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Abstract

Let g = (gij) be a complete Riemmanian metric on R? with finite total area and let / o
be the infimum of the quotient of the length of any closed simple curve y in R? and
the sum of the reciprocal of the areas of the regions inside and outside y respectively
with respect to the metric g. Under some mild growth conditions on g we prove the
existence of a minimizer for /. As a corollary we obtain a proof for the existence of
a minimizer for Iy(;) for any 0 < ¢ < T when the metric g(t) = g;;(-, 1) = ud;; is
the maximal solution of the Ricci flow equation dg;;/dt = —2R;; on R? x (0, T)
(Daskalopoulos and Hamilton in Commun Anal Geom 12(1):143-164, 2004) where
T > 0 is the extinction time of the solution. This existence of minimizer result is
assumed and used without proof by Daskalopoulos and Hamilton (2004).

Keywords Existence of minimizer - Isoperimetric ratio - Complete Riemannian
metric on R? - Finite total area
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1 Introduction

Isoperimetric inequalities arises in many problems in analysis and geometry such as the
study of partial differential equations and Sobolev inequality [1,17]. In [8,11], Gage
and Hamilton studied isoperimetric inequalities arising from the curve shortening
flow. In [2] Daskalopoulos and Hamilton assumed the existence of a minimizer for
an isoperimetric inequality corresponding to the maximal solution of the finite mass
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2-dimensional Ricci flow on R? and studied various properties of this isoperimetric
inequality. However there is no proof of the existence of this minimizer in [2] and
there is also no proof of this important existence result in other papers. In [3,4,6],
Daskalopoulos, Hamilton, Del Pino and Sesum used these properties to study the
behaviour of ancient solution of Ricci flow and the extinction behavior of finite mass
maximal solution of Ricci flow, which is an important tool in the classification of
manifolds [14-16,18].

Since the existence of such minimizer is crucial to the proof of various theorems in
[2,3,5,6], in this paper I will give a rigorous proof of this important existence result. In
fact my existence result holds for any metrics that satisfies some structural conditions
which include the maximal finite mass solution of the 2-dimensional Ricci flow as a
special case.

Let g = (gij) be a complete Riemannian metric on R? with finite total area A =
[g2 dVy satisfying

AL(xDdi; < gij(x) < A2(lx[)d;; Vx| = ro (1.1
for some constant 7y > 1 and positive monotone decreasing functions Ay (r), A2(r),
on [rg, 0o) that satisfy

/ Y i@ dp = arRa® Vr = o, (12)

o0
ry/Ai(cor) = b / pra(p)dp Nr =ro, (1.3)
r

2
r
/ Sy dp = by Vr = ro, (1.4)

and
A(cor) = 8ha(r) ¥r >rg (1.5)
for some constants cg > 1, b1 > 0, by > 0,5 > 0, where |x]| is the distance of x from

the origin with respect to the Euclidean metric. For any closed simple curve y in R?,
let (cf. [2])

1 1
1) =L (A,-n(w * Aom)) ’ (-0

where L(y) is the length of the curve y, A;,(y) and Ay, (y) are the areas of the
regions inside and outside y respectively, with respect to the metric g. Let

[=1I,=infI(y) (1.7)
Y

where the infimum is over all closed simple curves y in R2. In this paper we will
prove that there exists a constant by > 0 such that if I, < by, then there exists a
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closed simple curve y satisfying I, = I(y). As a corollary we obtain a proof for the
existence of a minimizer for the isoperimetric ratio Iy(;) for any 0 < t < T when the
metric g(¢) = g;; (-, 1) = ud;; is the maximal solution of the Ricci flow [2]

ol
Egij = _2Rij on Rz X (0, T),

where T > 0 is the extinction time of the solution and u is a solution of
u; = Alogu  onR? x (0, T). (1.8)

We will adapt and modify the techniquesin[11,12] to prove the result. Since the domain
under consideration in [11,12], is either the sphere $2 ([12]) or a bounded domain,
the minimizing sequences for the infimum of the isoperimetric ratios considered in
those cases stay in a compact set. On the other hand since the isoperimetric ratio (1.6)
is for any curve y in R?, the minimizing sequence of curves for the infimum of the
isoperimetric ratio (1.7) may not stay in a compact subset of R? and may not have
a limit at all. The technique for compact manifold [12] is not sufficient to prove this
result. New technique and ideas are used in this paper to prove the result. We will
show that there exists a constant such that this is impossible when I, is less than this
constant. After this we will use the curve shortening flow technique of [12] to modify
the minimizing sequence of curves and show that they will converge to a minimizer
of (1.7).

For any xo € R?> and r > O let B, (x9) = {x € R? : |x — x| < r} and B, = B,(0).
The main results of the paper are as follows.

Theorem 1.1 Suppose g satisfies (1.1) for some constant ro > 1 where Ay (r), lo(r),
are positive monotone decreasing functions on [rg, 00) that satisfy (1.2), (1.3), (1.4)
and (1.5) for some constants co > 1, by > 0, bo > 0 and § > 0. Then there exists a
constant bg > 0 depending on by, by and A such that the following holds:

If
Ig < by, (1.9)
then there exists a closed simple curve y in R? such that 1 ¢ = 1(y). Hence I, > 0.
Proposition 1.2 Suppose g = (gi;) satisfies
C] C2
S < 9.0 < S Yr >
r2(ogr)? 0 =80 = 2 q0g 2 TN =

for some constants Co > C1 > 0, r; > 1. Then there exist constants co > 1, § > 0,
by > 0, by > 0, and ro > ry such that (1.2), (1.3), (1.4) and (1.5) hold.

Corollary 1.3 Let g;;(x,t) = u(x, t)8;; where u is the maximal solution of (1.8) with
initial value 0 < ug € L?(R*) N LY (R?), ug # 0, for some p > 1 satisfying

Vx| > 1 (1.10)

(x) < <
uglx) < ———
|x|2(log |x])?

@ Springer



606 S.-Y.Hsu

given by [4,13] where T = (1/4m) ]]RZ ugdx. Then for any 0 < t; < T there exists a
constant bg > 0 such that the following holds:

Foranyty <t < T, if I¢q) < bo, then there exists a closed simple curve y that
satisfies Iy = 1(y).

By an argument similar to the proof of Proposition 1.2 we also have the following
result.

Remark 1.4 Suppose g = (g;;) satisfies

C] C2
r2(logr)2(1 +logr)2 " = 8ij = r2(logr)2(1 +logr)2 "

Vr >r

for some constants C, > C| > 0, r; > 1. Then there exist constants ¢ > 1, § > 0,
by > 0, b > 0, and ry > rq such that (1.2), (1.3), (1.4) and (1.5) hold. The growth
condition for g here is different from that of Proposition 1.2. Hence Theorem 1.1 is
more general than the minimizer result used by Daskalopoulos and Hamilton [2].

2 The proof of the main results
Proof of Proposition 1.2 Let 1;(r) = Ci(rlogr)~2,i = 1,2,
co = 27VE/C1 2.1

and § = C1/(2céC2). We choose rp > ry such that

logr 1 vy o, 2.2)
log(cor) = /2

Then by (2.1) and (2.2),

A C 1 : c
icor) € ( ogr ) >S5 Vr>o (2.3)

M(r) e} Cy \log(cor) ) ~ 2¢3C,

We next note that

| log((l 1
lim <(logr)log< Og(c"r))) _ i 0gtogco)z D 2
r—00 logr 70 2z

By (2.1) and (2.4) there exists ro > ro such that

I
(log r) log< of(cor)) > 7JC2/C1 Vr > 1. 2.5)
Ogr

By (2.3) and (2.5), we get (1.2) and (1.5). By (2.2) and a direct computation (1.3) and
(1.4) holds with b = «/cl/(«/icocz), by = +/C1log?2, and the proposition follows.
O
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Proof of Corollary 1.3 By (1.10) and the results of [7] there exists a constant C, > 0
such that

C

ux,t) < ———— Vx| >1,0<t<T (2.6)
|x|2(log |x])?

and for any 79 € (0, T') there exists a constant 7; > 1 such that

3/2)t
u(x,t) > % Vx| >r,0 <t <t. 2.7
|x|*(log | x])
By (2.6), (2.7), Theorem 1.1 and Proposition 1.2, the corollary follows. O

Henceforth we will assume that g is a metric on R? with finite total area that satisfies
(1.1), (1.2), (1.3), (1.4) and (1.5) for some constants ro > 1,co > 1, b1 > 0, by > 0,
6 > 0 where A1(r), A2(r), are positive monotone decreasing functions on [rg, 00).
Let bp = min(by, 4b>/A). Suppose (1.9) holds. Let {yx}2 | be a sequence of closed
simple curves on R? such that

I(y) = I ask—oo and I(y) <by VkeZ'. (2.8)

We will show that the sequence {yx};2 is contained in some compact set of R2. Let
Q. be the region inside y; and r; = minyey, |x|. Let L.(yx) be the length of y; and
|| be the area of € with respect to the Euclidean metric. We choose r(, > rg such
that

A
Vol, (RZ\Bré) <5 Vkel'. (2.9)

Lemma 2.1 The sequence ry is uniformly bounded.

Proof Suppose the lemma is not true. Then there exists a subsequence of r; which we
may assume without loss of generality to be the sequence itself such that

re>ry YkeZt (2.10)
and ry — 00 as k — oo. Let % = 3B,,. We choose a point x; € yx N 3B, and
let yx : [0,27] — R2 be a parametrization of the curve y, such that x; = ¥4 (0) =
vk (27). Since for any k € Z7 either 0 € € or 0 € R*\ 2 holds, thus either

0 € @ for infinitely many k (2.11)
or

0 e R\ for infinitely many k (2.12)

holds. We need the following result for the proof of the lemma.
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Claim 1 There exists only finitely many k such that y; N (Rz\Ecork) # 0.

Proof of Claim 1 Suppose claim 1 is false. Then there exists infinitely many  such that
Ve N (RZ\BCO,k) # (). Without loss of generality we may assume that

e N (RZ\EM) L0 Vkel. (2.13)
By (2.13) there exists ¢g € (0, 27) such that

[k (d0)| > cork.

Hence there exists 0 < ¢; < ¢pg < ¢ < 27 such that
Ye(@1) = vi(P2) = cork
and
rk < v(@)] < cork V¢ € (0, ¢1) U (¢, 27).

Then by (1.1),

1

L(y) —/Zn (8117271{.)7 do

</¢1 /¢ > guJ/ka ld¢>
z</¢‘+/¢ )i (5) +(55) o

CoTk

VAr(r)dr (2.14)

and

1

2 cot
2riy/ A () < L) = /0 (gij%%f)z dp <2mri/Aa(ri).  (2.15)
By (1.2), (2.14) and (2.15),

L) < L(yo)- (2.16)

Suppose (2.11) holds. Without loss of generality we may assume that 0 € €2, for all
k € Z*. Then B,, C S for all k € ZT. Hence by (2.9), (2.10),

2 A n
Agu() = Vol (RA\B,, ) < S Vkel 2.17)
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and

3A n
4 = Volg (By,) < Ain(y) <A Yk eZ*. (2.18)

We will now show that the circle 3, = 9 B, satisfies

1) < I(y). (2.19)

Let & = Apur (V) — Aour (). Then & = Aiy (vi) — Ain (V). Since % C Qi and the
region between y; and Y is contained in ]RZ\Brk, by (2.17),

A
0<e<—. (2.20)
4
Hence by (2.17) and (2.20),
1 n 1 _ A _ A
Ain V) Ao V) Ain(Vi) Aour (V) (Ain (Vi) — &) (Aour (Vi) + €)
A 1 1
< = + . (2.21)
Ajp (yk)Aaut(Vk) Ain (Vk) Apur (yk)
By (2.16) and (2.21) we get (2.19). Now by (1.1),
o
Aot Vi) = /2 Vdetgijdx < 27'[/ pra(p)dp. (2.22)
RA\By, Tk

By (1.3), (2.15), (2.19) and (2.22),

L(Vk) L(Vk)
I = — > by. 2.23
(yk) = Aout(yk) * Ain(yk) =0 ( )

Letting k — o0 in (2.23),
I>by. (2.24)

This contradicts (1.9) and the definition of bg. Hence (2.11) does not hold.

Suppose (2.12) holds. Without loss of generality we may assume that 0 € R\
for all k € Z*. Then by (2.10) 0 € R*\Q; and B,, C R?\Q; for any k € Z*. By
an argument similar to the proof of (2.17) and (2.18) but with the role of A;, (yx) and
Aour (k) being interchanged in the proof we get

A
Ain(yk) =< VO]g (Rz\Brk) < Z Vk € 7+
3A (2.25)
T < Aour(y) <A Vk e ZT.
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610 S.-Y.Hsu

Similarly by interchanging the role of A;, (yx) and A,y (vx) and replacing ¢ by ¢ =
Aout (77/() — Ain(Vi) = Aout (Vi) — Ain(?k) in the prOOf of (2.19)-(2.23) above, we
getthat 0 < &’ < A/4 and (2.19), (2.23), still holds. Letting k — oo in (2.23), we get
(2.24). This again contradicts (1.9) and the definition of bg. Thus (2.12) does not hold
and Claim 1 follows. O

We will now continue with the proof of the lemma. By Claim 1 there exists kg € Z*
such that

e N (RZ\EM) =0 Vk>ko
= Yk C Ecork\Brk Vk > k. (2.26)
Note that either (2.11) or (2.12) holds. Suppose (2.11) holds. Without loss of generality

we may assume that 0 € € for all k > k. Then B,, C € for all k > ko. Hence by
(1.1) and (2.26),

1

L(yk) =/02n (&ji’i?;{)j de

2 dr 2 5 do 2\ 2
2\/)»1(6071«)/0 <<%> +r <%) ) d¢
>2mr/ M (cory) Yk > ko (2.27)

and

o0
Aour (Vi) = /2 Vdetgijdx < an pra(p)dp Vk =ko.  (2.28)
RA\By, 7

k

By (1.3), (2.27) and (2.28),

[ > L(vx) - /A1 (cory)
T Aour() T frio prx(p)dp —

> by Vk > ko. (2.29)

Lettingk — oc0in(2.29), we get (2.24). Since (2.24) contradicts (1.9) and the definition
of by, (2.11) does not hold. Hence (2.12) holds. By (2.10) and (2.12) we may assume
without loss of generality that 0 € Rz\ﬁk for all k > ko. Then B,, C Rz\ﬁk for all
k > ko. Hence 2 is contractible to a point in Ecork\B,k for all k > ko. By (1.1),

2 NS
L(yi) = / (ss7i7l)" do = VarlcoroLer) Ykzko.  (2.30)
0
By the isoperimetric inequality,
4| < Le(m)*. 2.31)
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Then by (2.30) and (2.31),
1
L(yi) = 2(wri(cori)|12%)2 Yk = ko. (2.32)
Now
Ain(Vi) = f Vdetgijdx < A (ri)|S2%| Vk > ko. (2.33)
Q

By (1.5), (2.32) and (2.33),

1 ( A1(cork) : 1 1 1
Lyr) 22n2 | ———— | Ain(y)? =282 Ain(yx)2 Yk > ko

A2(ry)
L(yx) 1 1

= I =>———<>22@8)2Ain()"2 Yk > ko. (2.34)
Ain(yk)

Since Q2 C Rz\Brk,
Ain(yr) > 0 ask — oo. (2.35)

Letting k — o0 in (2.34) by (2.35) we get I = oo. This contradicts (1.9). Hence
(2.12) does not hold and the lemma follows. O
By Lemma 2.1 there exists a constant a; > rq such that

v <ay VkeZt. (2.36)
Lemma2.2 y; € Ea% Yk € Z7.
Proof Let py = max,, |x|. Suppose the lemma does not hold. Then there exists a
subsequence of p;y which we may assume without loss of generality to be the sequence
itself such that

ok >ar YkelZt. (2.37)

By (1.1), (1.4), (2.36), (2.37) and an argument similar to the proof of (2.14),

2
aj
Low > f Sy dp = by Vk € I+, (2.38)
aj
Hence by (2.38),

Vk e ZT

AL(yx) Aby 4by
I(ye) = =2
) = D Ao ) — (AJ22 A

:1272 as k — oo.
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612 S.-Y.Hsu

This contradicts (1.9) and the definition of by. Hence the lemma follows. m]

Let Ly = L(yx). Since Ealz is compact, there exists constants ¢ > ¢; > 0 such
that

c18;j < gij < 28;; on Ba. (2.39)

Lemma 2.3 There exists a constant 8 > 0 such that Ly > §; Vk € Z™.

Proof By (2.39),

1 1
{c%Le(yk) <Li<c;Le(y) VkeZ' (2.40)

c11Q%| < Ain(vk) < c2|Q%| Ve Z*.

By (2.8), (2.31) and (2.40),

I I 1
L _cile) e  Lelp) _  4mey
Ain(yi) — el T 2 (Le(n)?/47m) ~ c2Lle(yi)

1 drce
= Li=ciLiy) > —— VkeZt
Czbo

by > VkeZT

and the lemma follows. O
By the proof of Lemma 2.3 we have the following corollary.
Corollary 2.4 For any constant C| > O there exists a constant §1 > 0 such that
L(y) > 61
Jor any simple closed curve y C Fa% satisfying
I(y) < Cq. (2.41)
By (1.6) and Corollary 2.4 we have the following corollary.
Corollary 2.5 For any constant C| > O there exists a constant 8y > 0 such that
Ain(y) > 62 and Ao (y) > &2
for any simple closed curve y C Ealz satisfying (2.41).

Lemma 2.6 There exists a constant Cy > 0 such that the following holds. Suppose
BCB . is a closed simple curve. Then under the curve shrinking flow

p

S D= kN (2.42)
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with B(s, 0) = B(s) where for each T > 0, k(-, T) is the curvature, N is the unit inner
normal, and s is the arc length of the curve B(-, ) with respect to the metric g, there
exists g > 0 such that the curve B = B(-, 19) C Ba% satisfies [(B™) < I(B) and

/k(s, 70)2ds < C».

Proof Since the proof is similar to the proof of [2] and the Lemma on P.197 of [12],
we will only sketch the proof here. Let 87 = (-, t) and write

L(t) = Lg(B(, 1)), I(x) =I1(B") = I(B(-, 1)),
and the areas
Ain(t) = Ain(B(, 1)), Aour (T) = Aot (B(-, 7)),

with respect to the metric g. Let 77 > 0 be the maximal existence time of the solution
of (2.42). Then

BT C Ealz YO<7t<T. (2.43)

Similar to the result on P.196 of [12] we have

0A; 0A oL
n :_/kds’ out :/kds’ B :—/kzds (244)
ot aT aT
and
/kds +/ KdV, =2m (2.45)
Q(1)

by the Gauss-Bonnet theorem where K is the Gauss curvature with respect to g and
Q(t) C Balz is the region enclosed by the curve B(s, 7). Let C1 = 21(8). By conti-
nuity there exists a constant 0 < §g < 77 such that

I(t) <Cy YO <7t <6 (2.46)

By (2.46), Corollary 2.4, and Corollary 2.5 there exist constants §; > 0, §o > 0, such
that

L(t) > 61, Ain(r) > 8, Aou(r) > Y0 <1 <. (2.47)

Now

(1 Hey = AL L 0An 1 A 104 .48
—(logl(t) = —— — — - - .
£ Lot A, 0t Ay, 9t Aot
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614 S.-Y.Hsu

By (2.43) and (2.45) f k ds is uniformly bounded for all 0 < 7 < Tj. Then by (2.44),
(2.45), (2.47), and (2.48), there exists a constant C» > 0 independent of 5y such that

i(log I(t)) <0
aT

for any t € (0, o] satisfying

/k(s, 1) ds > C;.
If

/k(s, 0)%ds < C,

we set g = 0 and we are done. If

/k(s, 0)2ds > Ca,
then either there exists o € (0, §p] such that
/k(s, 70)2ds = C, and /k(s, )2ds >C, YO<t <7 (249)
or
/k(s, 1)2ds > C, YO <71 <. (2.50)

If (2.49) holds, since 1(tg) < I(0) we are done. If (2.50) holds, since 1(59) < 1(0)
we can repeat the above the argument a finite number of times. Then either

(a) there exists 79 € (0, T7) such that (2.49) holds

or

(b)
/k(s, 1)2ds >Cy YO<7T<T) (2.51)

holds.

If (b) holds, then similar to the proof of the Lemma on P.197 of [12] by (2.47)
we get a contradiction to the Grayson theorem ([9,10,12]) for curve shortening flow.
Hence (a) holds. Since I(tg) < 1(0), the lemma follows. O

To complete the proof of Theorem 1.1 we also need the following technical lemma
(see [12]).
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Lemma 2.7 For any positive numbers a1, oy, A1, Az, A3 we have
v () 2o (5 ) e (6 )
o o _— 4t — mn{a; | —+ — ), | —+ —— .
! >\ 4, Al+A3) — "\a Ar + As : Az A1+ A
(2.52)
Proof Suppose (2.52) does not hold. Then
(o) +a2) ! + ! < ! + !
o] +a _—t o | —+ ——
PTEA T A as) T\ Al T At A

A1(Ax + A3) - _
Ary(A1+A3) T ar

(2.53)

and

1 1 1 1
o]+ o —t— | <a|—+—
(e 2)<A2 A1+A3> 2<A3 A1+A2>
Az(A1 + A2) . ®
Ary(Al +A3) ~ o +an

(2.54)

Summing (2.53) and (2.54),

2A1A3
———— <0 = A;=00rA;=0.
Ay(Ar + A3z)
Contradiction arises. Hence (2.52) holds and the lemma follows. O

We are now ready for the proof of Theorem 1.1.

Proof of Theorem 1.1 Since the proof is similar to the proof of [11,12] we will only
sketch the argument here. Let C> > 0 be given by Lemma 2.6 and §; > 0 be given by
Corollary 2.4 with C; = bg. By Lemma 2.2, Lemma 2.3, Corollary 2.4, Lemma 2.6
and an argument similar to the proof of [12] for each j € Z™ there exists a closed
simple curve y; C Ea]z satisfying

7)) <I(y)) and L(y;) =8 VjeZ"
and

/ k> ds < C», (2.55)
Vi

where k is the curvature of ¥ ;. By (2.55) and the same argument as that on P. 197-199

of [12] y; are locally uniformly bounded in Lé and C'+2. Hence 7 j has a sequence
which we may assume without loss of generality to be the sequence itself that converges
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616 S.-Y.Hsu

uniformly in L}, forany 1 < p <2 andin C'*® forany 0 < « < 1/2as j — oo to
some closed immersed curve y C Ealz. Moreover y satisfies

I=I() and L(y)=3.

Since y is the limit of embedded curves, y cannot cross itself and at worst it will be self
tangent. Suppose y is self tangent. Without loss of generality we may assume that y is
only self tangent at one point. Then y = ;U B, with 81N B, being a single point where
:31’ ,32’ are Simple closed curves. Then A;;, (¥) = Ain (131) + Ain (,32)’ Aout (ﬁl) =
Aout (V) + Ain(B2), Aout (B2) = Aour (v) + Ain(B1), and L(y) = L(B1) + L(B2). Let
Ly =L(By)and Ly = L(B>2). By Lemma 2.7,

1 1
L L
(Lt 2)<Aout(y)+Ain(l31)+Ain(52))

zmin{Ll( ! + ! ),Lz( ! + ! )}
Ain (/31) Aout (V) + Ain (,32) Ain (ﬁZ) Aout (V) + Ain(ﬂl)

Hence

1 1
L
») (Aomm + A,-n(w)

1 1 1 1
i L , L
= mm{ ! <A,-n<ﬂ1> + Aomwl)) 2 (Al-n(m) - Aum(ﬁz))}
S 1) = min(I(B), 1(82)

= 1(y) = min(I(B1), I(B2)).

Without loss of generality we may assume that /(y) = I(f1). Then by Corollary 2.4
B1 is a simple closed curve which attains the minimum. Similar to the proof of [12],
by a variation argument f; has constant curvature

(7~ 7)
k=1L — .
Ain Aout

Hence f; is smooth and the theorem follows. O

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.
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