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Abstract

Forward transition rates were originally introduced with the aim to evaluate life
insurance liabilities market-consistently. While this idea turned out to have its limi-
tations, recent literature repurposes forward transition rates as a tool for avoiding
Markov assumptions in the calculation of life insurance reserves. While life insur-
ance reserves are some form of conditional first-order moments, the calculation of
conditional second-order moments needs an extension of the forward transition rate
concept from one dimension to two dimensions. Two-dimensional forward transition
rates are also needed for the calculation of path-dependent life insurance cash-flows
as they occur upon contract modifications. Forward transition rates are designed
for doing prospective calculations, and by a time-symmetric definition of so-called
backward transition rates one can do retrospective calculations.

Keywords Life & health insurance - Non-Markov modelling - Prospective &
retrospective reserves - Second-order moments - Free-policy option

1 Introduction

Forward transition rates describe the expected number of future transitions con-
ditional on the currently available information. If the current information is
incomplete, then backward transition rates serve as a proxy for the number of past
transitions. However, forward and backward transition rates do not describe the
inter-temporal dependency structure of two successive jump events, so they are
unsuitable for the calculation of second-order moments or for dealing with path-
dependent insurance cash-flows as they occur upon contract modifications. For
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this reason, this paper introduces two-dimensional forward and backward transi-
tion rates and explains their use in life insurance calculations.

The research on forward transition rates originally emerged from the desire
to calculate market values for life insurance liabilities. Miltersen and Persson
[12] suggested to define mortality rates implicitly in such a way that the classical
actuarial formulas reproduce market values instead of real-world expectations.
They denoted these implicit mortality rates as forward mortality rates, inspired
by the concept of forward interest rates from financial mathematics. Norberg [14]
developed generalizations of the forward concept to multi-state life insurance but
observed that the implicit definitions are lacking uniqueness. Christiansen and
Niemeyer [7] observed that the implicit definitions often do not have any solution
at all. So it turned out that the implicit concept has serious limitations. Buchardt,
Furrer and Steffensen [3] suggested to overcome these limitations by introducing
additional artificial states, but their concept is restricted to insurance contracts
that have sojourn payments only and no transition payments.

Buchardt [2] discarded the implicit concept and presented an explicit definition
that works for a doubly stochastic Markov framework. Buchardt actually drifts
away from market-consistent valuation but without clearly mentioning.

Christiansen [S5] discovered that Buchardt’s approach can be extended to a
general recipe for calculating real-world expectations in fully non-Markovian
life insurance frameworks. Christiansen and Furrer [6] enriched this non-Markov
concept with a change of measure technique that makes it possible to deal also
with path-dependent insurance payments. To put it into a nutshell, we find two
divergent concepts of forward transition rates in the actuarial literature. First,
there is the implicit concept which aims to reproduce market values, first sug-
gested by Miltersen and Persson [12] and taken on by numerous further authors.
Second, there are the explicit definitions of Buchardt [2], Christiansen [5], and
Christiansen and Furrer [6] that put the focus back on real-world expectations and
use forward transition rates as a tool to cope with complex inter-temporal depend-
ency structures in life insurance models. This paper follows the second line of
thought.

The change of measure technique in Christiansen and Furrer [6] transfers the
complexity of path-dependent insurance cash-flows to auxiliary probabilistic mod-
els. This way the forward transition rates may stay one-dimensional, but each insur-
ance cash-flow needs another probabilistic model. Our aim is to have one probabil-
istic model only, and we achieve that by expanding the concept of forward transition
rates to two dimensions. The price for having just one probabilistic model is an
increased numerical effort that comes with the extra dimension. So the approach of
Christiansen and Furrer [6] is beneficial when many scenarios are calculated for one
and the same cash-flow, whereas the results of this paper are favourable when many
different cash-flows ought to be calculated.

One-dimensional forward transition rates are designed as a tool for calculating
expectations. Our two-dimensional concept can be used as a tool for calculating sec-
ond-order moments. The calculation of second-order moments in classical Markov
models was first outlined in Hoem [9]. Helwich [8] presents general formulas for the
calculation of variances in semi-Markov models.
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Calculation formulas for second-order moments in fully non-Markovian mod-
els do not exist yet in the literature. By introducing two-dimensional forward and
backward transition rates we help to close that gap.

Markov modelling has a long tradition in life insurance. The classical concept
to model the random pattern of states of the insured as a Markov process has been
extended to semi-Markov modelling and further sophisticated Markov structures
by numerous authors. The problem with any kind of Markov assumptions is that
they come with model risk, while at the same time there is a lack of tools for
quantifying the model error. This motivates the search for non-Markovian calcu-
lation techniques, and this paper is a major step into that direction.

The paper is structured as follows: Sect. 2 introduces the fundamental life
insurance modelling framework. Section 3 introduces the definition of two-
dimensional forward and backward transitions rates and develops a corresponding
integral equation that generalizes Kolmogorov’s forward equation. For the latter
integral equation Sect. 4 verifies the uniqueness of solutions. Section 5 then turns
to the main purpose of two-dimensional forward and backward transitions rates,
namely the calculation of certain conditional moments. In Sect. 6 we explain the
calculation of conditional variances. Section 7 illustrates the calculation of path-
dependent cash-flows. Section 8 concludes and gives an outlook on open research
questions.

2 Life insurance modelling framework

Let (@, A,P) be a probability space with a filtration F = (F,),5,. We consider an
individual life insurance contract and describe the status of the individual insured by
an adapted cadlag jump process

Z = (Z(0)o

on a finite state space Z. Additionally, we set Z,_ := Z,. Throughout this paper we
assume that we are currently at time s > 0. So the time interval [0, s] represents to
the past and the present, and the time interval (s, co) represents the future. The real
number s > 0 is arbitrary but fixed. Based on Z we define state indicator processes
(I)iez by

L,(@®) =1z, 120,
and transition counting processes (N;); e z.; by
N,-j(t) =#ue 0,1 : Z(u-)=i,Z(w) =j}, t=0.
We generally assume that
EIN;D] <0, 120,ijE€EZ, i#], 2.1

which in particular implies that Z has almost surely no explosions. Let
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Ny :== ), (N = Ny(s), t>s,
JEZ
JFi
(2.2)
Ni®) == ) (Ny(®) = Ny(s)). 1<s.
jeEZ
JFi
This construction is made so that N,,(¢) satisfies
AN == ) dNy®, 1>,
JEZ
JFL
dN;;(1) = — 2 dN;(1), t<s,
JEZ
JFi

and is cadlag everywhere. Definition (2.2) and many further definitions following
below involve a case differentiation between ¢ > s and ¢ < 5. As time s is fixed, we
omit it in the notation, but one should keep in mind the dependence of many of our
definitions on the parameter s. The following equations show a useful direct link
between the processes (N;); jcz and (1)), z:
L(t) = I(s) + Z / Nydu), t>si€ 2. 23)
JEZ 1]

and

L0 =I(s)+ ) / Nydw), s>ti€Z

& 2.4

(2.5]

The latter integrals and all following integrals in this paper are meant as path-wise
Lebesgue-Stieltjes integrals.

The sigma-algebra F represents the available information at time s. In insur-
ance practice, the insurer often uses a reduced information set G, for actuarial
evaluations. In this paper we generally assume that

o(Z(s)) C G, C F,. (2.5

The special case G, = 6(Z(s)) is known as the as-if-Markov model, since it uses
information of Markov-type only. The choice of G, can be influenced by many fac-
tors. Some of these are listed here:

e By cutting down the information used, one can reduce the complexity of
numerical calculations.
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e A lack of data for statistical inference may make it necessary to simplify the
information model.

e For some actuarial tasks it is sufficient to study mean portfolio values only,
and then it is convenient to minimize the individual information.

¢ Anti-discrimination regulation may be a limiting factor for the use of informa-
tion, such as unisex calculation.

e Data privacy regulation can restrict the information that the insurer actually
gathers and stores. For example, the General Data Protection Regulation of the
European Union gives individuals considerable control and rights over their
personal data.

Let B be the insurance cash-flow of the individual life insurance contract, here
assumed to be an adapted cadlag process with paths of finite variation. We
assume that the insurance contract has a maximum contract horizon of 7, which
means that

B(dH =0, t>T.
Throughout this paper we assume that
0<s<T< 0.

Let k be a cadlag function that describes the value development of a savings account.
We assume that « is strictly positive so that the corresponding discounting function
1/k exists. The random variable

— [ x®
Yt = / K(M)B(du) 2.6

(5,T1]

describes the discounted accumulated future cash-flow seen from time s, and the
random variable
K(s)

[0.5]

is the compounded accumulated past cash-flow. In order to ensure integrability, we
generally assume that 1/« (-) is bounded on [0, 7.

Classical Markov modelling focusses on benefit payment functions that may
depend on current states or current jumps of the insured but not on past random
events. This means that B is supposed to have a so-called one-dimensional canon-
ical representation.

Definition 2.1 A stochastic process A is said to have a one-dimensional canoni-
cal representation if there exist real-valued functions (4;); on [0, o) that generate
finite signed measures A;(du) and there exist measurable and bounded real functions
(a;);j. 1 such that
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A=Y / LA+ Y / ag(wN;(du), t>0.
€2 16, i,j € Z 10
i#]
Insurance cash-flows that involve contract modifications, such as a free-policy

option, can not be brought into the form (2.8). For this reason we need to allow for
more complex structures.

2.8)

Definition 2.2 A stochastic process A is said to have a two-dimensional canonical
representation if there exist real-valued functions (4;); on [0, co) that generate finite
signed measures A;(du,), real-valued functions (Aij)lj on [0, c0)? that generate finite
signed measures A;(du,;,du,), and measurable and bounded real-valued functions

2
Qi) ikt ktt> Qi) i e OM [0, 00)~ such that

Aty =) / LG)(5)A (duy , duy)
ijez (0.2
+ ) / L] )agy(uy , t)A;(duy )N (duy)
Lk,le Zomp 2.9)
k#1

+ ) / ity uy)Ny(du )Ny (duy), 17,1, > 0.
Lj k1 € Z 011
i#j.k#1
Example 2.3 Suppose that B is an insurance cash flow that has a one-dimensional

canonical representation with respect to suitable functions (B;); and (bi,-) Then

i
the squared process B2 has a two-dimensional canonical representation:

BX0)= Y [ L)u;)B,(du,)B(duy)
ijeZ
[0,12

+ ) 20uT by (uy)Bi(duy Ny (duy)
i,k,l € Z [0 (2.10)
k# 1

+ ) b (1 by ()N (du )Nyy(duy), 1> 0.
Lj, k1 € Z [0
i#jk#1

In order to see this, use integration by parts according to Proposition A.2 and Fubi-
ni’s theorem.

Example 2.4 Suppose that Z= S X {0, 1}, where the elements of S describe the
health status of the individual insured and {0, 1} indicates whether the policyholder

@ Springer
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has exercised a free-policy option. We assume here that the free-policy option can
be exercised only once and that the policy cannot move back to a premium-pay-
ing status. Let 7 be the random time where the free-policy option is actually exer-
cised, i.e. 7 gives the time where Z moves from the set S, := S X {0} to the set
S) :=85x{1}. At time 7 the insurance payment scheme is rescaled by a factor
p(z,Z.,Z,) in order to maintain actuarial equivalence, cf. [6]. So, by writing C for

the insurance payment scheme, the insurance cash-flow B equals

s L=

B(r) = / p(t,Z-, Z) =0 C(du).

[0.7]
We assume that C has a finite horizon of 7. For the sake of simplicity, let

I,y Cldu) =0, Vi€ Z @.11)

almost surely, so that we almost surely have no lump sum payments at time z. Sup-
pose that the payment scheme C has a one-dimensional canonical representation
with respect to suitable functions (C;); and (¢;);;. ;- The cash-flow B can be decom-
posed to

B(r) = / Ly,<r) C(du) + / L5 P(7, Z,-, Z,)C(du). 2.12)
[0,7] [0.£]

We will now analyse both integrals separately. Beginning with the first one, we have

/ Ljyer) Cd) = Y / Lyer L) Cd) + Y / Lyer) € ()N (du)

0.1 €50 16,1 i,j €Sy 10.1
i
since 1,y /;(u™) =0and 1, ., N;(du) = 0 for all (i,)) & Sg. Because of (2.11) and

the fact that 1,..,[;(u™) = [;(u™) and 1,
thermore get

/ Ljyer) C) = Y / LaHCdwy + Y / c;(ON;(du)

0.1 €50 10,11 i,j €Sy 104
i #]
almost surely. So the insurance cash-flow prior to = almost surely has a one-dimen-
sional canonical representation. Since 7 is the unique jump time of the counting pro-

cess Dyes, 2ies, Nu» by using assumption (2.11) the second integral in (2.12) can
be almost surely transformed to

Nj(du) = Ny(du) for i,j € S, we fur-

u<t}
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/l{uzr}P(T,Zr,ZT)C(du)
[0.]

= 2D [ Ly Pt k. DC(du )N, (dusy)
k€S, leS, (0.1

=y > / L} )ity k. DCi(duty )Ny ()

keS, i,leS, (0.2

+> ) / Py, k, e (N (dup Ny (duy).
k&S, i,j,l €8] [0
i #]
So, at and after time 7 the insurance cash-flow almost surely has a two-dimensional

canonical representation. All in all, we obtain for the insurance cash-flow B the
almost sure representation

B =) / L )Cdwy + Y / ¢ (WN;(du)

€S0 16,1 k1 € Sy 0.
k#1
+y ) / L) p(uy, b, DCH(duy Ny (duy)
k€S, ileS,

(0,11

+ Z Z / p(uy, k, Dey(uy )N (du )Ny (duy), 12 0.
kesS, Lji,l eS| o1
i #]
(2.13)

3 Two-dimensional transition rates

This section generalizes the forward and backward transition rates of [5] from one
dimension to two dimensions. We still suppose that we are currently at time s and
have the information G, available. As the parameter s is fixed we omit in the notation.

Let P; = (P(1)50 and Q; = (Q;(1)),5 for i,j € Z be the almost surely unique
cadlag processes that satisfy

P.(t) = EIL(0IG, ],
0,1 = EIN;(0IG, 1.

As we already mentioned after definition (2.2), the process N; is cadlag.
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Let Py = (Pik(tl,tz))t1!t220 and Qyy = (Q,-jk,(tl,tz)),h,220 for i,j,k,l € Z be the
almost surely unique random surfaces that are cadlag in each variable and satisfy

Py(t), 1) = ELL, (DL ()]G,
Qijkl(tl’tz) = E[Ngj(tl)Nkz(tzﬂgsl

In order to find suitable modifications of the conditional expectations so that the
processes have the postulated cadlag path properties, one can calculate the condi-
tional expectations on the basis of a fixed regular conditional distribution P(- |G,).
Then the cadlag path properties follow directly from the cadlag path properties of
(1;); and (N;);; and the dominated convergence theorem. The cadlag path properties
imply that the processes P;, Q;; and the surfaces Py, Q;;, are uniquely given by their
values at rational time points only, which are countably many, so the whole pro-
cesses and surfaces are almost surely unique.

In the following the superscript *+’ is a short notation for

. JSfW) u>s,
f(u)'_{f(u) Tu<s.

Moreover, for the sake of brief formulas, we introduce the processes

~ . Pw) i u>s,
PU(”)'_{Pj(u) S u<s,

and

Py(u,uy) @ up,uy >,
Pu(uy,uy) 0 oup < s,uy > s,
Py(uy,uy) @ oup > s,uy <8,
Pyuy,up) @ upuy <s.

Pljk,(ul JUy) 1=

Definition 3.1 Fori,j € Z let the stochastic process (Ayj(1),5 be defined by

A = Lip,ay>0) d
i = / WQU( u, 3.1)

(sALsVt]

and for i, k, I € Z let the random surface (A (. 1)), , > be defined by

Lipy e ai)>0)

Nj(t, 1) =
iiki\l1> I = Fa—
Py, u3)

(SAL,SVE X(5AL,sVE, |

In case of ¢,t, > s we denote A,_-/-(dtl) as (one-dimensional) forward transi-
tion rate and A, (dz,,dr,) as two-dimensional forward transition rate. In case of
t;,t, < s we call them backward transition rates. In order to ensure existence of
(3.1) and (3.2) we generally assume that

@ Springer



T. Bathke, M. C. Christiansen

Lip,a00)
———Q0d) <, 120,

Py(r*)
[0,7] ’
L o (3.3)
(P (7 £5)>0)
—Qljkl(dt],dtz) <oo, t>0,
(0.1 Pyt )
almost surely for all i,j, k,[ € Z.
According to [5] it holds that
Pi(t) = Ii(S) + Z / Pj(ui)[\ji(du), t>0, (3.4)
jez (SALsVE]

for alli € Z, where

~ A s u>s,
Ayu) = { Ajji(u) S u<s.

This is a generalization of Kolmogorov’s forward equation to non-Markov models.

Remark 3.2 We introduce u* as it allows us to use forward calculation for ¢ > s and
backward calculation for # < s. Consider the case ¢ > s, where u* = u~. Then Defini-
tion 3.1 implies

P =Y PN -PEO( Y, Ar0-1),
jeEZ jeEZ
J#I J#I
when AA = A(f) — A(¢7) contains the jump-discontinuities of A. Which allows us to
obtain P,(?),i € Z, from P,(t7),i € Z. If we replaced Definition 3.1 by

1 {P (u)>0}
%m=/‘ TR (3.5)
(5,1]

then we would get
P(t) - Ej cz P (AN (1)
e
P,(1) = / , t>s.
1- Zj cz AN;(D)
J#I

which fails as a forward formula in case that
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Z AN (D) = 1.
jJEZ
JF#FI
This case can occur for example when semi-Markov effects are modelled by state
space expansions as in [1]. If we replaced Definition 3.1 by

]l ~
{P(u)>0}
A0 = /~— (du), <,
y Pl(u) QJ

(5,1

then Theorem 6.3 in [5] fails. In the case ¢ < s analogous problems occur. Our defi-
nition allows us to do backward calculation on [0, s].

We now extend (3.4) from one to two dimensions.

Theorem 3.3 The processes (Py)ijez> (Nj)ijriezAPiicz and (Np)ijez almost
surely satisfy the equation

Pyt 1y) = I (s) + I (s) D Pi)A(du) + I(s) / D Piu)A(du)
(SAt sV ] i€z (SAty,sVH] lez
+ / > Py, uE) A (duy, duy)

(SAL; SV IX (AL sV | j,l ez

(3.6)
fort,,t, > 0andi,k € Z, where

A,-jk,(ul, Uy) Up, Uy > S
Njg(uy, uy) uy < s,uy) > s
Ny, uy) uy > s,uy <s
Ny, up) uy, uy <s.

Aijkl(ul, Uy) =

Proof We show the proof for the case t,,, > s only. For the other cases the proof is
similar. Let P (-) be a regular version of the conditional distribution P(:|G,) and let
E,[-] be the Lebesgue-Stieltjes integral of the argument with respect to the integra-
tor P,,. By applying Campbell’s theorem, see Section A.1, and Fubini’s theorem, we
get for (a, b], (c,d] C [s, o0) and almost all w € Q
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1 (P (u7 163)(@)>0} Qijkl(d(ul s Up))(w)
(a,b]x(c,d]

=E, / 1{P,.k(u;,u;)(w)>01N i(du )Ny (duy)

| (a.b]%(c.d]
. a,b]x(c 37

=F / L)L 3 )Ny (duy Ny (duy)

| (a,b]x(c,d]

_ / 0;10(d(ay 1)) ()

(a,b]x(c,d]

since Py (u;,u;)(w) =0 implies [(u))(u;)=0 P,(-)-almost surely and
L;(u)N;(du;) = Ny(du,). By applying (2.3), we get forz,,7, > sandi,k € Z

Py (ty, 1) = EL(tL(5)]G,]
] + [E[I,.(s) /
ez

= [E[ l. gs] + [E[lk(s) /

(1] ] ez (s:15]

vl 3 [ mapmanls)
J L € Z (s, 1x(s:5)

3

By using the assumption (2.5), the definition of (Qy);, the definition of (Q;)
Fubini’s theorem, and Campbell’s theorem, we can conclude that

i’

Patt) =10+ 146 [T 0@+ / 3 Qutaw
(s,11] ] ez (8151

+ / Qii(duy, duy)

HEZ (1 X5t ]

almost surely. The assertion follows now from (3.2) and (3.7). O

Remark 3.4 The integral equation (3.6) can be solved in different ways. For example
one could use an algorithm similar to Finite Element methods. The idea is to use a
simple box integration method to approximate the integral on small sub-rectangles
of (s,T] X (s, T]. Let #,,1,, ... be a partition of (s, 7] we use the following approxima-
tion procedure:

/ @, y)G(dx, dy) = f(1;, 1;) / G(dx, dy).

(st X341 (sl X584

This leaves us with the following formula:
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Fig. 1 Sketch of an algorithm to
calculate Py (t,,t,) 5T

Ld L L] L L LJ L Ld . L
(s,s+2h)
L] L] L] L] L] L] L] L]
(s,5th)
L4 L4 L4 L4 . L4 L4 L4 o

(s,5) (s+h,s) Q(s+2h,s) .. . (T,s)

g—-1
Pty t,) 2 L) + 1) D D Pt )A;((t, 1)

j€Z n=0

p—1
+ I,'(S) Z Z Pl(tm)Alk((tm’ tm+1])

€2 =0
p—1 g-1
+ Z Z Z le(tn’ tm)Ajilk((tn’ tn+l] X (tm’ tm+1])’
Jj.leZ2m=0 n=0
under the conventions Aij((a, b)) := /(a b Aij(dx), and

Aj((a, bl X (¢, d]) = f(a’b]x(ad} Ajjy(dx, dy). Combining this with an analogous pro-
cedure for the one-dimensional case, we obtain a recursion scheme.

We first calculate the points on the red lines in Fig. 1 from the centre to the edge.
Then we calculate every point on the yellow line from left to right and proceed with
the same notion for the points above. The reason this works is that the calculation
of every point only depends on Points in the bottom left rectangle of the point, see
the green rectangle for reference. This allows us to approximate P;, on all the grid
points, and then we approximate P;, on the whole rectangle.

For an empirical A as a pure jump process, the approximation of the integral is

exact, and our algorithm calculates P, i,j € Z accurately on the whole square.

4 Uniqueness of solutions of the integral equations

Equation (3.4) is commonly used for the calculation of the state occupation prob-
abilities (P;); from given one-dimensional transition rates. Likewise, equation (3.6)
may be used in order to calculate the two-dimensional state occupation probabilities
(P;p);r from the one-dimensional and two-dimensional transition rates, but it is cru-
cial then that (P;;); is the only solution.
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Theorem 4.1 There exists an almost surely unique solution (P;);, (Py)y to the sto-
chastic integral equation system formed by equations (3.4) and (3.6).

Proof The existence of a solution follows from Theorem 3.3, so it remains to show
that the solution is almost surely unique. As the equations (3.4) and (3.6) are almost
surely pathwise integral equations, in the remaining proof we identify without loss
of generality all stochastic processes and random surfaces with just one of their
paths. These paths have to be chosen such that (3.3) holds.

We show the proof for the case #,,#, > s only. For the other cases the proof is simi-
lar. We are going to use a fixed-point argument. For any choice of T € (s, 00), the set

BV;ZI = {f s, T X [, T] — RIZ"| there exist finite signed measures p;;
with f(5,) = g L5, 21 X [5, 3D, 5,y € 5, T x5, T }

is a linear space. The Hahn-Jordan decomposition offers for any finite signed meas-
ure a unique decomposition into a difference of two finite measures, and this decom-
position can be furthermore used to decompose also any fe BV'Z‘ into a difference
f=f*—f of nonnegative mappings f*,f~ € BV “l Based on this umque con-
struction of f* and f~, we then define |f| :=f* + f By equipping BV| ' with the
norm

I(idirezll = Z / fil(dty, dry) + Z i Cs, 9)

ikeZ [ TIX[5.T] ikeZ

we obtain a metric space. On this metric space, we define an operator
0 : BV;Z| - BVF as follows:

(OWyie2) 1 tot) = = ), / L u3) N (duy, duny)

ez
J (s 1X(s.15 ]

for ¢;,t, € [s, T]. We want this operator to be a contraction, but unfortunately this is
not true, so we need to replace our norm for BV| ! by another equivalent norm. Let

v(t ) =4 Z Nju(ty, 1), 1,1, € [5,T].
i,j,k,l€e Z
i#]
k#1
Because of assumption (3.3), each Aij,d, i #Jj, k # [, has an associated measure y A

that is almost surely finite on [s, T1?. Hence, there exists a finite measure y that
satisfies

vt ) = pu(ls, 1 X [s, 5,1, t.5, €[s,T]. 4.1

We moreover define
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vi) @ = p(ls,ul X [s, T,
VZ(M) = /’l([s’ T] X [S, u])’ ue [S7 T]a

which are cadlag by construction. For each K € (0, oo) the mapping || - ||, defined by

N(iijezllx = Z / e_K(Vl(M1)+V2(M2))lﬁjl(dul’ du,) + 2 (s, 9)]
VEZ (% (s.T) ik€eZ
is a norm on BV| that is equivalent to the norm || - ||. This construction of || - ||
inspired by [4] but is here extended to the two-dimensional case. For any f € BV. ,ﬁ
(a,b] X (c,d] C [s,T]1 X [s,T]and k, i € Z, the definitions of operator O and the two-
dimensional transition rates (A;,); ;. ez in conjunction with the triangle inequality
yield that

10l @y, duy) < ) iy )| Ay (dury diey)
(a.bIx(c.d] L:l#k ~ (@bxed

IRUER

+ / Vi s x| Ay (duy, duy)
(a.bIx(c.d]

+ / iy s up) ) A (duy, duy)
(a,b]x(c,d]

+ / [ uy, u;)lAijk,(dul s du2)> .
(a,b]x(c,d]

Summation over i, k and a reordering of some of the resulting sums lead to the
inequality

> / 10l (uy, duy) <4 ) / ey, 1) | A yg(duty , duty)
K (@ bix(ed] i,j.k, 1 (ablx(cd
i#jk#1

<4 2 / lfik(”l_, M;)| v(duy, du,).
Wk (a,b]x(c,d]
Suppose now that f(s, s) is zero. Then it holds that
Z / |0 (duy, duy) < 4 Z / / [ l(dry, dry) v(de,, dty).
ik (a,b]x(c,d] ki (@bixted] su)xisa)

As a consequence, the norm || - ||, of O(f) has an upper bound of
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e~ K +v, (1)) |O(F);; |(duty, dusy)

~

ok = Y,

ik [s,T1X[s,T]

< Z / e—K(vl(u1)+v2(u2)) / lf;'kl(drl7 dr2) v(dul, du2)
K s X T sy IX[5.005)

=) / e K@)y (dy | duy))|fy | (dry, dry),
ik

s TIX[s. T (ry, T1X(ry,T1

4.2)
where the last equality uses Fubini’s theorem. Moreover, for arbitrary but fixed
u,u, €[s,T]let
/4((“1, ”1] X (uz’ rz])
H((uy, TIX (up, T

V(ry,rp)) = r € u,T), ry €y, T],

for the same yu is in equation (4.1). Without loss of generality we assume that
u((u;, T1 X (uy, TT) > 0. Otherwise the conclusion that we want to draw is trivial.
Then

Vi(r) 1= (r, 1),

Uy(ry) :=V(T,ry), (ry,1y) € (uy, T1 X (uy,T1,
correspond to cumulative distribution functions. Let C := ¥(u;,u,) > 0 and let
(A, B) be a random vector that has v as its two-dimensional cumulative distribution

function. Then, by applying Sklar’s theorem, see e.g. Theorem 2.3.3 in [13], we can
show that

e_K(Vl (r+v(r)) v(drl , drz)

(uy,T]X(uy,T]

< Ce Kn)nn) e—CK(%(n)Hz(rz))g(drl ,dr,) 4.3)
(), T1X(uy,T]

= Co- Kt Hvw) | [e—CK(vl(v;‘w))wz(v;l(v»)]

for a suitable random vector (U, V) whose components are uniformly distributed
on (0, 1) and such that (A, B) and (¥V;'(U),¥;'(V)) have the same distribution.
Note here that the copula of (U, V) may be non-trivial. The inverse functions \71‘1

and ¥ are here defined as V(1) 1= inf{x : V,(x) > ¢}, n=1,2fors € (0, 1). Since

\71(\71‘1(0) >t fort € (0, 1), see e.g. Theorem 3.1 in [17], the inequality (4.3) has an
upper bound of

e_K(Vl(’1)+V2(’2))v(dr1, d}’2) < Ce—K(vl(ul)+v2(u2) E [e—CK(U+V)] .

(uy, T1X(uy,T]
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By applying Theorem 10.6.4 in [10], we can show that the latter expectation has an
upper bound of

E [e—CK(U+V)] <E [e—CK(ZU)]

since x — exp{—CKx} is a convex function. As U is uniformly distributed on (0, 1),
we moreover have

E[E—CKQU)] — /e—CK(Zu)du

©.1)

_ 1 ke
=2kc1=¢7)
1

< —.
~ 2KC

We set K = 1. Then, all in all we can conclude that the inequality (4.2) has an upper
bound of

1 _
”O(f)”K S ﬁ Z / e K(V1(M1)+V2(uz)) lf;’kl(dul’ dl/lz)
B s TIX(s.T)

1
= S Iflle

whenever f{s, s) equals zero. Suppose now that we have two solutions R = (P;);,

and R’ = (P)),, of (3.6) for given (P;),. Then R—R' € BV!?lis a fixed point of the
ik’ ik i/i 2

operator O and (R — R’)(s, s) is zero. So we have

1
IR - Rl < SlIR —R'llg.

which necessarily implies that R — R’ is zero on [s, T] X [s, T]. In an analogous way
it is possible to proof R = R’ also on the three rectangles [0, 512, [0, 5] X (s, T] and
(s, TI x [0, s]. Since T € (s, 00) was arbitrary, we can expand the uniqueness prop-
erty to infinity.

With the same ideas that we used in this proof, one can also show the uniqueness
of a solution (P,),cz of (3.4) with respect to (A); jcz- The one-dimensional case is
actually even simpler. The equation system formed by equations (3.4) and (3.6) can
then have only one solution (P;);, (P;.);- This completes the proof. O

5 Conditional expectations of canonical representations

According to [5], for any stochastic process A that has a one-dimensional canoni-
cal representation of the form (2.8), it holds that
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] =Z / P,(t7)A,(d) + Z / a;(DP(t7)A;(d1)

1/

611 €2 (5 i,j € Z (1
i#j
;.1
and
[ / ] / P, (17)A;(dr) + 2 / a;(DP;(D)A;(dr)
[0.5] €z, i,j € Z0s] 2)

i#]

almost surely. These formulas are classical in the life insurance literature in case that
Z is a Markov process, and the recent contribution of [5] was to show that Markov
assumptions are actually not needed here. The formulas (5.1) and (5.2) are used in
life insurance for the calculation of prospective and retrospective reserves at time s.
They are typically applied as follows: For given one-dimensional transition rates,
calculate the corresponding one-dimensional state occupation probabilities by solv-
ing (3.4), and then solve the integrals in (5.1) and (5.2) in order to obtain the desired
conditional expectations. The solving usually happens numerically.

The following three propositions will allow us to generalize (5.1) and (5.2) to sto-

chastic processes A that have a two-dimensional canonical representation according
to (2.9).

Proposition 5.1 Let A, i,j € Z, be a real-valued function on [0, 00)? that generates
a finite signed measure. Then we almost surely have

[E[ / L)Ly )A ;(duy, duy) Q] / Py, uy)A;(duy, du,).

[0,77? [0,T7?

Proof The assertion follows from Fubini’s theorem. O

Proposition 5.2 Let A;, i € Z, be a real-valued function on [0, o0) that generates a
finite signed measure, and let ay,, i,k,l € Z, k # I, be a measurable and bounded
real-valued function on [0, c0)?. Then we almost surely have
El [ a4 Ny i) gs]
[0,5]x[0,T]

= 1,(s) / gty un)A(duy )Py () Ay (duy)
[0,51X[0.7]

+ Z / / a;,(uy, uz)Pklij(uf, u3)Agy(duy, dus)A(duy)

jez

[0,s] [0,T]X[u,,s]

and
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E / Il-(ul_ Va, (U, uy)A;(du; )N, (du,)

g

(TIXI0.T]
= 1,(s) / ity un)A (duy Py () Ay (duy)
(< TIXI0.T]
+ Z / / Ay )Py, 3 ) Agji(duy, dug)A(duy ).
jez

(s,T] [0,T1X(s,uy)

Proof From (2.3), (2.4) we get

L) =I(s) + / ZNﬁ””(du)
W) jEZ

for W(t) :=(s,t) in case of t>s and W() :=[t,s] in case of r<s and
Nl.[].”](t) := N;(#) and Nl.(js”)(t) = Nj;(r). This equation and assumption (2.5) imply for
D € {[0, s], (s, T]} the equation

o

[E[ / L(w)ag,(uy, up)A(duy )N, (du,)

DX[0,T]
= [E[ / L($)au,(uy, uy)A;(du, )Ny, (du,) g‘f]
Dx[0,T]
+ ) E / 1ty u)N g (duy)NT " (duy)A () gs].
JEZ

D [0.TIxXW(u,)

Now apply Fubini’s theorem and Campbell’s theorem in order to obtain

3

[E[ / LG0T )ity 14)A (e, )Ny (i)

Dx[0,T]

= / L(s)ay(uy, uy)A(duy )0y (dus)
DX[0,T]

W
+ / gty 1) Q" (duty, dus)A (duy),
D [0,TIXW(u;)

0.5 .T . .
for Q][dj;](tl s 1)) = Qu;(ty, 1) and Qgﬁ ](t, s 1)) = Qu;i(ty, 1,). Finally, use the equations

Ou(duy) = P kl(ug)Akl(duz)’
Oii(duty, dus) = Py, u)Ayy(duy, duy),

which follow from the definitions (3.1) and (3.2). O
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Proposition 5.3 Let Ajixgs i,j,k,l€ Z,i#j, k# 1, be a measurable and bounded
real-valued function on [0, c0)?. Then we almost surely have
[E[ / g (g up )N (duy )Ny (duy) gs]
[0.771

7 + o+
[0.71?

Proof The result follows directly from Campbell’s theorem and (3.2). O

Corollary 5.4 Suppose that A is a stochastic process that has a two-dimensional
canonical representation according to (2.9). Then we almost surely have
[E[ / A(duy,du,)

q|
(0.7

= Z / Py, uy)A;(duy, duy)
ijeZ

.71

+ Y L) / gty up)A(due )Py Ay (duty)
ik, 1 (0.7

k#1
+ z / aiy(uy, uz)i)kuj(uf, uz) Ngyi(duty, dus)A(duy) - (5.3)
ini? k»l [0,s] [0,T1X[u;,s]
k+#1
+ 2 / iy (uy, ”z)pklﬁ(u;‘r, uz ) Ay (duy, duz)A;(duy)
Lj kol (511 10.77%Csy)
k+#1

+ ) / gy, 1) Py (0, 15 Ay (duay, duay).
iL,j.k,l  jorp
i#jk#1

From formula 5.3 we can immediately obtain general expressions for the
expected values of discounted future liabilities as well as the pure expected val-
ues. The discounting needs to be included in the functions A;, A;, a;y, and a;,.

In insurance practice, formula 5.3 may be used as follows: For given one-
dimensional and two-dimensional transition rates, calculate the corresponding
one-dimensional and two-dimensional state occupation probabilities by solving
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(3.4) and (3.6). Then solve the integrals in (5.3) in order to obtain the desired
conditional expectation.

6 Conditional variance of the future liabilities

We still think of s as an arbitrary but fixed parameter and omit this parameter in the
notation. The discounted accumulated future payments Yt according to definition
(2.6) are usually not measurable with respect to G,, so actuaries use the so-called
prospective reserve at time s

V= E[YY|G,] (6.1)

as a proxy for Y*. In order to quantify the dispersion of the approximation error
Yt — V*, the actuary is also interested in the conditional variance

Var[Y*|G,] - = EL(Y)’|G,] - (ELY*IG,D*. (6.2)
This section discusses the calculation of V* and
= E[(YHG,L, (6.3)
from which we can then get the conditional variance as
Var[YT|G,] = ST — (V')

Our results here are limited to insurance cash-flows B that have a one-dimensional
canonical representation,

B=Y / I()B,(dw) + ) / by(WNy(du), 1> 0. 6.4)
i [0.1] i‘i:j#[o,t]
From (2.6) and (5.1) we almost surely obtain
vr=3y / K p (7)8,(dr) + D / K P )A(dr).

< k() k() !
€2 o i,j € Z (51

i#£j

This formula and equation (3.4) allow us to calculate V* from given one-dimen-
sional transition rates (Alj(t))m, i,j € Z.
We now turn to the calculation of S*. Analogously to (2.10), one can show that
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2k (s5)? _ _
(7 = > / o ey B ) B )

(s,T1?
2
. Z / K(S) _KY (Ml_)bjk(MZ)Bl(dul)]v/k(dMZ)

KU
l],kGZ(sT]Z (1) ( )

J#k

2
+ Y / K(ul,()(S)( By GeIN; ()N
l],k le Z(VT]Z

i#j,k#1

By using definition (6.3), interchanging /(S P and /[0 e Le.rps and applying Corol-
lary 5.4, we obtain that

2ic(s)?
Z / K(s) ———— P, (u7, u3)B,(du,)B,(du,)

ez K (uy )i (ut)
2k (s
+ I(s) / pry )( )( )bkl(uz)Pk(u;)Bi(dul)Ak,(duz)
ik, l ez (.TP o
k#1
2k (s)? -
+ Z / mbk,(uz)ij(u2 Sz )Ny (dus, du3)B;(du,)
L,j, k1 € Z (511 (s.T1x(s.)
k#1
21((5)2 _
+ > / mbij(ul)bkl(uz)ﬂkml 1) (duy, dusy)
Ljkl€eZ (1p
ik #

almost surely. This formula and the equations (3.4) and (3.6) allow us to calculate S*
from given transition rates (A;(#)),e¢,. 71 and (A (D)0 b J, ks L € Z.

For the conditional expectation and the conditional variance of Y~ we can obtain
a similar result. We leave these analogous calculations to the reader.

7 Prospective and retrospective reserve for a path-dependent
cash-flow

This section continues with Example 2.4. Recall that (6.1) is the so-called prospec-
tive reserve at time s. The retrospective reserve at time s is defined as

Vo i=EIYTIG] (7.1)

for Y~ defined by (2.7). Analogously to (2.13) one can show that
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Y—:Z /%Ii(u_)q(du)+ Z /%Ckl(u)]vkl(du)
€50 (6151 k,l € S 0.1

k1
+ Z Z / o i)p(uy, k DC(dup)Ny(dus)

keS, i,leS, (052 K("‘l)

K(s)
PIp) / )
keS, L,j,l €S| (02
i #]
By using (5.1), interchanging /[, and [ Ljo. interchanging /. and
/[0 1 Lio.sps and applying Corollary 5.4, we can conclude that

p(uy, k, l)cij(ul )Nlj(dul )N, (du,).

Vo= Z &P[(u_)Ci(du) + Z / @Ckl(”)Pl(”)Akl(d”)

b KU Ku
€80 9,5 ®) k1€ S, (0. )
k#1
K(S
£33 1 / )ty ke DP 1)t YA ()
kS, LiES, 02 K (uy)

+Y Yy / )k, DP (1, 43) Ay (dity, duty)Ci(duy)

KESy LIES| JEZ (¢ (0.sptlurs] K (uy)
K(s)
+ Z Z p(uy, k, Dey(u)Pyuy, uy) Ay (duy, duy)
kes, .. K(ul)
0 l’ 129} € Sl [0,5]
P #]
almost surely. This formula and the equations (3.4) and (3.6) allow us to calculate
V-~ from given transition rates (A,_-/-(t)),SS and (A,_-,-kl(t)),Ss, iLjkleZ.
By arguing analogously to (2.13), one can moreover show that the discounted
future liabilities Y* have the representation

K(s) . K(s)
Y+=Z /@i(u )Ci(du) + Z /mckz(“)Nkl(d“)

€5 (511 k1€ Sy 1
k#1
k(s)
+ Z Z / Tul)l,'(ul)l’(uz,k, DC;(duy)Nyy(du,)

keS, i,leS, (.TIX[0.T]

x(s)
+ Z Z / K(ul)p(uz,k, De;i(uy)Ny(duy )Ny (duy).
kGS(] i,j,l (S Sl (s, T1X[0,T]

i#]
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By applying (5.1), interchanging [ , and [, L7}, interchanging /..o - and
/[O,T]Z Ls 7x10.7> and applying Corollary 5.4, we almost surely get

V= / @p(u Clduy+ Y, / LIO B YA (du)
€S,

Cij
i,j €Sy .11 K
i#j
s
D WORY A )) Pty ke DPy (3 (dity YAy (i)
keS, Li€S, (s, T1X[0,T]
K(s)
. Z 2 Z / = )p(uz,l KOP i, u3 ) Agii(duty, duz) Ci(duy )
keS, Lies, jeZ(s,T] [0,T]1X(s,u1)

K(s) 5
+> ) / K(ul)p(uz,k, De )Pty u2) A yyg(duy, dusy).
k€S i, j € S, (s.TIXI0.T]
i#j
This formula and the equations (3.4) and (3.6) allow us to calculate V~ from given
transition rates (A,:,-(t)),ST and (Ai]-k,(t)),g, LjkleZ.

8 Conclusion and outlook

So far, the non-Markov calculation technique of Christiansen [5] has been lim-
ited to the calculation of first-order moments. By introducing two-dimensional
forward and backward transition rates, we make second-order moments accessi-
ble as well. The two-dimensional rates capture intertemporal dependency struc-
tures that the one-dimensional rates miss. In order to calculate also third-order
or even higher-order moments, one may envision further extensions of the for-
ward and backward transition rate concept to three dimensions or even higher
dimensions. Such extensions are beyond the scope of this paper and left for
future research.

Intertemporal dependency structures play a major role when life insurance
cash-flows are path-dependent. Such path dependencies occur for example upon
contract modifications. We illustrated how two-dimensional forward and back-
ward transition rates are of help here for actuarial calculations by studying insur-
ance policies with free-policy option.

The non-Markov approach exchanges systematic model risk for unsystematic
estimation risk. The latter risk has much nicer asymptotic properties. For the one-
dimensional case, the landmark Nelson-Aalen estimator of Putter and Spitoni [16]
can be suitably adapted, see [5]. The idea is to use subsampling, so in order to
achieve a small estimation error the information model G should be rather small.
A positive example is the as-if-Markov model, which records only the current
state of the insured. For the two-dimensional case, efficient generalizations of the
landmark Nelson-Aalen estimator have yet to be explored.
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A Appendix

Theorem A.1 (Campbell theorem) Let n be a point process on (R, B(R%)) with
intensity measure A and letu : R? — R be a measurable function. Then

/ u(x)n(dx)
is a random variable and

fE[ / M(X)n(dX)] = / u(x)A(dx),

whenever u > 0 or/ |u(x)| A(dx) < oo.
For the proof see Sect. 2.2 in [11].

Proposition A.2 (integration by parts) Suppose that (F(t))», and (G(t)) 5o are real-
valued cadlag processes with paths of finite variation. Then

/ F(x)dG(x) = F(b)G(b) — F(a)G(a) — / G(x)dF(x)

(a,b] (a,b]

for (a,b] C (0, ).

Proof For the proof see Corollary 2 following Theorem 22 in [15]. a
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