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1 Introduction

Let N, Z and R denote the sets of all natural numbers, integers and real numbers respectively.
For any a, b € Z, define Z(a) = {a,a+1,...},Z (a,b) ={a,a+1,...,b} whena < b.
Let the symbol * denote the transpose of a vector.

The present paper considers the following fourth-order nonlinear difference equation

A? (ry—2A%up—2) = f(n, tys1, tn, n—1), n€Z, (1.1)

where A is the forward difference operator Au,, = u,4+1 — Uy, Ay, = A(Auy), ry, > 0is
real valued foreachn € Z, f € C(Z x R3, R), r, and f(n, vy, vz, v3) are T-periodic in n
for a given positive integer T'.

We may think of (1.1) as a discrete analogue of the following fourth-order functional
differential equation

[rou"®]" = ft,u@+Dou@),u — 1)), teR. (1.2)
Equation (1.2) includes the following equation
u® @) = ft,u@), teR, (1.3)

which is used to model deformations of elastic beams [9,29]. Equations similar in structure
to (1.2) arise in the study of the existence of solitary waves of lattice differential equations,
see Smets and Willem [31].

Recently, the theory of nonlinear difference equations has been widely used to study dis-
crete models appearing in many fields such as computer science, economics, neural network,
ecology, cybernetics, etc. For the general background of difference equations, one can refer
to monographs [1,21,25]. Since the last decade, there has been much progress on the quali-
tative properties of difference equations, which included results on stability and attractivity
[13,23,39] and results on oscillation and other topics, see [1-3,5,10,16-19,22,34-38].

In 1995, Peterson and Ridenhour [27] considered the disconjugacy of the following
equation

Aup_o + gnity, =0, neZ.

Yan, Liu [34] in 1997 and Thandapani, Arockiasamy [32] in 2001 studied the following
fourth-order difference equation of form,

A% (raA%uy) + f(n,uy) =0, nel. (1.4)

the authors obtain criteria for the oscillation and nonoscillation of solutions for Eq. (1.4).
When > 2, in Theorem 1.1, Cai et al. [7] have obtained some criteria for the existence
of periodic solutions of the following fourth-order difference Eq.

A? (ra—2A%up—2) + f(n,uy) =0, neZ. (1.5)

Furthermore, [7] is the only paper we found which deals with the problem of periodic solutions
to fourth-order difference Eq. (1.5). When 8 < 2, can we still find the periodic solutions of
(1.5)?

By using various methods and techniques, such as Schauder fixed point theorem, the cone
theoretic fixed point theorem, the method of upper and lower solutions, coincidence degree
theory, a series of existence results of nontrivial solutions for differential equations have been
obtained in [4,6,8,20]. Critical point theory is also an important tool to deal with problems
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on differential equations [9,11,12,24,29,33]. Because of applications in many areas for dif-
ference equations [1,21,25], recently, a few authors have gradually paid attention to applying
critical point theory to deal with periodic solutions on discrete systems, see [16—18,30,36,38].
Particularly, Guo and Yu [16—18] and Shi et al. [30] studied the existence of periodic solutions
of second-order nonlinear difference equations by using the critical point theory. Compared
to one-order or second-order difference equations, the study of higher-order equations, and in
particular, fourth-order equations, has received considerably less attention(see, for example,
[1,7,10,14,21,27,28,32,34] and the references contained therein). However, to the best of
our knowledge, results obtained in the literature on the periodic solutions of (1.1) are very
scarce. Since f in (1.1) depends on u,| and u,_1, the traditional ways of establishing the
functional in [16-18,36,38] are inapplicable to our case. The main purpose of this paper
is to give some sufficient conditions for the existence of periodic solutions to fourth-order
nonlinear difference equations. The main approaches used in our paper are variational tech-
niques and the Saddle Point Theorem. In particular, our results complement the result in the
literature [7]. In fact, one can see the following Remark 1.4 for details.

For basic knowledge on variational methods, we refer the reader to [15,24,26,29].

Let

r= min {r,}, r = max {r,}.
neZ(1,T) neZ(1,T)

Now we state the main results of this paper.

Theorem 1.1 Assume that the following hypotheses are satisfied: (Fy) there exists a function
F(n,vi,v2) € C1(Z x R%, R) such that
F(n+T,vi,v2) = F(n, v, v12),
0F(n—1,v,v3)  9F(n, v, v2)
_l’_
vy vy

= f(n, v, v2, 13);

(F) there exists a constant My > 0 for all (n, vy, v2) € Z x R? such that

’8F(n,v1,vz) dF (n, vy, v2)

< Mo,
vy dv

< My;

(F3) F(n, v, v2) = +oo uniformly for n € Z as v% + v% — 400.
Then for any given positive integer m > 0, (1.1) has at least one mT -periodic solution.

Remark 1.1 Assumption (F,) implies that there exists a constant M; > 0 such that (Fz’)
|F(n, v, v2)| < M1+ Mo(lv1| + [v2]), Y(n,v1,v2) € Z x R2

Theorem 1.2 Assume that (F1) holds; further (Fy) there exist constants Ry > 0 and «,
1 < a < 2 such that forn € Zand,/v% —l—v% > Ry,

dF (n, vy, v2) F (n, v1, v2)
< v + v
vy vy

0 2 < aF(n, vy, v12);

(Fs) there exist constants a; > 0, ap > 0and y, 1 <y < o such that

Y
F(n,vi,v2) > a (\/vf + v%) —ay, VY(n,vi,vm) eZ xR

Then for any given positive integer m > 0, (1.1) has at least one mT -periodic solution.
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Remark 1.2 Assumption (F4) implies that for each n € Z there exist constants az > 0 and

o
ay > 0 such that (Fi) F(n,vy, n) <a3 (‘/vl2 + v%) + a4, Y(n,vi,v7) € Z X R2.

Remark 1.3 The results of Theorems 1.1 and 1.2 ensure that (1.1) has at least one mT -
periodic solution. However, in some cases, we are interested in the existence of nontrivial
periodic solutions for (1.1).

In this case, we have

Theorem 1.3 Assume that (Fy) holds; further (Fg) F(n,0) = 0, f(n,vi,v2,v3) = 0if

and only if vy = 0, for all n € Z; (F7) there exists a constant a, 1 < o < 2 such that for
nelz,

0

0F(n, v, v dF(n, vy, v
< o, v 2)v1 + (. 1 2)v2 <aF(n,v;,v3), Y(vi,v2) #0;
avg vy

(Fg) there exist constants as > 0 and y, 1 < y < « such that

y
F(n,vl,vz)zas(\/v%+v§) , Y(n,v,v) € Z xR%

Then for any given positive integer m > 0, (1.1) has at least one nontrivial mT -periodic
solution.

Theorem 1.4 Assume that (F1) — (F3) and (Fg) hold; further (F9) there exist constants
ag > 0and 6,0 < 0 < 2 such that

6
F(n,vy,v2) > ag (,/vlz—i—v%) , Y(n,v,n) eZx RZ.

Then for any given positive integer m > 0, (1.1) has at least one nontrivial mT -periodic
solution.

If f(n, ups1, un, uyn—1) = —f(n, uy), (1.1) reduces to (1.5). Then, we have the following
results.

Theorem 1.5 Assume that the following hypotheses are satisfied: (F1o) there exists a func-
tional F(n,v) € C'(Z x R,R), F(n + T, v) = F(n, v) such that

dF (n,v)

. f(n,v);

(F11) F(n,0) =0, foralln € Z;
(F17) there exists a constant o, 1 < a < 2 such that for n € Z,

aF(n,v) <vf(n,v) <0, |v|#0;
(F13) there exist constants a7 > 0 and y, 1 < y < « such that
F(n,v) < —a7|v|¥, VY(@n,v) e Z xR,

Then for any given positive integer m > 0, (1.5) has at least one nontrivial mT -periodic
solution.



Existence of periodic solutions of fourth-order nonlinear difference equations 815

Theorem 1.6 Assume that (Fio) holds; further (F\4) there exists a constant My > 0 for all
(n,v) € Z x R such that | f (n,v)| < My; (F15) F(n,v) — —oo uniformly forn € Z as
v — +00; (Fig) F(n,0) =0, f(n,v) =0ifandonlyifv =0, foralln € Z; (F\7) there
exist constants ag > 0 and 6, 0 < 0 < 2 such that

F(n,v) < —aglv|?, V,v)eZxR.

Then for any given positive integer m > 0, (1.5) has at least one nontrivial mT -periodic
solution.

Remark 1.4 When 8 > 2, in Theorem 1.1, Cai et al. [7] have obtained some criteria for the
existence of periodic solutions of (1.5). When < 2, we can still find the periodic solutions
of (1.5). Hence, Theorems 1.5 and 1.6 complement the existing one.

The rest of the paper is organized as follows. First, in Sect. 2, we shall establish the
variational framework associated with (1.1) and transfer the problem of the existence of
periodic solutions of (1.1) into that of the existence of critical points of the corresponding
functional. Some related fundamental results will also be recalled. Then, in Sect. 3, we shall
complete the proof of the results by using the critical point method. Finally, in Sect. 4, we
shall give two examples to illustrate the main results.

2 Variational structure and some lemmas
In order to apply the critical point theory, we shall establish the corresponding variational

framework for (1.1) and give some lemmas which will be of fundamental importance in
proving our main results. We start by some basic notations.

Let S bethe setof sequences u = (..., U_p, ..., U_1, UQ, UL, .-y Up,...) = {un};l:'ioo,
that is
S = {{u,u, € R, n e Z}.
Forany u,v € S, a,b € R, au 4 bv is defined by
au + bv = {au, + bv,}12° .
Then S is a vector space.
For any given positive integers m and T, E,, 7 is defined as a subspace of S by
Ent = {u € Slupymr = un, Vn € Z}.
Clearly, E,,7 is isomorphic to R™”. E,,7 can be equipped with the inner product
mT
(u,v):Zujvj, Yu,v € E, 1, 2.1)
j=1
by which the norm || - || can be induced by
1
mT 2
lull={D u5| . YueEnr 2.2)
j=1

It is obvious that E,,7 with the inner product (2.1) is a finite dimensional Hilbert space and
linearly homeomorphic to R”7.
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On the other hand, we define the norm || - ||y on E,,7 as follows:

s

mT
luells = { D il ] (2.3)
j=1

forallu € E,;7 ands > 1.

Since |lu||s and ||u]|, are equivalent, there exist constants ¢y, ¢ such that c; > ¢; > 0,
and

cillullz < llulls < callull2,  Vu € Enr. (2.4)
Clearly, ||u|| = ||u||2. For all u € E,, 1, define the functional J on E,,7 as follows:
1 mT 5 mT
J(w) = ) Zr"—l (Azun—l) +ZF(”17 Unt1, Un)
n=1 n=1
mT
= —H@w) + Y F(n, gy, un), 2.5)
n=1
where
1 2L 2 AF(n—1,v,v3) 9F(n v1,v))
Hw)= = rp1 (A%u,_1)", » S = f(n,v1, va, V3).
() znz;nl( n—1) 30, + . Sf(n, vy, v2,v3)

Clearly, J € CY(Esnr. R) and for any u = {uylpez € Enr, by using ug = upr, 41 =
UmT+1, We can compute the partial derivative as
aJ
T = _A2 (rn—ZAzun—Z) + f(l’l, Up+1,Un, Up—1).
ouy,
Thus, u is a critical point of J on E,,r if and only if
A? (ry—2A%up—2) = f(n, tyi1, g, 1), Vn € Z(1,mT).

Due to the periodicity of u = {u,}nez € En7 and f(n, vy, v2, v3) in the first variable n, we
reduce the existence of periodic solutions of (1.1) to the existence of critical points of J on
E,, 7. That is, the functional J is just the variational framework of (1.1).

Let

2 -1 0 -+ 0 -1
-1 2 -1 0 0
p_ 0o -1 2 0 0
0 0 0 2 -1
-1 0 o - -1 2
be amT x mT matrix. By matrix theory, we see that the eigenvalues of P are
2k
A=2{1—cos—m ), k=0,1,2,...,mT — 1. (2.6)
mT
Thus, A\ =0,A1 > 0,X2 > 0,---, Ajy7—1 > 0. Therefore,
Amin = min{A1, A2, ..., Amr—1} =2 (1 — cos mz—Tn),

4, whenmT is even, (2.7)

Amax = max{Ar, A2, .. Amr -1} = [ 2 (1 + cos m—lTn) when mTis odd.
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Let
W =ker P = {u € E,v|Pu=0¢eR"}
Then
W ={ue€ E,r|lu ={c}, c € R}

Let V be the direct orthogonal complement of E,, 7 to W, i.e., E,,7 = V @& W. For
convenience, we identify u € E,,7 withu = (uy, ua, ..., umr)*.

Let E be a real Banach space, / € C 1(E ,R), i.e.,, J is a continuously Fréchet-
differentiable functional defined on E. J is said to satisfy the Palais-Smale condition (P.S.
condition for short) if any sequence {u®'} C E for which {J (u®)} is bounded and
J' (u(k)) — 0(k — o0) possesses a convergent subsequence in E.

Let B, denote the open ball in E about 0 of radius p and let d B,, denote its boundary.

Lemma 2.1 (Saddle Point Theorem [24,29]) Let E be a real Banach space, E = E1 ® E3,
where Ey # {0} and is finite dimensional. Suppose that J € C'(E,R) satisfies the P.S.
condition and (Jy) there exist constants o, p > 0 such that Jyp,nE, < 0; (J2) there exists
e € B, N Ey and a constant w > o such that Jey g, > .

Then J possesses a critical value ¢ > w, where

= inf J(h F={heCB,NE|,E)|h =id
c= zrelruerg%l (h(u)), {he C(ByNEL E)| hlap,ng, =id}

and id denotes the identity operator.
Lemma 2.2 Assume that (F) — (F3) are satisfied. Then J satisfies the P.S. condition.

Proof Let {u®} C E,r be such that {J (u®)} is bounded and J' (u¥) — 0 as k — oco.
Then there exists a positive constant M, such that [J (u®)| < M>.
Letu® = v® 4 w® ¢ v + W. For k large enough, since

e < (150 ] = (40 ] 5 2

combining with (F>) and (F3), we have

(H/ (u(k)),v(k)> Zf(” u® u® u® )Uflk)Jr Hv<k>H2

<2y 3o+ o)
n=1

< (ZMO\/W—F 1) Hv(l‘) H2

On the other hand, we know that

mT mT
(1 (49) o) =3 s (820, 420, ) =3 (8300, a%0) =201 (),

n=1 n=

() ()20 () 5 () () = G o

—

Since

o

NSRE

L
ooy
2 min
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and
& kzmT(k> k) (k) k )" k
o < = S -2 = () )
2
< Amax U(k) H s
2
*
where x® = (Avik), Avék), o Av,(:}) , we get
2 Lol ® 2 | w|?
i [ 2 (69) = i o
Thus, we have
2
r)»%m p® ”2 < (2M0\/mT + 1) Hv(k) H2

The above inequality implies that {v®} is bounded.
Next, we shall prove that {w®} is bounded. Since

k k &k
o) = () o ot )
mT
=—-H (v(k))—l-z [F (n,uil]zl,uflk))—F (n, w(lzl, (k))]—i-ZF (n w(?l, (k)),
n=1

combining with (2.8), we get

pICREIEY

M

v

mT
e 1 (69) - 5 ool - (o )
n=1
®|?
< M, + )‘max v 5
mT (k) (k) k) (k) (k) (k)
+Z 8F(n,9vn_,_1 +wn+1,un ) (k) N J0F (n, w,1+],6’vn +w, ) o0
dvy Unt1 vy U
n=1
<M+ )‘max (k)H + 2Mov'm H (k)H .

where 6 € (0, 1). It is not difficult to see that {Z?:Tl F (n w,(l]fil, (k))} is bounded.

By (F3), {w®} is bounded. Otherwise, assume that |w® |, = 400 as k — oco. Since
there exist z®¥) € R, k € N, such that w® = (z(k), 0 z(k))* € E,,r, then

mT ) % mT ) %
k k k k
], = (S ) = () = v 0
n= n—=



Existence of periodic solutions of fourth-order nonlinear difference equations 819

as k — oo. Since F (n wr(ﬁl, w,(,k)) = F (n,z®, Z(k))’ then F (n, wl(lkll, wr(lk)) - 400

as k — oo. This contradicts the fact that {ZZ;TI F (n, wfﬁ)l, w,(l ))} is bounded. Thus the
P.S. condition is verified. O

Lemma 2.3 Assume that (F1), (Fy) and (Fs) are satisfied. Then J satisfies the P.S. condition.

Proof Let {u®} C E,,r be such that {J (u®)} is bounded and J’ (u(k)) — 0ask — oo.
Then there exists a positive constant M3 such that ‘J (u(k) ) | < Msj.
For k large enough, we have

[ s) ) < o)

So
vt 5 )]
2 2
> J (u(k)) — 1<J/ (u(k)) u(k)>
> 3 )
mT 1 8F( -1, u(k) uikll)
= F (n, u® ,u(k)) - = ()
,; n+1°“%n 2 aU2
oF (n, u;k_zl, (k))
+ u®
81)2 Hn
T (k) (k))
_ mz: Flng®© o)1 or ("’”"+1’“" ®)
= o Uy yys Uy 5 v TUpt
oF (n, ”;(z]:)-l’ ugk))
+ o
vy
Take

2 2

I = [n e Z(1,mT)|\/(ufﬁl) +(u?) = Rl},
2

L= [n e 7, mT)|\/ ff‘jl n (uf,")) < Rl}.

By (F4), we have

1
Mt [
3+2 u 5

oF (n,u(k) u,(,k))
(k)

mT

(k) k 1 n+1°
> S () -1 3 | )
n=1

dvg
nel

IF (n, u® uf,k))
B N A ()
n

k k k k
1 oF (n,uflj_l,u,(l )) ' oF (n,uEH)_l,ui, ))
_ 2 J S S N 7 B S A ()
8 n

+
2 v Ut
nelp 1
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mT
u® u® o ((OB(5)
WIS WIERTD

nel;
(k) (k) (k) (k)
1 oF (n,un+l,u,l ) (k) N oF (n,un+1,u,, ) ©
p— e —— —_— . M
2 dv; it vy
nely
o mT
_ (k) k
_(1—5) F(n,un_H, ())
n=1
(k) (k) (k) (k)
+l Z oF ( (k) (k)) oF (n Unt1> Un ) W ® oF (” ot ) G
2 = Ut EDT Upt1— vy n
The continuity of & F(n, v1, v2) — 2L (rg;)]‘ 2) - F ('3’52"1’2) v, with respect to the second
and third variables implies that there exists a constant My > 0 such that
0F(n, vy, v oF(n, v, v
aF(n, v, v) — . v 2)v1 _OFG b 2)U2 > —My,
dvy vy

forn € Z(1, mT) and ,/v% + v% < R;. Therefore,

mT
1
(1 — %) Z F (n, u;ﬁ)_l, uflk)) — EmTM4.

M3+

By (Fs), we get

Ly @y ® \? (k)zy o 1
M3+§Hu<)H2 > (1—2)a12|: () + () } —(1—§)a2mT—5mTM4

¢ J/_M
u, 5,

where M5 = (1 — 7) a> mT + 2mTM4
Combining with (2.4), we have

o
s 3 [, 2 (1= 5) e |
Thus,
o y 1
1= ) ane] [u®, = 3 [u®], = 412+ s
( F7AR N i PR i PR R
This implies that {||u(k) Hz} is bounded on the finite dimensional space E,,7. As a conse-
quence, it has a convergent subsequence. O

3 Proof of the main results

In this Section, we shall prove our main results by using the critical point method.

Proof of Theorem 1.1 By Lemma 2.2, we know that J satisfies the P.S. condition. In order
to prove Theorem 1.1 by using the Saddle Theorem, we shall prove the conditions (J;) and
(J2).
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From (2.8) and (F}), forany v € V,

mT
J() = —H®) + D" Fn, vat1, va)

n=1

mT
.
< =S hminllV I3 +mT My + Mo > (vt ] + [val)
n=1
.
< =S hinllVl3 +mT My +2Mov/mT vz — —ocas]lvlly — +oc.

Therefore, it is easy to see that the condition (J}) is satisfied.
In the following, we shall verify the condition (J;). For any w € W, w =

(w1, wa, ..., wyr)*, there exists z € R such that w, = z, for all n € Z(1,mT). By
(F3), we know that there exists a constant Ry > 0 such that F(n, z,z) > 0 forn € Z and
lz| > R79 Let Mg = min F(n,z,z), M7 = min{0, Ms}. Then
2 neZ,|z|<Ro/v2
F(n,z,2) > M7, VY(n,z,2) € Zx R*.

So we have

mT mT

Jw) =D F, wyi1, w)) = Y F(n,z,2) =>mT My, Yw € W.
n=1 n=1
The conditions of (J;) and (J3) are satisfied. ]

Proof of Theorem 1.2 By Lemma 2.3, J satisfies the P.S. condition. To apply the Saddle
Point Theorem, it suffices to prove that J satisfies the conditions (J;) and (J2).
For any w € W, since H(w) = 0, we have

mT

J(w) = Z F(n, wpt1, wy).

n=1

By (Fs),

mT y
J(w) > ap Z (,/w,%_H + w,%) —aymT > —aymT.

n=1

Combining with (FA{), (2,4) and (2.8), for any v € V, we get, like before,

mT o
-
J(v) < —gkﬁmllvlli +az (‘/v,%+1 + ug) + agmT
n=1
- mT 2
r.» 2 2 2
< = ShminllVl3 + ascs [Z (v, + v,,)} +asmT
n=1
r.,2 2 S gae ([ ][%
<7- E)Lmin||v||2 +22a3cy vl + aamT.
Let u = —apymT, since 1 < « < 2, there exists a constant p > 0 large enough such that

JW) spu—1<u, YveV, |vl=p.

Thus, by Lemma 2.1, (1.1) has at least one m T -periodic solution. O
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Proof of Theorem 1.3 Similarly to the proof of Lemma 2.3, we can prove that J satisfies the
P.S. condition. We shall prove this theorem by the Saddle Point Theorem. Firstly, we verify
the condition (Jp).

In fact, (F4) clearly implies (FA{). For any v € V, by (FA{) and (2.4), we have again
J(v) »> —ooas ||v||p = +o0.

Next, we show that J satisfies the condition (J2). For any given vgp € V and w € W. Let
u = vog + w. So

mT
J@) = —H@)+ > F(n, i1, )
n=1
mT
= —H (o) + D F(n, (0)ns1 + Wart, (V0)n + Wy)

n=1
= mT v
> — A lvolls +as > [J ((V0)n+1 + was1)? + (Vo) + wnﬂ}
n=1
- mT
> —2 D [0113 + as D~ 1(wo)n + wn|”
n=1
Y
mT 2
e 2 max”v0||2 + 0501 |:z [(v0)n + Wyl i|
n=1

Y
2 212
=-3 mdxllvollerasC] [llvoll3 + llwll3]*

2 2 Y Y Y v
> —Ekmaxllvollz +ascy llvolly +ascy [wll; .

Since 1 < y < 2, there exists a constant § > 0 small enough such that

J(vo +w) > 87 (ascl - Ekfnaxézfy) >0,

forvg € V, |lvoll2 = 8 and for any w € W.

Takev = 8" (asc] — 522,,,8°77). Thenforvy € V and forany w € W, we get |voll» = &
and J(vo +w) > v > 0.

By the Saddle Point Theorem, there exists a critical point i € E,,r, which corresponds
to a m T -periodic solution of (1.1).

In the following, we shall prove that u is nontrivial, i.e., u ¢ W. Otherwise, i € W. Since
J'(it) = 0, then

2 2- - _
A (”’n—ZA un—Z) = f(n, uny1, Un, Up—1).

On the other hand, # € W implies that there is a point z € R such that i, = z, for all
n € Z(1,mT). Thatis, uy = up = --- = u,, = --- = z. Thus, f(n, upt1, Up, Up—1) =
fn,z,z,7) =0,foralln € Z(1, mT). From (Fg), we know that z = 0. Therefore, by (Fg),
we have

mT

mT
J(i) = > F(n,iigt1,itn) = »_ F(n,0) =0.

n=1

This contradicts J () > v > 0. The proof of Theorem 1.3 is finished. m}
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Remark 3.1 The techniques of the proof of the Theorem 1.4 are just the same as those carried
out in the proof of Theorem 1.3. We do not repeat them here.

Remark 3.2 Due to Theorems 1.3 and 1.4, the conclusion of Theorems 1.5 and 1.6 is obvi-
ously true.

4 Examples

As an application of the main theorems, finally, we give two examples to illustrate our results.
Example 1 For all n € Z, assume that

B2 (128 2) = 20 [0n) (124 +12)" "+ 90— D) (2 +222)" ']
4.1)

where r,, > 0 is real valued for each n € Z, ¢ is continuously differentiable and ¢(n) > 0,
T is a given positive integer, r,417 =1, ¢(n + T) = p(n), 1 <o < 2. We have

Fn vt vz, v3) = 200 [p() (v +01) "+ — 1) (03 +v])*

and
F(n,v1,v) = o) (v} +v3)”.
Then
0F(n—1,vy,v 0F(n, vy, v -1 -1
( o 2,93 (av; 2 _ o [(p(n) (v + ) Hom— 1) (V3 +0v3)° ]

It is easy to verify all the assumptions of Theorem 1.3 are satisfied. Consequently, for any
given positive integer m > 0, (4.1) has at least one nontrivial m T -periodic solution.

Example 2 For all n € Z, assume that

A2 (rn_zAZMn—Z) = 20u, [(] + COS2 g) (l’t%+] + u’%)0—1
n—m o-1
+ (1 + C052 %) (u’21 + M%_]) ] s (42)

where r, > 0 is real valued for each n € Z, T is a given positive integer, r,4+17 = 1y,
0 < 8 < 2. We have

fn, v, v2, v3) = 200, [ (1 + cos? %) (v + v%)e_l

+ (1 + cos? (n=bx _Tl)ﬂ) (v + v%)gil]

and

nmw 0
F(n, v, vp) = (1 + cos? 7) (v]2 + v%) .
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Then

OF(n—1,v,v3) 0F(n, vy, v2)
_l’_
31)2 31)2

= 20vy [(1 + cos? %) (v + v%)ei1 + (1 + cos? @) (v3 + v%)eil} )

It is easy to verify all the assumptions of Theorem 1.4 are satisfied. Consequently, for any
given positive integer m > 0, (4.2) has at least one nontrivial m T -periodic solution.

Open Access This article is distributed under the terms of the Creative Commons Attribution License which
permits any use, distribution, and reproduction in any medium, provided the original author(s) and the source
are credited.
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