < p <oc. Then f € S,(RYN) if and only if one of the following conditions is satisfied.

(1) ) VA>0, a e N 3Cq,i,p > 0 such that || exp(kw)aaf||p < Cq,.,p, and

(i) VA >0, ax € NO 3Cq,,p > 0 such that || exp(ka))a"‘fll,, < Caqn,p-
(2) ) YA > 03Cy,p > 0suchthat || exp(Aw) fllp < Cy,p, and

(ii) YA > 03Cy., > 0 such that | exp(w) f 1, < Cs. .
(3) VA, u>03Cy 4 p > 0such that

||
@,p(f) = sup |lexp(uw)d® £, exp (—Wff, (7 = Cupup-

aENg
If 1 < p < oo, then conditions (1)--(3) are equivalent to

(4) YA, > 03Cy . p > 0 such that

1

lo|
(D= Y1 eXP(uw)B“fIIZGXP< pww( . < Crpp-
aeNg

Proof For a proof of (1)< (2)<(3) we refer to [8, Theorem 4.8] and [7, Theorem 2.6].
(3)=(4). Fix A, u > 0. Then by (2.6)

@ ("= ) | exp(uw>8“f||£exp< PG, <|i|>)

aeNy

< Y llexp(ua)d® £ exp  —pLag} 1TV exp(—plal + pLa)
- = P @\ L

oe 0

= exp(PLA)(GLiup ()’ Y exp(—plal),

aeN{;’
where Z%N{;f exp(—plal) < 00. So,

1
P

Ohup(f) SexpLA) | Y exp(=plal) | qraup(f) < oo

N
aeNy
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(4)=(3). Fix A, u > 0. Then for every o € N}

Il exp(w)d® f i, exp <—)»<PZ <%)) < o pup(f)-

Accordingly, ;. 11, p(f) < 03,4, p(f) < 00. m]

In the following, we will often use this system of norms generating the Fréchet topology
of S,(RM)

Gon(f) = Gopoo(f)s Aot >0, feS,RY), (2.10)

or equivalently, the sequence of norms {G,  }men-

3 The spaces Oy »(R) and O¢, , (RN) and their duals

The elements of the spaces (’)M,w(RN ) and Oc,w(RN ) have been defined in [2] in terms of
weighted L°°-norms. The main aim of this section is to show that the elements of such spaces
can be also defined in terms of weighted L”-norms, with 1 < p < oco. This characterization
allows to easily show some structure theorems for their strong dual spaces. In order to do
this, we begin by recalling the definition and some basic properties of the spaces Oy, (RY)
and O¢ ,(RY) given in [2].

Definition 3.1 Let w be a non-quasianalytic weight function.
(a) For m € N and n € Z we define the space O} w(RN ) as the set of all functions
f e C®(RY) satisfying the following condition:

|ot]
Fmn(f) := sup sup [3% f(x)|exp <—na)(x) —my) (—)) < 00. (3.1)
aeN) xeRN m
The space ((’)wa(RN), rm.n) 1s @ Banach space.
(b) We define the space OM,,,J(RN) by

Omo®Y):= () Jor,®Y). (3.2)

m=1n=1

The elements of OM,Q,(RN ) are called slowly increasing functions of Beurling type.
The space (’)M,W(RN ) is endowed with its natural lc-topology ¢, i.e., OM,Q,(RN ) =
proj o ind 2 oy »(RY) is a projective limit of (LB)-spaces.

(c) We define the space Ocyw(RN ) by

Oc.o®") = ) Or,®Y). (3.3)

n=1m=1

The elements of Oc ,(RN) are called very slowly increasing functions of Beurling
type. The space Oc’w(RN ) is endowed with its natural lc-topology, i.e., Oc,w(RN ) =
ind - proj = O™ (R") is an (LF)-space.

n m ’

The space (’)M,w(]RN ) is the space of multipliers of S,, (RM) and of S (RM) as proved in
[2,14]. In particular, in [14, Theorem 5.3] it is shown that OM,w(RN ) is an ultrabornological
space. On the other hand, by [2, Theorems 4.4, 4.6 and 5.1] the following result holds.
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Theorem 3.2 Let w be a non-quasianalytic weight function and f € C®RN). Then the
following properties are equivalent.

(1) f € Omow®).
(2) Forevery g € S,(RN) and m € N we have

qm.g(f) = sup sup |g(x)[|0% f(x)|exp <—m¢$ <|’%|>> < oo. 3.4

aeN) xeRV

(3) Forevery g € Sp(RN) we have fg € S,(RV).
(4) Forevery T € S, (RN) we have fT € S, (RV).

Moreover, if f € OM,w(RN), then the linear operators My : S, RN) = S, (RN) defined by
My(g) := fg forg € Sy@®RY), and My : S|, RY) — S, (RN) defined by M ;(T) := fT,
for T € 8. (RN), are continuous.

The set {gm,¢}men ges, my) defines a complete Hausdorff Ic-topology t on Om.o@®RY)
weaker than ¢ [2, Theorem 5.2(2) and Proposition 5.6]. Actually, by combining [2, Proposi-
tion 5.6 and Theorem 5.9] with [14, Theorem 5.2] it follows that r = 7. So, the lc-topology
t is described by means of {gm,g¢}nen ges, ®N)- Moreover, the inclusions Dy(RY) —
So(RYY < OcoRY) < Oy.oRY) — £,(RN) are well-defined, continuous with
dense range, see [2, Theorems 3.8, 3.9 and 5.2(1)].

So, denoted by O’C’w(]RN) (O;W‘w(RN), resp.) the strong dual space of Oc ., (RV)
(Oum.o(RN), resp.), the inclusions £, (RY) — 0}, ,RY) — O,  ,RY) - S, RY) —
D, (RV)

are also well-defined and continuous. On the other hand, OMyw(]RN ) — SC’U(RN ) and
Oc,w(RN ) — S, (RV) continuously, as it is easy to see.

In order to characterize the elements of the spaces O M,w(RN ) and Oc,w(RN ) in terms of
weighted L”-norms, we first observe the following fact.

Proposition 3.3 Ler w be a non-quasianalytic weight function. Then the following properties
hold.

) fe OM,w(]RN) ifand only if f € C®RN) and for each m € N there exist C > 0 and
n € N such that for every a € Név and x € RN we have

||

[0% f(x)] < Cexp (na)(x) +mg), <;> - |ot|> . (3.5)

2) fe Ocqw(RN) ifand only if f € C®(RN) and there exists n € N such that for every
m € N there exists C > 0 so that for every a € Nf)v and x € RN we have

||

|0 f(x)] < Cexp ("w(X) + myy, (?) - |a|> : (3.6)

Proof 1t is straightforward. O

Remark 3.4 Suppose that the function f € C°°(R") satisfies the condition

0% f(x)| = Cexp <nw(X) + mg;, (M) - |a|> ,

m
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for every o € Nf)v, x € RY and for some n, m € N. Then, for a fixed 1 < p < oo, the
function f clearly satisfies the condition

exp(—(n + np)w(x))|9% f(x)| = Cexp (-now(x) + mg,, <M) - |Ot|> )

m
for every o € N(’)V and x € RY and for ng := [NTJ;)]] +1 > Nh—:], where b is the constant
appearing in condition (y). Since exp(—now) € L? (RM) by (2.3), it follows forevery o € Nf)v
that

lex|
| exp(—=(n + no)w)d® fll, < Cllexp (—now) || , exp (W/)Z (; — ol ).
Accordingly, we obtain that
lex|
3 llexp(—(n + no)a)d® f115 exp (—pmw;i (; < (D)"Y exp(~plal) < oo,
aeN{)" O‘EN(I)V

where D := | exp (—now) ||
In view of Remark 3.4 above it is natural to introduce the following spaces of C* functions
on RV,

Definition 3.5 Let w be a non-quasianalytic weight function and | < p < oco.
(@) For m € N and n € Z we define the space O (RN) as the set of all functions

n,w,p
f € C*®(RN) satisfying the following condition:

np(£) =Y llexp(—=nw)d* f 5 exp (—mpso:; (';"1—')) < 00. (3.7)
aeN(]]V
The space ((’)wa’p(RN), Tm,n,p) 1s a Banach space.
(b) We define the space (’)M,w,p(]RN) by
o o
Omw,®Y) = () JOr, ,®RY. (3.8)
m=1n=1

The space OM,w,p(]RN) is endowed with its natural lc-topology, i.e., OM,w,p(RN) =
proj © ind 2 O . p(RN ) is a projective limit of (LB)-spaces.

(c) We define the space Oc o, p(RN ) by

o0

Oc.w,®") =] (O, ,®"). 3.9)

n=1m=1

The space Oc,q,p(RY) is endowed with its natural lc-topology, i.e., Oc u p(RY) =
ind > proj E(’)m (RV) is an (LF)-space.

n,w,p

The aim is to show that Oy, »(RY) = O p(RY) and Oc ,(RY) = Oc¢ o, ,RY)
algebraically and topologically for every 1 < p < oo. To do this, we introduce the weighted
space WEP (RN exp(—nw(x))dx), with 1 < p < 0o, n € Ny and k € Ny U {o0}, defined
as the set of all functions f € Wlko’cp (RM) such that

1l prexpney = . lexp(=nw)a® 1], < oo.

|| <k
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Since the weight exp(—nw(x)) € L>®(RY) is a positive function on RV, it is straithforward
to verify that (Wk-P(RN, exp(—nw(x)) dx), || - llk, p,exp(—nw)) 1s @ Banach space and that
C’O‘(RN) is a dense subspace of (WkP (RN, exp(—nw(x)) dx), || - I, p,exp(—nw))-

We now show that an appropriate embedding theorem is also valid in the setting of the
spaces introduced above.

Proposition 3.6 Let w be a non-quasianalytic weight function and letk € Nand1 < p < oo.
If kp > N, then for each n € Ny there exist n’ > n withn’ = n’(n, ) € Ny and C > 0
with C = C(n, N, k, p) such that for every f € WoP(RN, exp(—nw(x)) dx) the following
inequality is valid:

”fexp(_n/w)”oo =< C||f||k,p,exp(—nw)~ (3.10)

Proof We first consider the case k = 1 and so p > N.
By Morrey’s inequality ([19, Theorem 4, p.266]), there exists a constant Cy > 0 such
that for every f € CL(RYM), x e RY and r > 0 we have
IDf(y)]
1) = F)ldy < CN/ o dy. G.11)

| By (x)| B, (x) B, (x) ly —x

Now, letn’ > Kn withn’ € Ny, where K > 1 is the constant appearing in Definition 2.1(c).
Since w(y) = o(|(y —x) + 1)) < o(lx —y| +x])) £ K(w(x —y) +ox) +1) <
K1) + o) + 1) for x,y € RV with |x — y| < 1, it follows by (3.11) for every
f e CY(RN)and x € RV, that

|f ()l expen'o(x)) < | f ()] exp(-Knw(x)) =

—K d
Bro)] B](x)lf(x)lexp( nw(x))dy

[f(x) — f()+ f)exp(—Knwo(x)dy
[B1(X)| JBx)

<Cy / BIIepC Knotd) 4y 1 |/ (Ml exp(—Kno (x))dy
Bi(x) ly — x| |B1(x)] JB(x)

IDf(y)| exp(—nw(y)) J
y
B (x) ly —x|N-1

|f (Wl exp(—=nw(y))dy.

=

< Cnexp(Kn(l + w(1)))

exp(Kn(l + w(1)))
| B (x)| Bi(x)

So, setting C := max [CN exp(Kn(l + w(1))), W] and applying Holder’s

inequality, we get for every f € Cé (RV) and x € RY that
| f ()] exp(—n'w(x))

L

1
» 1 v
<c Df(y)|” exp(— d / 7@)
(/. DS exppro ) v) (BI(X) e

1

7 14 ’
+ C|By(x)|'/P ( f |f<y>|f’exp(—pnw(y)>dy) < C'NIF I, prexpnw)s
B (x)

L
7

after having observed that ( f B, (x) m dy) P < ooas p > N. Therefore, we have
for every f € CJ(R") that

||feXp(—n’a))||oo =< C/”f”l,p,exp(fnw)-
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Thus, (3.10) is proved fork =1 as Cé (RN)isadense subspace of wLhp (RN, exp(—nw(x))dx).
To conclude the proof in the case k > 1, we proceed as follows.

It k > 1but p > N, we have by the result proved above that for every f €
WkP(RN , exp(—nw(x))dx) and x € RN

| f ()| exp(—n'w(x))

N 1
< [(/B " Lf 1P eXp(—Pna)(y))dy> ' +</B " IDf(y)I”eXp(—pnw(y))dy> p}

1

P
<y ( /B . |a“f(y)|Pexp(—pnw<y>>dy> < €1 f 11k prexp(—na-

| <k

with C"=C"(C’, N) > 0. Accordingly, we obtain forevery f € W*? (RN | exp(—nw(x))dx)
that

||fexp(_n/(1))||oo =< CUHf”k,p,exp(ww)-

If p < N < kp, then there exists j € Nwith1 < j <k — 1suchthat jp <N < (j+ 1)p.
If jp < N,wesetr := Nlil;p. If jp = N, we choose r > max{N, p}. In both cases, r > N
and r > p. So, by applying again Morrey’s inequality, we get for every f € C'(RV) and
x € RV, that

1 1
ol < ¢ [(fB()If(y)l’dy> +</B()|Df(y)|"dy> }
1(x 1(x

where C| = Ci(N,}r) > 0. But if either jp < N and r = N’X‘;p or jp = Nand r >
max{N, p}, then W/-?(B;(x)) < L"(B;(x)) for every x € R, where the constant C{ > 0
for this imbedding depends only on j, p, N, r (see, f.i., [1, Lemma 5.14, pg. 106]). On the

other hand, we have for every x € R and g € L?(B(x)) that

/ lgWIPdy = f 1g(»)17 exp(—pnw(y)) exp(pnw(y))dy
Bi() B (x)
< /B " lg()|? exp(—pnow(y)) exp(pKnw(x — y) + pnK) exp(pKnw(x)) dy
< exp(pKna(1) + pKn) exp(pKnw(x)) /B . lg()I” exp(—pne(y)) dy.
1(x

By combining all these facts, we obtain for every f € C’(; (RV) and x € R that

£COL < CLCYAf i sy + DS oo 3y o)
= Crexp(Kno ()L f llwir (B, x),exp(—nw) ay) T DL lwir ) (x),exp(—no) dy)

< C2 eXP(n/w(xm |f| |k,p,exp(7na))~
So, also in this case we have for every f € wkp (RN, exp(—nw(x))dx) that

|1 f exp(=1'®)lloo < Call fllk, p.exp(—na)s

with Co > 0 depending on n, N, k, p. So, the proof is complete. O
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157 Page 10 of 24 A. A. Albanese, C. Mele

Remark 3.7 1f the weight function w is sub-additive, i.e., w (s +¢) < w(s)+w(t) fors,t > 0,
from the proof above it follows that || f exp(—n)|leo < CI| fllk, p,exp(—nw) Whenevern € Ny
and f € WEP(RY | exp(—nw(x)) dx) withkp > N.

Thanks to Propositions 3.3 and 3.6 , and Remark 3.4, we are now able to show the main
result of this section.

Proposition 3.8 Let w be a non-quasianalytic weight function and 1 < p < oo. Then the
Sfollowing properties are satisfied.

(1) OM,G)(RN) = (’)M,w,p(RN) algebraically and topologically.
(2) Oc,w(RN) = Oc,w,p(RN) algebraically and topologically.

Proof We first establish that Op ,(RY) < Op 4, ,(RY) and O¢ ,(RY) — Oc 4, (RY)
continuously.

Fix m,n € Nand set ng := [N+l] + 1. Then Proposition 3.3(1) and Remark 3.4 imply

for every f € O” (RV)and m’ > Lm that

n,w
rm’,n+no,p(f) =< eXP(Lm)CVm,n(f), (3.12)
1
where C := || exp(—now)||, (ZaeNé\[ exp(—plal)) " < 00. Accordingly, the inclusions
o0
Ry = om, L ®Y) s | o, S BY)

n'=1
are continuous for every m’ > Lm. The arbitrarity of n € N yields that also the inclusion
o0
N N
Uor.®") — U or, ,®&Y)
n=1 =1
is continuous for every m’ > Lm. Finally, since m € N is arbitrary and the spaces
Om.o®RY) and Oy 4, p(RN ) are endowed with the projective lc-topology defined by the
spectrum {{J;=; O , (RM)}en and {7 O™ (RV)},en respectively, it follows that
Om.o®RY) — OM’w,p(RN) continuously.
Now, fix m,n € N and set ng := [NH] + 1. Then Proposition 3.3(2) and Remark 3.4

n',w,p

clearly imply for every f € O,’,’fw(RN), m’ > Lm and n’ > n + ny that

rm’,n’,p(f) < exp(Lm)Cry u(f). (3.13)
This means that the inclusion

L RY) o

n',w,p

®")
is continuous for every m’ > Lm and n’ > n + ng. Since m € N is arbitrary and the spaces
M 100w ®RMyand55_, oy (]RN ) are endowed with the projective lc-topology defined

by the spectrum {O}! (]RN )}meN and {Om

o p(]RN )}men respectively, it follows that also the
inclusion

M or,®Y) ﬂ oy, ,®Y)

m=1 m'=1
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is continuous for every n’ > n + ny. Finally, taking into account that ()},/_, (’)Z’,/w p(RN ) —

Oc,w,p(RN) and that n € N is arbitrary, it follows that Oc,w(]RN) — Oc,w,p(RN) contin-
uously.

It remains to establish that Ops ,, ,(RY) <> Oy ,(RY) and Oc ., RY) < Oc ,(RY)
are also well-defined and continuous inclusions. To do this, we first prove that for every
n € N there exists n’ > n such that for every m € N the inclusion

oy ,®Yy = o (RY) (3.14)

n,w,p

is well-defined and continuous.

So, fix n € N and choose k € N satisfying kp > N. Then by Proposition 3.6 there exist
n' =n'(n,w) > nwithn € Nand C = C(n, N, k, p) > 0 such that inequality (3.10) is
satisfied. So, for a fixed m € N, we have forevery f € Oﬁf’c’o’P(RN) Cc C®°MRY)ando e NV
that

||3afexp(—n/a))||oo =< C”aaf”k,p,exp(fnw)-

Thus, applying the fact that ¢ (¢)/¢ is increasing function in (0, co) and inequality (2.5), it
follows for every f € ©>" (RV)and « € NV that

n,w,p

« / « (el o [ el
10 f exp(—n'w)||loc €xp | =g, P < Cl10% fllk, p exp(—nw) €XP | —me;, o
o * |Ol|
= C||0” f exp(—nw)| p exp | —mg,, o

+C Z ||8“+ﬂf exp(—nw)|lp exp <—m<p:) (%))

0<IBl=k

< Cll9% f exp(—nw)|  exp <—2m¢7$ (ﬁ))

+C Z ||8“+ﬂf exp(—nw)|lp exp <—2m<p:f) <M> + my) (é>)
2m m
0<IBl<k
1

P
¥l
<C'| Y 197 f exp(—naw)|) exp (—meqa;z (l» = C'ramanp ().

it 2m
1
where C' := C (2045‘5,{ exp (p’mgo:) (‘%)) + 1)” whenever 1 < p < oo, with % +

% =l,andC':=C SUPo|g|<k EXP (p’mgoj) (%)) + 1 whenever p = 1. Accordingly, for

2m
n,w,p

every f € O (RN) the following inequality holds

|or]
Fmw (f) = sup [10% f exp(—nw) o €xp <—m<p52 (* < C'ramn. p(f)-
aeNy m
This completes the proof.
Now, the reverse topological inclusions easily follow by applying (3.14) and by arguing
in a similar way as above. O

Remark 3.9 We observe that if f € S,(RY), then Omn,p(f) = Tm,—n,p(f) for every
m € N, n € Nand p € [1, 00). Therefore, by Proposition 2.4 it follows that S,, (RN) =
N Ny O™, p (RY) for every p € [1, 00).

—n,w,p
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Denoting by O;W,w,p(RN) ((’)/C’w,p(RN), resp.), for 1 < p < oo, the strong dual of

OM,0,p RM) (Oc,w,p (RM), resp.) Proposition 3.8 above implies the following fact.

Corollary 3.10 Let w be a non-quasianalytic weight function and 1 < p < oo. Then the
Sfollowing properties are satisfied.

m oy ,RY) =0, p(}RN ) algebraically and topologically.

2) (’)/C’w(RN) = O/C,m,p(RN) algebraically and topologically.

Thanks to Proposition 3.8 and Corollary 3.10, it is easy to show some structure theorems
for the dual spaces O, w(RN ) and O w(RN ) of Opr.»(RY) and Oc¢ ,(RV), respectively.
To do this, we introduce the following weighted spaces.

Definition 3.11 Let w be a non-quasianalytic weight function.

(a) For 1 < p < oo and for m,n € Z we define (@L? (RY, exp(nw(x)) dx)), . L2
the set of all sequences { fu},, eny of Lebesgue measurable functions on RY satisfying the
following condition:

4
Hfﬂf}aeN{;’%nw,p = Z | exp(nw) fu I}, exp (pm(p;f, (; < 00

N
aeNy

S

(3.15)

(b) For m, n € Z we define the space (@L*®(R", exp(nw(x))dx) ), , . asthe set of all
the sequences { f4}, eny of Lebesgue measurable functions on RY satisfying the following

condition:
lo|
|{fa}aeN(/)V |m,nw,oo ‘= Sup ” exp(nw)fot”oo exXp <m¢>z <7 <o
aeN(I]V m
(3.16)
In view of Proposition 3.8, Corollary 3.10 and Remark 3.9 we can proceed in a similar

way as in [18, Theorem 3.2], [26, Theorem 3.2] and [27, Theorem 2] to show the following
representations.

Theorem 3.12 (Structure theorem for O;VL w(RN )). Let w be a non-quasianalytic weight
Sfunction, T € D,, R¥Yand1 < p < o00.ThenT € O;‘,I’M(RN) if and only if there exists m €
N such that for every n € N there exists {fa}aeN{;’ S (EBLP/ (RN, exp(now(x)) dx)) ,

’
w,m,p

p’ being the conjugate exponent of p, such that

T = Z % fy. (3.17)
aeNg
Theorem 3.13 (Structure theorem for O/c, w(RN )). Let  be a non-quasianalytic weight func-
tion, T € D,,(RN)and1 < p < co.ThenT € O’C’w(RN) if and only if for each n € N there
exist m € N and {f“}aeN(I)V € (@L”/ (RN, exp(nw(x)) dx)) , p' being the conjugate
p/

w,m,

exponent of p, such that

T= Y 0f (3.18)

N
aeNy
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Theorem 3.14 (Structure theorem for S(/U(RN )). Let  be a non-quasianalytic weight func-
tion, T € D;)(RN) and1 < p <oo.ThenT € S;)(]RN) if and only if there exist m € N and

{fa}aeNé\’ € (@Lp’ (RN, exp(—maw (x)) dx))w o such that

T=Y 0Ffa (3.19)

N
aeNj

4 The space D;» , (RN)
u’

In this section we collect further necessary results in order to show that O/C,w (RN) is the space
of convolutors of S,,(RY) and of S, (RM). To this end we introduce the spaces D L w(]RN ),
where p e Rand 1 < p < o0.

Definition 4.1 Let w be a non-quasianalytic weight function and let 1 € R.
(a) We denote by DLZ,w(RN)’ for 1 < p < oo, the set of all functions f € C>®(R") such
that for every m € N the following inequality is satisfied:
lor|
()= Y [l exp(uw)d® [} exp (—pmw;z (;)) < 0. @.1)

N
aeNy

(b) We denote by B L¥w (RY) the set of all functions fecCc® (R™) such that for everym € N
the following inequality is satisfied:

tm,p,00(f) = sup [ exp(uw)d® flloo exp (—mf/’:) (%)) < 0. (4.2)

N
aeNy

(c) We denote by DLﬁo,w(RN ) the subspace of B Lﬁo,w(RN ) consisting of all the functions

f such that | exp(uw(x))9% f (x)] — 0 as |x| — oo forall & € N(Z)V.
We denote by D’Lp w(]RN) (by By ,(RY), resp.) the strong dual of Dy »@RY) (of
w wo ,

BLﬁo,w(RN), resp.).

The spaces D Ll w(RN ),1 < p <oo,and B L?Lo,w(RN ) are always supposed to be endowed
with the lc-topology generated by the sequence of norms {t,, i, ptmen and {tm ;1,00 tmeN,
respectively. The elements of the strong dual D/Lﬁ ,w(RN ) of D Lh ’w(RN ) are called ultra-
distributions of LZ/-growth, p’ being the conjugate exponent of p. In the case u = 0 such
spaces were already considered in [5], [13] and [20] and are extensions of the classical spaces
Drr (RY) and B(RV) as introduced by Schwartz [34] (see also [4]). Moreover, spaces analo-
gous to DL{j,w(RN)’ 1<p<oo,(to BLZo,w(]RN), resp.) were treated in [27] (in [15], resp.),
in the context of ultradifferentiable functions of Beurling type as introduced by Komatsu [25]
(of Gelfand-Shilov type spaces, resp.). Moreover, by arguing in a similar way as in [5] (see
also [13,20]), we can prove the following properties.

Proposition 4.2 Let w be a non-quasianalytic weight function and 1 < p < oo. Then the
Sfollowing properties are satisfied.

(1) For every u € R the spaces Dij,w(RN) and BLﬁc,w(RN) are Fréchet spaces.
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(2) For every w, ' € R with u < u' the inclusions DLﬁ/,w(RN) — DLﬁ,w(RN) and
BLoc;,w(RN) — BLﬁo,w(RN) are continuous.
”w
(3) Forevery i € R the inclusion Dy, (RV) — DLﬁ ’ w(RN ) is continuous with dense range.

(4) For every i € R the inclusions DLﬁ,w(RN ) > EH(RN) and BLﬁo,w(RN ) > EH(RN)
are continuous with dense range.

Remark 4.3 Since t,, . p = O p.p for u > 0and ty, _p p = rip,p forn € Nty —p 0o =
rm.n for n € N), the following equalities are valid algebraically and topologically:

So®") = (Dpp ,RY) = [ Bup.w@®") (1< p=<o0),  (43)

n>0 n>0
o
(O, ®) =Dy RY) (1<p<oo, nel, (4.4)
m=1
o0
() On,®Y) =B ,(RY) (n €N, 4.5)
and hence,
[e.¢] o0
Oc.o@®") =Dy ,®Y) =[] B2 o®RY) (1 <p<o0), (4.6)
n=1 n=1

where (4.6) has been established in Proposition 3.8 for 1 < p < oo. For p = o0, (4.6)
follows from the fact that if f € By , »(RN) for some n € N, then f € D X ) »(RN), as
it is easy to see.

The aim of this section is to study the convolution operators acting on the spaces of
ultradistributions of Lﬁ-growth, thereby extending some results in [5] (see also [20]) in the
setting of the weigthed spaces D L, w(RN ). In order to do this, in the following we always
assume that the weight w satisfies the additional condition log(1 4 t) = o(w(t)) as t — oo,
which is stronger than condition (y).

Let G be an entire function satisfying the condition log |G (z)| = O(w(z)) as |z] — oo.
Then the functional T defined on &, (RY) by

2 9%G(0
(TG, ¢) = Y (—i) () ¢ (0), ¢ € EyRY),

aeNy

belongs to £/, (RY). The operator G(D) defined on D], (R") through
G(D): D, (RY) = D, (RY), S+ G(D)S := TS,
is called an ultradifferential operator of w-class. When G (D) is restricted to &, (RM), G(D)
is a continuous linear operator from &, (R™) into itself and, for every ¢ € &, (RM),
*G(0
Gow = 3 115 D0 vx e r,
ol
aENO

Along the lines in [20] (see also [5,11]), one can show with some straightforward variants
that each ultradifferential operator G (D) of w-class defines a continuous linear operator from
Dyr. »®Y) into itself and from BLﬁo,w(RN ) into itself, forevery 1 < p < oo and 1 € R.
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Proposition 4.4 Let w be a non-quasianalytic weight function with the additional condition
log(1+1) =o(w(t)) ast — oco. Let u € Rand 1 < p < oo. If G(D) is an ultradifferential
operator of w-class, then

. N N
G(D): Dy ,®Y) > Dy ®Y)

is a continuous linear operator. Moreover, G(D) is also a continuous linear operator from
D/L,, w(RN) into itself. The result is also valid when G (D) acts on BLloto’w(RN) and on its
f

strong dual, i.e., G(D) € L(Brzx,o(RY)) and G(D) € L(B ,(RY)).
%,
From Proposition 4.4 and Remark 4.3, it easily follows the next result.

Proposition 4.5 Let w be a non-quasianalytic weight function with the additional condition
log(1+1) = o(w(t)) ast — 0o and G(D) be an ultradifferential operator of w-class. Then
the following properties are satisfied.

(1) G(D): (’)c,w(RN) — Oc,w(RN) is a continuous linear operator. Moreover, G (D) also
acts continuously on O w(]RN).

(2) G(D) : Sp RN = S, (RN) is a continuous linear operator. Moreover, G(D) also acts
continuously on S.,(RV).

From now on in this section, we consider only the case p € [1, 00). In particular, we give
representations of the elements of D’L » w(RN ) similar to the ones in [5,20]. In order to do
W

this, we begin with the following result.

Proposition 4.6 Let w be a non-quasianalytic weight function.
Letp e Rand 1 < p < oo. Then
forevery T € D’Lp w(]RN) and ¢ € Dy(RN) the function Tx¢ € LV (RN,
o

exp(—u'®(x))dx), p' being the conjugate exponent of p and ' = K if u > Oand i’ = %
if w < O with K the constant appearing in condition (o).

Proof Since D', w(RN ) C D, (RY) by Proposition 4.2(2), the convolution is well posed
’,

and Tx¢ € &, (RN) (see [12, Proposition 6.4]). By assumption there existm € Nand C > 0
such that for every ¢ € D, »@BY)

T, o) < Cty,p,p(@).

Therefore, we get for every ¢ € D,,(RV) that

‘/RN (T*$) ()@ (x) dx| = (T, )| = (T, $x)| < Clin o p(G%9)

1

P

=C | D llexp(uw)d®(@xp)ll} exp <—pm<p;i <|,%|>>

N
aeNj
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We now suppose that . > 0 and observe that by property («) of @, we have for every
¢ € Dy,(RVN) that

| exp(uw)d® (pxp)llh = /R B exp(ppo(x))|9% (@) (x)|P dx
= / exp(puo(x))|(3% ) (x)|P dx
]RN

_ f / exp(puw(x — y + Y3 (x — y)|Ple()|P dxdy
RN JRN
< exp(Kpu)l| exp(uK w)g||L] exp(LK w)d*$||L.

Thereby, we obtain for every ¢ € D, (RN) that

‘/ (T*¢)(x)p(x) dx
RN

< Cexp(uK) |l exp(K @)@l ptm, k. p(#)
= C/” exp(/'LKw)‘/’”ptm,Kp.,p(¢)~

This implies that Tx¢p € LY (RN, exp(—uKw(x))dx) with || exp(—uKw)Txp||,y <
C'tyn, Kk u,p(@). In the case that u < 0, a similar argument shows that Tx¢ € LY (RN,
exp(—%w(x))dx) with || exp(— &) T*@|| y < C'ty, . p (). O

Remark 4.7 In case the weight function w is sub-additive, i.e., w(s + ) < w(s) + w(t)
for all s,# > 0 and hence K = 1, we can deduce from the proof above that for every
T e DLﬁ’w(RN yand ¢ € D, (RY) the function Tx¢ € L (RY, exp(—pw(x))dx), with p’
the conjugate exponent of p.

We recall that an ultradifferential operator G (D) of w-class is said to be strongly elliptic
if there exist M > 0 and [ > 0 such that |G(z)| > M exp(lw(z)), for every z € CVN with
[Jz] < M|Nz|.

Proposition 4.8 Let w be a non-quasianalytic weight function with the additional condition
log(l1 4+ 1) = o(w(t)) ast — oo. Let T € D;)(]RN), 1 < p <ocoand i € R. Suppose that
Txp € LP (RN, exp(uw (x))dx) for every ¢ € Do,(RN). Then, there exist a strongly elliptic
ultradifferential operator G(D) of w-class and f,g € LP(RVN, exp(uw(x))dx) such that
T=GD)f +g.

Proof Let V, denote the unit ball of LY (RN, exp(—uw(x))dx), p’ being the conjugate
exponent of p. Then, for a fixed ¢ € V,; N D, (RN, we have for every ¢ € D, (RY) that

(T, §) = (T, )] < Il exp(a)(T+d)llp |l exp(—pw)ell < Il exp(ua)(T+d)ll .

This implies that {T*¢ : ¢ € V,y N Dy(RM)} is a weakly bounded subset, and hence, an
equicontinuous subset of D, (RM). Therefore, if K| := [—2, 2]V, we can find m € N and
C > 0 such that

KT*¢, ¢)| < Cpk)m(®)

for each ¢ € Dy(K)) and ¢ € V,y N Do (RY). Accordingly, for each ¢ € D, (K1) and
¢ €Dy (RN)

(T*@, ¢)| < Cpk\.m(®)llexp(—pw)ell, . .7
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We now take K» := [—1, 11" and we show that T*¢ € L?(R", exp(uw(x))dx) for every
¢ € Eyom(K2) ND(K>7). Let n € Dy(K7) be such that n > 0, fK] exp(uox))nx)dx =1

and consider 7. (x) := ”(f), for x € RY and € > 0. Then, for ¢ € Ew2m(K2) N D(K?),
dxne € Dyp(K1), 0 < € < 1, and ¢pxne — ¢ in &, m(K1) N D(Ky) , as € — 0F. By
assumption, Tx(¢*n.) € LP (RN, exp(uw(x))dx), 0 < € < 1. On the other hand, from

(4.7) it follows for every 0 < € < 1 that

I exp(ua)(T*(@xne)llp < Cpgym(Pxne) < C'prym(@), (4.8)

for some C’ > 0. Thanks to inequality (4.8), we get that {T*(¢*n¢)}o<e<1 is a Cauchy net
in the space L? (R, exp(juw (x))dx), thereby a convergent net in L? (RY | exp(pw (x))dx).
Since T € D, (RV), there exist / € Nand C’ > 0 such that

|<T» q))l = C/pK2,1(¢)

for each ¢ € D, (K2). Then T can be continuously extended to &, ;(K2) N D(K>). Hence,
if m is large enough, we can conclude for every x € RY that

[(Tx(pxne) — T*d)(x)| < C'pryi(@xne — ¢) < C'prym(dxne — ¢).

So, Tx(p*ne) — Tx¢ in Cp(RY) as € — 0F. From (4.8) we obtain that Tx¢p €
LP(RN, exp(uw(x))dx). Now applying [20, Corollary 2.6], we can write § = G(D)I" + g,
where G(D) is a strongly elliptic ultradifferential operator of w-class, x € D, (K3) and
I' € £y,20m(K2) N D(K2). To get the claim, is sufficient to take f := T'xI"and g := Txx. O

The results above lead to the following result about the elements of D/L » w(RN ).
W

Theorem 4.9 Let w be a non-quasianalytic weight function with the additional condition
log(l +1) = o(w(t)) ast — ocoand T € DZU(]RN). Let1 < p < ooand nu € R. Set
wW=Kuifu>0and n' = % if w < 0 and consider the following properties.

() Te D;‘Z’w(]RN).

2) Txp € LP’(RN,eXp(—u/w(x))dx) for every ¢ € Dy,(RN), p’ being the conjugate
exponent of p.

(3) There exists a strongly elliptic ultradifferential operator G(D) of w-class and f,g €
LY RV, exp(—/w(x))dx) such that T = G(D) f +g, p’ being the conjugate exponent
of p.

Then (1) = (2) = (3). If; in addition, the weigth function w is sub-additive, then all the

assertions are equivalent.

Proof (1) = (2) follows from Proposition 4.6.
(2) = (3) follows from Proposition 4.8.
In case the weight function w is sub-additive the constant K = 1 and hence u’ = pu.
So, (3) = (1). Indeed, from the facts that L? (RN, exp(—puw (x)dx)) C D, w(]RN ) and
i

G(D) e L(D’Lﬁyw(RN)) itfollows that T = G(D)f + g € D’Lz.w(RN). o

Taking into account Remark 4.3 and applying Theorem 4.9 together with Proposition 4.5,
we can obtain a second structure theorem for both the spaces O’C’w(RN )and S (RM).

Theorem 4.10 (Second structure theorem for O’C’M(RN )). Let @ be a non-quasianalytic
weight function with the additional conditionlog(1+1) = o(w(t)) ast — oo, T € D), (RM)
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and 1 < p < oo. Then T € (’)/C’w(RN) if and only if for every n € N there exist
n'(= [n/K]) € Nwithn’ < n, a strongly elliptic differential operator G(D) of w-class
and f,g € LP RN, exp(n’w(x))dx) such that T = G(D) f + g.

Theorem 4.11 (Second structure theorem for S, (RM)). Let  be a non-quasianalytic weight
function with the additional condition log(1 +t) = o(w(t)) ast — oo, T € D,, RN) and
1 < p<oo.ThenT € S, (RN) ifand only if there exists . > 0, a strongly elliptic differential
operator G(D) of w-classand f, g € LY (RN, exp(—pw(x))dx) suchthatT = G(D) f+g.

5 O, (RY) is the space of convolutors of the spaces S, (R") and
S, (RN)

In this section we show that O’C w(RN ) is the space of convolutors of the spaces S, (RV) and

S (RM). So, we begin by proving that the convolution beetween elements of S, (RM) with
the ones of S, (RY) belongs to Oc’w(RN ). To this end, we observe the following facts.

Lemma 5.1 Let w be a non-quasianalytic weight function. If T € S, Ry and f € S,(RY),
then the map

RN 5 x > (Ty, 7 f)
is a C* function in x € RN. In particular, for every o € NY, we have
a)[?(Ty,fxf):(Ty’ a?@cf) (5.1)

We recall that the notation 7y means that the distribution 7" acts on a function ¥ (x — y),
when the latter is regarded as a function of the variable y.

Proof The proof follows by applying [35, Theorem 27.1] to the map x — (T, 7y f). O

Proposition 5.2 Let w be a non-quasianalytic weight function. If T € SL’O(RN) and f €
S @®RN), then Txf € Oc,w(]RN). Moreover the map f +— Txf is a continuous linear
operator from S,(RN) into Oc,w(RN)‘

Proof By Theorem 3.14 with p = 1, there exist m € N and a sequence { fa}aeN{)" €
(@LOO(RN, exp(—mw(x)) dx))wm’oo suchthat 7 = ZaeN{)" 9 fy. Moreover, by Lemma 5.1
the function 7 f € C*®°(RM). In particular, we have for every x € RN and B € N{)V that

0P (T = | Y @ furd® )| = | D / eI L= y)dy
aeNy aeNy R
= 3 [ a0 - )l dy
aeN(I]V RY
< Y llexp(=mo) fulloll exp(ma)d* P, fI1.
aENg
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On the other hand, we have for every x € RY and «, B e N(’)V that
Jespnad®* 5, i = [ expmo (1o fx = pldy
:/N exp(maw(x—2))[0° f(2)|dz < /N exp(mK (1 4+ w(x) + w(@))[8* P f(2)|dz
R R

= exp(mK (1 + o (x))) / ., exp(mK w ()18 f(2)| dz
R
= exp(mK (1 + o (x)))|l exp(mKw)d* P fl1 < expn(l + o (x)))|l exp(nw)d**? £,

where n := [mK] + 1. Accordingly, we get for every x € RV and 8 € N{)V that

exp(—nw (0))|8F (Tx ) ()| < exp(n) Y || exp(=m) fu llooll exp(ne)d* P fl;

aeNg
o f el
< exp(n) sup |l exp(—mw) fullooexp | me, [ — | ) x
aeN(})V m
x Y llexp(na)d**’ £l exp (—mqoZZ (M»
m
aENg

Let C :=exp(n) sup | exp(—mo) fu|loo €Xp (m(pw (Ial)) < 00. Then it follows, thanks to

m
aeN

(2.5), forevery k > m,x e RV and 8 € Név that

exp(—naw(x))|38 (T f)(x)] exp ( ko <|ﬂ|)>

<C Y llexp(nw)d*™ £l exp (—mgp:; (%)) exp (_sz <L:j>>
aeNg

<C > llexp(nw)d*™ £l exp (—kgpj; (%)) ( <|/]f|)>
aeNY

<C ) llexp(re)d™ P fll exp (—2/«% (' ')) Cortn 1 (f)-

2k
aeNy
So,

Ten(Txf) < Coon1 (f).

If k < m, with a similar argument we obtain for every x € R and 8 Nf)v that

exp(—nw ()] (T £) ()| exp( ke, ("3 ')) < Comm(f).

This shows that Txf € (N, Oﬁ’w(RN) C Oc.»(RY) and that the map f +> Txf is a
continuous linear operator from S,, (RM) in ﬂ,fil Oﬁ,w(]RN ), and so in (’)C,w(RN ). O

We can now prove that O/C w(RN ) is the space of convolutors of S, (RM).
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Theorem 5.3 Let w be a non-quasianalytic weight function and T € S.(RN). Consider the
following properties.
() T e O ,RY).
(2) Forevery f € 8,(RN) we have T f € S,(RV).
Then (1) = (2). If; in addition, the weight function w satisfies the additional condition
log(1 +1) = o(w(t)) ast — oo, then (2) = (1).

Moreover, if T € O’C’w(RN), then the linear operator Ct: S, RN > S, (RM) defined
by Cr(f) :=Txf, for f € S, (RN, is continuous.
Proof (1) = (2). Fix f € S,(R"). Since O ,(RY) C S/, (R"), the function Txf €
Oc.»(RY) by Proposition 5.2. We show that T f € S,,(RV).

Fix any p € (1, 00). By Theorem 3.13, for every n € N there exists m € N such
that 7 = 3", ey 99 fa. With {fulyepy € (L (RY, exp(no(x))dx)),, . So. for fixed

B e Név and x € RV, we have that

w,m,

P ranwis 3 [ 10 F6 - ldy

N
aeNy

< Y lexp(ro) fullpll exp(—nw)d* P £,

N
aeNy

where

llexp(—nw)d* P, f1I7, = /R exp(—np' ()3 f(x — )I7 dy

- / exp(—np'w(x — 2|9 f(2)|7 dz
RN

< f exp (np/ (l +w(2) - w)) 10%F £ (2)|7 dz
RV K

np'w(x)
K

<C’exp (— ) llexp(ne)d® ™ £,

where C := exp(n). Therefore, we get for every x € RY and 8 Nf)v that

Xp (%(x» 1P (T* )0 < C Y Iexp(no) fullpll exp(nw)d**P f],y

N
aeN

<=

<C| D lexp(ro) full} exp <pm¢; ('Z—')) x

N
aeNj

: o
<[ 3 lexpma)a«t? r11% exp (—p’mwiﬁ (5

N
aeNj

' ||
=C"| X lexpma)d*? f|7 exp (—p’m<ﬂ2 (;)) :

N
aeNj
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<=

where C' .= C (Zael\f{;’ | exp(nw) fy |}, exp (pmga(’f) (‘%'))) < o0. If n > m, it follows

foreachx € RN and B € N{)V that

p (%) AT < €| 30 Nexpu)d™ £l exp ("’/m")z (l%»

N
aeNy

: o
<C' [ 32 Nexpnaa®*? 117 exp (—p’nwg‘: (7))

N
aeNj

and so

qp.a(Txf) = sup sup exp (—mp;’l (':ﬂ))exp("“’(’”) 198 (7% f) ()|

BeNY xeRN K

’ a+p P ¥ M ok @
<C XN:N lexp(na)d**? £, exr>< pww( ; >>eXP( pn%( p
oe 0

1

7

/ « / /o +
<C'| Y llexpra)d®*’ £|1b exp (—2np e ('“ P ')) = 020, (f)-

2n
N
aeNy

If n < m, procedding in a similar way we obtain for every x € RY and 8 Név that
q%,n(T*f) =< UZm,n,p’(f)-

From the arbitrarity of n, we conclude that T« f € S, (R"). This shows also the continuity
of the operator C7.

(2) = (1). The assumption implies that Tx¢p € So@®RN)Y for every ¢ € Dy (RN).
For a fixed p € (1,00), we have by Remark 4.3 that S,(RV) = ﬂzozl DLII;.w(RN)
and so, Txp € Derl)’w(RN) for every ¢ € D, (R¥) and n € N. This yields that
Txp € LP(RN, exp(nw(x))dx) for every ¢ € D,(RY) and n € N. Therefore, by The-
orem 4.9(2) = (3) and Proposition 4.5, we get for every n € N that there exist an elliptic
ultradifferentiable operator G (D) of w-class and f, g € L? (RN, exp(nw(x))dx) such that
T=G(D)f+g.S0,Te D’LP, (RN) forevery n € N,iie., T € O, (RY).

w

—n

This completes the proof. O

Finally, we show that O’C w(RN ) is the space of convolutors of S, C/U (RN ). So, we recall that
if T € O, ,(RY) and § € S),(R"), we define the convolution T*S by

(TS, f) = (S, Txf) (5.2)
forevery f € S,(RN) (recall that T is the distribution defined by ¢ — (T, @) = (T, ¢)).

Proposition 5.4 Let w be a non-quasianalytic weight function and T € O/C, w(RN ). Then
T+S € S, (RN) for every S € S, (RV).

Moreover, the linear operator Cr : S;,(RN) — S;)(RN) defined by Cr(S) := TS, for
S € S, (RN), is continuous.
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Proof By Theorem 5.3 the convolution Tx f belongs to S, (RN) whenever f €Sy (RM).
Furthermore, the linear operator f € So@®RN) > Tx f € S, (RN) is continuous. So, as S
is a continuous linear form on S,,(RY), the map f > (S, Tx £) is continuous on S, (RM),
1e., TxS € SL’U(]RN ). So, the first statement follows is proved.

The operatorCr : S, (RY) > S, (R%) is continuous as it is the transpose of the continuous
linear operator Cj.: S, (RV) — S,(RM). ]

6 The action of the Fourier transform in the multiplier and convolutor
spaces

In this final section we study the action of the Fourier transform on the spaces O M,w(]RN ) and
O/C, w(RN ) following the approach in [23]. To this end, we recall that the spaces OM,(,)(RN )

and (’)’C, w(RN ) are both continuously included in S/, (RN). We also recall that the gaussian
function f(x) := exp (—%) for x € RV, belongs to S, (RN).

We point out that by Theorem 3.2 the space OM,w(]RN ) can be identified with the space
M(S,@RN)) of all multipliers on S, (RY) via the map M: Oy »,(RY) — M(S,RY))
defined by M(f) := M/ for each f € (’)M,w(IRN). Since M(S,(RN)) is a subspace of
L(S,(RN)), the space O M,w(]RN ) (via the map M) can be then endowed with the topology

13, of uniform convergence on bounded sets of S, (RM), induced by L5 (S, (RM)). In view
of [14, Theorem 5.2] we have that t = 7| RN On the other hand, by Theorem 5.3 the

space (’)’C’w(RN ) can be identified with the space C(S,, (RM)) of all convolutors on S, (RY)
viathe map C: Of. ,(RV) — C(S,,(RY)) defined by C(T) := Cr foreach T € O ,(RY).
Since C(S,(R")) is a subspace of £(S,,(RY)), the space O, ,(RY) (via the map C) can be

then endowed with the topology 7, induced by £;(S,(RY)). Now, we can state and prove
this result.

Theorem 6.1 Let w be a non-quasianalytic weight function with the additional condition
log(1+1¢) = o(w(t)) ast — oo. Then the Fourier transform F is a topological isomorphism
from the space O/C, w(RN ) onto the space OM,(D(RN ). Furthermore, for T € (’)’C’ w(RN ) and

S € SI,(RN), we have

F(TxS) = F(T)F(S), (6.1)
and if f € Oy (RY) and T € S, (RN) we have
F(fT) = Qu)™N f»F(T). (6.2)

Proof Fix T € O’C,w(RN ). Since O’C,w(RN ) C S, (RY) and F is an automorphism into
S (RM), we have that F(T) e S, (R™). So, we have to prove that F(7T') is an ultradistribution
represented by a function belonging to Opy, »(@RN). To do this, we observe that by (2.9) the

ultradistribution exp ( b2 ) F(T)eS, (RN) as the gaussian function belongs to S, (RM),
and it is equal to the ultradistribution (27) 5 F (T* exp ( b2 )) On the other hand, from
Theorem 5.3 it follows that T exp (—ﬂ> € S,(RM). Since F is an automorphism into
Su(RY), then (27)% F (T* exp ( s )) € S,(RVN).Thus, the ultradistribution F(T) is

represented by the function ¥ := exp (‘xl ) Q)2 F (T* exp ( Ix? )) e C*@RYM). But,

¥ e E,(RV) as it is easy to see. So, it remains to prove that the function Y belongs to
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OM,w(RN ), i.e., thanks to Theorem 3.2 it suffices to show that fir € S,(RY) for every
f € 8,(RN). To see this, we fix f € S,(RY) and notice that by formula (2.9)

[ = fFT) = FTF () € So@®Y).
This shows that F(T) € Oy, (RY).

In order to get that F is an isomorphism between O’C’ w(]RN )and O M,w(]RN ), it remains
to prove thatif f € OM,w(RN), then f S O’C’w(RN). So, fixed f € (’)M,w(RN), we observe
that Ff € (F o F)(Ou.oRY)) = Q)Y (Oy1.0RY))Y = Op.»(RY). By Theorem 3.2
itA follows for every g € SoRN) that (Ff)g € S,(RN). But, taking into account that
f € S, (RV) and that

(Fg € Su@®Y) Vg eS,RY) = F(fxg) € S,(RY) Vg eS,RY)
— fxg € S,(RY) Vg e S,RY),

we obtain via Theorem 5.3 that f € O/c,a)(RN)-
We now prove formula (6.1). Fixed T € (’)’C,w(RN), S e SRV, f e S,[RN), we have

(F(TS), f) = (T*S, f) = (S, Txf),

where f € S,(RN) %ndj*f € S,(RY) by Theorem 5.3. Thanks to formula (2.9), we
obtain F(F(T)f) = Txf. So, we conclude

(F(T*S), f) = (S, F(F(T) ) = (F(S), F(D) f) = (F(T)F(S), f),

where in the last equality we used the property that 7(T) € (’)M,w(]RN ). This shows that
(6.1) holds. The proof of formula (6.2) is analogous and so it is omitted.

That F is a topological isomorphism now follows from the continuity of F, the ultra-
bornologicity of O M,w(RN ) (see [14]) and de Wilde’s open mapping theorem. ]
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