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Abstract We study an analogue of the Parovi¢enko property in categories of compact spaces
with additional structures. In particular, we present an internal characterization of this prop-
erty in the class of compact median spaces.
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1 Introduction

A compact space K is said to be Parovicenko if for every continuous surjections f: A — B
and g: K — B, where A, B are compact metrizable spaces, there exists a continuous
surjection h: K — A satisfying f o h = g. This definition naturally generalizes to higher
weights, leading to the notion of a x-Parovic¢enko space, where « is a cardinal bounding the
weights of the spaces A, B. Itis also natural to consider the same property in other categories.
We shall concentrate on categories of structured compact spaces, defined below. We shall
present a general (and rather standard) result on the existence of structured Parovicenko
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spaces. Next, we discuss one particular example: compact median spaces. The main result is
an internal characterization of Parovicenko objects in this category.

The concept of a Parovicenko space was introduced by van Douwen and van Mill [14],
where the authors actually used its internal properties, instead of the external category-
theoretic condition stated above. Originally, Parovic¢enko [10] showed that every compact
space of weight < 8 is a continuous image of the Cech—Stone remainder N* of the natural
numbers; he also proved that, assuming the Continuum Hypothesis, this is the unique Paro-
vicenko compact space of weight c.

Later on, Negrepontis [9] generalized Parovicenko’s results to higher cardinals; some
of his questions were several years later answered by Dow [2]. Finally, van Douwen and
van Mill [13] showed that the Continuum Hypothesis is equivalent to the existence of a
unique ParoviCenko space of weight ®. At the same time, Btaszczyk and Szymariski [1]
gave a simpler proof of Parovi¢enko theorem, also finding another characterization of N*,
under the Continuum Hypothesis. Some further simplifications were subsequently found
by Engelking [4]. Nowadays, Parovic¢enko spaces (dually, Parovicenko Boolean algebras)
belong to the folklore of topology and set theory.

The aim of this note is to extend this concept to categories of compact spaces with struc-
tures, emphasizing one particular case: compact median spaces. This class was studied, in
the context of Parovicenko theorem, by van Mill [15], who showed that none of the obvious
subspaces of the superextension of the natural numbers (that plays the role of the Cech—
Stone compactification of N in the category of compact median spaces) has the Parovi¢enko
property. Our main results are: the existence of Parovicenko median spaces and an internal
characterization of such spaces. We finally show that the Continuum Hypothesis is equivalent
to the uniqueness of a Parovi¢enko median space of weight 20, an analogue of the result of
van Douwen and van Mill [14].

All topological spaces under consideration are assumed to be at least Hausdorff. We shall
use standard terminology concerning general topology and category theory.

2 Structured compact spaces

In this section we present category-theoretic approach to compact spaces with additional
structures. We first explain this concept informally, the precise definition is given below.
Roughly speaking, compact spaces with structures are objects of the form (K, a), where
a is a structure on K, so far with no particular meaning. Given two compact spaces with
structures (K, a) and (L, b), we would like to consider continuous mappings f: K — L
that preserve the structures. If the structures are not clearly defined, the only thing we can say
is that structure-preserving maps are some particular continuous maps. It is natural to require
that identities should be structure-preserving and compositions of structure-preserving maps
should be structure-preserving. Here we arrive at the proper concept: Structured compact
spaces can be defined by a faithful functor from some (possibly very abstract) category K
into the category of compact spaces Comp.

To be more precise, by €omp we shall understand the category whose objects are non-
empty compact spaces and arrows are continuous surjections (i.e. quotient maps). Restricting
attention to surjective maps is convenient for our applications, especially when dealing with
inverse sequences, although there is no problem to consider arbitrary continuous maps.

Recall that a functor F': 8 — £ is faithful if it is one-to-one on hom-sets, namely, given
morphisms f:a — b, g: a — b, where a, b are objects of R, the equality F(f) = F(g)
implies f = g.
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Fix a faithful covariant functor ®: & — Comp. We can look at the graph of ® as a category
whose objects are pairs of the form (K, a), where a is a R-object such that K = ®(a) and
an arrow from (K, a) to (L, b) is a R-arrow f: a — b, identified by ® with a continuous
surjection ®(f): K — L. The fact that ® is faithful simply means that f is uniquely
determined by ® (f). In other words, we can call @ and b structures on K and L, respectively,
and say that @ (f) is a structure-preserving continuous map. We shall talk about ®-structured
compact spaces, having in mind objects of the form (K, a), where a is a 8-object such that
K = ®(a).Forsimplicity, we shall say thatg: (K, a) — (L, b)is ®-preservingif g = O (f)
for a (necessarily unique) K-arrow f: a — b.

Summarizing, a category of structured compact spaces is given just by a faithful functor
into the category of compact spaces. This clearly covers all algebraic structures as well as
many more abstract ones.

For example, consider the category R of all Banach spaces with linear isometric embed-
dings. Given a Banach space X, let ®(X) be the dual unit ball of X endowed with the
weak-star topology. It is well-known that this is a faithful contravariant! functor into Comp.
Thus, dual balls of Banach spaces can be viewed as compact spaces with structures, where
the structure is actually a Banach space, even though all the information is “contained” in its
dual unit ball.

All the considerations above belong to the topic of concrete categories, the only formal
difference is that we deal with functors into the category of compact spaces instead of the
category of sets.

2.1 ParoviCenko spaces

From now on we fix a faithful covariant functor ®: 8 — Comp. We shall work in the category
of ®-structured compact spaces. It is natural to define the weight of a ®-structured compact
space (K, a) to be just the weight of K.

From now on, we fix a regular cardinal « > Ro. We shall say that a ®-structured compact
space (P, i) is k-Parovicenko if for every ®-preserving surjection f: (L, b) — (K, a) of
spaces of weight < «, for every ®-preserving surjective map p: (P,m) — (K, a) there
exists a d-preserving surjection ¢ : (P, w) — (L, b) suchthat p = f oq.

In order to show the existence and good properties of Parovi¢enko spaces it is necessary
to make some natural assumptions on the functor .

Namely, from now on we shall assume that @ satisfies the following conditions:

(A) Given ®-preserving surjections f: (X,a) — (Z,c), g: (Y, b) — (Z, c) with w(X) <
« and w(Y) < «, there exist ®-preserving surjective maps f: (W,d) — (X, a) and
g (W,d) — (Y,b) such that w(W) <k and fo f'=gog.

(B) There exist, up to isomorphism, at most x = many ®-structured compact spaces of
weight < k.

(C) Given an infinite cardinal A, every inverse sequence of ®-preserving surjections between
spaces of weight < X has a limit in the category of ®-preserving surjections; if the length
of this sequence is < cf(A) then the weight of the limit is < A.

(D) Given an uncountable cardinal X, every ®-structured compact space of weight A > «
is the limit of a continuous inverse sequence of length < A consisting of ®-structured
compact spaces of weight < A and with ®-preserving surjections.

(F) Given a regular cardinal A > o, given an inverse sequence X = (X, pg, ) of ®-
preserving surjective maps between spaces of weight < A, given a ®-preserving surjec-

! This is not an obstacle, because one can always replace the category R by the opposite one.
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tion f: limX — Y, there exists « < A and a ®-preserving surjection f': X4 — Y
such that f = f’ o py, where p,, is the canonical projection onto Xy, .

(T) There exists a ®-structured compact space (E, e) such that every ®-structured compact
space has a ®-preserving surjection onto E.

It should be clear that the identity functor of Comp satisfies conditions (A)—(T). Other natural
functors, coming from algebraic structures on compact spaces, are described in Sect. 2.2
below. In conditions (C), (D) and (F) A is an arbitrary infinite cardinal. Condition (A) will
be sometimes called the reversed amalgamation property. Condition (F) will be called the
factorization property. Condition (T) (the existence of a weakly terminal object) is assumed
for the sake of convenience only, it could be replaced by a weaker one saying that for every
d-structured compact spaces X, Y there exists a ®-structured compact Z and P-preserving
surjective maps f: Z — X, g: Z — Y.
The next fact belongs to the folklore, we sketch its proof only for completeness.

Lemma 2.1 Let K be a compact space of weight < k=¥ and let L be a compact space of
weight < k. Then the set of all surjective maps from K onto L has cardinality < k=*.

Proof Let Z(K) denote the lattice of all closed G subsets of K. Then | Z(K)| < (k<¥)%0 =
k<. Fix a closed basis B in L of cardinality i < « that consists of closed G sets. Every
surjective map f: K — L is uniquely determined by its inverse restricted to B, which is an
embedding of B into the lattice Z(K). Finally, Z(K) has at most (x <*)* = =¥ subsets of
cardinality < u. ]

Lemma 2.2 Let (K, a) be a ®-structured compact space of weight < k<. Then there
exists a O-structured compact space (L, b) of weight < k=¥, together with a ®-preserving
surjective map h: (L, b) — (K, a), satisfying the following condition:

(L) Given ®-preserving surjections p: (K,a) — (M, c) and f: (N,d) — (M, c) such
that w(N) < «, there exists a ®-preserving surjection q: (L, b) — (N, d) such that
poh = fogq.Inother words, the diagram

N
i.f

L q
hi
K?M

—_—

is commutative.

Proof Let us consider the family F consisting of all (M, N, g, f) where M, N are &-
structured compact spaces, w(N) < « and g: K — M, f: N - M are ®-preserving
surjections. As w(K) < «=¥ and w(N) < « for each (M, N, q, f) € F, by condition
(B) and Lemma 2.1 we conclude that |F| < (¢=%)=X = «=¥. Fix an enumeration F =
{(My, N, Go, fo): o < k=)

We define inductively an inverse sequence S = (K4, paﬂ; a < k=) of ®-structured
compact spaces whose bonding maps are ®-preserving surjections. We start with Ko = K
and at each limit stage we use condition (C). Given o < k=%, we require that there exists a
®-preserving surjection 7, : Ky4+1 — Ny such that the following diagram
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My <— Ny

commutes. This is possible, because of the reversed amalgamation (condition (A)) for the
mappings go © pjs fa-

Finally, we let L to be the limit of this sequence in the category of ®-structured compact
spaces, which exists by condition (C). The same condition applied to A = (¥ <¥)T says that
w(L) < «=*. Finally, by the construction it is clear that condition (L) holds. O

Theorem 2.3 There exists a k-Parovi¢enko ®-structured compact space of weight < k=¥,

Proof We construct a ®-continuous inverse sequence of length « ™, starting from a weakly
terminal object given by condition (T). At each successor step we use Lemma 2.2, while
at limit steps we use condition (C). Finally, the factorization property of @ (condition (F)
applied to A = x ) shows that the limit of this sequence is x-Parovitenko. O

The following statement is an adaptation of well-known results in Fraissé-Jonsson theory,
see e.g. [3] or [7].

Theorem 2.4 Let P be a k-Parovicenko ®-structured compact space, where k > Nq. Then:

(1) For every ®-structured compact space K of weight < « there exists a ®-preserving
surjection p: P — K.

(2) If « = w(P) is regular then for every ®-preserving surjections f, g: P — K, where
w(K) < k, there is a O-isomorphism h: P — P such that f = g o h.

(3) If k is regular then there exists at most one (up to isomorphism) k-Parovicenko -
structured compact space of weight k.

Proof (1): First, suppose that w(K) < «. By (T), there are ®-preserving surjections f: P —
E and g: K — E, where E is a weakly terminal ®-object specified in condition (T). By
the definition of a x-Parovi¢enko space, we get a ®-preserving surjection g: P — K
additionally satisfying go p = f.

Assume now that w(K) = «. By (D), K = @(Ka,qg,m, where the sequence is
continuous, all bonding maps are ®-preserving surjections and w(K,) < k for each o <
k. We may assume that Ko = E. Suppose we have constructed ®-preserving surjections
Po: P — Ky for @ < 8, where § < « is a fixed ordinal, such that qf o pp = pq for every
o < B < 6. If § is a limit ordinal, we use the continuity of the sequence to construct ps. If
8 = B+ 1 then we find p;s just using the definition of a k-Parovi¢enko ®-structured compact
space. Finally, the surjective map p: P — K is the limit of the sequence {pq}y<,. This
completes the proof of (1).

(2) and (3): We shall prove both statements simultaneously. Namely, assume P and Q are

two ®-structured «-Parovicenko compact spaces of weight k. Assume P = 1(i£1(Xa, pg, K)

and Q = Ligl(Ya, qf , k), where both sequences are continuous, all bonding maps are -

preserving surjections and all spaces X, Y, have weight < k. Now observe that the inverse

sequence (X, pg , k) has the following property:

(P) Givena < «, given a ®-preserving surjection f: K — X, with w(K) < «, there exist
B > o and a ®-preserving surjection g: Xg — K such that

fog=rpk
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This is easily proved by applying the «-Parovi¢enko property and the factorization property
(F). Obviously, the sequence (Y, qf , k) satisfies the same condition.

Now suppose for the moment that Xg = Yy = K. A standard back-and-forth argument
gives the required ®-isomorphism from P to Q. This is visualized in the following commu-
tative diagram:

Xo=K KXoy i1

o ug 42
Py Pai Pay iy
Xy Xay e X
i hy By iz
id
i Jy+1
* Yo, . Vg, -
i “
4 a5

Yo=K Yoy — — — — — — — 0

The successor steps are made by applying condition (P) and the limit stages are taken care
by condition (C).

Now, assume that K = E (a weakly terminal object from condition (T)). Then the back-
and-forth argument above shows that P is isomorphic to Q, proving (3).

Finally, in order to show (2), let us assume that P = Q, X, = Y, and pf = qg in the
diagram above. Using the factorization property (F), we may assume that there are oy, f1 < k
such that f = pg, o pg "and g =g, o qg '. The same back-and-forth argument sketched in

the diagram above gives the required isomorphism # satisfying f = g o h. O

2.2 Topological algebras

We now make a brief discussion of possible applications of the concepts of this section.
Namely, fix a countable first-order language L consisting of function symbols (i.e. algebraic
operations) and fix a class & of compact L-algebras, that is, if K € £ then K is a compact
Hausdorff space which is at the same time an L-model such that all L-operations in K are
continuous. Let us assume that £ is closed under standard products, that is, a product of a
family 7 C £ is the usual product [ [ F with the Tikhonov topology, and all L-operations
are defined coordinate-wise. Let us also assume that £ is stable under closed subalgebras.
In other words, if K € & and K’ C K is a closed subspace that is also closed under all
L-operations, then K’ € &.

These two assumptions ensure that £ has inverse limits, that are actually inverse limits in
the category of compact spaces.

In order to describe everything in the language of ®-structured compact spaces, we con-
sider the natural forgetful functor ® from £ into Comp, where £ is viewed as the category of
all continuous surjections that preserve all L-operations.

It follows that & (or formally the just-defined functor ®) satisfies conditions (A), (B) and
(O). In fact, (C) follows from the remarks above; (B) is a standard “counting” argument
(using the fact that the language is countable); (A) can be deduced from the fact that & has
products and is closed under substructures. More precisely, given continuous epimorphisms
of L-structures f: X — Z, g: Y — Z, their pullback belongs to the category K. Recall that
the pullback of ( f, g) is a pair of maps (f’, g’), where f': W — X, ¢’: W — Y are defined
as follows:

W={{x,y)eXxY: f(x) =g}
ffe,y)y=x and  g'(x,y)=y.

Condition (T) is satisfied as long as there exists an L-algebra E in R such that every other
K € 8 has a continuous homomorphism onto E. Finally, condition (D) requires an addi-
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tional assumption. Namely, we need to know that £ is closed under continuous homomorphic
images. More precisely, given K € &, given a compact L-algebra L, if there exists a contin-
uous epimorphism f: K — L, then L € R Summarizing, we have:

Theorem 2.5 Let L be a countable first-order language consisting of function symbols only
and let R be a class of compact L-algebras with the following properties:

(1) R is stable under products and closed subalgebras,
(2) R is stable under continuous epimorphisms.

Then R satisfies conditions (A), (B), (C), (D) and (F).

Proof In view of the remarks above, only condition (D) requires a proof. This is a rather
standard closing-off argument, although we were unable to find it explicitly written in the
literature, therefore we sketch it below. We use the method of elementary submodels and we
refer to [5, Chapter 17] for more details and explanations.

Namely, given a compact space K and given an elementary submodel M of a big enough
H (0) (the family of sets of hereditary cardinality < ), there is a natural equivalence relation
~py on K, defined by x ~ y iff M contains no continuous function f: K — R with
f(x) # f(»). The quotient space with respect to this relation is denoted by K /M and the
quotient map is denoted by gy : K — K /M. The crucial fact is that K /M is an L-algebra
and ¢ is a homomorphism, whenever M “knows” the L-operations of M. This is satisfied
whenever L € M is countable.

Note that the weight of K/M is < |M| and the Skolem-Lowenheim theorem says that
there exists a countable elementary submodel M of H (6) such that K and any fixed countable
setisin M.

Finally, we need to know that if 6 is big enough so that K € H (), then the family of all
elementary substructures of H (0) that contain K and all the L-operations on K is directed
and closed under unions of arbitrary chains. A suitable chain of elementary submodels of
H (9), starting with a countable one, provides an inverse sequence witnessing (D). O

One should admit that condition (T) is usually trivial to check, therefore it has been ignored
in the statement above.

3 Compact median spaces

A topological space is supercompact if it has a subbase B for its closed sets (called a binary
subbase) such that every linked family 7 € B has nonempty intersection. A family F is
linkedif ANB # (Jforevery A, B € F.By Alexander’s subbase lemma, every supercompact
space is compact. A nontrivial result of Strok and Szymanski [11] says that every compact
metric space is supercompact. By the result of van Douwen and van Mill [13], every infinite
supercompact space contains non-trivial convergent sequences, therefore not all compact
spaces are supercompact. We say that two sets A, B C X are screened withC, Dif AND =
#=BNCand CUD = X. A closed subbase F is a normal subbase if any S, T € F with
SN T = are screened with some ', T’ € F.

A topological space X which possesses a normal binary subbase is called normally super-
compact. For more information about supercompactness we refer to van Mill’s book [15].
We now discuss briefly convexity structures in median spaces. For more details we refer to
van de Vel’s monograph [12].
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Supercompact spaces, especially normally supercompact spaces, have some nice geomet-
ric properties, in the sense of general convexity structures. Recall that an interval convexity
(convexity for short) on the set X is the family G of subsets of X which satisfies the following
conditions:

(1) 9, X eg;
(2) if ¢ C Gthen NG € G;
(3) if A € X and foreacha, b € A thereis C € G witha,b € C C Athen A € G.

Elements of G are called convex sets. A convex set whose complement is convex is called
a halfspace. By (2) we can define the convex hull conv A of any set A C X as the set
({F € G: A C F}. We write [a, b] instead of conv{a, b} and call it the segment joining a
and b.

Let X be a normally supercompact space with a fixed normal binary subbase 5. The
interval map Ip: X x X — P(X) is defined by the formula:

Ig(a.b) = (\(B €B:a.be B).

It is not hard to see that the family G;, = {A € X: Ig(a,b) C Aforeacha,b € A}isa
convexity containing B and Ig(a, b) = [a, b], where the segment [a, b] is considered with
respect to the convexity Gy, . Since Bis binary, [x, y]N[x, z]N[y, z] # ¥ foreachx, y, z € X.
Moreover, this intersection contains exactly one point m (x, y, z), called the median of x, y, z.
This follows from the fact that each two distinct points can be screened with two sets from 5.
Since each element of B is convex, we see that every normally supercompact space satisfies
the condition:

C Cy: each two distinct points can be screened with closed convex sets.

Let us note that the convexity Gy, is binary in the sense that each finite linked subfamily of
Gz has nonempty intersection (see [15, Theorem 1.3.3]). So, each normally supercompact
space is a compact space with a binary convexity satisfying CC».

It turns out that the converse is true as well. If X is a compact space with a binary convexity
G satisfying CC, then, by compactness, the collection of all closed convex sets is a closed
subbase for the topology of X. Moreover, the collection of all closed convex sets is normal
(see [6, Proposition V.1.2]). In conclusion, the following two classes topological spaces are
equal:

e compact spaces with a binary convexity satisfying CCa
e normally supercompact spaces.

Such spaces will be called compact median spaces.

3.1 Basic properties of compact median spaces

In the class of compact median spaces the following counterpart of Urysohn lemma is true
(see [16, Theorem 3.3]):

Proposition 3.1 If X is a compact median space and x, y are distinct points of X then there
is a continuous map f: X — [0, 1] such that f(x) =0, f(y) = 1 and f~1(A) is convex
for each interval A C [0, 1].

The map f from the last theorem is a special case of a more general concept of convexity
preserving map. Namely f: X — Y, is called a convexity preserving map, if f~(G) € F
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for each G € G, where X and Y are spaces with convexities 7 and G, respectively. In case
of binary convexities, this is equivalent to

f(a,bD) S [f(a), f(b)] foreverya,b € X. (cp)

For median spaces, convexity preserving maps are precisely the median preserving maps
(with the obvious meaning). Indeed, a convexity preserving map f necessarily preserves the
median, because of (cp). On the other hand, if f is median preserving and x € [a, b] then
m(x,a,b) = x and hence f(x) = m(f(x), f(a), f(b)) € [f(a), f(b)], showing that f
satisfies (cp).

From now on, we will consider the category €9t consisting of all compact median spaces
and surjective continuous median preserving maps. Such maps will be called epimorphisms
and denoted f: X — Y for X, Y € ¢M. Recall that a subset X of a median space M is
median-closed (or median-stable) if m(x, y, z) € X whenever x, y, z € X. It follows from
Proposition 3.1 that:

Theorem 3.2 (cf.[16, Thm. 3.4]) Every compact median space X is isomorphic to a median-
closed subset of the Tikhonov cube [0, 11, where k = w(X). In the case of zero-dimensional
spaces, Tikhonov cube can be replaced by the Cantor cube {0, 1}<.

Let us mention the following consequence (cf. [8, Theorem 2.2]):

Theorem 3.3 Each compact median space X of weight k > R can be represented as the
limit of an inverse sequence of compact median spaces (X y; pg ;o < B < k), where:

[Xol = L.

for a limit ordinal » < k; X; =1lim(Xy @ o < A).

w(Xy) < w(X) foreacha < k.

Each bonding map pg is convexity preserving.

If X is zero-dimensional then so is each X, and moreover for eacha < « there exist closed
convex sets Ay, By € Xy such that Ay U By = Xo, Xa+1 = (Ag X {0} U (By x {1})

and p®*+! is the projection.

MY

Lemma 3.4 Let K, L be compact median spaces, where K is zero-dimensional of weight
Kk = Ro, andlet f: K — L be an epimorphism. There exists an inverse sequence of compact
median spaces S = (Y, ff, o < B < k) such that K = 1(ir_n$ and

1. Yo=L, fo=f;

2. forevery limit ordinal A < «, Y, =1lim(Y, : o < A);

3. for each o < «k there exist closed convex sets Ey, Fy, C X, such that Eq, U Fy = Yy,
Yot+1 = (Eq x {0}) U (Fy x {1}), and fo‘["*'l is the canonical projection.

Proof Let K = 1<ir_n8 where S = (X, pg, o < B < k) is an inverse sequence of compact
median zero-dimensional spaces such as in the Theorem 3.3.
Inductively we define a map hyy1 : K — Yyu41 by

(ha(x).0)  x € pyy (A x {0})

hoy1(x) = ((ha(x), 1)  otherwise.

and Yyi1 = (Eq x {0}) U (Fy x {1}) and ¢%*! : Y441 — Y, is the projection, where
Eq = halpy} (Aa x {OD] and Fy = ho[p,} (By x {ID]. Let Yo = L and hy = f.
If @ < « is a limit ordinal then let i, be the map induced by {hg : B < o} and let
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Yg = 1(ir_n(Ya Da < f).LetY = l(ir_n(Ya,qf,K). Since all h, are epimorphisms, the
induced map 2 : K — Y is an epimorphism. We claim that / is one-to-one, i.e. it is an
isomorphism. Indeed, if x, y € K are different points, then there is « < « and clopen sets
p;Jlrl(Aa x {0}), p;Jlrl(Ba x {1}) such that x € p;Jlrl(Aa x {0})and y € p;Jlrl(Bo, x {1}).
Therefore /1(x) € g, (Eq x {0}) and h(y) € g} (Fu x {1}). o

Lemma 3.5 ([6, Lemma 1.1, p. 45]) Let A, B be two disjoint closed convex subset of a
zero-dimensional compact median space. Then there exists a clopen halfspace H C X such
that ANH =@and B C H.

Lemma 3.6 If X is a compact median space and R is a normal family which is a subbase
both for the closed sets and for the convexity, then any normal subbase B C R for the closed
sets is a subbase for the convexity. Moreover any x € X and closed convex C C X\{x} can
be screened with some A, B € B.

Proof Let R be a normal subbase both for the closed sets and for the convexity and let
B C R be a subbase for the closed sets. The convexity C’ generated by the family B satisfies
the condition CC,. We check that C € C'. Let C € C. Define I : X?> — X and I’ :
X? > Xbyl(x,y)=({AeC:x,ye Ayand I'(x,y) = ({A € C' : x,y € A}.
It suffices to check thatif a,b € C then I'(a,b) € C.Fixa,b € C and x € I'(a,b).
For every ¢,d, g € X the set I(c,d) N I(d, g) NI(c,g) is a singleton by CC,. Hence
{m(a,b,x)} = I(a,b) N I(a,x)NI(b,x) C I'(a,b) N I'(a,x) N I'(b, x) = {x}. Thus
x =m(a,b,x) € I(a,b) CC.

Letx € X andlet C C X\{x} be a closed convex set. By CC», the intersection [{[x, c] :
¢ € C} N C is asingleton, say {co}. Again by CC», there are A, B € 5 such that x ¢ B and
co € Aand AU B = X. Finally, CN A = {, because if c € C N A then ¢g € [x,c] C A,
which would be a contradiction. m]

4 Parovicenko median spaces

Let k be a fixed infinite regular cardinal. We shall now discuss x -Parovi¢enko median spaces,
aiming at their internal characterization.

Lemma 4.1 For every compact median space K there exists a zero-dimensional compact
median space Ko with w(K) = w(Ko) and an epimorphism f : Ko — K.

Proof By Theorem 3.2, we may assume that K C [0, 1], where the cube is considered with
the product median structure. Consider the Cantor set C = 2“ with the median operation
induced from its standard linear ordering (not the product structure). Let h: C — [0, 1] be
the standard order preserving continuous surjection. Then £ is an epimorphism of compact
median spaces. Furthermore, the power 4% : C* — [0, 1]¢ is an epimorphism. Finally, we
may set Ko = (h*)"[K]. o

Lemma 4.2 Every k-Parovicenko median space is zero-dimensional.

Proof Let P be a k-Parovicenko median space. It is sufficient to show that two distinct
elements of P can be separated by clopen sets. Fix a # b in P. By Proposition 3.1, there
exists a continuous median preserving map ¢ : P — [0, 1] suchthatg(a) = 0andg(b) = 1.
By Lemma 4.1, we can find a 0-dimensional compact median space L and an epimorphism
f: L — [0, 1]. Let H be a clopen halfspace in L that separates f© from f~1(1). As P
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is k-ParoviCenko, there exists an epimorphism g: P — L such that f o g = ¢. The set
W = g~ !(H) is clopen in P and it separates a from b. O

Theorem 4.3 For every infinite regular cardinal k, there exists a k-Parovicenko compact
median space of weight < k =*.

Proof Let @ denote the forgetful functor from the category of compact median spaces to
Comp. In view of Theorem 2.5, conditions (A)—(D) and (F), (T) are satisfied, therefore the
theorem follows from Theorem 2.3. O

By the theorem above combined with Theorems 2.3 and 2.4(3), without any extra set-
theoretic assumptions there exists a unique w-Parovi¢enko compact median space P, of
countable weight. It is an easy exercise to check that P, carries the topology of the Cantor
set. On the other hand, its median structure seems to be rather complicated and not definable
by any simple formula.

4.1 Main result

Let P be a compact median space. The collection of all clopen halfspaces in P will be
denoted by H(P) and let H(P)* = H(P)\{#}. Recall that H(P)™ separates the points of
P. Given a family A € H(P), it is natural to consider the following quotient space P/.A:
Given x, y € P, we define x ~ y iff no member of A separates x from y. The space P/A
is formally the quotient P/ ~, endowed with the quotient topology. It is actually a median
space, where the median is well-defined by the formula m([x]~, [y]~, [z]~) = m(x, y, 2),
x,y,z € P. The canonical quotient map is obviously median preserving. We shall use this
construction in the proof below. Note that the topological quotient space P/.A can be defined
as long as A is a family of clopen subsets of P. The fact that .A consists of halfspaces allows
us to get a median structure on the quotient. Note also that P/H(P) = P.

Theorem 4.4 Given a compact median space P, the following are equivalent:

(a) P is a k-Parovicenko space.

) If f: P — K isan epimorphism, w(K) < k and E, F C K are closed convex sets such
that EU F = K then there exists H € H(P) such that f{[H] = E and f[P\H] = F.

(c) P is zero-dimensional and satisfies conditions:

M1) If A, B < H(P), |[AUB| <k andany A € Aand B € B are disjoint then there
exists C € H(P) with|JA C Cand |JB C P\C,

(M2) If A € H(P) is linked and | A| < «k, then there exists C € H(P)' such that
CCNA

(M3) for each A € H(P)™ there exists By, By € H(P)™ such that By N\ By = { and
BoU By C A.

Proof (b) = (a) Let f : K — L and g : P — L be epimorphisms, where K, L are
compact median spaces of weight < «. By Lemma 4.1 we can assume that K is zero-
dimensional. Using Lemma 3.4, we find an inverse sequence of compact median spaces

Sz(Ya,fo’?,a < B <k) suchthatK:l(ir_nSand

1. Yo=1L;
2. for a limit ordinal A < «, Y, = H(_m(Ya o< A);
3. For each a < « there exist closed convex sets Ay, By € X, such that A, U B, = Y,

and Yy4+1 = (Aq X {0}) U (By x {1}), and f;j‘"‘l is the canonical projection.
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Assume that we have already defined an epimorphism g, : P — X,. By condition (), there
is H € H(P) such that f[H] = Ay and f[P\H] = By. Now, we define an epimorphism
8a+1: P — Y441 by the formula:

(ga(x),0), ifxeH

Ba+1(x) = [(ga(X), 1), otherwise.

If o < « is a limit ordinal, let g, be induced by {gg : B < «}. Finally, themap g : P — K
induced by {gg : B < «} is an epimorphism and f o g = g.

(¢) = (b) Let f : P — K be an epimorphism with w(K) < « and let E, F C K be
closed convex sets with £E U F = K. Since w(K) = © < «, there exists a dense subset
D C EN F such that |[D| < t. O

Claim 4.5 Given an open set W C K whose complement is convex, there exists a family
{Hy : a < 1} € H(P) such that f~Y(W) = Ug <7 Ha, where 1 = w(K).

Proof of Claim 4.5 By [6, Corollary V.1.3], the collection R of closed halfspaces is a normal
subbase both for the closed sets and for the convexity. Let B C R be a normal subbase for
the closed sets such that |5| = 7. By Lemma 3.6, 13 generates the convexity structure of K.
Moreover, any x € X and closed convex set C € X\{x} canbe screened withsome A, B € B.
Givenx € W,let A, B € Bbesuchthatx € A C W and A U B = K. Hence, there exists a
collection of closed halfspaces {U, : @ € t} such that W = | J{Uy : « € 7}. By Lemma 3.5
applied to the closed convex disjoint sets P\f~Y (W), f~1(Uy), there exists H, € H(P)
such that f~'(U,) € H, € f~1(W). Finally we get f~tw) = U{Hy : @ € T} O

Claim 4.6 Given p € K, there are Hy, Hy € HV(P) suchthat HyNH| = ¥y and HyU H, C
).

Proof of Claim 4.6 Let p € P. By Claim 4.5, there is a collection of clopen halfspaces
{Hy : @ € t} € H(P) such that f’l(p) = ({Hy : @ € t}. By condition (M?2), there
is G € HT(P) such that G € (\{Hy : « € t}. Using condition (M3), we find H,, Hy €
HT(P)suchthat HoN H; =@and HyU H, € G C f~'(p). o

By Claim 4.5 there are {HaE ta < 1} € H(P) and {H(f ta < 1} € H(P) such
that f~Y(K\E) = U{H} : @ < t}and f~Y(K\F) = U{Hf : o < 7}. By Claim 4.6
for each d € D there are disjoint HJ, Hg € H(P) such that Hg(l) U H[} C f_l(d). Define
A={Hf :a <71}U{H):d € DyandC = {HF : « < 1} U{H] : d € D}. Notice
that JAUC| < k and AN C = ) forevery A € A and C € C. By condition (M 1), there is
H e H(P)suchthat |J.A C Hand |JC C P\H. Since f[J A], f[|J C] are dense subsets
of F and E, respectively, we get f[H] = F and f[P\H] = E.

(a) = (c) We first show (M1).

Let A, BC H(P)besuchthat [AUB| <k and ANB = {Jforevery A € Aand B € B5.
Let L = P/(AUBUA UB'), where A’ = {P\A: Ac Aland B = {P\B : B € B}.
Since AU BU A" U B’ C H(P) is a normal binary family, the canonical quotient mapping
q : P — Lis an epimorphism (i.e. it is median preserving). Define E = ({L\AT : A € A}
and F = ({L\B' : B ¢ B}. The sets E, F are closed convex and E U F = L. Put
K = E x{0}UF x {1} and define an epimorphism f : K — L by f(x, i) = x. By condition
(a), there is an epimorphism g : P — K such that ¢ = f o g. Now we shall show that
UAC g " (Fx{0)hand|JB S g ' (E x{1}).Letx € A € A.Since g(x) € At C F\E,
we get g(x) € F x {0}.

Next we show (M2).
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Let A € H(P) be a linked family and |A| < «. Put L = P/(AU A’), where A’ =
{P\A : A € A} and AU A’ is a normal binary family. Let g: P — L be the canonical
epimorphism. Since A is linked and H (P) is binary we have ({{AT : A € A} # . Let
xe (AT :AeAland K = (L x {0}) U ({x} x {1}). Define f : K — L by f(x,i) = x.
Then f is an epimorphism. By condition (a) there is an epimorphism g : P — K such
that ¢ = f o g. We shall prove that g='({x} x {1}) € N A. Leta € g~ '({x} x {1}) and
suppose that a ¢ A for some A € A. Thena € P\A and hence g(a) € (P\A)™". This is a
contradiction with g(a) = f(g(@)) = f(x, 1) =x € {AT : A € A}.

‘We now show (M3).

Let A € H(P)™. Define an epimorphism g: P — {0, 1} by

@) 0 ifxeA,
X) =
a 1 otherwise.

Consider the set
A3 = {R : R is a maximal linked system in P(3)}

equipped with the topology generated by the family {AT : A C 3}, where AT = {¢ ¢
A3: A € &} (see [15, Chap. II] for details). It is easy to see that A3 = {&p, &1, &, &3}, where
& ={A C{0,1,2}:i € A} fori € {0, 1,2} and & = {{0, 1}, {0, 2}, {1, 2}, {0, 1, 2}}. The
space A3 is a compact median space with the median operation m(x, y,z) = (x Ny) U (x N
z) U (y N z). Let us define a map f: A3 — {0, 1} by the formula:

&) = 1 ifi =2,

S0 otherwise.

Since {2} = {&;}is aclopen halfspace in A3, the map f is an epimorphism. By condition (a),
there is an epimorphism g: P — K such thatg = f o g. Now, we prove that g~ ({0, 1}T) <
A.Leta € g7 ' ({0, 1}7). Then g(a) € {0, 1} = {&, &1, &}. So f(g(a)) = 0, which implies
that g(a) = f(g(a)) = 0. Therefore a € A, by the definition of ¢. It remains to note that
g~ '({0}t) and g~ ({1}T) are clopen disjoint halfspaces contained in A, which completes
the proof. O

5 A characterization of the Continuum Hypothesis

By Theorem 2.4(3), if ™ = 27 then there is a unique 7 " -Parovitenko space of weight 27. We
prove the converse implication by constructing two concrete examples of 7 +-Parovi¢enko
spaces of weight < 27 which are not homeomorphic whenever t+ # 2°7.

Lemma 5.1 For every regular cardinal k such that T+ < k < 27 there exists a T -
Parovicenko compact median space P of weight < 27 such that

P:(i_(Ka;pg;af,B</c),

where

1. K, is a compact median space of weight < 27 for every a < k,
2. Kyq = l(iil(K'g, pf; y < B < a)and pg is a projection from Ky onto Kg for a limit
ordinal @ < k, and < «,
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3. Ko = Kgx D* and pg is the projection on the second coordinate, for every even ordinal
a=p+1

The same proof as in Lemma 2.2 works.

Proof We define an inverse sequence (Ky; pg; o < B < k), where the spaces K, are
compact median of weight < 27 and the maps pg are epimorphisms, in following way. Let
Ko = D?". Assume that @ < « and spaces Kg for B < o and p,”? fory < B < «a are

already defined. If « is a limit ordinal let us define K, = l(ir_n(Kﬁ, pf; y < B <a)and pg
as a projection from K, onto Kg for 8 < a. If « = 8 + 1 and « is an odd ordinal then we
define K, and pg as in Lemma 2.2. If « = B 4 1 and « is an even ordinal then we define

Ky = Kpg x D* and p%’ is a projection on second coordinate.

Let P = hm(Ka, p{f ;a < B < 2%). The space P is compact median and each projection
Po: P — K is an epimorphism. Obviously w(P) = 2. Letg: P - Land f: K — L be
epimorphisms, where w(K) < 7. Since w(L) < t and « is regular, there is an even ordinal
a < k and an epimorphism ¢’': K, — L such that ¢ = ¢’ o p,. By the construction, there
is an epimorphism p: K11 — K such that ¢’ o p"”rl f o p. It remains to note that

fo(popar)=q op2opari =q o pa=gq,

which completes the proof that P is a T -Parovicenko space. O

Theorem 5.2 For every regular cardinal k suchthatt+ < k < 27 there is a v+ -Parovicenko
compact median space P of weight < 2% such that x (x, P) > «k forall x € P.

Proof By Lemma 5.1, there is tT-Parovi¢enko compact median space P with properties
(D~(3).

Assume that there is x € P such that x(x, P) = A < «. Without loss of the gen-
erality, we can assume that B, C H(P)" is a subbase of size A at the point x. As
cf(k) = «, there is an odd ordinal &« < A such that B, = {(pa)_l(UV) iy <Aand U, C
K, is clopen }. Therefore {x} = ﬂ{(pa)_l(Uy) Yy < Aand U, C Kyisclopen} =
(pa) "' (MU, : ¥ < »and Uy, C Ky is clopen }). Setting py (x) = xq, we get a contradic-
tion with (po) ™! (xa) = (Pat1) T (PET) 7 () and [ (p&T1) ! (x0) = 27" o

Theorem 5.3 There exists a t+-Parovicenko compact median space P of weight 2% and
x(x, P) =t for some x € P.

Proof By Lemma 5.1 there is a t™-Parovi¢enko compact median space Py with properties
(D-3) fork = 7.

We define a sequence {W,, : « < 7} of G4 closed convex sets of Py.Let A = ﬂ{p;l (1) :
a < w}. Suppose we have already defined {Wg}g~, so that if 8 is a limit ordinal or an odd
ordinal then Wg C ({W, 1y < B}andif B = y + 1 is an even ordinal then W), 1| =
(Py+1)~ (KV x A). If e +1 < =7 is an even ordinal then let W, | = (pa+1)_1(Ka x A).
If ¢ < 7 is a limit ordinal or an odd ordinal then by Theorem 4.4 (M2),(M3) there is W, C
N{Wg : B <a}and Wy, € HP)*. Let D = (\{Uy : @ < t7 and « is an odd ordinal}
and P = Py/D. Note that int D = (). Suppose that int D # . There exists an odd ordinal
a < t7 and a clopen set U C K, such that (pg)~ Wwycbc (pa+1)‘ (KD, x A). Hence
(p“‘“) L(U) € K, x A, but this is a contradiction with # = int A € D?

We shall show that P is a O-dimensional normally supercompact space. Let ¢: Py —
Py/D be a quotient map. Let B = {g[H]: D C Hor DN H =@or H € H(P)"}. Itis
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easy to show that B consists of clopen sets in P and separates points, hence B is a subbase
for P. If P C Bis a linked family then {g~"(H) : H € P} is the linked family. Thus P is a
supercompact space. Since B consists of clopen sets, P is a normally supercompact space.

Now, we shall show that P satisfies conditions (M1)—(M3).

(M1): Assume that A, P € H(P),|AUP| <t andany A € Aand B € P are disjoint.
If there is C € A U P such that g[ D] € C then it easy to see that there is H € H(P)™" such
that D C H and |J A C g[H]land |y P € P\q[H].If g[D] ¢ AU P then DNV = @ for
Ve {q’l(W) : W € AUP). There exists an odd ordinal @ < T such that W, NV = @ for
Ve {q’l(W) : W € AU P}. By the condition (M1) for P there exists H € H(P)" such
that | J{g='(W): W € A}U{W,} € H and J{g~"(W): W € P} € P\H.Thus D C H.

(M2): Assume that A € H (P) is a linked family and |A| < v, then {g~ (W) : W € A}
is a linked family. Hence there exists C € H(Py)™ such that C C ﬂ{q’l(W) W e A}
If DN ﬂ{q’l(W) : W e A} = @ then ¢[C] € H(P)", otherwise there exists an odd
ordinal « < t7 such that W, € N{g~'(W) : W € A}. Therefore N{g~'(W) : W ¢
A} N (P)\W,) # @ and we can find C € H(Py)* such that C C ﬂ{q‘l(W) W e
A} N (Po\Wa) # @, 50 g[C] € H(P)" and ¢[C] € ] A.

(M3): Let A € H(P)". Since int D = @, we have ¢~'(A) # D. There exists an odd
ordinal @ < 7% such that ¢~ (A)\W, # @. Since W, € H(Py)™, there exists By, B| €
H(Py)™ such that By N By = ¥ and By U B; C q‘l(A)\Wa # (). It easy to see that
x(g[D], P) < t™. Since the sequence {W, : o < t and « is an odd ordinal } is strictly
decreasing we have x (¢[D], P) = t ™. This completes the proof. O

Corollary 5.4 If every two T -Parovicenko spaces of weight < 2% are homeomorphic then
2T =1t

Proof Suppose that 2° > 1, then by Theorem 5.2 for (7)™ < 27 there exists a t+-
Parovi¢enko compact median space P of weight < 27 such that x(x, P) > (z™)T for
all x € P. By Theorem 5.3, there exists a T -Parovi¢enko compact median space P; of
weight 27 and x (x, P;) = t+ for some x € Py; hence P and P are not homeomorphic, a
contradiction. O
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