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Abstract

Let E be a Banach space with the topological dual E*. The aim of this paper is two-fold. On
the one hand, we prove some basic properties of Hadamard-type fractional integral operators.
These results are related to earlier results about integral operators acting on different function
spaces, but for the vector-valued case they are of independent interest. Note that we discuss
it in a rather general setting. We study Hadamard—Pettis integral operators in both single
and multivalued case. On the other hand, we apply these results to obtain the existence of
solutions of the fractional-type problem

d“x(t)
dte

=Af(t,x(@), a€,1), te[l,el, x(1)+bx(e)=h

with certain constants A, b, where h € E and f : [1, e] x E — E is Pettis integrable function
such that, for every ¢ € E*, ¢ f lies in an appropriate Orlicz spaces. Here % stands the
Caputo—Hadamard fractional differential operator.

Keywords Fractional calculus - Pettis integral - Orlicz space

Mathematics Subject Classification 26A33 - 34A08 - 34G20

1 Introduction and preliminaries

The issue of fractional calculus for real-valued functions in the context of Orlicz spaces has
been studied for the first time by O’Neil [28]. Following the appearance of [28], there has
been a significant interest in the study of this topic (cf. [17,26,39,40] and the references
therein for the part of the recent developments in this direction).
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On the other hand, fractional calculus for functions that take values in Banach space has
been studied by many authors (see e.g. [1-4] or [31-34,36,37] and the references therein
for background on these topics). Most of the above investigates are restricted to the case of
E-valued Pettis integrable functions x with the property that px € L,, ¢ € E*. Here we
contribute to consider the case when gx lies in some Orlicz space. It allows us to cover the case
of all Lebesgue spaces L, for p > 1 considered in earlier papers (cf. [34-36], for instance),
but we are not restricted only to this case. As claimed below, there are several interconnections
between Pettis integrals and Orlicz spaces being of special interests in fractional calculus.

We show that the Hadamard-type fractional integral operator maps the class x € P[], E]
such that gx belongs to some appropriate Orlicz space into the space of (weakly) continuous
functions. Afterwards, we establish an existence result for the fractional-type problem

d%x (1)
dt®

combined with appropriate boundary condition

= f(t,x@), ac(0,1), te[l, e] (1)

x(1)+bx(e)=h 2)

with certain constants A, b, where h € E f : [1,e] x E — E is Pettis integrable function.
The multivalued Hadamard—Pettis integral and its applications are also studied.

The question of proving of the existence of solutions to the boundary value problem (1, 2)
reduces to proving the existence of solutions of a Volterra equation [modelled off the problem
(1, 2)]. Since the space of all Pettis integrable functions is not complete, not all methods of the
proofs are allowed and we restrict our attention to the (weakly) continuous solutions of the
mentioned integral equation, so to the really general case of pseudo-solutions of the problem
(1,2).

It is well known that a powerful tool for proving the existence of solutions to boundary
value problem is the fixed point theory. The key tool in our approach is the following Ménch
fixed-point theorem which was motivated by ideas in [5]:

Theorem 1 [23] Let E be a metrizable locally convex topological vector space and let D
be a closed convex subset of E. Assume, that T : D — D is ww-sequentially continuous
mapping such which satisfies

V =comw ((x}UT(V)) =V is relatively weakly compact.
Then T has a fixed point in D.

Lety : Rt — R™ bea Young function, i.e., ¥ is increasing, even, convex, and continuous
with ¥ (0) = 0 and lim,, , « ¥ (#) = c0. The Orlicz space Ly = Ly ([a, b], R) is a Banach
space consisting of all (classes of) measurable functions x : [a, b] — R for which there
exists a number £ > 0 such that

b
/a " ('T”) ds < 1.

The (Luxemburg) norm ||x||, is defined as the infimum of all such numbers k. The Young
complement 17] of ¥ is defined for u € R by J(u) = sup,~ofv - |ul — ¥ (v)}.

The following properties of Young functions and Orlicz spaces generated by such functions
are well-known and will be used in the sequel (see e.g. [22,35]).

1. A function ¢ is a Young function if and only if {Z is a Young function.
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2. On a finite measure space and if i is not the null function, C[a, b] C Lxla,b] C
Lyla,b] C Lla, b].

3. The inclusion Ly, C Ly, holds if and only if there exists positive constants ug and K
such that Y (1) < K1 (u) for u > ug.

4. Applicability of functions from Ly are wider than from L ,. The function from usual
Lebesgue spaces has at most polynomial growth. By using the class L, we may relax
this requirement, in this case, our assumptions will be less restrictive than the standard
ones. Hovewer, L, spaces are special cases of Orlicz spaces (for (1) = ﬁ).

5. For any Young function ¥ we have ¥ (u —v) < Y (u) — ¢y (w)andu - v < ¥(u) +
J(v) u, v € R (the Young inequality).

Further, we have a simple property which will be used in estimation of an order « of the
fractional integral operator

Proposition 1 Fix A1 € (0, 1). Let Y be a Young function such that fot V(s ds is finite
foranyt > 0. If Ay < Ay, then the integral

t
/ V(s ds, 1>0, 3)
0
is finite as well.

Proof The proof of this Proposition is two-fold. On the one hand, if # € (0, 1] the finiteness
of the integral in (3) follows immediately since

t t
/ V(s ) ds 5/ V(s ™) ds < oo, for t € (0,1].
0 0

On the other hand, if r > 1, we have
t 1 t
/ V(s ™) ds 5/ w(s_)“)ds—i-/ Y(s™)ds for t > 1. 4)
0 0 1

Reasoning the finiteness of the integral f(; Y(s™M)ds, t > 0,itfollows that y (&) is finite for
every & > 0, hence finite for every large £. This yields the finiteness of ff Y(s™*2)ds, t > 1.
The result now follows by (4). This completes the proof. O

Throughout this paper, we consider the measure space (I, £2, i), where I = [1,e], £2
denotes the Lebesgue o-algebra £(7) and p stands the Lebesgue measure. E denotes a real
Banach space with anorm ||-|| and E* its dual. By E,, we denotes the space E when endowed
with the weak topology (i.e., generated by the continuous linear functionals on E). We will
let C[I, E,] denotes the Banach space of continuous functions from / to E, with its weak
topology (see also [13]).

Let P[I, E] denotes the space of E-valued Pettis integrable functions in the interval / (see
[15] or [29] for the definition). Recall that (see e.g. [§—15]) the weakly measurable function
x : I — E is said to be ¥-Dunford (where ¥ is a Young function) integrable on / if and
only if x € Ly (I) for each ¢ € E*.

Recallthatamap T : X — Y, X and Y are Banach spaces, is said to be is weakly sequen-
tially continuous (or: ww-sequentially continuous) if and only it takes weakly convergent
sequences (x,) to x € E into sequences (7 (x,)) weakly convergent to 7 (x) ([6]).

Recall, that the De Blasi measure of weak noncompactness is a function defined on
bounded subsets X C E by

B(X) = inf{e > O : there exists a weakly compact subset W of E one get X C €B; + W}.
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Its properties which will be useful in our paper are quite known and can be found in [14].
The following Ambrosetti-type lemma will be interesting for us:

Lemma1 Let V C Cl[I, E,] be a family of strongly equicontinuous functions. Then the
function t — B (V (t)) is strongly continuous and

Bc (V) = SUII)ﬁ V@®)=pV)
te

defines a measure of weak noncompactness in C[I, E].
We need to recall the definition of the pseudo-derivative [13]:

Definition 1 A functionx : I — E issaid to be pseudo-differentiable if there exists a function
y : I — E such that, for every ¢ € E*, the real-valued function ¢(x(¢)) is differentiable
a.e., to the value ¢(y(#)). In this case, the function y is called the pseudo-derivative of the
function x.

If the space E has total dual E*. (i.e., the space E* contains a countable subset (x,*) which
separates the points of E), then the pseudo-derivative, if exists, is uniquely determined up
to a set of measure zero. However, a function can be pseudo-differentiable and either not
strongly nor weakly differentiable (cf. [13]).

The following property will be used in the sequel:

Proposition 2 For any t € RT, A € (0, 1) and any Young function v, the set

tk tk
M;/’::{k>0:/ w<%>ds§k}:{k>0:k’1/ 1//(%)(&51}, )
0 § 0 K

is nonempty.

Proof Obviously Méb = {0}. We observe also that the derivative of the function

pt 1
p—)p—/ 1//<—A)ds, t>0, p>0,
0 N

exists and is positive for some sufficiently large p > 0 (because ¥ (u) — 0 as u — 0).
Consequently, for any ¢ > 0, there is a constant pp > O such that

pot 1
/ 14 <7> ds < po.
0 S

As M(‘)b = {0}, it means that for any ¢ > 0, M;w # 0. =

Given a fixed Young function v define a function ¥ : R* — R™ by
1k 1 |
Y (t) :=inf k>0:f \/1(7> ds <kx §. (6)
0 N

The following proposition provides a useful characterization of the function ¥. Because our
definition of ¥ differs from typical N-functions studied in the theory of Orlicz spaces, we
should present an important property:

Proposition 3 [30] The function ¥ : Rt — R defined by (6) is increasing and continuous
with & (0) = 0.
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Definition 2 (cf. [35, Definition 2.4]) For a Young function , we define the class HY (E)
to be the class of all Pettis integrable functions x : / — E such that gx is {-Dunford for
every ¢ € E*. Thatis

HY(E) :={x € P[I,E]:px € Ly(I), ¢ € E*}.

Let us recall that the Pettis-integrability of strongly measurable functions is strictly related
to our families of sets. Namely, we have the following theorem due to Uhl [41]:

Proposition 4 In order that a strongly measurable x : I — E be in P[I, E] it is necessary
and sufficient that there exists a Young function W such that lim,,_, « ‘/’1(1”) =00, px € Ly
for every ¢ € E*.

As for any x € P[I, E] an appropriate Young function can be different, we will use
the above result in one direction. Namely, by fixing such a Young function ¢ we will
investigate a much more natural subspace ‘HY(E) C P[I, E]. Let us recall, that the con-
dition lim,_, o YW — ~ is essential (to exclude the case of ¥(x) = ax), because for
¥ (u) = u (which do not satisfy this condition) we get Ly (I, E) = L', E). It is well-
known, that the space of Dunford integrable functions (i.e. scalarly Lebesgue integrable) is
different than P[/, E]. Note that, in contrast to L , spaces, for Orlicz spaces there is no linear
order with respect to inclusion, so there exists Young functions 1, ¥, for which neither
HYI(E) ¢ HY2(E) nor HY2(E) ¢ HY1(E) (see [22, Theorem 13.1]).

Clearly, we get also the following immediate corollary

Corollary 1 For any o > 0 and any Young function ¥ we get C[I, E,] C HY (E).
The following result extended [29, Theorem 3.4]:

Proposition 5 [35, Proposition 2.2] If x € HY(E), then x(:)y(-) € P[I, E] for every
y() € L.

We omit the proof since it is almost identical to that of [35, Proposition 2.2] (with the
exception of the use Young functions used instead of N-functions). Let us recall, that if a
Young function M is additionally finite-valued, vanishes only at 0, lim, _, o+ @ =0and
limy—s oo 2% — oo then M is called an N-function.

We should also note, that the connection between the Pettis integrability and Orlicz spaces
is much deeper (see [7]).

Proposition 6 [7, Theorem 2.3] A strongly measurable function x : I — E is in P[I, E]
if and only if there is an N-function W with Y (s - t) < ¥ (s) - ¥ (t) for s,t > 0 such that
{px 1 ¢ € E*, |lo| < 1} is relatively weakly compact in Ly (I).

We should present a comment about “optimality” of the space of solutions with respect
to «. For the case of Riemann-Liouville and Caputo derivatives we discuss this problem in
[35]. Here, the problem is much more complicated and a sufficient condition binding o and
Y will be presented in Theorem 2.

2 Hadamard-type fractional integrals and derivatives of vector-valued
functions

In this section, we present some definitions and some properties of the Hadamard-type frac-

tional Pettis integrals (and corresponding fractional derivatives) for the functions that take
values in Banach space.
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3036 M. Cichon, H. A. H. Salem

Motivated by the definition of the Hadamard fractional integral of real-valued function,
we introduce the following

Definition 3 Letx : I — E. The Hadamard-type fractional Pettis-integral (shortly HFPI) of
x of order & > 0 is defined by

~o 1 ! A\ x(s)

In the preceding definition the sign “ f ” stands the Pettis integral. In contrast to the case
of the Riemann-Liouville integral, it is not a convolution type of fractional integrals, so it
should be investigated separately.

It is known (cf. [35]), that this operators makes sense if x € P[/I, E] such that px €
Ly, p>max{l,a}, ¢¢€ E* (for a detailed study in this context, see [37]).

Definition4 Letx : I — E. We define the Riemann-Louville Hadamard fractional-pesudo
(-weak) derivative “shortly HFPD (HFWD)” of x of order @ € (0, 1) by

DUx(t) =831 x(t), 8:=1D. ®)

Here D denote the pseudo-(weak-)differential operator. We use the notation Z)‘;, and D to
characterize the Riemann-Louville Hadamard fractional-pseudo derivatives and Hadamard
fractional-weak derivatives respectively.

Of course, DY X (DT ,x) makes sense, if x : / — E is a function such that J “1 “xis

pseudo (weakly) dlfferentlable on /. It is easy to see that, if DY X exists a.e. on I then
D9 X exists on / and D x o = D ,x ae.on [. For background and details pertaining to
thlS differential operators, we refer the reader to [37].

Besides the Riemann-Louville Hadamard fractional-pseudo (weak) derivatives, we define
the Caputo—Hadamard fractional-pseudo (weak) derivatives.

Definition5 Let x : I — E. For o € (0, 1), we define the Caputo-Hadamard fractional-
pesudo (-weak) derivative “shortly CFPD (CFWD)” of x of order o by

o

G ¥ (0 = J1Y8x (1)

T Ta—a ), \85) W

_L/IO t)_aD()d )
= Tl-w 1 ogs x(s)ds.

. d o . . .
We use the notation gz and ST‘;’, to characterize the Caputo fractional-pseudo derivatives and
Caputo fractional-weak derivatives respectively.

The following theorem generalizes [37, Lemma 2.2.] and plays a major rule in our analysis.

Theorem 2 Let o € (0, 1]. For any Young function v with its complementary function J
such that

t
/ V(s Hds <oo, 1>1, (10)
0
the operator 3¢ sends HY (E) into C[I, Ey] (if we define J$x(1) := 0). In particular,
3 : Cl,Ey] — ClI, E,] is well-defined. However, ¢(J{x) = J{ox holds for every
@€ E*
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Proof At the begging we note that the case when o = 1 is straightforward and we left it to
the readers. The “strategy” of the proof when « € (0, 1) will consist of three steps:

(a) The operator J7 makes sense (i.e., J{x exists for every x € HY (E)),

(b) The operator J{ : HY(E) — C[I, E,] is well-defined (i.e., J{x € C[I, E,] holds for
every x € HY (E)),

(c) 3¢ maps C[I, E,] into itself.

Letx € HY(E), « € (0, 1) and define a function y : I — R by

[log(t/s)1*~!
._ , sell,t],t>1
s) = s 11
Y [0, otherwise. (b

We claim that y € L@(I ), once our claim is established, the assertion (a), follows immedi-
ately by Proposition 5. To see this, fix ¢ € [1, e] and choose an arbitrary k > 0. By using an
appropriate substitution and the properties of Young functions, one can get

/e 5 (|y<s>|> e / J <[log(z/s)]“1) is < / ; ([mg(r/s)]“) ds
1 k 1 ks 1 k N
1 ﬁ kﬁ logt o ol
= (%) /0 Y )ds

1\ 7= kﬁfN
5<E> /0 U (s Y ds. (12)

Thus, in view of (10) and by the aid of Proposition 2, we infer that y € le(l ).
Consequently, the assertion [(a)] follows directly from Proposition 5. Moreover, as s +—
[log(t/s)]o"1 %S) is Pettis integrable on [1, ¢] for every ¢ € I, it follows, by the definition of
Pettis integral, that for every ¢ € I there exists an element in E' denoted by J{x(¢) such that

~a (" (log(/s)1“! _ [ Dog@/s)1*~" e
pJ1x(1)) _/1 @ (W) x(s)ds = 1 WW(S) ds = J1ex(1),

holds for every for every ¢ € E*.

Next, we prove the assertion (b): let 1 < 7 <t < e. Without loss of generality, assume
J{x() — J{x(r) # 0. Then there exists (as a consequence of the Hahn-Banach theorem)
¢ € E* with [lg]| = 1 and [3{x(1) — 3{x(0)|| = ¢ (3¢x (1) — J¢x(7)). One can write the
following chain of inequalities

lo (3x(1) = 3{x ()| ' ()
= |3 ox(t) — 3fex(D)| (@)

. a_1 T a—1
_ / (%) px(s)ds — / <M) px(s)ds
. 1

_ (/T [log(t/s)1* " — [log(t/s)1* !
—\i

s
n /’ [log(z/s)]*""
. s

lpx(s)lds
wa(S)IdS> =/1 [f1(s) + [hs($)1lox(s)| ds,
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3038 M. Cichon, H. A. H. Salem

where

[[Hog (/)1 1—[log(r/s>]“ iy

[og(t/5)1* !
hi(s) := selltl ang ho(s) := { s

, s €|, 1]
0, otherwise.

0, 0therw1se

(13)

We claim that h; € L]T,(I), (i =1, 2). Once our claim is established, we infer (in view of
the Holder inequality in Orlicz spaces) that

21l + 2l
I'(x)

lo (31x() — Ifx(0))| < lpxly, - (14)

Fix 1 <1t <t < eand k > 0. An appropriate substitution using the properties of Young
functions leads to the estimate

Ji = /T 7 (’[log(f/s)]o‘_l - [log(‘[/s)]a—1’> ds
S

k
a—1 _ a—1
a <[log(1'/s)] - [log(t/s)] > s
5 ]; ([log(r/sn“ 1) ds _ / 5 ([loga/s)]“‘l) ds
K 1 k s

1 ﬁ k1-a logt kT1-a logt
= <7> / w(sof—‘)ds—/L U(s* N ds
k 0 kT2 log(1/7)

I\ T kT log(t/T) _
< <7> / U(s* Y ds. 15)
k 0
Since
kT=a log(t/7) _ .
B = k>0:/ U Dds <kT= { C{k>0:J <1},
0
it follows
||h1||1; =inf{lk>0:J; <1} <inf B| = l’17(|10gt —log1l)),
where

1
-«

tk
(1) = inf k>0:/ T (s* ") ds < kT
0
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Similarly, by applying the classical mean value theorem and the monotonicity of ¥, one can
get

lhally < @ (Jlogt —logt)) < ¥ (|1 — ).
Thus, (14) is seen to be equivalent with the following estimate

4% (|logt — logT|) 49 (|t — 7))

r@ loxlly, < T lloxlly - (16)

[3fx(0) = 3fx(D)] <

This estimate shows, in view of the continuity of ¥ and the definition S‘i‘x(l) := 0, that 3‘;‘x
is norm continuous. Thus, J{ maps HY (E) into C[I, Ey].

Finally, we prove the assertion [(b)]. To do this, we recall that [19, p. 73] the weak
continuity implies the strong measurability. Thus, every x € C[I, E, ] is strongly measurable
on /. Also, forany ¢ € E*, the continuous function ¢x lies Ly, (1), for any Young function .
Thus, in view of Proposition 4 we deduce that C[/, E,] < HY (E). That is 31 :Cl, Ey]l —
Cl[I, E,] is well-defined. This is ensures the assertion [(c)]. ]

Remark 1 Theorem 2 is an extension for the [37, Lemma 2.2]: if we choose ¥ (u) = lwl?

with p > 1/«, it can be easily seen that [37, Lemma 2.2] is a simple particular case of

our Theorem 2. However, when ¥ (1) = %, p > 1/, there is no difficulty to prove that
1

~ _ tct—ﬁ + l l _

v(t) = e R™, ,ts=1

In the following example we prove the existence of a Young function such that the hypotheses

(10) of Theorem 2 are satisfied for all @ € (0, 1).

Example 1 Choose v (1) = e/l —|u|—1 (whence ¥ = (14 [u]) log(1+ |u|) — |u|)—see [22,
p-14]. We will show that, for this choice of i, the integral (10) is finite for any o € (0, 1).
Evidently, for any ¢ € [1, e] and any € near O, the integration by parts yields

t 13 13
Je ;:/ w(safl)ds:f (1+s“*1)1og(1+s“*1)ds—/ s*Lds
€ € €

e vl t t Sotfl 19— @
< s+ — )log(1+s*")| +(1—0w) 1+ ds — .
o c ¢ o o

Obviously, Je > 0 is bounded as € | 0 and so we are done.

When E = R the operator /% maps all elements from the Orlicz space Ly, into C[I, Ey,]
for any @ € (0, 1). We should note, that this property fails in the case of Lebesgue spaces
L. Recall, that the image of J* of L, isin C[I, Ey]if p > 1/a, forinstance J* : Ly — C

for o € (0.5, 1) (see [37, Lemma 2.2]).

We now prove the following commutative property of the HFPI.

Lemma2 Let o, B € (0, 1) and  be a Young function with its complement {/; such that

t
/ V(s ™Mds <oo, tell,el. (17)
0
where X := max{l —a, 1 — B}. Then
e =3 =3"x, ()
holds for every x € HY (E). In particular, (%) holds for every x € C[I, Ey).
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3040 M. Cichon, H. A. H. Salem

Progf Obviously, when o + B > 1, the continuity of J yields the finiteness of the integral
fot Y (s®tA~ds in [1,e]. If « + B < 1, the finiteness of the integral in (17) yields, in
view of Proposition 1 the finiteness of each of the integrals fot U (seHP—yds, fot U(s* N ds
and [ (s~ ds are finite for all 7 € [1, e]. Thus, in view of Theorem 2, J%x, 3%(3}x)

and 37“3 x exist on I for every x € HY (E) as a weakly continuous functions from 7 to E.

Consequently, forany ¢ € E* we have (by the aid of ([21] Property 2.26), since px € L{[1, €]
for every ¢ € E*)

(393 x () = 303 x (1) = 3o (x (1) = 3P p(x (1) = 93T x (1)),
that is

(33 xt) = 39 Px(t)) =0, forevery ¢ € E*.

Hence J{J,x(t) = 3"f+ﬁx(1), t € I. Similarly, we are able to show that ﬁfﬁ‘i‘x(t) =
~0 4
I T x(@).

If x € C[I, E, ], then (°X) follows as a direct consequence of Theorem 2. O

The following Lemma is folklore in case £ = R, but to see that it is also holds in the
vector-valued case, we provide a proof. In our proof, we will use the following

Proposition 7 (see [27], Theorem 5.1) The function y : I — E is an indefinite Pettis
integral, if and only if, y is weakly absolutely continuous on I and have a pseudo-derivative
on I. In this case, y is an indefinite Pettis integral of any of its pseudo-derivatives.

Lemma3 Let 0 < a < 1 and y be a Young function with Young complement J such that

t
/ U(s™)ds <oo, tellel. (18)
0

If the function x : I — E is weakly absolutely continuous on I and have a pseudo-derivative
in HY (E), then

(logt)™

dpx o
7([) = QPX(Z) - m

o x(1).

In particular, if x have a weak derivative in C[1, E,), then

dpx = 4 _ (logn)™
d?(t) =D, x(t) Tl-o O{)x(l).

The proof of Lemma 3 will be done after some preliminary lemma is established.

Lemma4 Let 0 < o < 1. For any x € HY (E), where v is a Young function with its
complement \r satisfying

t
/ IZ(S_”) ds <oo, tell,e], v:=max{l—a,a} (19)
0

Then
’D; fx=xonl. (20)

In particular, if x € C[I, E,), we have D3 37x = x on 1.
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Proof Our assumption x € HY (E) yields, in view of Lemma 2, that
o~ ~l—a~a 1 ! ds
Z‘Dpdlx:tDpdl Jix =tDpJ1x =tD, : x(s)T. 21
Similarly, if x € C[I, E, ], we obtain
o~ ~l—a~a ~ ! ds
D,J1x =1tDyJ, "J{x =tD,J1x =1tD,, X(S)T' (22)
1

The claim now follows immediately, since the indefinite integral of (Pettis integrable) weakly
continuous function is (pseudo-differentiable) weakly differentiable with respect to the right
endpoint of the integration interval and its (pseudo-) weak derivative equals the integrand at
the end point of the integration interval. O

We are now ready to write the proof of Lemma 3.

Proof of Lemma 3 We observe that under the assumption imposed on Dpx together with
Proposition 7, the weakly absolutely continuity of x is equivalent to

t
x(1) = x(1) +/ Dyx(s)ds, t€l,
1
where y := Dpx is one of the Pettis integrable pseudo-derivatives of x. Since y € HY(E),

we get (1)y(-) € HY(E) as well: evidently, ¢(sy(s)) = s@(y(s)) € Ly (I) holds true for all
¢ € E*and (\)y(-) € P[I, E] (it follows from Proposition 5). Thus

t t
/y(s)ds:/ Sysﬁdszs%ty(t),
1 1

where the right hand side exists by Theorem 2. Consequently,

x(1) = x(1) + 3}ty (@). (23)
Hence, owing to Lemma 4, and by the aid (18), it follows that
dgx ~l—a a~a\ ~l—a o (~a~l—a ~l—a ) ~1
Jpe = 1Dpx = (@Iﬂjl)ql 1Dpx =9, (Jl,jl )lex = (tDpJ1 )J,tDpx
_ 1o _ (logr)™®
=1tDpJ; " (x() —x(1)) = ng(f) - mx(l)»
which is what we wished to show. The proof for the weak derivative is very similar to the
above for dor pseudo derivatives, so we omit the details. O

Remark 2 The definition 5 of the Caputo—Hadamard fractional-pseudo (weak) derivatives
has the disadvantage that it completely loses its meaning if x fails to be pseudo- (weak)
differentiable on /.

For this reason, we use the property of Lemma 3 to define the general Caputo—Hadamard
fractional-pseudo (weak) derivatives, i.e., we put

dsx (logt)™@
p Y _ _
I (1) = Dpx(1) T a)x(l), (24)
dox . 4 B (logt)™@
I () = Dyx() T - a)x(l). (25)

Lemma 3 implies that, for weakly absolutely continuous functions with an integrable
pseudo- (weak) derivative, this definition coincides with the usual definition (Definition 5)
of the Caputo—Hadamard fractional derivatives.
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3 Caputo-Hadamard-type boundary value problem

In this section, we apply the results of Section (2), result to investigate the existence of weak
solutions of the following Caputo—Hadamard boundary value problem

d
IO =A@ x0), @O 1), relle] iER, 26)
x(1) + bx(e) = h,

with certain constants A, b, h € E, b # —1,where f : [1,e] x E — E is Pettis integrable
function.

To obtain formally the integral equation modelled off the problem (26), let ¢ be a Young
function such that

t
/ U Nds <00, tell,el
0
Assume that
f:ll,e] x E— E, suchthat f(-,x(-)) € H‘/’(E) forevery x € C[I, E,]. 27

Thus, if x € C[I, E,] solves (26), then formally we have

‘o.
TR

3¢ -Dx(t) = A3 £ (1, x(1)) = J4J1 % Dpx (1) = AJ§ £ (1, x(1)).

o

ta
That is

! d.s
/1 st)c(s)Tv =231 f, x(@) = x(t) —x(1) = 137 f (¢, x(1)).
This reads as

x()=x() + 237 ft,x(@), a€(0,1), re[le], reR, (28)

with some (presently unknown) quantity x (1). Solving (28) for x (1) with x (1) + bx(e) = h,

we get
h Ab ¢ e
=1 T (1+b)F(oz)/1 (1o })

The next theorem gives a conditions that ensures the existence of solutions to the Volterra-
type fractional integral equation (28) in C[/, E,]. The case « = 1 was studied in [13], for
instance.

Let us mention, that here by a Kamke function (of the Hadamard-type) we mean a function
g : Ry — R, which is continuous, nondecreasing, g(1) = 0 and # = 0 is the only

continuous solution of
1 ! \¢! ds
. log — —, 1)=0.
@) /1 (Og S) g(u(s)) S u(l)

Note, that in contrast to the case of the Riemann-Liouville fractional integrals (see [24],
for instance) the problem of existence of necessary and sufficient conditions to be a Kamke
function with the Hadamard fractional integral remains open.

Recall, that for any Young function ¥ C(I) C Loo(I) C Ly (1), and then there exists
a constant ¢ > 0 such that |[w]y < g - |w]le for all w € C(I) (cf. (see [22, Theorem
13.3], a special case considered here is calculated in [20, Remark 1], namely we have ¢ =

a—1

d
s, x(s»{. (29)

u(t) <
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(Y ~1((e — 1)~1))~") and we can use this constant in our assumptions too (see also [22, p.
79]. For brevity and to allows a generalizations, let us keep in the sequel a symbol gq.

v _ o

Theorem 3 Letw € (0, 1]. Assume, that zp is a Young function satisfying limy—, cc =,

and its complementary Young function w satisfies
t
/ (s ") ds <oo, te€[l,e], v=max{l —a,al. (30)
1

Let the function f : [1,e] x E — E be such that

a) foreveryt €l f(t,-)is ww-sequentially continuous,

b) foreach x € C[I, E,], f(-,x(-)) is strongly measurable,

c) for any r > 0 and for each ¢ € E* there exists an Ly (I, R)-integrable function M
I — R such that |o(f(t,x))| < ML) forall t € I and |x|| < r. Moreover, for
any s > 0 there exists a constant ks > 0 such that for all ¢ € E*, |MY ly < x5 and

o ds
o iy, =

d) there exists a Kamke function g such that for any bounded subset X of E we have

B(fU x X)) = g(B(X)).

e) the constant ) € R is such that there exists a positive constant r satisfying

12 4|W(l)~\| H 26 + 1
1+b () "W (14 b)

Then (28) has at least one solution in C[I, E,,] satisfying x(1) + bx(e) = h.

Proof We will consider the operator

i A ! \¢! ds
Tx)(@) =x(1) + 237 f(t, x(0)) = x(1) + —— T <log *) fls,x(s)) —
(@) s s

_ ko 2 /f(l ;)“—]  ds
=130 T | ), \legg) St

fs, X(S))}

(1+b)

where x € C[I, E,]. To shorten the proof, let us recall some estimations proved for the
integral operator J¢ f (¢, x(¢)) in a previous section. As for any x € C[/, E,] and ¢ € E*
the superposition f (-, x(-)) is strongly measurable, so in view of Proposition 4, from our
assumption c) it follows that f (-, x(:)) € HY(E).

We divide our proof into steps, by proving some of important properties of 7.

First, we need to claim, that this operator 7 is well-defined on HY (E) (in view of Corol-
lary 1 also in C[/, E,]) with its values in C[I, E,] (see Theorem 2). Let us also recall (see
11), that a function y : I — R™T defined by

o—1
sy = | B e >
' 0, otherwise.

is in an appropriate Orlicz space, i.e., y € LJ(I ) (cf. Theorem 2). Let us estimate || y||]7,. By
the definition of the Luxemburg norm, by (12), we obtain an estimation:
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1 1
e T [rkl-ve -
g =[5 ('ﬁ”') ds < (%) [ Tehas B <o,
1 1

for any £ > 0.

We need to show the existence of an invariant set for 7', i.e., T : @ — Q. Denote by k
the constant from c) related to the value r described in e). Let us define a convex and closed
subset Q C C[I, E,]:

Q ={xeCll Eu]:lxlo=r, x(1)+bx(e) =h, V1,1 € [1, €]
A ZCR)
we have [|x(n) —x(t)|| £ ————— - |M? .
x(®2) —x@)ll < @ M7 Nly
Due to Proposition 3 it is strongly equicontinuous set of functions.
Step 1. Linking our assumptions on « and v and using Holder inequality in Orlicz spaces,
as in Theorem 2, for any ¢ € E*, for ||x|| < r one can obtain an estimation

4% (1
178 £t x| = (e . xOD] = 1TEe (x| < 2D

4
T |me], . 6D

As a consequence of the Hahn—Banach theorem, for any x € Q there exists ¢ € E* with
lell = 1and ||T(x)(2)]| = ¢ (T (x)(t)) and then by the assumption e)

1T )@ = lo (T (x)(@))] B B
AL AN Al 4law (1)
< lxWI + W ”Mr ”]/, = 110 + W :

2b+1
<r.
1+b)

Lett, 7 € [1,e] witht > 7 and fix x € Q. Without loss of generality, assume 7x(f) —
Tx(t) #0.Let ¢ € E* with ||¢|| = 1. Thus, by (16)

lo(T () (1) = T (@] = | (3§ 1, x(1)) = 3T f 2, x(x))]

2( Il + Iyl
- [ - ] |M?|
(o)
AMT (|1 — T))
- I'(x)

el |

IA

NME Ny

where k1 is defined in (13).

Due to (16) and since all the constants on the right-hand side of the above inequality are
independent of ¢, we are able the supremum over all ¢ € E* with ||¢| < 1 and we obtain

17 () () = T@) (@) = =T IME 1y -
- I(a) '

This estimate prove that 7 maps Q into itself.
Step 2. It remains to prove that 7 : Q — Q ww-sequentially continuous. To see this, let
(xn) be asequence in Q weakly convergent to x. Thus x, (1) — x(¢) in (E, w) foreacht € I.

Since f satisfies the Assumption b), for any ¢ € [ the sequence (f (¢, x,(¢))) converge
weakly to f(t, x(¢)), so the sequence y(#)¢(f(t,x,(t)))) has is pointwisely convergent.
Assumption c) allows to apply the Lebesgue dominated convergence theorem for the Pettis
integral, so (T'x,(t)) converges weakly to Tx(¢) in E,. By the Dobrakov characterization
of weak convergence in C[I, E] (cf. [13]) we can do it for each ¢ € E* and ¢t € I, so
T : Q — Q ww-sequentially continuous.
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Step 3. Remark that for arbitrary w € P[I, E] we have, t € [1, e]

t—t t t
/ w(s) ds +/ w(s) ds = / w(s)ds.
1 t—1 1

Suppose now, that the set V C Q has the following property: V = conv ({x} U T(V)) for
some x € Q.
As for any ¢ > 0 there exists (sufficiently small) t such that for any x € V

/f Allog(r/s)1%~!
-7

sT(@) f (s, x(s))ds

<e (32)

o—1
we can cover the set {ftir %f(s,x(s)) ds:selt—r1,t],x € V} by a ball with
radius ¢ and then by the definition of the De Blasi measure of weak noncompactness (by the

assumption c) we get the uniform Pettis integrability of the set of functions satisfying (32):

t a—1
,3({/ Mf(s,x(s))ds:se[t—r,t],xeV})<8.
t—1 sI'(a)

We need to estimate now the set of the above integrals on [1, t — t]. Put v(s) = B(V (s)).

Note, that from our assumption it follows that s — % g(v(s)) is continuous on
[1, ¢ — ], so uniformly continuous (see Lemma 1).
Thus there exists § > 0 such that
Allog(t/m)]*~! Allog(/5)]* !
_ - 33
‘ T (@) g(v(q)) ST (@) g(s)| <e (33)
provided that |¢g —s| < § and |[n—s| < § withn, s, g € [1, t —7]. Divide the interval [1, r — 7]
intonparts 1l =ty <t) <---<t, =t—rtsuchthat|t; —t,_1| < éfori =1,2,...,n. Put
T; = [ti—1, t;]. As v is uniformly continuous, there exists s; € 7; such that v(s;) = B(V(T}))
(i=12,...,n).
As

{/t_’ Mlog(t/$)1*~"
1

ST (@) f(s,x(s))ds:sell,t—1],x € V}

n

a—1
CZ{/EWf(S,x(S))ds:se[l,;_r]’xeV}7

i=1

and by the mean value theorem for the Pettis integral

a—1
/ MW (¢ v(sy)ds € meas(Ty)
, s

_ { AMlog(t/s)1* !
cony § ——-"—

ST(@) f(s,V(s)):seT,-}.

Hence

=T a—1
,3({/ Mm,xmm;seu,t_mev})
1 s (o)

n

a—1
<> B ({/T %f(.v,x(s)) ds:sellit—tlxe V})

i=1
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b .
. (o [ M9 .
< Emeas(T,) -B <convl T @) f(s, V() :seT, })
’ a—1
- ;meas(m M T P VD)
b
< gmeas(ﬂ) . 1) - g(B(V(T})))

b a—1
Allog(z/1;)]
< meas(T;) - —————— - g(v(s;)).
; 5l ()

Note, that from (33) it follows that

b a—1
| Mloge/m Tt
i;measm) e (G

-t a-1
5/ MlogW/SVT sy ds+ (- 7) - .
1

s ()

Finally, from the above estimations we get

t a—1
BT (VY1) < /1 %g(v@)) ds4+(G—1)-e4e

As the last inequality is satisfied for any ¢ > 0, we obtain

) -l
BT (V)(1)) < /1 %g(v@)) ds. (34)

Note that B(V (1)) = B(V (1)) = B(conv ({x} U T(V))(t)) = B(T (V)(t)). Then

t Al a—1
BOV)®) < f1 %g(vm) ds

and then

! Allog(t/s)]*~! ds
v(t) S./l Tg(v(s)) 7

From the definition of a Kamke function we get v(¢r) = 0, i.e.,, B(V(¢)) = 0, so V(¢)
are relatively weakly compact in E. Being strongly equicontinuous subset of C[/, E,] with
relatively weakly compact sections it is relatively compact subset of this space (cf. Lemma 1).

All in all, the hypotheses of Theorem 1 are satisfied. Therefore, we can conclude that the
operator T has at least one fixed point in Q, which completes the proof. O

Obviously, if x is weakly (but not weakly absolutely) continuous solution to (28), then
not only do we have x is no longer necessarily solves (26) (when the Caputo fractional
weak derivative is taken in the sense of Definition 5), but even worse, the problem (26) is
“meaningless” on /.

Now, we are in the position to state and prove the following existence theorem.

Theorem4 If f : I x E — E is a function such that all conditions from Theorem 3 hold,
then the problem (26) [where the Caputo fractional weak derivative is taken in the sense
(24)] has a pseudo-solution on [1, e].
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Proof Let x € C[I, E,] solves (28). Since x is weakly continuous [but it is not necessary
weakly absolutely continuous) on [1, e] we have to invoke the Definition (24)] of the CHFD
as follows (with the use of Lemma 4)

dsx(t) (logt)™® N (log )™
P _ o _ _ o _
g = D0~ T =25 [x(1) + 23 f (1, x(1))] ra—a W
. (logr)™ w~a _ (logn)™ _
= XD gy TARTS X 0) = s ) =Af 0. (35)

On the other hand, Eq. (28) implies
x(1) +bx(e) =x(1) + b [x(1) + A3 f (e, x(e))] = x(1)(1 + b) + AbJ* f (e, x(e)). (36)

Thus if we plug (29) into (36), we arrive at the boundary condition x (1) +bx(e) = h. This
is may be combined with (35) in order to assure the existence of a solution x € C[/, E,] to
the problem (26). This completes the proof. O

Remark 3 We should also briefly present an example of the use of our theorem to the problem
(28). We refer to [35, Section 6]. Both examples could be easily adaptable to the case of (28).

Put @ = 1/2 and consider the Young function ¥ () = e/*l — |u] — 1. Then ¢ = (1 +
[u]) log(1 + |u|) — |u|. A direct calculation leads to

32
/0 17; (sié) ds < 32,

So, owing to the definition of lIN/, we conclude that lT/(l) < 3 and our result applies. Direct
formulas can be deduced as in [35]. Note that any earlier theorem cannot be applied in such
a general case.

As claimed in Sect. 2 the case studied here is more complicated than the case of the
Riemann-Liouville integral and approaches based on convolution-type operators. All the
properties of integral operators should be proved without use of Holder inequality for the
convolution. It makes this case independent on the study of standard Abel integral equations
(cf. [35] or the book [18]). It is another type of weakly singular problems and requires the
study of different integral operators acting on function spaces.

4 Multivalued problems

Let us briefly explain how to extend the above results for multivalued problems. We extend
both the case of classical Pettis integrals (i.e., « = 1) [12]) and the case of Caputo (and
Riemann-Liuoville) integrals [9]. We should mention that as the Hadamard integral is not
of a convolution of a real-valued integrable function with the Pettis integrable vector-valued
one, we are unable to apply the property of such integrals proved in [9], But still we can apply
Proposition 5 instead. As we need to replace fractional Pettis integrals, by the multivalued
ones, we need to recall some necessary notions.

By cwk(E) we denote the family of all nonempty convex weakly compact, subsets of E.
For every C € c¢b(E) the support function of C is denoted by s(-, C) and defined on X*
by s(¢, C) = sup,c ¢x, for each ¢ € X*. We say that F is scalarly integrable (Dunford
integrable) if for any ¢ € E* s(¢, F(-)) is an integrable function.
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Definition 6 A multifunction G : E — 2F is called weakly sequentially upper hemi-
continuous (w-seq uhc) iff for each ¢ € E* s(p, G(-)) : E — R is sequentially upper
semicontinuous from (E, w) into R.

An idea of Aumann—Pettis integral introduced by Valadier and we apply this idea for
Hadamard-type integrals:

Definition 7 Let F : I — cwk(E). The Hadamard-type fractional Aumann—Pettis integral
(shortly (HAP) integral) of F of order @ > 0 is defined by

“ lf(s) HAP
(HAP)/F(S) ds = T )/ ( > ds: feSg , (37)

where § ;’ AP denotes the set of all Hadamard—Pettis integrable selections of F of order o > 0
provided that this set is not empty.
As a consequence of Proposition 6 we get a nice characterization:

Proposition 8 Assume, that E is separable. Let F : I — cwk(E) be (HAP) integrable of
order o > 0. If ¥ is a submultiplicative N-function, then {¢ f : f € S;IAP, 9 € E* |o|l <
1} is relatively weakly compact in Ly, (I).

A subset K C HY (E) is said to be (HAP) uniformly integrable of order « > 0 on [ if,
for each ¢ > 0, there exists §; > 0 such that

a—1
/ <logf) " s
A N

Following the idea of the proof from [16, Theorem 5.4], we can state a condition for
(HAP)-integrability:

Lemma5 Let o € (0, 1]. Assume, that  is a Young function satisfying lim,_, o 'pl(lu) =0

meas (A) <8, — <e¢, VheKk.

and its complementary Young function \r satisfies
1
/ Y(s ") ds <oo, te[l,e], v=max{l —a,al. (38)
1

Let F : I — cwk(E) be measurable and scalarly integrable multifunction. Then the follow-
ing statements are equivalent:

(al) every measurable selection of F is Hadamard—Pettis integrable of order o > 0,
(a2) for every measurable subset A of I the (HAP) integral 14 belongs to cwk(E) and, for
every ¢ € E*, one has

a—1
s(@, 1a) =/ <log E) s(e. F(s) d
A s s

Proof Fix arbitrary ¢ € I and define a new multifunction G : I — cwk(FE) by the following

formula:
G(s):{<1og> f(s) S fe SHAP}.

)0111

In the proof of Theorem 2 we showed, that s (log €Ly (I). Then for anyp € E*

and f € Ly (I) by Proposition 5 we conclude, that s — (log £)*~ ! ‘pf(v)

then s > (log £)*~ il ) s Pettis integrable.
We obtain our thesis by applying Theorem 4.5 in [16] directly for the multifunction G. O

is integrable and
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In view of the Definition 7 we are able to apply Theorem 2 for any f € S? AP separately,

then apply the above Lemma and we get a new characterization of (HAP) integrals:

Proposition 9 Let o € (0, 1]. Assume, that v is a Young function satisfying lim,_ @ =
oo and its complementary Young function  satisfies
t
/ Y(s ") ds <oo, te€[l,e], v=max{l —a,al. (39)
1

Then for any (HAP) multifunction F : I — cwk(E) with s(¢, F(:)) € HY(E), for every
¢ € E* and any measurable subset A of I we get (HAP) fA F(s)ds C cwk(C[I, E,)).

Letus note that the set Sg AP of all Hadamard—Pettis integrable selections of F is nonempty
and sequentially compact for the topology of pointwise convergence on L™ ® E* and that,
as in a classical case, the multivalued integral (H A P) f ; F(s) ds is convex.

The most important question is how to investigate assumption b) from out Theorem 3. We
can apply the following:

¥(u)

Lemma 6 Let o € (0, 1]. Assume, that  is a Young function satisfying lim,_, o =00
and its complementary Young function \r satisfies
t
/ Y(s™")ds <oo, te€[l,e], v=max{l —a,al. (40)
1

Assume that E has separable dual E*. Letv € C[I, E,), andlet F : [ x E — 2E s such
that:

(i) F(-, x)—has a weakly measurable selection for each x € E ,
(i) F(t,-)—w-seq. uhc for eacht € I,
(iii) F(t, x) are nonempty, closed and convex ,
(iv) F(t,x) C G(t) a.e., G has nonempty convex and weakly compact values and is (HAP)
uniformly integrable of order @ > 0 on I.

Then there exists at least one Hadamard-type fractional Pettis integrable of order o > 0
selection z of F (-, v(-)).

Proof By Lemma3.2in[11] we get the existence of a weakly measurable and Pettis integrable
selection zg of F (-, v(-)). Clearly, as E is separable, this function is strongly measurable too.
Moreover, again as in Lemma 5 for anyp € E* and f € Ly (1) by Proposition 5 we

a—=1 gzo(s) a—1 zo(s)

conclude, that s — (log £)* #2225 integrable and then s — (log £)*" 22 s Pettis

integrable, so zg is Hadamard-type fractional Pettis integrable of order & > 0. O

For the weakly compact-valued case, by applying selection arguments and the above
results we are able to treat a multivalued problem as a single-valued one, considered in the
previous section. We get the following multivalued extension of our main theorem from
Sect. 3:

Theorem 5 Assume that E has separable dual E*. Let a € (0, 1]. Assume, that Y is a Young
Sfunction satisfying limy,_, o @ = 0o and its complementary Young function \r satisfies

t
/J(s"’)ds<oo, te(l,e], v=max{l —a,a}.
1

Let F : [1,e] x E — cwk(E) is such that:
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a) foreacht €[1,e] F(t,-) - w-seq. uhc,

b) foreach x € C[[1, el, E,], F (-, x) has a weakly measurable selection f,

c) fora.e. t € [1,e] and each x € C|[[1, el, E,], F(t,x) C G(t), where G has nonempty
convex and weakly compact values and is (HAP) uniformly integrable of order o« > 0 on
[1, e), for any ¢ € E* fooo S((p’d% =00.

Then (28) has at least one solution in C[I, E,,] satisfying x(1) + bx(e) = h.

Proof The proof follows the steps outlined in the demonstration of Theorem 3 for the mul-
tivalued operator T : C[I, E,] — cwk(C[I, E,])

'
Tx)(@) =x(1)+ - (HAP)/ F(s,x(s)) ds.
1

We need to prove the existence of a fixed point of 7. When we have done, we can apply the
Kakutani—Ky Fan fixed point theorem [5].

Indeed, by Lemma 6, for any x € C[[1, e], E,] we have the existence of a Hadamard-
type fractional Pettis integrable of order « > 0 selection z, of F (-, x(-)) and then Sﬁ AP
is nonempty. As E* is separable, so is E and hence any weakly measurable selection is
strongly measurable. Thus by the assumption c) we get z, € HY(E). It follows that
(HAP) flt F(s,x(s)) ds # @, F is (HAP) integrable, so T is well-defined on C[I, E,]
with nonempty values. As for any Hadamard—Pettis selection the values are in C[I, E,], we
have T : C[I, E,] — 2C¢U-Eol By applying Proposition Lemma 9, we obtain that 7' has
weakly compact values, i.e., T (x) € cwk(C[I, Ey])

LetU ={xy € C(II,Ep] : x(t) =3 f(),t €, f € SgAP}. By our assumptions,
Sg AP is (HAP) uniformly integrable of order o > 0.

Moreover, by Assumption b), for any f € SgAP and ¢ € E* wehave ¢ f < s(¢, G) and
so, for arbitrary xy € U and ¢, T € I we have:

lxf(@) —xp(@ll = sup @xp) —xp(r) = sup (Iff (1) =37 f(0).
peB(E") peB(E")

By using the estimation (16) we obtain

e —xp @l = =D o sl
I'(a) feG peB(E*)
TN N B D
- A (e =D ) - ¥t — ) sup 5(0. G).
I'(a) @eB(E¥)

As G, being uniformly (HAP) integrable, the value SUPye B(E*) s(p, G) is bounded, and
then we conclude that U is an equicontinuous subset of C[I, E].

We show now that U is closed. Take a sequence x, (1) = JY f,(¢) convergent uniformly
to a continuous function x and prove that x € U. As Sg AP is sequentially compact for the
topology induced by the tensor product L>° ® E* , there exists a subsequence f,, convergent
with respect to the Pettis norm to a selection f € Sg AP Tt implies that 37 [ () weakly
converges to J{ f (t), whence x(t) = J{ f(¢) for all € I and so, the set U is closed.

As G(t) are weakly compact for t € I, by Ascoli’s theorem, U is weakly compact in
ClI, E,].
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On the other hand, we have the following estimation:

IT@WOI = sup s, T@@)
@EB(E™)
-1 1= Inw-1g e
< ey + @ TQe= DTN 7D fs(go,Gm)ds.
I' () @peB(E*) J1

As SE;HAP) is (HAP) uniformly integrable, there exists a constant N > 0 such that
I[(HAP) [{ s(¢,G(s)) ds|| < N.Thenforanyt € I

R I A R Vi e 2O N
IT)@I < 1+b+ T N=M

Therefore, for a solution of our problem we obtain an “a priori” estimation, namely
lx|| < M. Denote by By the ball {x € C[I,E] : |x|| < M}andletV = U N By. Itis
weakly compact and convex set. In the next part of the proof we will restrict T to the set V.
Itis clear that T(V) C V.

Now, we are in a position to show, that 7 has a weakly—weakly sequentially closed graph
(therefore, it has closed graph when C[I, E,] is endowed with the weak topology, as this
topology is metrizable on weakly compact sets). Let (x,, y,) € GrT, (xn, yp) = (x,y)
inC[I, E,].

Recall, that y, is of the following form

Yn() = x0 (D) + 3¢ fu(0) . fu e SEAL )t el

Since f,(t) € F(t, x,(t)) C G(¢) a.e. and Sg AP ig nonempty, convex and is sequentially
compact for the “weak” topology of pointwise convergence on L>* ® E*, we extract a
subsequence ( f,,,) of (f,) such that (fy, )x converges o (P[I, E], L*° ® E*) to a function
f e siar.

Fix an arbitrary ¢ € E*. As for any measurable A C I, h(t) = x4(t) € Loo(I) and since
(fn,) o(P[I, E], L ® E*)-converges to f € SgAP, for any ¢ € I, then we have

a—1 a—1
/ (10g E) ® fni (5) ds —> / (10g E) 0 f(s) ds
A N N A s K

for each measurable A C I. Thus y,, (t) = x5, (1) + J{ fu, (t) has the property that @y, is
convergent to x (1) + 3¢ f(¢), whence y(¢) = x(1) + 3§ f(©).

In order to have (x,y) € Graph T it remains to prove that f € Sg(’f‘,f(.)). By [38,
Lemma 12], there exists a convex combination i of elements of the sequence { f,,, : m > k}
that converges weakly to a measurable selection 2 of G. As the last sequence is (HAP)
uniformly integrable, a consequence of a convergence theorem (cf. [25, Theorem 8.1]) is that
the sequence of their integrals (3§ (¢))x weakly converges to J{h(z). It follows that f = h
a.e.

By weak sequential hemi-continuity of F (¢, -) and weak convergence of A (¢) in E we
obtain that i (t) € F(t, x(¢)) a.e., therefore f € Sg(’f")f(')) and so, T has closed graph.

Thus, T satisfies the hypothesis of the Kakutani fixed point theorem and so, it has a fixed
point. Moreover, the set of fixed points is compact in C[/, E,,]. O
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