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Abstract

In Orlicz spaces generated by convex Orlicz functions a family of norms generated by some
lattice norms in R? are defined and studied. This family of norms includes the family of
the p-Amemiya norms (1 < p < oo) studied in Cui et al. (Nonlinear Anal. 69:1796-1816,
2008; Nonlinear Anal. 71:6343-6364, 2009; J. Math. Anal. Appl. 432:1095-1105, 2015;
Nonlinear Anal. 75:3973-3993, 2012) and He et al. (Fixed Point Theory Appl. 2013:1-18,
2013). Criteria for strict monotonicity, lower and upper local uniform monotonicities and
uniform monotonicities of Orlicz spaces and their subspaces of order continuous elements,
equipped with these norms, are given in terms of the generating Orlicz functions, and the
lattice norms in R%. The problems of strict convexity and of the existence of order almost
isometric as well as order isometric copies in these spaces are also discussed.
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1 Introduction

Let p(-) be a lattice norm in R? such that p((1,0)) = 1 and extended to (0, co) and (1, o)
by p((0, 00)) = p((1,00)) = o0, if the point (1, co) will be used. Let @ : R — R, :=
[0, 400) be an Orlicz function, that is, @ is a nonzero function vanishing at zero, @ is convex
and even. Let us define a(®) := sup{u > 0: ®(u) = 0}.

In the following (§2, X', w) is a o -finite complete measure space and LO=1%0, Z,
is the space of all (equivalence classes of) X-measurable functions x : 2 — R, where
functions x and y equal p-a.e. in §2 belong to the same class of equivalence (we simply say
that they are identified).

Given any Orlicz function @ we define on the space LO(.Q, X, u) the functional

o) = [ @Gndu.
2

It is easy to see that the functional /¢ has the following properties:

(@) I : LY(2, 2, ) — RS := Ry U {400},

(b) Ig is convex,

(c) I iseven,

(d) I (0) = 0 and if x € LO(£2, X, w)\{0}, then I (Ax) # O for some A > 0,
and itis called a convex modular (see [38]). We are interested in introducing a norm generated

by the functional /¢ in the biggest possible subspace of LO(§2, ¥, ut). This subspace is called
the Orlicz space, denoted by L? =1° (£2, ¥, ) and defined by (see [5,30,31,34,36,38,40])

L? (2, %, n) =f{xe LO(.Q, Y, Ip(Ax) < oo for some ) € (0, +00)}.
Let us denote by Ag (1) the modular unit ball, that is,
Ap(D) = {x € LR, 2, ) : Ip(x) < 1.
Since the Orlicz function @ is absolutely convex, that is,
P(au + pv) < |a|®u) + [B|P (V)

forallu, v € R and all o, B € R with |a| + |B]| < 1, we obtain absolute convexity of the
functional /¢ and, in consequence, also absolute convexity of the set Ag (1). The Minkovski
functional generated by the set A (1) has finite values for these elements from LY, >, n)
which are absorbing by A (1). It is easy to see that the biggest subspace of L0(£2, ¥, u),
the elements of which are absorbed by A (1), that is

Ix > 0: ; € Ag(l)

is just the Orlicz space L®(u). The Minkovski functional of the set Ag (1) is called in the
literature the Luxemburg norm, it is denoted by || - ||¢ and defined by the formula (see
[5,35,36,38])

Xl = inf{A > 0: Iy (;) <1} (¥x € L? ().

The following family of norms, called the p-Amemiya norms, was already defined and studied
in Orlicz spaces for 0 < p < oo:

1 1
Ixlle.p = inf (1 + (Lo (kx)?)7 (Vx € L® (),
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where 1 < p < oo (see [10,11,14,15,20]). The norm || - |1 is the Orlicz norm || - ||2) which
was defined by Orlicz in [39] by the formula

1S = sup |/x(z>y(t>du|:yeL°<fz,2,mand1¢*(y>s1 ,
2

where @* is the function complementary to @ in the sense of Young, that is,

®*(u) = sup{lulv — @ (v)}.
v=>0
For p = oo, we have (see [27])
. 1 1 o1
[Xll¢.00 = lim —(1+ (Ip(kx))P)? = inf —max(1, (I (kx))) = [Ix|o.
p—oo k k>0 k

It is well known that all norms from the family {|| - |, } pe[1,00] are equivalent and that the
Luxemburg norm || - [|¢ = [|x||¢ oo is the smallest norm and the Orlicz norm || - 19 = lxlo.1
is the biggest one. The Orlicz space L? (1) equipped with every norm from this family of
norms is a Banach space, which is even the Banach function lattice, called also the K&the
space (see [2,3,30,31,34,40]), which means that for any p € [1, +o0], the space (L? (),
| - llo, ) has the following properties:

1° Forany x € L°(u), y € L®(w), if |x(t)| < |y(t)| for n a.e. t € £2, thenx € L? and

Ixlle.p < lIylle,p,
2° There exists a function x € L? () such that x(¢) > 0 for p-a.e. t € £2.

The same properties has the space (E® (n), || - ll@,p) defined below. Let us recall that an
element x of a K&the space (E, | - ||g) is said to be order continuous if for any sequence

{x,}52, in E such that 0 < x,(t) < |[x(¢)| for all n € N and p-a.e. t € £2, the condition
xp(t) — 0asn — oo for u-a.e. t € §2 implies that | x,||[g — 0 asn — oo. The set of
all order continuous elements in E is denoted by E,, and the space (E,, || - ||[g) is again a
Kéthe space. It is obvious that equivalent norms keep the order continuity property. It is well
known that (see [34,41])

(L?(W)a = E® (W),
where
E®(u) = {x € L%, ¥, 1) : Ip(Ax) < oo for any A > 0}.

In this paper we will introduce a new family of norms in the Orlicz space L? (). Namely,
given any lattice norm p(-) in R? such that p((1,0)) = 1, which is assumed in the whole
paper, we define the following functional in L% (1)

1
I¥llo.pc) == inf RAE I (kx))) (Vx € L? ().

The set of all & > 0 such that %p((l, I (kx))) = |lxllo, pc) is denoted by K (x). We will
prove that such functionals are norms in L®(u). Of course, these norms are lattice norms and
they are equivalent each others. We will work on criteria for strict convexity and various their
monotonicity properties (strict monotonicity, lower and upper local uniform monotonicity
and uniform monotonicity) as well as on order almost isometric copies of /> and order
isometric copies of [°°.
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We need to define all others notions that will be used in this paper. A Banach lattice
X = (X, <, | - I, for the definition of which we refer to [2,30,34,41], is said to be strictly
monotone if for any x, y € X such that 0 < x < y and x # y, we have ||x|| < | y||. By the
homogenity of the norm || - ||, we can restrict ourselves in this definition to y > 0 satisfying
Iyl = 1. Let us denote by X the positive cone in X, that is, the set of all x € X such that
x > 0. In our definitions below X always denotes a Banach lattice (X, <, || - ||). X is said
to be uniformly monotone (see [2,32]) if for any ¢ € (0, 1) there exists §(¢) € (0, 1) such
thatifx,y € X,0 <x < y;||x|| > eand ||y|| = 1, then ||y — x|| <1 — 8(¢). The biggest
function §y : (0, 1) — (0, 1) with this property, that is, the function

Sx(@) =inf{l —|ly—xl:0=x <y lxll ze [yl =1},

is called the modulus of monotonicity of X (see [2] and for the properties of dx(-) also
[23]). It is known (see [32]) that X is uniformly monotone if and only if for any ¢ > 0 there
exists o (¢) > 0 such that for any x, y € X4 such that ||x| > ¢ and ||y|| = 1 there holds
ly + x|l = 14 o0(¢e). X is said to be lower (upper) locally uniformly monotone if for any
y € X4 with ||y|| = l and any ¢ € (0, 1) (resp. any ¢ > 0) there exists 5(y, €) € (0, 1)(resp.
o(y, &) > 0) such that for any x € X satisfying 0 < x < y and ||x|| > ¢ (resp. x > 0 with
lx|| > ¢€), wehave ||y — x| < 1—38(y, €) (resp. ||y + x|| = 1 + o (y, €)). For the definition
of these two properties see [2,4,24].

It is obvious that @ vanishes only at 0 iff a(®) = 0. For any Orlicz function @ we say
that it satisfies condition Ay (Ry) (@ € A(Ry) for short) if there exists K > 0 such that
D (2u) < K& (u) forany u > 0. We say that @ satisfies condition A atinfinity (@ € Aj(00)
for short) if there are positive constants ug and K such that @ 2u) < K@ (u) for all u > uy.
We say that @ satisfies condition A, at zero (@ € A,(0) for short) if there exist two positive
constants uo and K such that @ (up) > 0 and @ (2u) < K@ (u) for all u € [0, up]. It is easy
to see that A>(Ry) if and only if @ € Aj(00) and @ € A5(0).

The Aj-condition for @ should be defined suitably to the measure space (£2, X, i) in
such a way that the corresponding Orlicz space (L®(w), || - |l¢) is order continuous. We
know that suitable A;-condition for the couple (@, (£2, X, w)) is the following:

(a) condition Ay(Ry) if (§2, X', w) is infinite and non-atomic.
(b) condition Ay (c0) if (£2, X, w) is finite and non-atomic.
(c) condition A>(0) if 2 = N, X = 2N and p is the counting measure on 2N,

It is obvious that any o -finite measure space (§2, X', ) can be represented as the direct sum
of two measure spaces (£2,—q, X N 2,—q4, tlzn0,_,) ® (24, X N 24, nlsng,), where 2,
is the set of all atoms for i in X and £2,_, = £2\£2,.

If £2, is finite and 1 ($2,,—,) > 0, then the suitable condition A; for @ is the A,-condition
for the non-atomic measure space defined above. If £(§2,—,) =0and 2, =N, ¥ = 2N and
1 is the counting measure on 2N then the suitable condition A, is the condition A, (0). If
w(S2p—a) > 0,82, =N, ¥ = 2N and p is the counting measure on 2N, then the suitable A-
condition for @ is the conjunction of the suitable A,-condition for the non-atomic measure
space and of the condition A, (0), that is, condition A>(R). In our paper, we always assume
that all atoms have the measure 1 and we identify the atoms with the singletons {n}, where
n € N (the set of all natural numbers).

Monotonicity properties of Banach lattices have applications in the dominated best
approximation (see [6,8,14,17,24,32]) and in the fixed point theory (see [14,17,20]). They
are also strongly related to the complex rotundity properties (see [29]). For these reasons
monotonicity properties were investigated in various classes of function spaces. Namely, in
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[13,24,26,32,33] for Musielak-Orlicz spaces, in [21] for Lorentz spaces, in [19] for Orlicz-
Lorentz spaces, in [4,14,16,18,23,37] for Orlicz spaces, in [28,29] for Calderon-Lozanovskii
spaces, in [12] for Cesaro-Orlicz sequence spaces, for Orlicz-Sobolev spaces in [8]. Rela-
tionships between monotonicity properties and rofundity properties as well as between
monotonicity properties and orthogonal monotonicity properties in Kéthe spaces were given
in [22]. In abstract Banach lattices relationships between monotonicity properties and dom-
inated best approximation problems were studied in [6,14,17].

Problems on estimates or calculations of the characteristic of monotonicity in Orlicz spaces
and Orlicz-Lorentz spaces were studied in [16,18,19,23]. Applications of the monotonicity
properties in the ergodic theory in Banach lattices were studied in [1].

Theorem 1 For any lattice norm p(-) on R? such that p((1,0)) = p((0, 1)) = 1 we have
the inequality

Vu,v) € R*: max(Jul, [v]) < p((u, v)) < |u| + |v],

that is, the smallest (resp.the biggest) lattice norm p(-) among these ones with p((1,0)) =
p((0, 1)) = 1 is the [®—norm (resp. ' —norm). Moreover,

max(|1], [v]) = p((1,v)) < [1] + |v]

for any v € R and the norm || - ||, p(.) is non-smaller than the Luxemburg norm and non-
greater than the Orlicz norm for any Orlicz function ® and any lattice norm p(-) on R2.

Proof Let us take any (u, v) € R2. Then
p((u,v)) = p((lul, [vD)) = p((lul, 0)) = p(lu|(1,0))

= lulp((1,0)) = |ul
and
p((u,v)) = p((lul, vD) = p((O, [v]))) =: p(Iv](0, 1))
= [vlp((0, D) = |v],
whence

p((,v)) = max(lul, [v]) = poo((u, v)).
On the other hand for any (u, v) € R2, we have
p((u,v)) = p((lul, [v])) = p((lu], 0) + (O, [v])
p((lul, 0)) + p((0, [v])) = |u|p((1,0)) + [v|p((0, 1))
= [ul + [v| =: p1((u, v)).

IA

The second part of the theorem follows by the inequalities from the first sentence of this
theorem and from the facts that || - [|¢, p.. () is equal to the Luxemburg norm and || - [|¢, ;)
is equal to the Orlicz norm as well as to the Amemiya norm (see [27]).

Geometry of Orlicz spaces equipped with the p—Amemiya norm, thatis, the norm ||- || (),

1
where p((u,v)) := (Jul? 4+ |v|P)? for any (u,v) € R2, was considered in the papers
[10,11,14,15], the fixed point property in these spaces was studied in [14,20]. The dominated
best approximation in these spaces was studied in [14].

Theorem 2 For any Orlicz function ® and any lattice norm p(-) in R? the functional ||| @.p()
is a norm in L% ().
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2750 Y.Cuietal.

Proof We have I (k0) = O for any k > 0, so
10016y = inf +p((1,0)) = inf + =0
2,00 = L PRI =y T

Let us assume that x € L® (u)\{0}. Since @ is a nonzero function, that is, there exists ug > 0
such that @ (ug) > 0, so there exists kg > 0 such that /¢ (kgx) > 1. Then

. . 1 ]
[xlle. p() = min <O<1]I€1£k0 %P((l, Ig (kx))), klglfo EP((L Iqs(kx)))>

. . 1 o1

> min <0<11?£k0 zp((l, 0)), klg{ﬂ %p((O, Iy (kX)))>
. 1 1

> min (E klél/fo p ((0 EI([)(]C)C))))

= mi ! 0 ! Io (k

= min <%, p (( o @ OX)>>>

> 0.

Now, we will show that the functional || - ||g, »(.) is absolutely homogeneous. Let us take any
x € L?(u) and any A > 0. If x = 0, then Ax = 0 for any A € R, whence

IA0ll®, pc)y = II0ll@, py =0 =4 -0=A[0lla,pc)-

So let us assume that x # 0. Then

1
12xllo.p) = inf - p((L To (kI211)))

A
= jnf e (L Lo ()

1
= |A| inf — 1, Ip (k|A
| Iigo Iklkp(( o (k|A]|x)))
= |Mlxlle, pe)-

Finally, we will show that the functional || - |l¢, () satisfies the triangle inequality. Let us
take arbitrary x, y € L® (u). If at least one element among x and y is equal to zero function,
then the triangle inequality is obvious. So assume that x # 0 and y # 0. Let us take any
& > 0. There exists constants A > 0 and [ > 0 such that
|
Xp((l, Ip (Ax))) = lxll®,pc) + €,
1
TP((L Ip(1y) < Iylle.pc) + &

Then

A+ A
lx +ylle,po) < 7 P <(1 Iy (A _H(x + )’))>>
A+ l A
= Tl’ <(1’ Iy (m()tx) + m(ly))>>

ey Lo (e an
v P\ Ao oW
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<Hlp<( Ly » ! 1¢(M)+L1¢(zy))>
- M AL A+ A+ A+
A+ ! ! A A
= by, p((l-{-l’)L-f-ll(p()LX))_’_(T—f—l’mI@(ly)))

<AL L (1 100w + —— p((1, Lo Uy))
)\+lp , e (AXx A+lp y A (LY

- M
1 1
Xp((l’ I (Ax))) + 717((1 Ao (1Y)

< lIxlle.pey + Iylle, pe) + 26.

A

By the arbitrariness of ¢ > 0, we obtain the inequality

lx +ylle,pe) < Ixlle,pey + 1@, p0)

which finishes the proof of the theorem.

Lemma1 Let p(-) be a lattice norm in R? extended to (0, 00) and (1, 00) by p((0, 00)) =
p((1,00)) = oo. Then: (i) if @ is an Orlicz function satisfying the condition lim,_, 4
(@ (u)/u) = +o00, we have that for any x € L‘D(/,L)\{O} there exists | € (0, +00) such that

1
Ixlle,pc) = 717((1, 1o (Ix))).

(i1) For any Orlicz function ®, if x € L% (1) and K (x) = @, then
Ixllo,pe) = Ap(O, D) Ixll 1),
where A = lim,_, 5o (@ (u)/u).
Proof (i) Let x € L®(u)\{0}. The condition (® (u)/u) — +00 as u — —+oo implies that
1
EI@)(/(X) — 400 as k — 400,
whence we get
. 1 . 1
(1) limg— 400 Ep((l, Ip (kx))) = limg— 400 zp((O, I (kx)))
. 1
= limg— o0 Ehp(kX)p((O, D) = +o0.
Moreover,

1 o1 1
i I 0D =l (1,00 =l = o

Hence and from condition (1), we get that there exist positive constants ko and k; such that
ko < k1 < 400, Ip(k1x) < oo, and

1
y= inf  —p((, I (kx))).
Ixlle,pc) oot kp(( @ (kx)))
The function f(k) := Ip(kx)) is convex and it has finite values on the compact interval

[ko, k1], so it is continuous on this interval. In consequence, by continuity of the norm p(.),
the function g : [ko, k1] — R, defined by

11
glk)y=p <<P %Idi(kx)))
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2752 Y.Cuietal.

is also continuous on the interval [kg, k1 ]. Therefore, the desired number / € (0, +00) exists.

(i) Let x € L®(u) and K (x) = ¢. We can assume without loss of generality that x #= 0.
It is obvious that the infimum in the definition of the norm ||x||¢, ,(.) can be restricted to such
k > 0 that I (kx) < c0. Since, ||x||¢,p) < 00 and limgq, %p((l, Iy (ax))) = o0, there
exists kg > 0O such that

1
)= inf - 1, 1
Ixllo, pcy ke[lif(l),oo) kp(( ¢ (ax)))

Since for any k; € [ko, 00) such that /¢ (kjx) < oo, by continuity of the function f(k) =
1o (kx) on the interval [kg, k1], there exists [ € [kg, k1] such that

. 1 1
ke[lg)fkl] P de(@x)) = 7p((, Io (1x)))

and K (x) = ¢, we conclude by continuity of the norm p(-) that

o1
Ixlle, pey = lim —p((1, Ip(ax)))
k—oo k
i 1 11( )
= lim -, =
k—00 k' k plax
li 1 i 11 (@x)
= im —, lim —
p k—o0 k’ k—o0 k oo
o1
= ([0 fim rote))
Let us note that, by the Beppo Levi theorem,
li 1I (kx) = 1i 1/ D (kx(t))d
im — = lim -
koo k¥ o k—oo k Jo * H

lim / Mu(lﬂdu
supp x

k— 00 klx(1)|

. Pkx())
/sMppx (JL“;O W) lx()|dp

= A/ lx(®)ldp
2
= AllxllL1(g)-

whence, by the previous equalitices, we get
Ixlle,pey = Ap (O, D)Xl L1(0)-

Lemma2 Let ® be any Orlicz function and p be any lattice norm on R? such that p((1, 0)) =
p((0, 1)) = 1 and extended to (1, 00) by p((1, 00)) = oc. Then

Ixllo,pey < 1+ Ip(x)
for any x € L® (). Moreover, if Ip(Ax) = oo for any . > 1, then

L<l|xllg,pc)-
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Proof By Theorem 1, we have
1
lxlle,py = ;llf(’) Ep((l, Ip(kx))) < p((1, Ip(x))) < 1+ I (x).
Simultaneously, if /¢ (Ax) = oo for any A > 1, then
o1
lxlle,pey = 112{)%’7((1’ I (kx)))

1 1
= min <oi51f5 | P o (k). inf - p((1, qu(kx))))

v

1
min <oirlif51 gp((l, 0)), p((, Iq)(X))))
= min(1, p((1, I¢ (x))))

Theorem 3 Let p(-) bé a 1ﬂorm on R? as in Lemma 2. If ® is an Orlicz function ® which
does not satisfy suitable Ay-condition, then (L? (), || - o, p(.)) contains an order linearly

almost isometric copy of [°°, that is, for any € > 0 there exists a linear nonnegative operator
P, : 1 — L®(w) such that

lzllo < I1Pzllo,p) <= (1 +0)llzlle (V2 €1%).

Proof Under the assumptions on @, given any ¢ > 0, there exists a sequence {x,};°; in
L?(n) with pairwise disjoint supports and such that Iy (x,) < &/2", x, > 0and I (Ax,) =
oo for any n € N and A > 1 (see [5]). Let us define an operator P, on [*° by the formula

00
Pz = Zznxn (Vz ={za}n=1 € loo)’

n=1

where the series is defined on §2 pointwisely. It is obvious that P, is linear and nonnegative.
By pairwise disjointness of the supports of the element x,, € L?(u), there is no problem
with the pointwise convergence of the series, because for any ¢ € £2 there exists at least one
n € N such that t € suppx,. It is easy to see that P.z € L® (i) for any z € [°°. Indeed,

Pz > b4 2 e
¢< : >=Zl¢< 1 x)sz o () <Y o=
n=1

n
l2lloo Il ™) = & el o

Let us note first that for any z € [°° and k > 0, we have
(e (i) =2 (e (452))
1zl l1zlloo
Doy 12 m))) -
= 1, Ip (k== 2200 < Lilp |k ) xn
g << ¢ ( lzlloe PAC ;
oo
=p <<1, Zlq) (kx,,))) .
n=1

In consequence, by Lemma 2, we have for any z = {z,}7>, € [*°,
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i, = (0 (5))
(e (550)
(e ()

<l+e,

Pz

llzlloo

IA

whence || Pezll¢, p() < (1 + &)l|zlleo for any z € I°°.
On the other hand, since for any A > 0 there exist n, € N such that A|z,, |/[|z]lec > 1,

we have
P Mz,
() ()
l1zlloo lzlloo

whence, by Lemma 2,

’ P.Az _ ‘ AP,z
Izl oo @, p() Izlloo q>,p(‘)_ ’
that is,
llzll
| Pezlle, pey > Aoo-

By the arbitrariness of A > 1, we have || Pezllo, p(.) = llzlloo for any z € [°°, which finishes
the proof.

Theorem 4 Let p(-) be a norm in R? such as in Lemma 2 and ® be an Orlicz function with
a(®) :=sup{u > 0: @)} > 0. Then in both cases, a non-atomic infinite measure space
as well as the case of the counting measure on 2V, the Orlicz space (L (), || - lo,pcy)
contains a linearly order isometric copy of [*°.

Proof Under the assumptions on the measure space, there exists a sequence {A,};2, of
pairwise disjoint sets with (t(A,) = 400 for any n € N. Let us define

o0
Xp = a(®)Xa, (Yn € N), x 1= Y x, = Sup x,,

=1 neN

where the series is defined pointwisely (no problem with its pointwise convergence because
of pairwise disjointness of the sets A). It is obvious that /¢ (x) = 0 and Ip (x,) = 0 as well
as that I (Ax) = I (Ax,) = oo forany n € N and A > 1. Moreover, for any n € N,

. . 1 1
I xn llo,p() = min (05}21 7 P Lo (kxn))), gfl AL (kxn)))>
1
= inf —p((1, Ip (kx,
ot 7 P Lo (kxn)))

. 1
= Oglzi;l AE 0)) = p(1,0)) = 1.
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In the same way, we can prove that || x [|¢, )= 1. Let us define the following operator on
[°°:

Pz=>) zyx, (V2 ={z,} €1™).

n=1

Let us first note that P : [® — L% (u). Namely, I‘P(Hznz ) < I@(Z xp) = Ip(x) =0,

whence Pz € L? () for any z € [°°. Moreover,

Pz
—inf Lp ((1 Io <k )))
o p¢) K0k Iz lloo

< inf Ep((l, Ip (kx)))

H Iz ”oo

=[x lle,pe)
= 1,

whence || Pz o, p()<Il z lloo. On the other hand, given any A > 1, one can find n; € N
such that A | z,, |>] z |lco. Consequently,

P(A2)

op() H Iz oo

> xn, N, pey=1,

H APz
@,p()

Iz lloo

whence || Pz |l¢,p)= ”ZJ\|°°. By the arbitrariness of A > 1, we obtain that || Pz [|¢,,)>

I z lloo, Which together with the opposite inequality (proved already) gives the equality
| Pz lle,pcy=Il z lloo for any z € I°°, which means that P is an isometry. It is obvious that
the operator P is linear. Since the functions x,, are non-negative, so P is also non-negative,
that is, Pz > 0 for any z € [°°, z > 0. In consequence, the operator P is a linear order
isometry, which finishes the proof.

Theorem 5 Let p(-) be a lattice norm in R? which is strictly increasing on the vertical half-
line {(1,u) : u € Ry} in R? and let ® be a strictly convex Orlicz function. Let the couple
(@, p(+)) satisfy the condition

(2) K(x) # 0 Vx € L? (w)\{0}

Then the Orlicz space (L® (), || - lo, p()) is strictly convex.

Proof Assume that x, y € S((Lf(u), Il - llo,py)) and x # y. Then @ o kx # & o ky for
any k € (0, +00) because strict convexity of @ implies that @ is a 1 — 1 function on R.
We also have that @ 0 k*5¥ < J{® okx + @ oky}and @ 0 k™3> # L& okx + ® o ky)
for any k € (0, +00). Let A, [ € (0, +00) be such that

1
Ixlle.pey = P Io (X)),

1
7P, To(1y))),

Iy lle,pe)

and define g = f—fl Let us note that Ax # [y. Indeed, assuming that Ax = [y, we get by
Ixlle,pc) = I¥ll®, p() that A = I whence, by x =y, a contradiction. Then by strict convexity
of I and the fact that p(-) is strictly increasing on the half-line {(1, u) : u € Ry} C R%, we

get
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x+y
I —= llo.p¢) =

3 p

<

A
1, ﬁlqb()\x) + i +k1¢(IY)))

hS]

TN TN TN N

A l A
+ Iy (Ax) + I¢(ly))>

l
I+x I+X 142 [+

l A
m (1, Ip (Ax) + m(la I(DU}"))))

A
mp((l, lp (Ax))) + mp((l, lo (ly)))}

A
R = Q= R~ Q= Q==
—_—— S|
TN TN TN TN TN
~

1 1
3 {XP((L I (Ax))) + Zp((l, Il (ly)))}

5{” X o, pey + 11y o pey}

1
=—{l1+1

S+
=1,

which finishes the proof that the positive cone (Lf’i (), I - lle, p(y) is strictly convex. But
then we obtain from a general result from [22] that the whole space (Lo (1), || - llo,p()) is
also strictly convex.

Corollary 1 [5] Under the assumption that ® is a strictly convex Orlicz function such that
sup[Au — @ (u)] = oo, where A := lim (%), which gives that K (x) # 0 for any

u>0 u—00

x € L? ()\{0}, the Orlicz space L® (1) equipped with the Orlicz norm is strictly convex.

Proof Under the assumptions on @, condition (2) from Theorem 5 is satisfied (see [7]).
Moreover, the Orlicz norm in L? () is just the norm || - lo,pcy with p((u, v)) =l u | + | v |
for any (u,v) € R2. Since this norm p(-) is strictly increasing on the vertical half-line
{(l,u) :ueRy}in R2, the thesis of our corollary follows directly form Theorem 5.

Theorem 6 Assume that p(-) is a lattice norm in R? which is strictly increasing on the vertical
half-line {(1,u) : u € Ry} € R? and @ is an Orlicz function such that K (x) # ¥ for any
x € L? (u)\{0}. Then the following statements are equivalent:

(i) a(®)=0,
(i) (L%, || - llo,p()) is strictly monotone,
Gii) (E®(w), | - llo,p()) is strictly monotone.

Proof (i) — (ii).Let0 <x <y € S(L®(w), || - lle,p)) and x # y. We know, by the
assumption, that

1
Iy llepey= 717((1, I (1y)))

forsome/ € (0, +00). Since 0 < [x < lyandlx # ly, and by the assumption that a(®) = 0
the Orlicz function @ is strictly increasing on R, we obtain

I (Ix) < 1p(1y).
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In consequence

1 1
Ixllo.pe) =< 717((1, Ig (Ix))) < jp((l, 1o (1y)))

=yl pe»

which finishes the proof of the implication (i) = (ii). The implication (ii) = (iii) is
obvious.

(iii) = (i). Assuming that (i) does not hold, we will prove that (iii) does not hold. Take any
y € E®(u)suchthaty >0, y lo,p()= 1andthe set A := £2\suppy has positive measure.
Define z = y + @XA, where k € K(y). Then z € E® () and || z lo,p()> 1 because
| z(t) |=| y() | for u —a.e. t € §2. On the other hand || z ¢, ()< %p((l, Iy (kz))) =
%p((l, 1o (ky))) =|l ¥ lle,p()= 1. Therefore, || z |l¢, )= 1, whence (iii) does not hold.

Remark 1 Let us note that the assumption that the norm p(-) is strictly increasing on the
half-line {(1,u) : u € Ry} is not in general necessary neither for strict convexity nor for
strict monotonicity of the space (LPw), | - lo,p())- Namely, if p((u, v)) = max(| u |, |
u|)(V(u,v) € R?), then p(-) is not strictly increasing on the half-line {(1,u) : u € R},
but if @ satisfies suitable A>-condition, then the space (L% (1), || - llo, p(y) is strictly convex
whenever @ is strictly convex, and (L% (n), || - l®,p()) is strictly monotone, whenever
a(®) =0, see [24,32] (because || - ||, () is then equal to the Luxemburg norm).

Corollary 2 It follows from Theorem 4 that if ® is an Orlicz function with a(®) > 0 and
if the measure space is non-atomic and infinite or the counting measure on 2V | then under
the assumptions of Theorem 4 on the norm p(-), the space (L (w), | - o, p()) is not
strictly monotone, because (I°°,| - |loo) is not strictly monotone (namely, the elements
x = (1,0,0,---)and y = (1,1,0,0, ---) satisfy the conditions 0 < x < y, x # y,
I x o=l ¥ lloc= 1). Therefore, (L® (). || - llo, p(.) has no monotonicity property non-
weaker than strict monotonicity. It is also not strictly convex (because any strictly convex
Banach lattice is strictly monotone), so it has no convexity property non-weaker than strict
convexity.

Theorem 7 Assume that p(-) is a lattice norm on R? which is strictly monotone and
p((1,0)) = p((0,1)) = 1. Let @ be an Orlicz function; x,y € L‘b(,u) and 0 < x <
Vv SLP (). I - loup)).

Then

3Ny —=xllo,p)< 1 —="38nu pUp(x)), wherever 1y(x) < 1 or 8, p(.) is left continuous
at the point 1

where 8,y () is the modulus of monotonicity of the space (RZ, p(-)).

Proof First let us note that since R? is finitely dimensional, by strict monotonicity under the
norm p(-), the space (R2, p(-)) is uniformly monotone. Therefore, ,, p(.)(¢) > 0 for any
e € (0, 1). For the definition of the modulus of monotonicity and its properties see [23].

Let us take x and y mentioned in the theorem and any ¢ > 0. By the definition of the
norm || - ||, p(.y, there exists € (0, +-00) such that

1
7P, Io(y) <l y llo,p) +&e =1+e.

Since p((1, Ip(ly))) > p((1,0)) = 1, the previous inequality implies that % <1+e,

whence [ > ﬁ Hence, by the assumption that p((0, 1)) = 1, we have
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@ p((0, F1p(1x))) = o) p((0, 1) = (1 + &)l ($35).
By convexity of the modular /.y, we obtain

X
1+e¢

0<(I+e)ls( )<Ilo(x) =l xllepe =lyllepy=1

By superadditivity of @ on R, we have superadditivity of the modular /¢ on (L% (1))4.
Hence, and by the equality

1 1 1
P, 7o (x)) = 7 1o (x)p((0. D)) = + 1o (x),

we obtain

A

1
Iy =xlo.po = 7L Io Uy = )))

IA

1
jp((l, Ip(ly) — 1o (Ix)))

11 1
=p <<7, jldﬁ(ly)) - (0’ Tldﬁ(lx))) ,
1 1
TP((L Io(UY))) = Sm,p) (P ((0 71¢> (lx)>)>
L+¢&—38mpe <(1 +&)lp (ﬁ)) .

Taking in place of & a sequence {g,};° | such that &, ~ 0 as n /" oo and applying the
Beppo Levi theorem, we obtain that (1 +¢,) I (ljr‘—sn) " Ip(x)asn 7 oo. This means that
lim, o+ (1 +¢&)lep (I’C?) — I (x). Since the modulus of monotonicity is continuous on the
interval [0, 1) and, by the assumption also at the point 1 if /s (x) = 1, we obtain the desired
inequality.

IA

IA

Remark 2 1f p(-) is a lattice norm in R? as in Theorem 1 and @ is an Orlicz function, then
the Orlicz space (L® (), || - llo,p()) is order continuous if and only if @ satisfies suitable
As-condition .

Proof Since all norms in R? are equivalent, our norms || - ||, () are equivalent to the norm
I - llo, pao (s Where poo((u, v)) = max(|ul, [v]). It is known (see [8,10]) that the norm
Il - lo, poo () is equal to the Luxemburg norm || - ||¢. It is also well known (see [5,9]) that
the Orlicz space (L®(w), || - lle) is order continuous if and only if @ satisfies suitable A,-
condition. Since order continuity is preserved by equivalent norms, we obtain that the space
(L? (), I - lo, p()) is order continuous if and only if @ satisfies suitable A,-condition.

Remark 3 1t is known (see [5]) that for any sequence {x,}5”, in L®(w), with Ip(x,) — 0
as n — oo, we have ||x,[l¢ — 0asn — oo if and only if a(®) = 0 and P satisfies the
suitable A-condition. Since for any lattice norm p(-) in R with p((1, 0)) = 1 = p((0, 1)),
the norm || - [|g, p(.) is equivalent to the Luxemburg norm || - |4 in L? (1), we have the same
dependence between I (x,) — 0 and || x,ll¢,p) — 0 as n — oo. Namely, it holds if and
only if a(®) = 0 and @ satisfies suitable A,-condition. This dependence is equivalent to the
fact that

(Ve > 0)(35(e) > 0)(¥x € L2 ) (IIx[l0.p, = & = lo(x) = 8(e)). ey

Theorem 8 Let p(-) be a strictly monotone lattice norm in R2 such that p((1,0) =
p((0, 1)) = 1 with the modulus of monotonicity left continuous at the point 1 and @ be
an Orlicz function. Then the assumption a(®) = 0 implies that:
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(i) (L®(w), |l - o, p()) is strictly monotone,
(i) (E®(w), | - e, p()) is lower locally uniformly monotone.
Assuming additionally that the couple (P, p(-)) is such that K (x) # @ for any x €
E® ()\{0} the conditions a(®) = 0, (i), (ii) and
(i) (E®(w), || - o, pcy) is strictly monotone,
are equivalent.

Proof Under the assumption on p(-), we have by Theorem 7 that for any x, y € L® (1) such
that0 <x <y, [lylle,pcy = Ll and || x |l¢, p)> €, where € € (0, 1), we have

Iy —=xllop)<1=0np-Usx)), 5)

where 8, p() is the modulus of monotonicity of the space (R2, p(+)), which is uni-
formly monotone as a strictly monotone finite dimensional Banach space. Therefore,
Sm,p(HUp (x)) > 0 by the fact that a(®) = 0 implies that I (x) > 0. In consequence
|l y—x llo,pc)< 1, which means that property (i) holds.

Assume now that x and y are as above, but they belong to the space E® (u). Let us note
that the space (E® (), | llo, p()) has the following property.

Vy € St(E? (), || - lo.py)s Ve € (0, 1), 38(y,e) >0, ©)
such that forany 0 <x <y:llx o p= &= Ip(x) > 5(y, ).

Indeed, if this property does not hold, then there exist y € S+ ((L? (1), |I-lo, p)), € € (0, 1)
and a sequence {x,}° , in E® (1) such that ||x, lo.pe) > €0 =<x, <yforanyn € N,
and I (x,) — 0 as n — oo. However, the last condition implies that x, — 0 in measure
as n — oo. Hence, by the assumption that the measure space (£2, X', u) is o-finite, there
exists a subsequence {x,, }7>, of {x,};°, such that x,, — O ask — oo u —a.e. in 2.
Hence ® o Ax,, — O —a.e.in £2 as k — oo for any A > 0. Since, by the assumption that
y € E‘D(u), we have @ o Ay € LI(M) forany A > Oand, by 0 < x, < yforanyn € N, we
have @ o Ax,, < @ oAy forany k € N and A > 0, the Lebesgue dominated convergence
theorem implies that /o (Ax,,) =|| @ o Ax,, ”L‘(u)_> 0 as k — oo for any A > 0, which
means that || x,, ll¢,p)— 0 as k — o0, a contradiction, which proves property (6) of
E® (1). Conditions (5) and (6) yield

[y—=xlleper=1=3mpc 8y, e),

where §(y, ¢) does not depend on x, which means that property (ii) of E® (x) holds.

It is obvious that (ii)= (iii). In order to finish the proof, we need only to show that
under the assumption that K (x) # @ for any x € E®(u)\{0}, condition (iii) implies that
a(®) = 0. Assume that a(®) > 0 and K(x) # ¢ for any x € E‘p(u)\{O}. Let us take any
x € E®(u) suchthatx >0, || x lo,pcy=1and uw(A) > 0, where A = £2\suppx. Defining

]
y=x+ %XA, where k € K(x), wehave 0 < x <y € E®(u) and x # y. Hence

| y lle,pc)= 1. On the other hand, by I¢ (ky) = I (kx), we have

1 1
Iy lle.po= EP((L g (ky))) = EP((L lp (kx))) =[l x o, py= 1.

Therefore, property (iii) of (E? (1), || - llo, p() does not hold if a(®) > 0, and the proof of
our theorem is complete.

Theorem 9 Let p(-) be a strictly monotone lattice norm on R? as in Theorem 8 and & be an
Orlicz function. Consider the following conditions:
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(i) a(®) = 0 and P satisfies suitable As-condition,

(ii) (L% (), | - o, p() is uniformly monotone,
(iii) (L®(w), | - lo,p()) is upper locally uniformly monotone,
(iv) (E®), |l - o, p(y) is upper locally uniformly monotone.

Then (i)= (ii) = (iii) = (iv). Assuming additionally that K (x) # (0 forany x € E® (w)\{0},
we have also that (iv)= (i), whence we have then that all these four conditions are equivalent.

Proof (i) = (ii). Assume that condition (i) is satisfied and that 0 < x <y € S(L® (),
Il - llo, py)) and || x [, (> €. By the assumption that & satisfies suitable A, — condition,
we know that for any sequence {x,};> | in L® (), the conditions I (x,) — 0 asn — oo
and || x, ll¢,p)—> 0 as n — oo are equivalent. Therefore, there exists 6(¢) € (0, 1) such
that I (x) > 8(¢). By inequality (3) from Theorem 7, we have

ly—=xllo,po)<1—=08npoyUp(x)) < 1 —8p p)(6(e)).

Since 8, (- (8(¢)) € (0, 1), property (ii) holds.

The implications (ii) = (iii) = (iv) are obvious, so in order to finish our proof, we need
only to prove that (iv) = (i), whenever K (x) # ) for any x € E(u)\{0}. Assume that
condition (i) is not satisfied and K (x) # ¢ for any x € E ‘p(u)\{O}. Then we have the
alternative of the conditions: a(®) > 0 and K (x) # 0 forany x € E? (u)\{0} or @ ¢ A,
and K (x) # ¢ for any x € E® (u)\{0}.

In the first situation, by virtue of Theorem 6, condition (iv) does not hold, because
(E® (), || - llo,p() is not then strictly monotone.

In the second situation take a set A € X such that 0 < u(A) < w(£2). By Proposition

2.1 in [9] there exists a sequence {yn}fl"=1 in E®(u) such that suppy, C T\A,

<
14277 =
Il yn lle and I (y,) < 27" forany n € N. Then || yu llo,p()=ll yn llo=

T for any

n € N.Take any x € E® (1) such that suppx C A and || x llg,p()=1.Letk € K(x). Then
k > 1, because for any k£ € (0, 1) we have

1 1 1
P Ie(kx))) = 2p((1L,0) = 2> 1 =[x llo.p0),

1
which means that k ¢ K(x). Defining x, = %y,,, we have ||x,llo p) = lvulle, pok =

1 2
K pom = 3x Moreover, fo (kxu) = Io (yn) = 27, whence

1 1
X +xn llo.pe) < Ep((l’ o (k(x + xn)))) = zp((l, lg (kx)) + I (kxn)))
1
EP((L g (kx)) + (0, I (kxn)))
1 1
EP((L lg (k(x))) + %P((O, Ig (k(xn)))

IA

1 _
<l xle p0 +Ep((0’ 27)
<142,

2
which together with || x;, ||¢,p(4)z§ forany n € N means that the space (E® (w), || - lo,pe)

is not locally upper uniformly monotone. This finishes the proof.
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