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Abstract We study natural linear representations of self-similar groups over finite
fields. In particular, we show that if the group is generated by a finite automaton,
then obtained matrices are automatic. This shows a new relation between two separate
notions of automaticity: groups generated by automata and automatic sequences. We
also show that if the group acts on the tree by p-adic automorphisms, then the corre-
sponding linear representation is a representation by infinite triangular matrices. We
relate this observation with the notion of height of an automorphism of a rooted tree
due to L. Kaloujnine.
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1 Introduction

Self-similar groups is an active topic of modern group theory. They initially appeared
as interesting examples of groups with unusual properties (see [1,21,24,44]). The
main techniques of the theory were developed for the study of these examples. Later
a connection to dynamical systems was discovered (see [33,35]) via the notion of the
iterated monodromy group. Many interesting problems were solved using self-similar
groups (see [10,11,16,22]).

One of the ways to define self-similar groups is to say that they are groups generated
by all states of an automaton (of Mealy type, also called a transducer, or sequential
machine). Especially important case is when the group is generated by the states of a
finite automaton. All examples mentioned above (including the iterated monodromy
groups of expanding dynamical systems) are like that.

The main goal of this article is to indicate a new relation between self-similar groups
and another classical notion of automaticity: automatic sequences and matrices. See
the monographs [2,50] for theory of automatic sequences and applications.

More precisely, we are going to study natural linear representations of self-similar
groups over finite fields, and show that matrices associated with elements of a group
generated by a finite automaton are automatic.

There are several ways to define automatic sequences and matrices. One can use
Moore automata, substitutions (e.g., Morse—Thue substitution leading to the famous
Morse-Thue sequence), or Christol’s characterization of automatic sequences in terms
of algebraicity of the generating power series over a suitable finite field [2, Theo-
rem 12.2.5]. The theory of automatic sequences is rich and is related to many topics in
dynamical systems, ergodic theory, spectral theory of Schrédinger operators, number
theory etc., see [2,50].

Itis well known that linear groups (that is subgroups of groups of matrices G L y (k),
where k is a field) is quite a restrictive class of groups as the Tits alternative [48] holds
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Self-similar groups, automatic sequences, and unitriangular... 233

for them. Moreover, the group of (finite) upper triangular matrices is solvable, and
the group of upper unitriangular matrices is nilpotent. In contrast, if one uses infinite
triangular matrices over a finite field, one can get much more groups. In particular,
every countable residually finite p-group can be embedded into the group of upper
uni-triangular matrices over the finite field I ,.

We will pay special attention to the case when the constructed representation is
a representation by infinite unitriangular matrices. One of the results of our paper is
showing that the natural (and optimal in certain sense) representation by uni-triangular
matrices constructed in [29,31] leads to automatic matrices, if the group is generated
by a finite automaton. In particular, the diagonals of these uni-triangular matrices
are automatic sequences. We study them separately, in particular, by computing their
generating series (as algebraic functions).

The roots of the subject of our paper go back to L. Kaloujnin’s results on Sylow
p-subgroups of the symmetric group [26-28], theory of groups generated by finite
automata [1,17,19,25,45], theory of self-similar groups [7,35], and group actions on
rooted trees [8,19,23].

Note that study of actions on rooted trees (every self-similar group is, by definition,
an automorphism group of the rooted tree of finite words over a finite alphabet) is
equivalent to the study of residually finite groups by geometric means, i.e., via repre-
sentations of them in groups of automorphisms of rooted trees. The theory of actions on
rooted trees is quite different from the Bass—Serre theory [41] of actions on (unrooted)
trees, and uses different methods and tools. The important case is when a group is
residually finite p-group (p prime), i.e., is approximated by finite p-groups. The class
of residually finite p-groups contains groups with many remarkable properties. For
instance, Golod’s p-groups that were constructed in [20] based on Golod-Shafarevich
theorem to answer a question of Burnside on the existence of a finitely generated
infinite torsion group are residually p groups. Other important examples are the first
self-similar groups mentioned at the beginning of this introduction.

At the end of the paper we study a notion of uniseriality which plays an important
role in the study of actions of groups on finite p-groups [15,30]. Our analysis is based
upon classical results of L. Kaloujnine on height of automorphisms of rooted trees
[27,28]. Applications of uniseriality to Lie algebras associated with self-similar groups
were, for instance, demonstrated in [5]. Proposition 5.29 gives a simple criterion of
uniseriality of action of a group on rooted trees and allows to substitute lemma 5.2
from [5]. A number of examples is presented which demonstrate the basic notions,
ideas, and results.

2 Groups acting on rooted trees

2.1 Rooted trees and their automorphisms

Let X be a finite alphabet. Denote by X* the set of finite words over X, which we will
view as the free monoid generated by X. It is a disjoint union of the sets X" of words

of length n. We denote the empty word, which is the only element of X, by @. We
will write elements of X” either as words x1x3 - - - x,,, or as n-tuples (xg, x2, ..., X,).
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234 R. Grigorchuk et al.

We consider X* as the set of vertices of a rooted tree, defined as the right Cayley
graph of the free monoid. Namely, two vertices of X* are connected by an edge if and
only if they are of the form v, vx for v € X* and x € X. The empty word is the root
of the tree. For v € X*, we consider vX* = {vw : w € X™*} as the set of vertices of
a sub-tree with the root v.

Denote by Aut(X*) the group of all automorphisms of the rooted tree X*. Every
element of Aut(X*) preserves the levels X" of the tree, and for every g € Aut(X*)
beginning of length n < m of the word g(x1x2---x,) is equal to g(x1x2---xy).
It follows that for every v € X* the transformation oy, : X — X defined by
g(vx) = g(v)ag v (x) is a permutation, and that the action of g on X* is determined
by these permutations according to the rule

glxixy - xy) = ag,@(xl)ag,xl (x2)05g,x1xz (x3)--- Qg x1xp-xp—1 (xn). (1

The map v = g , from X* to the symmetric group Symm(X) is called the portrait
of the automorphism g.
Equivalently, we can represent g by the sequence

T = [70, 71, T2, . . -]

of maps 7, : X" —> Symm(X), where 7,(v) = o . Such sequences are called,
following L. Kaloujnine [26], tableaux, and are denoted 7(g).

If [10, 1, .. .] and [0y, 071, . . .] are tableaux of elements g1, g» € Aut(X™), respec-
tively, then the tableau of their product g1 g» is the sequence of functions

7(8182) = [t (g(x1x2 -+ - X)) - Op (x1x2 - - - X) 172 2

The tableau of the inverse of the element g is

o]

rer ) = [oe o] ®

Here, and in most of our paper, (except when we talk about bisets, i.e., about sets
with left and right actions) group elements and permutations act from the left.

Denote by X the finite sub-tree of X* spanned by the set of vertices Uieo X k.
The group Aut(X*) acts on X", and the kernel of the action coincides with the kernel
of the action on X”". The quotient of Aut(X*) by the kernel of the action is a finite
group, which is naturally identified with the full automorphism group of the tree X1,
We will denote this finite group by Aut(X").

The group Aut(X™) is naturally isomorphic to the inverse limit of the groups
Aut(X ™) (with respect to the restriction maps). This shows that Aut(X*) is a profinite
group. The basis of neighborhoods of the identity of Aut(X*) is the set of kernels of
its action on the levels X" of the tree X*.
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Self-similar groups, automatic sequences, and unitriangular... 235

2.2 Self-similarity of Aut(X™)

Let g € Aut(X™), and v € X*. Then there exists an automorphism of X*, denoted g|,
such that

glvw) = g(v)glv(w)

for all w € X*.
We call g|, the section of g at v. The sections obviously have the properties

g|v1v2 :g|v1|v2s (g182)ly :g1|gz(v)g2|v» “4)

forall g, g1, g2 € Aut(X™) and v, vy, vy € X*.
The portrait of the section g|, is obtained by restricting the portrait of g to the
subtree vX*, and then identifying v X* with X* by the map vw — w.

Definition 2.1 The set g|x+ = {g|, : v € X*} C Aut(X*) for g € Aut(X*), is
called the set of states of g. An automorphism g € Aut(X*) is said to be finite state if
gl x~ is finite.

It follows from (4) that

gl Ix =(elx) ™, (g182)lx C g1lxg2lx,

which implies that the set of finite state elements of Aut(X™) is a group. We call it the
group of finite automata, and denote it FAut(X™). This name comes from interpretation
of elements of Aut(X™*) with automata (transducers), see 3.1 below. Namely, the
set of states of the automaton corresponding to g is g|x+. The element g € g|x»
is the initial state. If the current state of the automaton is %, and when it reads a
letter x € X on its input, then it outputs 2 (x) and changes its current state to /|,.
It is easy to check that if we give the consecutive letters of a word xjx3 - - - x; on
input of the automaton with the initial state g, then we will get on output the word
g(x122 - xn) = g(¥1)g e, (12)g ], (x3) . .., compare with (1),

Every element g € Aut(X™) is uniquely determined by the permutation 7 it defines
on the first level X C X™* and the first level sections g, x € X. In fact, the map

g > 1 - (glx)xex

is an isomorphism of Aut(X*) with the wreath product Symm(X) x Aut(X X =
Symm(X) 2 Aut(X*). We call the isomorphism

¢ : Aut(X*) —> Symm(X) 1 Aut(X™) : g > 7 - (glx)xex
the wreath recursion.

For a fixed ordering x1, x2, . .., x4 of the letters of X, the elements of Symm(X) ?
Aut(X*) are written as (g1, g2, - - ., 8&4), Where 7 € Symm(d) and g; = g|y;.
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236 R. Grigorchuk et al.

Definition 2.2 A subgroup G < Aut(X™) is said to be self-similar if g|, € G for all
geGandx € X.

In other words, a group G < Aut(X™) is self-similar if restriction of the wreath
restriction to G is a homomorphism ¢ : G — Symm(X) : G. Note that the wreath
recursion is usually not an isomorphism (but is an embedding, since we assume that
G acts faithfully on X™).

Example 2.3 Let X = {0, 1}. Consider the automorphism of the tree X* given by the
rules

a(Ow) = 1w, a(lw) = 0a(w).

These rules can be written using wreath recursion as ¢ (a) = o (1, a), where o = (01)
is the transposition. We will usually omit ¢, and write

a=o0o(l,a),

thus identifying Aut(X*) with Symm(X) : Aut(X™).
The automorphism « is called the (binary) adding machine, since it describes the
process of adding one to a dyadic integer: a(xjx2 - - - x,) = y1y2 - - - ¥ if and only if

(1 +20+ 2204+ 2" ) L=y + 2y +---+2" 1y, (mod2").

The group generated by a (which is infinite cyclic) is self-similar, and is a subgroup
of the group of finite automata.

Example 2.4 Consider the group G generated by the elements a, b, c,d that are
defined inductively by the recursions

a=o0, b=(a,c), c=(a,d), d=(,b).

Here o, as before, is the transposition (01), and when we omit either the element of
Symm(X) or the element of Aut(X*)X when writing elements of Symm(X): Aut(X*),
we assume that it is equal to the identity element of the respective group.

The group G is then a self-similar subgroup of the group of finite automata. It is
the Grigorchuk group, defined in [21].

2.3 Self-similarity bimodule
We can identify the letters x € X with transformations v > xv of the set X*. Then

the identity g(xv) = yh(v) forx € X, y = g(x), and h = g|, is written as equality
of compositions of transformations:
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Consider the set X - G of compositions of the form x - g, i.e., transformations
v > xg(v), v € X*. Itis closed with respect to pre- and post-compositions with the
elements of G:

(x-g-h=x-(gh), h-(x-g) =hx)-(hlxg).

We get in this way a biset, i.e., a set with two commuting left and right actions of the
group G.

Let k be a field, and let k[G] be the group ring over k. Denote by & the vector
space kX'C spanned by X - G. Then the left and the right actions of G on X - G are
extended by linearity to a structure of a k[G]-bimodule on ®. We will denote by ¢ ®
and ®¢ the space P seen as a left and a right k[ G]-module, respectively.

It follows directly from the definition of the right action of G on X - G that X
(identified with X - 1) is a free basis of ®¢. The left action is not free in general, since
it is possible to have g(xv) = xv for all v € X* and for a non-trivial element g € G,
which will imply, by definition of the left action, that g - x = x.

For every element a € k[G] the map v > a - v for v € ® is an endomorphism of
®g, denoted E(a). The map E : k[G] —> End @ is obviously a homomorphism
of k-algebras.

After fixing a basis of the right module ®s (for example X), we can identify the
algebra of endomorphisms End ®¢ of the right k[G]-module &5 with the algebra
of |X| x |X| matrices over k[G]. In this case the homomorphism E : k[G] —
M,x|(k[G]) = End ®¢ is called the matrix recursion associated with the self-similar
group G (and the basis of the right module).

More explicitly, if B = {ey, ..., e4} is a basis of the right k[G]-module &, then,
for a € k[G] the matrix E(a) = (a; j)1<i,j<a € Mq(k[G]) is given by the condition

d
a-ej = E € - 4aj.
i=1

If we use the basis {x1, x2, ..., x4} = X of the right module &, then the matrix
recursion E is a direct rewriting of the wreath recursion ¢ : G — Symm(X):: G in
matrix terms. Namely, Z(g) is the matrix with entries a;;, 1 <1, j < d, given by the
rule

| glyy ifglxy) =xi,
dij = [O otherwise )

Example 2.5 The adding machine recursion a = o (1, a) is defined in the terms of the
bimodule as

a-xXg =Xy, a-XxX|y=XxXp-a,

where xq, x1 are identified with the symbols 0, 1, respectively, from Example 2.3.
It follows that the recursion is written in matrix form as

E(a) = ((1) g)
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238 R. Grigorchuk et al.

The recursive definition of the generators a, b, ¢, d of the Grigorchuk group is
written as

E(a):((]) (1)) E(b)z(g (C)) E(c):(g 2) E(d)=((l) 2)

When we change the basis of the right module @, we just conjugate the map =
by the transition matrix. Namely, if {x1, ..., x4} and {y1, ..., y4} are bases of the
right module ®¢, then we can write y; = Z;‘il yi - bi j for b; ; € k[G]. Then the
matrix T = (b; j)1<i, j<a 18 the transition matrix from the basis {x;}1<; <4 to the basis
{viti<i<a-

Example 2.6 Consider again the adding machine example. Let us take, instead of the
standard basis {xg, x1} = X, the basis yg = x9 4+ x1, y1 = x1. (Here we replace the

letters 0, 1 of the binary alphabet by x¢ and x1, respectively, in order not to confuse
them with elements 0,1 € k[G].) Then the transition matrix to the new basis is

T = (i (1)) It inverse is 7~ = (_11 (1)) Consequently, the matrix recursion in

the new basis is
1(0 a _ a a
T L Y

This can be checked directly:
a-yo=a-(xo+x)=xi+x-a=y1+Q(o—y)-a=y-a+y-(l—-a)

and

a-yj=a-xy=xp-a=yy-a—y-d.
If we take the basis {yp = xg, y1 = x1 - a}, then matrix recursion becomes

a'_)(l 0 )_(0 a).(l 0)2( 0 a2).

0 a! 10 0 a a’l 0

If the basis is a subset of X - G, then the matrix recursion corresponds to a wreath

recursion G — Symm(X) G. For instance, in the last example the matrix recursion
corresponds to the wreath recursion

ar— o(a_l, az).

This wreath recursion describes the process of adding 1 to a dyadic numbers in the
binary numeration system with digits 0 and 3. For more on changes of bases in the
biset X - G and the corresponding transformations of the wreath recursion see [35,36].
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If ®; and @, are bimodules over a k-algebra A, then their tensor product ®; ® &>
is the quotient of the k-vector space spanned by ®; x ®; by the sub-space generated
by the elements of the form

(v1,a-v2) — (v1-a,v)

for vi € @1, v € Py, a € A. It is a k[G]-bimodule with respect to the actions
a- W) =(@-v)®uvyand (v ®v2)-a =v;  (va -a).

If @5 is a left A-module, and ®; is an A-bimodule, then the left module ®; ® ®»
is defined in the same way.

Let &, as above, be the bimodule associated with a self-similar group G. Then X
is a basis of the right k[G]-module ®¢, and the set

X'={x1® --Q®x, : x; € X}

is a basis of the right module @%”, which is hence a free module. Note that X" - G is
the basis of ®®" as a vector space over k.

We identify x1 ® - - - ® x, with the word x7 - - - x;,,. The left module structure on
®®" is given by the rules similar to the definition of ®:

g-v=gW-gl (6)

forv € X" and g € G. In particular, up to an ordering of the basis X", the associated
matrix recursion 2" : k[G] — Mx»|(k[G]) is obtained from the recursion gn-l.
k[G] — M x»-1|(k[G]) by replacing every entry a;; of the matrix 2"!(a) by the
matrix E(a;;).

Example 2.7 The matrix recursion G —> My (k[G]) for the adding machine (in the
standard basis X?2) is

a =

which is obtained by iterating the matrix recursion

- ()
1 0)°
In this case the basis X2 is ordered in the lexicographic order xgxp < xpx; < X1x0 <
x1x1. But since a is the adding machine, and it describes adding 1 to a dyadic integer
that is written is such a way that the less significant digits come before the more
significant ones, it is more natural to order the basis in the inverse lexicographic order
XpX0 < X1Xx9 < Xox1 < x1xi. In this case the matrix recursion becomes
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a —

[=Nel e}
(=R e}
- o O O
O O O

Proposition 2.8 Let T be the transition matrix from a basis X of ®¢g to a basis Y.
Suppose that all entries of T are elements of k. Then the transition matrices T, from
the basis X®" to Y®" are equal to

I,=TQT® --®T,
—_—
| X

where Q is the Kronecker product of matrices.

Proof Let Ty—1 = (ayv)exon-1) yeyon-n, 1€,

v = E U -Gy y

weX®a—1

for all v € Y®*~D_ Similarly, denote 7 = (ay,y)xex,yey- Then

yY®uv=yQ Z u'au,vz(zx'ax,y)(@ Z U dyy

ueX®mn—1 xeX ueX®mn-=1
= E X Qdyy U-Qyy = E XQuU-axy - Ay,
uQxeXx®n uRxeXx®n

which shows that

Axy,yv = Ax,yQy v,

which agrees with the definition of the Kronecker product. O

In other words, we can write

Th—1 0 0
T, 0
T, =T" : : ™)
0 0 T

where 77 = T, and T™ is the matrix T in which each entry a;j is replaced by a;;
times the unit matrix of dimension |X|"~! x |X|"~!. Here the rows and columns of 7,
correspond to the elements of X®" and Y®", respectively, ordered lexicographically.

It is easy to see from the proof, that in the general case (when not all entries of T
are elements of k), the formula (7) remains to be true, if we replace 7" by the image
of T under the (n — 1)st iteration of the matrix recursion (in the basis X).
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Example 2.9 Letk = R, X = {xg, x1}. Consider a new basis of &g

[y X0 + X1 y xo—x1]
0 = ’ 1= *
V2 V2

The transition matrix to the new basis is

(i a) = -)

Then the transition matrix from X®” to Y®” satisfies the recursion
H, — L 1 1 Hn—l 0 _ L Hn—l Hn—l
T2\ -1 0 Huo) L \Hiow —Hi )

2.4 Inductive limit of kX"

Let kX" be the vector space of functions X" — k. It is naturally isomorphic to the nth
tensor power of kX. The isomorphism maps an elementary tensor fi ® 2 ® - -- ® fr
to the function

QL @ fulxixz---xp) = filx1) fa(x2) -+ fulxp).

More generally, we have natural isomorphisms kX" @ kX" = kX" defined by the
equality

A ® HLxixa - Xugm) = fi(xix - Xp) f2(Xn1X042 * + Xngm)-

We denote by §,, for v € X" the delta-function of v, i.e., the characteristic function
of {v}. It is an element of kX". Note that

Brixany = Ox; @ 8y ® - ® 8y, s

with respect to the above identification of kX" with kX" @ kX"
Let G < Aut(X*). Denote by m,, the natural permutational representation of G on

kX" coming from the action G on X". It is given by the rule 7, (8,) = dg(v), 1.€., by

(@) = g7 ),  fek¥, veXx"
Denote by V,, the vector space kX" seen as a left k[G]-module of the representation
1, and by [¢] the left k[ G]-module of the trivial representation of G. More explicitly,
it is a one-dimensional vector space over k spanned by an element ¢, together with

the left action of k[G] given by the rule

g-&€=¢€
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for all g € G. The following proposition is a direct corollary of (6).

Proposition 2.10 The left module V), is isomorphic to ®®" ® [e]. The isomorphism
is the k-linear extension of the map 8x,xy...x, = X1 @ X2 ® --- @ x, ® € for x; € X.

Denote by 1 the function >’ .y 8, € Vi taking constant value 1 € k. We have
then, for every f € V, = kX",

F®1xixp - xpq1) = f(x1x2 -+ xp).

The following proposition is straightforward.

Proposition 2.11 Themap 1, - v+~ v®1:V,, —> V41 is an embedding of the left
k[G]-modules. In other words,

Tar1(@(f @D =7ma(8)(f) ®1

forallg € Gand f € V.

The space X = {xjx2--- : x; € X}hasanatural topology of a direct (Tikhonoff)
power of the discrete space X. A basis of this topology consists of the cylindrical sets
vX? forv e X*.

Denote by C(X?, k) the vector space of maps f : X® — k such that £~ (a) is
open and closed (clopen) for every a € k. In other words, C(X?, k) is the space of all
continuous maps f : X“ —> k, where k is taken with discrete topology. Note that
the set of values of any element of C (X, k) is finite, since X* is compact.

For example, amap f : X — Rbelongsto C (X, R) if and only it is continuous
and has a finite set of values.

The group G acts naturally on X by homeomorphisms, hence it also acts naturally
on the space C(X®, k) by the rule

gE)(w) = &g~ (w))

forg € G, & € C(X?%,k),and w € X?.
Forevery f € V, = kX" consider the natural extension of f : X” —> ktoa
function on X*:

Sfxixa--) = flxixz - x,).

For example, the delta-function &, is extended to the characteristic functions of the
subset vX®, which we will also denote §,.
It is easy to see that this defines an embedding of the k[G]-modules V, —>
C (X, k). Moreover, these embeddings agree with the embeddings ¢, : V;, —> V,,11.
Denote by V the direct limit of the G-modules V,, with respect to the maps ¢;,.
We will denote by 7, the corresponding representation of G on V.

Proposition 2.12 The module V, is naturally isomorphic to the left kK[G]-module
C(X*, k).
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Proof The set {f~'(t) : t €k, f~'(t) # @} is a finite covering of X® by clopen
disjoint sets. Every clopen set of X is a finite union of cylindrical sets of the form
vX®, for v € X*. Consequently, there exists n such that f is constant on every
cylindrical set of the form vX® for v € X". Then f € kX" in the identification of kX"
with a subspace of C(X®, k), described above. It follows that the inductive limit of
kX" coincides with C(X, k). We have already seen that the representations 7, agree
with the representation of G on C (X, k), restricted to V,, = ]kX") which finishes the
proof. O

Let B be a basis of the k-vector space kX such that the constant one function 1
belongs to B. Then B®” is a basis of the k-vector space kX" = V,,, and we have
1,(B®") ¢ B®"*! Then the inductive limit By, of the bases B®" with respect to the
maps ty is a basis of C(X“, k) = V. The elements of this basis are equal to functions
of the form

fOaxz ) = filx) falx2) -« -,

where f; € B and all but a finite number of the functions f; are equal to the constant
one.

Example 2.13 Suppose that the field k = F, is finite, and let X = k. Then the
functionse; : X — k: x — xkfork=1,2,..., q — 1 together with the constant
one function 1, formally denoted xY, form a basis of Vj.

The corresponding basis of C(X®, k) is equal to the set of all monomial functions

ki _k
f(xlyx2,...):x11x22... ,

where all but a finite number of powers k; are equal to zero.
Writing the elements of C(X®, k) in this basis amounts to representing them as
polynomials.

Example 2.14 Let X = {xo, x1}, chark # 2, and let W be the basis of kX consisting
of the functions yp = 8y, +8x, = 1 and y; = 8y, — 8y, . The corresponding basis W,
of C(X%, k) is called the Walsh basis, see [51].

For k = C, the Walsh basis is an orthonormal set of complex-valued functions on
X with respect to the uniform Bernoulli measure on X. This is a direct corollary
of the fact that {yp, y1} is orthonormal. Since W, is a basis of the linear space of
continuous functions X“ — C with finite sets of values, and this space is dense in
the Hilbert space L%(X®), the Walsh basis is an orthonormal basis of LZ(X%).

We can use Proposition 2.8 to find transition matrices from {§,},ex» to the basis
W®" (just use the proposition for the case of the trivial group G). In the case of Walsh
basis we get the matrices from Example 2.9, but without 1/ V2

Hy—1 Hy—
H, = ,
8 (Hn—l _Hn—l)
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Yo Y1 Y2 Y3

Ya Ys Yo yr
Fig. 1 Walsh basis

compare with Example 2.9. These matrices are examples of Hadamard matrices (i.e.,
matrices whose entries are +1 and —1 and whose rows are orthogonal) and were
constructed for the first time by Sylvester [46]. They are also called Walsh matrices.
See Fig. 1, where graphs of the first eight elements of the Walsh basis are shown.
Here we identify {0, 1}* with the unit interval [0, 1] via real binary numeration system.

Example 2.15 A related basis of C(X“, k) is the Haar basis, which is constructed
in the following way. Again, we assume that characteristic of k is different from 2,
and X = {xp,x1}. Let yo = 1 and y; = 8y, — dx,, as in the previous example. Let
us construct an increasing sequence of bases Y,, of kX" < C(X®, k) in the following
way. Let Yo = {yo}. Define then inductively:

Yor1 =Y, U{s®y : ve X"}

Note that, since {8, : v € X"}isabasisof kX", the set{d,®yog : ve X"MU{5,Ry :
v € X"} is a basis of kX' But {6 ®y : ve X"} ={8 : ve X"} isabasis of
kX", since yo = 1. Consequently, Y, is a basis of kX" (Here everywhere kX" are
identified with the corresponding subspaces of C (X%, k).)

In the case k = C, and identification of C(X®,C) with a linear subspace of
L?%(X®, ), where p is the uniform Bernoulli measure on X, it makes sense to
normalize the elements of Y,, in order to make them of norm one. Since norm of §, is
equal to 27"/2, the recurrent definition of the basis in this case is

Yor1 =Y, U {2_”/2®y1 RS X"}.

Itis easy to see that the union Y o, of the bases Y, is an orthonormal basis of L2(X®, ).
It is called the Haar basis. See its use in the context of groups acting on rooted trees
in [6].
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3 Automata

3.1 Mealy and Moore automata

Definition 3.1 A Mealy automaton (or Mealy machine) is a tuple
A=(0.X,Y, 7, 1, 90),

where

Q is the set of states of the automaton;

X and Y are the input and output alphabets of the automaton;
m:Q x X —> Q is the transition map;

T: 0 x X —> X is the output map;

qo € Q is the initial state.

We always assume that X and Y are finite and have more than one element each.

We frequently assume that X = Y, and say that the automaton is defined over the
alphabet X. The automaton is finite if the set Q is finite. In some cases, we do not
assume that an initial state is chosen.

Let A = (Q, X, Y, m, 1, q0) be a Mealy automaton. Let us extend the definition
of the maps 7 and t tomaps 7 : Q@ X X* — Qand 7 : Q x X* —> X by the
inductive rules

(g, xv) =m(m(q,x),v), 1(q,xv)=71(7(q,X),0)).

We interpret the automaton 2l as a machine, which being in a state ¢ € Q and reading
aletter x € X, goes to the state (g, x), and gives the letter t(q, x) on the output. If
the machine starts at the state ¢ € Q, and reads a word v, then its final state will be
(g, v), and its final letter on output will be t(q, v).

Definition 3.2 The transformation ,, : X* — X* or %, : X¥ — X defined
by a Mealy automaton 2 = (Q, X, Y, 7, 7, qo) is the map

gy (xox1x2 -+ +) = T(q0, X0)T(q1, X1)7T(q2, X2) . . ., ®)
where gi 11 = w(qi, xi).

In other words, Ay, (v) is the word that the machine gives on output, when it reads
the word v on input, if g is its initial state.

Example 3.3 Let G < Aut(X™) be a self-similar group. Consider the corresponding
full automaton with the set of states Q = G, and output and transition functions
defined by the rules:

(g, x)=glx, T(g x)=gkX).
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It follows from (4) that if we choose g € G as the initial state, then the transformations
of X* and X® defined by this automaton coincides with the original transformations
defined by g € Aut(X™).

This automaton is infinite, but if G < FAut(X*), then for every g € G, the set
{gly : v € X™*}isafinite set, and we can take it as a set of states of a finite automaton
defining the transformation g.

A special type of Mealy automata are the Moore automata. The definition of a
Moore automaton is the same as Definition 3.1, except that the output function is a
map 7 : Q — X, i.e., the output depends only on the state, and does not depend on
the input letter.

Moore automata also act on words, essentially in the same way as Mealy automata.
We can extend the definition of the transition function 7 to Q x X* by the same
formula as for the Mealy automata. Then the action of a Moore automaton with initial
state go on words is given by the rule

RAgo(x1x2---) = 1(qD)T(g92) - . ., 9

where g; 11 = 7 (g;, Xiy1).

Even though the definition of a Moore automaton seems to be more restrictive than
the definition of a Mealy automaton, the two notions are basically equivalent, as any
Mealy automaton can be modeled by a Moore automaton. Hence, the set of maps
defined by finite Mealy automata coincides with the set of maps defined by finite
Moore automata.

LetA = (Q, X, Y, 7, 1, qo) be a Mealy automaton. Consider the Moore automaton
2" over the input and output alphabets X and Y, respectively, with the set of states
0 x X U{po}, where pg is an element not belonging to Q x X, and with the transition
and output maps 7’ and t’ given by the rules

7' (po, x) = (m(q0, x), X), 7' ((q, x1),%2)) = (7(q, x2), X2)),

and

(g, x1) = 1(q, x1),

where x, x1, xo € X (We define t/(pg) to be any letter, since it will never appear in
the output). It is easy to check that the new Moore automaton with the initial state pg
defines the same maps on X* and X® as the original Mealy automaton .

Therefore, we will not use Moore automata to define transformations of the sets
of words. They will be used to define automatic sequences and matrices in Sect. 4.
Traditionally, Mealy automata are used in theory of groups generated by automata
(see [19]), while Moore automata are used for generation of sequences (even though
the term “Moore automata” is not used in [2]).
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Fig. 2 The binary adding
machine

Fig. 3 The generators of the
Grigorchuk group

3.2 Diagrams of automata

The automata are usually represented as labeled graphs (called Moore diagrams).
The set of vertices coincides with the set of states Q. For every ¢ € Q and
x € X there is an arrow from g to m(gq, x) labeled by (x, t(g, x)) in the case of
Mealy automata, and just by x in the case of Moore automata. The initial state is
marked, and the states are marked by the values of 7(g), if it is a Moore automa-
ton.

Sometimes the arrows of diagrams of Mealy automata are just labeled by the
input letters x, and the vertices are labeled by the corresponding transformation
x — t(q, x).

Consider a directed graph with one marked (initial) vertex, in which the edges
are labeled by pairs (x,y) € X2. The necessary and sufficient condition for such
a graph to represent a Mealy automaton is that for every vertex g and every letter
x € X there exists a unique arrow starting at ¢ and labeled by (x, y) for some y € X.
Then the image of a word x1x; - - - under the action of the automaton is calculated by
finding the unique direct path ey, ea, . .. of arrows starting at the initial vertex, whose
arrows are labeled by (x1, y1), (x2, ¥2), .. ., respectively. Then y;y> - - - is the image
of x 1X2 .

The diagram of the adding machine transformation (see Example 2.3) is shown on
Fig. 2. We mark the initial state by a double circle.

Example 3.4 The generators a, b, c, d are defined by one automaton, shown on Fig. 3,
for different choices of the initial state.
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Fig. 4 Appending and erasing (1,0)
(0,0) (1,1)
T
To o1 1
(0,1)
, (J)QO@(L 1)
U T/
© o '

3.3 Non-deterministic automata

Let us generalize the notion of a Mealy automaton by allowing more general Moore
diagrams.

Definition 3.5 A (non-deterministic) synchronous automaton 2( over an alphabet X
is an oriented graph whose arrows are labeled by pairs of letters (x, y) € X2. Such
automaton is called w-deterministic if for every infinite word xyx; - - - € X and for
every vertex (i.e., state) g of 2 there exists at most one directed path starting in ¢
which is labeled by (x1, y1), (x2, y2), ... for some y; € X.

Note that in the above definition for a vertex state g of 2 and a letter x € X there
maybe several or no edges starting at ¢ and labeled by (x, y) for y € X. It means that
the automaton 2l may be non-deterministic on finite words and partial, i.e., that a state
q transforms a finite word v € X* into several different words, and may not accept
some of the words on input.

If an automaton 2 is w-deterministic, then every its state ¢ defines a map between
closed subsets of X, mapping xjx>--- to y;yz---, if there exists a directed path
starting in ¢ and labeled by (x1, y1), (x2, ¥2), - . ..

Example 3.6 Let X = {0, 1}. The states 7Ty and 77 of the automaton shown on Fig. 4
define the transformations x1x3 - - - +— Oxyxz--- and x1x2 - - - — lxyx2-- -, respec-
tively. The states 7;; and T} define the inverse transformations Oxyxz - - - = xx2 - - -
and 1x1x2~-~ = X1X2---.

Note that the first automaton (defining the transformations 7y and T7) is deter-
ministic. For example, the state 7p acts on the finite words by transformations
X1x2 -+ Xp > Ox1x2 - - - x,—1. The second automaton is partial and non-deterministic
on finite words. For example, there are two arrows starting at 7;; labeled by (0, 1) and
(0, 0), but no arrows labeled by (1, y).

An asynchronous automaton is defined in the same way, but the labels are pairs of
arbitrary words (u, v) € (X*)2.

Definition 3.7 A homeomorphism ¢ : X —> X® is synchronously (resp. asyn-
chronously) automatic if it is defined by a finite w-deterministic synchronous (resp.
asynchronous) automaton.

A criterion for a homeomorphism to be synchronously automatic is given in
Proposition 4.23.
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Asynchronously automatic homeomorphisms of X are studied in [18,19]. It is
shown there that the set of asynchronously automatic homeomorphisms of X® is a
group, and that it does not depend on X (if |X| > 1). More precisely, it is proved
that for any two finite alphabets X, Y (such that |X], |Y| > 1) there exists a home-
omorphism X“ — Y“ conjugating the corresponding groups of asynchronously
automatic homeomorphisms. Very little is known about this group, which is called in
[19] the group of rational homeomorphisms of the Cantor set.

4 Automatic matrices
4.1 Automatic sequences

Here we review the basic definitions and facts about automatic sequences. More can
be found in the monographs [2,50].

Let A be a finite alphabet, and let A® be the space of the right-infinite sequence of
elements of A with the direct product topology.

Fix an integer d > 2, and consider the transformation 4 : A — (A“’)d , which
we called the stencil map, defined by the rule

Bqlaoaiaz - -+) = (apaqazd . . ., A144+1G2d+1 -+ 5 - -+ » Ad—1424—143d—1 * " * )+

It is easy to see that E, is a homeomorphism. We denote the coordinates of E4(w) by
Eq(w);, so that

Eq(w) = (Eg(w)o, Eq(w)1, ..., Bq(w)g—1),

and call them d-decimations of the sequence w. Repeated d-decimations of w are
all sequences that can be obtained from w by iterative application of the decimation
procedure, i.e., all sequences of the form

Ea(Eaq(--Ba(w)iy, -+ )in)iy -

Definition 4.1 A sequence w € A® is d-automatic if the set of all repeated d-
decimations of w (called the kernel of w in [2, Section 6.6]) is finite.

We say that a subset Q C A“ is d-decimation-closed if for every w € Q all
d-decimations of w belong to Q. The following is obvious.

Lemma 4.2 A sequence is d-automatic if it belongs to a finite d-decimation-closed
subset of A®.

Classically, a sequence w = apaj - - - is called d-automatic if there exists a Moore

automaton 2 with input alphabet {0, 1, ...,d — 1} and output alphabet A such that
ifn =ig+i1d+ -+ i,d" is a base d expansion of n, then the output of 2 after
reading the word ipiy - - - i, 1S @, . An equivalent variant of the definition requires that

ap is the output of the automaton after reading i,,i,,—1 - - - i1i9. One also may allow,
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Fig. 5 Automaton generating 1

the Thue—Morse sequence 0 1
{@Fe o@bl

1

or not i,, to be equal to zero, and the numeration of the letters of the sequence w to
start from 1. All these different definitions of automaticity of sequences are equivalent
to each other, see [2, Section 5.2]. They are also equivalent to Definition 4.1, see [2,
Theorem 6.6.2].

Example 4.3 The Thue—Morse sequence is the sequence fpt; - - - € {0, 1}*, where 1,
is the sum modulo 2 of the digits of # in the binary numeration system. The beginning
of length 2" of this sequence can be obtained from 0 by applying the substitution

0~ 01, 1~ 10
n times:
0+ 01— 0110 — 01101001 — 0110100110010110 +> - - -

Itis easy to see that this sequence is generated by the automaton shown on Fig. 5. Here
we label the vertices (the states) of the automaton by the corresponding values of the
output function. The initial state is marked by a double circle. For more on properties
of the Thue—Morse sequence, see [2, 5.1].

The last example can be naturally generalized to include all automatic sequences.
Namely, a k-uniform morphism ¢ : X* — Y* is a morphism of monoids such that
|¢(x)] = k for every x € X. By a theorem of Combham (see [2, Theorem 6.3.2]) a
sequence is k-automatic if and only if it is an image, under a coding (i.e., a 1-uniform
morphism), of a fixed point of a k-uniform endomorphism ¢ : X* — X*.

Example 4.4 Consider the alphabet X = {a, b, ¢}, and the morphism ¢ : X* —> X*
given by

¢(a) =aca, ¢(b)=d, ¢()=>b, ¢Wd)=c.
This substitution appears in the presentation [32] of the Grigorchuk group.
The fixed point of ¢ is obtained as the limit of ¢”(a), and starts with
acabacadacabaca . . .. The morphism ¢ is not uniform, but it is easy to see that the

fixed point belongs to {ab, ac, ad}*°, and for the words B = ab, C = ac, D = ad it
acts on {B, C, D}* as a 2-uniform endomorphism:

¢(B) =acad =CD, ¢(C)=acab=CB, ¢(D)=acac=CC.

It follows from Combham’s theorem that the fixed point of ¢ is 2-automatic.
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Let us show how to construct an automaton producing a sequence satisfying the
conditions of Definition 4.1.

Suppose that wy € A® is automatic, and let Q be a finite d-decimation-closed
subset of A“ that contains wq (for example, we can take Q to be equal to the set of all
repeated d-decimations of wy).

Consider a Moore automaton with the set of states Q, initial state w, input alphabet
{0,1,...,d — 1}, output alphabet A, transition function

m(w, i) = Eq(w);,
output function
T(xpx1--+) = X0.
We call the constructed Moore automaton
A=(0,{0,1,...,.d — 1}, A, m, T, wp)

the automaton of wy.

Proposition 4.5 Let wg = apa; --- € A® be an automatic sequence, and let 2 be

its automaton. Let n be a non-negative integer, and let ig, i1, . . ., iy, be a sequence of
elements of the set {0, 1, ...,d — 1} such thatn = io+ird+ird*+---+i,d™. Then
T(wo, igi1 * -+ im) = ay, i.e., the output of A after reading ioiy - - - i, is ay.

Proof Tt follows from the definition of the automaton 2l that
T(w, i -im) = Ea( -+ Ba(Ea(xox1 -+ )ig)iy =+ iy, (10)
for all w = xgx; --- € Q.

It also follows from the definition of the stencil map that the sequence (10) is equal
to

XnXppgm+1 Xy 0gm+1Xy  3gm+1 ooy

where n = i + i1d + ird* + - - - + i,yd™. It follows that T (wo, igif - - i) = X,. O

4.2 Automatic infinite matrices

The notion of automaticity of sequences can be generalized to matrices in a straight-
forward way (see [2, Chapter 14], where they are called two-dimensional sequences).

Let A be a finite alphabet, and let A“*“ be the space of all infinite to right and
down two-dimensional matrices of elements of A, i.e., arrays of the form

al ap
a=|an ax - |, (11)
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Fig. 6 The stencil aoo
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Fix an integer d > 2, and consider the map:
Ed . Aa)><a) (waw)dxd

from the set of infinite matrices to the set of d x d matrices whose entries are elements
of A®*®_ It maps the matrix a to the matrix

Ea(a)oo Eal@or -+ EBgla)oa—1
Ea(a)1o Egl@ir -+ EByl@r,a—
E(a) = . ) ) ,
Ba(@a-1,0 Ba@a-1,1 -+ EBal@a-1,d-1
where
a;, Qi j+d a;, j1+2d
- Ait+d,j Gdi+d,j+d di+d,j+2d
Ba(@ij = | G424, aitod,j+d Gitad,j+2d

The entries of E,(a) are called d-decimations of a. We call &, the stencil map, since
entries of the matrix E;(A) are obtained from the matrix A by selecting entries using
a “stencil” consisting of a square grid of holes, see Fig. 6.

The definition of automaticity for matrices is then the same as for sequences.

Definition 4.6 A matrix a € A®*® is d-automatic ([d, d]-automatic in terminology
of [2]) if the set of matrices that can be obtained from a by repeated d-decimations is
finite.

One can also use stencils with a rectangular grid of holes, i.e., selecting the entries
of a decimation with one step horizontally, and with a different step vertically. This
will lead us to the notion of a [d], d>]-automatic matrix, as in [2], but we do not use
this notion in our paper.

An interpretation of automaticity of matrices via automata theory is also very similar
to the interpretation for sequences. The only difference is that the input alphabet of
the automaton is the direct product {0, 1,...,d — 1} x {0, 1, ..., d — 1}. If we want
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to find an entry a,, ,, of an automatic matrix defined by a Moore automaton 2, then
we represent the indices n1 and n7 in base d:

ni=ip+id+---+ind", na=jo+jpd+---+ jud"

for 0 < iy, j; < d — 1, and then feed the sequence (ig, jo)(i1, j1) - (im, jm) to the
automaton (. Its final output will be ay; ,.

We say that a matrix a = (a;;);>0, j>0 over a field k is column-finite if the number
of non-zero entries in each column of « is finite. The set My, (k) of all column-finite
matrices is an algebra isomorphic to the algebra of endomorphisms of the infinite-
dimensional vector space k* = @yk. We denote by M (k) the algebra of k x
k-matrices over k.

Lemma 4.7 The stencil map Eg : Moo(k) —> My(Moo(k)) is an isomorphism of
k-algebras.

Proof A direct corollary of the multiplication rule for matrices. O

Denote by A, (k) € Moo (k) the set of all column-finite d-automatic matrices over
k.

Proposition 4.8 Let k be a finite field. Then Ay (k) is an algebra. The stencil map
Eq : Aa(k) — Mg (Aq(k))

is an isomorphism of k-algebras.

Proof Let A and B be d-automatic column-finite matrices. Let 2{ and B be finite
decimation-closed sets containing A and B, respectively. Then the set {aj A1+ b1 By :
Ay € A, By € B, aj, by € k} is decimation-closed, and it contains any linear com-
bination of A and B. The set is finite, which shows that any linear combination of A
and B is automatic.

Let € be the linear span of all products A By for A; € %A, By € B. Since the stencil
map Zy : Mg(k) —> My (M (k)) is an isomorphism of k-algebras, the set € is
decimation-closed. It contains A B, hence A B is automatic.

The map E4 : Ag(k) — My (A4 (k)) is obviously a bijection. It is a homomor-
phism of k-algebras, because it is a homomorphism on My (k). O

If we have a finite d-decimation-closed set of matrices 2, then its elements are
uniquely determined by the corresponding matrix recursion E4 : 24 — My (2() and
by the top left entries agg of each matrix A € 2. Namely, suppose that we want to find
an entry a,, , of amatrix A € 2. Let0 <i < d and 0 < j < d be the remainders
of division of n and m by d. Then a,, , is equal to the entry b,_; »—; of the matrix

d > d
B = E4(A);, j. Repeating this procedure several times, we eventually will find a
matrix C = (Ci,j)ﬁ(}:o € 2 such that a,, , = cp.0.
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Example 4.9 A particular case of automatic matrices are triangular matrices of the
form

apo dor 4oz

0 an an
0 0 an - |-
where the diagonals ao i, a1 i+1, a2,i+2, . .. are eventually periodic, and only a finite
number of them are non-zero. Note that the set of such uni-triangular matrices is a
group.
The following subgroup of this group (of matrices over the field F,) was con-
1 11 1 00 110
sideredin [38]. Let By = {1 0 0}, C; = {0 0 O}),B, =101 0},
111 100 110
1
Cry=1|1 0 0].Itis shown in [38] that the infinite matrices
1 00
I B C; O O I B, C, O O
O I B Ci O -- O I By C; O
Fi=1o0 O 0 I By G

o I B C .| 2=

generate a free group of rank 2. Here I and O are the identity and zero matrices of
size 3 x 3, respectively.

In Sect. 5 we will show that any residually finite p-group can be represented in
triangular form. Groups generated by finite automata will be represented by automatic
uni-triangular matrices. The next subsection is the first step in this direction.

4.3 Representation of automata groups by automatic matrices

Let B be a basis of k¥ such that 1 € B. Order the elements of B into a sequence
Yo < ¥1 < -+ < yq—1, where yo = 1. Recall that the inductive limit B, of the bases
B®” of kX" with respect to the embeddings f — f ®11is a basis of C(X®, k), whose
elements are infinite tensor products yi, ® y;; ® - - -, where all but a finite number of
factors y;, are equal to yp = 1. In other words, B, consists of functions of the form

fxoxy ) = yig(xo)yi; (x1) -+ -,

where all but a finite number of factors on the right-hand side are equal to the constant
one function.

We can order such products using the inverse lexicographic order, namely y;, ®
Vi ® - < Yyj,®yj, ®--- ifand only if y;, < yj,, where k is the largest index such
that y;, # Vig-
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It is easy to see that the ordinal type of B is w. Let eg < €] < ep < --- be
all elements of By, taken in the defined order. It is checked directly that if e, =
Vip @ ¥i; ® ..., thenn = ip+i1-d+ iz - d? + .-, ie., ...0ayip is the base-d
expansion of n (only a finite number of coefficients i; are different from zero).

Definition 4.10 An ordered basis B of k¥ is called marked if its minimal element is
1.

The self-similar basis Boo of C(X?, k) associated with B is the inverse lexico-
graphically ordered set of functions of the form ¢; ® e2 ® ..., where ¢; € B and all
but a finite set of elements e; are equal to 1, as it is described above.

Let B = {bg, b1, ..., bs—1} be an arbitrary (non necessarily marked) basis of the
space kX. We define the associated matrix recursion for linear operators on C (X, k)
in the usual way: given an operator a, define its image Eg(a) = (A;, j)?,;io in
My (C (X, k) by the rule '

d—1
a(b,»@f):Zbi@A,-,j(f), feCX?k), 0<j<d-1.
i=0

If B is the basis {8, } ye x, then the matrix recursion Eg restricted to a self-similar group
G < Aut(X™) coincides with the matrix recursion (5) coming directly from the wreath
recursion.

Lemma 4.11 Let B be a marked basis of kX. Then the matrix recursion Eg coincides
with the stencil map for the matrices of linear operators in the associated basis Buo.

Proof LetA;;,0 < i, j <d—1,betheentriesof Eg(a). Letn = ig+iy-d+ip-d*+- -
be a non-negative integer written in base d. Then

d—1

abjyan) =alb; @b,) = Zbi ® A; j(by). (12)
i=0

Let ay.n, 0 <m,n < 0o, be the entries of the matrix of @ in the basis By. Then

oo d—1 oo
a(bjyan) = D@k jranbk = D D divdr.jrinbi ® b,
k=0 i=0 r=0
d—1 00
= Zbi ® (Z ai+dr,j+dnbr),
i=0 r=0

which together with (12) implies that ¢, ,, = @;14r, j+an are the entries of A; ; in the
basis By, i.e., that A; ; = Ey(a);,;- O

Definition 4.12 Let k be a finite field. We say that a linear operator a on C(X?, k)
is automatic if there exists a finite set 2 of operators such that a € 2, and for every
a’ € 2 all entries of the matrix Eg(a’) belong to 2.
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Proposition 4.13 Let By, By be two bases of kX. A linear operator on C(X®, k) is
automatic with respect to By if and only if it is automatic with respect to B,.

Proof Let a1 be an operator which is automatic with respect to By. Let 2( be the
corresponding finite set of operators, closed with respect to taking entries of the matrix
recursion. Let 2 be the set of all linear combinations of elements of 2, which is finite,
since we assume that k is finite. If 7 is the transition matrix from B; to B, then

Eg,(a) = T 'Ep,(@)T

for every linear operator a. It follows that 2’ is closed with respect to taking entries
of Eg,. The set 2 is finite, a; € A, hence a; is also automatic with respect to B,. O

As a direct corollary of Proposition 4.13 we get the following relation between
finite-state automorphisms of the rooted tree X* and automatic matrices.

Theorem 4.14 Suppose that k is finite. Let B be a marked basis of kX . Then the matrix
of To(g) in the associated basis By, where g € Aut(X™), is d-automatic if and only
if g is finite-state.

We get, therefore, a subgroup of the group of units of A, (k) isomorphic to the
group FAut(X™) of finite-state automorphisms of the tree X*.

Matrix recursions (i.e., homomorphisms from an algebra A to the algebra of matri-
ces over A) associated with groups acting on rooted trees, and in more general cases
were studied in many papers, for instance in [3,4,6,34,37,42,43]. Note that the alge-
bra generated by the natural representation on C (X, k) of a group G acting on the
rooted tree X* is different from the group ring. This algebra (and its analogs) were
studied in [4,34,42].

4.4 Creation and annihilation operators

For i € kX, denote by T}, the operator on C (X, k) acting by the rule

Th(f)=h® f.

It is easy to see that 7}, is linear, and that we have Ty, 44,1, = a1Tp, + a2 Ty, for all
hi,hy e kX anday, az € k.

Consider the dual vector space (kX)’ to the space kX of functions. We will denote
the value of a functional v on a function f € kX by (v| f). Then for every v € (k¥X)’
we have an operator 7}, on C (X, k) defined by

T, () (x1, x2, ) = (v f(x, X1, X2, ..)),

where f(x, x1, X2, . ..) on the right-hand side of the equation is seen for every choice
of the variables xi, x», ... as a function of one variable x, i.e., an element of k*.
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LetB = {ei}fl;o] be a basis of k¥. Let B’ = {e] } be the basis of the dual space
defined by (e/ lej) = &;,j. (Here and in the sequel, §; ; 1s the Kronecker’s symbol equal
to 1 when i = j, and to O otherwise.) We will denote 7, = T/

Then T,, is an isomorphism between the space C (X“’ k) and its subspace e; ®
C(X?, k). Itis easy to see that Te/,- restricted onto ¢; ® C(X?, k) is the inverse of this
isomorphism, and that Te/,« restricted onto e; ® C(X“, k) is equal to zero for j #i.

The operators T, and T, e/,- satisfy the relations:

ToTe; = Seie; Z e = (13)

e; B

The products T, Te’i are projections onto the summands ¢; ® C(X“, k) of the direct
sum decomposition

C(X? k) = @e,- ® C(X?, k).

e,'EB

Let B be a marked basis of k¥, andlet 1 = eg < €] < --- < eg4_; be its elements.
Let By, be the associated ordered basis of C(X?, k).

If A is (not necessarily square) finite matrix, then we denote by A® the infinite
matrix

S Q>
O » 0
> Q O

where O is the zero matrix of the same size as A.
The following is a direct corollary of the definitions.

Proposition 4.15 The matrices of T, Te,, - . ., Te,_, in the basis B are equal to
1\ & 0\ ®* 0\ %
1 0
Eo=| . » Er=1. soees Ear =1 )
0 0 1

respectively. The matrix of Te’l, is the transpose El—r of the matrix E;.

The matrices E; and E have a natural relation to decimation of matrices. The proof
of the next proposition is a straightforward computation of matrix products.
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Proposition 4.16 Let A = (a;, j)ioj‘:o be an infinite matrix, and let

Ago  Ao1 -+ Ao
_‘ Ao Al oo Ard-d
Eq(A) = . . . .

Ag_10 Ad—11 - Ad—1,d-1

be the matrix of its d-decimations. Then
Aij = E] AE;

and

d—1

A= D" EiAiE].
i,j=0

Corollary 4.17 Let A be an operator on C(X®, k), and let B = {e;} be a basis of]kx.
Then the entries of the associated matrix recursion for A are equal to Te’i AT,;.

The next proposition is a direct corollary of Proposition 4.15.

Proposition 4.18 Ifh = apeg+aje; +- - - +aq—1e4—1, then the matrix of Ty, is equal
@oo

Corollary 4.19 Let B be a marked basis of kX. Order the letters of the alphabet X
in a sequence xo, X1, ...,X4—1. Let T; = Tﬁxi and Ti/ = Ta/x. be the corresponding
operators, defined using the basis {3y, }. I

Let S = (aij)f-l,;-io be the transition matrix from the basis 8y, < 8y, < -+ < 8x,_,
t0B. Let S~ = (b; j)?,;‘io be the inverse matrix.

Then the matrix of T; is

boo
bo,i
by.i
ba-1,i
and the matrix of T} is
Poo
(aio ai1 -+ aig—1)
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Let us consider now the case of the basis D = {8, }xcx. For simplicity, let us denote
T, =T and T| = Ta/x‘ Then the operators Ty and 77} act on C (X, k) by the rule

o) ifx = xy,

otherwise. (14)

) = 03

and
T (f)(x1,x2,...) = fx,x1,x2,...). (15)

In other words, the operator 7 is induced by the natural homeomorphism X —
xX® :w > xw, and T} is induced by its inverse map x X — X : xw > w.

Proposition 4.20 Let B be a basis of C(X?, k) associated with a marked basis B
(see Definition 4.10). Then the matrices of the operators Ty and T}, for x € X, in the
ordered basis By are | X |-automatic.

Note that we do not require in this proposition the field k to be finite.

Proof Let §, = Z?:_ol ay e forx € X,B = {e,-}f':_o1 and oy ; € k. It follows from
Proposition 4.16 that the entries of the matrix E4(7,) with respect to the basis B
are equal to ZZ;(I) oy kT, Te, Te; - Every product of the form 7, T, T, is equal, by
relations (13), either to zero, or to T, ;e It follows that decimations of 7, are either
zeros or of the form oy ; 7, ;e It follows that the set of repeated decimations of the

matrix of 7 is contained in {ax 0, otx,1, .. -, Ux,d—1} - {Teg, Teys - - -5 Tey ;YU {0}, O
Example 4.21 Let us consider the case X = {0, 1} and B = {yg, y;}, where yg =
8o + &1 and y; = §1. Then the transition matrix from {&g, 61} to {yo, y1} is (i (1)),

0
-1 1
It follows then from Corollary 4.19 that the matrices of Ty, 71, T(;, and Tl/ in the

basis B are
1 Hoo 0 ®oo
o= () =)

Ty=(1 0)°°, 1/ =(1 1)%%.

whose inverse is

and

Example 4.22 In the case k = C, it is natural to consider the operators

1
Sy = —==Tx.
X |X|X

Then S, are isometries of the Hilbert space L?(X“), and their conjugates S¥ are equal

to /1X|T}.
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The C*-algebra of operators on L?(X®) generated by the operators S, is called
the Cuntz algebra [14], and is usually denoted Ox|. Any isometries satisfying the
relations

SiSe=1. > SSi=1

xeX

generate a C*-algebra isomorphic to O|y|. In particular, the C*-algebra generated by
the matrices E; is the Cuntz algebra. Representation of the Cuntz algebra by matrices
E; is an example of a permutational representation of O4. More on such and similar
representations, see [9].

Recall that, for X = {0, 1}, the Walsh basis of L2(X®) is the basis W, constructed
starting from the basis W = {yg, y1}, where yp = 89 + 8; and y; = 8¢9 — ;. Then
direct computation with of the transition matrices show that the matrices of S and $;

are
1\® 1\®
V2 V2

4.5 Cuntz algebras and Higman-Thompson groups

If y : X¥ — X® is a homeomorphism, then it induces a linear operator Ly on
C(X®, k) given by

Ly(Hw) = f " (w))

for f € C(X?, k) and w € X®.

Fixing any ordered basis of C(X®, k), we get thus a natural faithful representation
of the homeomorphism group of X® in the group of units of the algebra My, (k) of
column-finite matrices over k.

Proposition 4.23 Let  be a homeomorphism of X“. Let u, v € X", and denote by
Yu.v the partially defined map given by the formula

w’ if ¥ (vw) = uw’,
not defined otherwise.

Yuw(w) = [

The following conditions are equivalent.

1. The homeomorphism  is (non-deterministically) synchronously automatic.

2. The set of partial maps {, , : u,v € X*, lu| = |v|} is finite.

3. For every finite field k, the operator Ly, : C(X®, k) — C(X“, k) is automatic.
4. For some finite field k, the operator Ly : C(X®, k) — C(X?, k) is automatic.

Synchronously automatic homeomorphisms are defined in Definition 3.7.
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Proof Equivalence of conditions (2), (3), and (5) follow directly from Proposition4.16.

Suppose that ¢ is synchronously automatic. Let 2 be an initial automaton defining
Y. For every pairu = ayap - - - a,, v = b1by - - - b, € X* of words of equal length, let
Q..» be the set of states g of 2 such that there exists a directed path starting in the initial
state go of 2 and labeled by (a1, b1), (a2, b2), ..., (an, by). Then the set O, ,, defines
the map v, in the following sense. We have v, ,(x1x2--+) = y1y2 - - - if and only if
there exists a path starting in an element of Q, , and labeled by (x1, y1), (x2, y2), .. ..
It follows that the number of possible maps of the form v, ,, is not larger than the
number of subsets of the set of states of 2. This shows that every synchronously
automatic homeomorphism satisfies condition (2).

Suppose now that a homeomorphism i satisfies condition (2), and let us show
that it is synchronously automatic. Construct an automaton %[ with the set of states
Q equal to the set of non-empty maps of the form v, ,. For every (x,y) € X 2 and
Yu,v € O we have an arrow from ¥, , t0 V¥yx, vy, labeled by (x, y), provided the
map Yy vy is not empty. The initial state of the automaton is the map ¢ = Yy g.
Let us show that this automaton defines the homeomorphism . It is clear that if
Y(xixp+-+) = y1yz2---, then there exists a path starting at the initial state of 2 and
labeled by (x1, y1), (x2, ¥2), . ... On the other hand, if such a path exists for a pair of
infinite words x1x2 -+ -, y1y2 - - -, then the maps ¥, x,...x,,y; y.--y, are non-empty for
every n. In other words, for every n the set W, of infinite sequences w € xyx7 - - - x, X¢
such that ¥ (w) € y1y2-- -y, X? is non-empty. It is clear that the sets W,, are closed
and W,41 C W, for every n. By compactness of X it implies that (,.; W, is
non-empty. It follows that ¥ (x{x2---) = y{yp - . B o

The next corollary follows directly from condition (2) of Proposition 4.23.
Corollary 4.24 The set of all automatic homeomorphisms of X® is a group.

We have already seen in Theorem 4.14 that a homeomorphisms g of X* defined
by an automorphisms of X* is automatic if and only if it is finite state. Note that in
this case g, , is either empty (if g(v) # u) or is equal to g|,.

Another example of a group of finitely automatic homeomorphisms of X is the
Higman-Thompson group Vx|. Itis the set of all homeomorphisms that can be defined
in the following way. We say that a subset A C X™ is a cross-section if the sets
uX® for u € A are disjoint and their union is X®. Let A = {v, v2,..., v,} and
B = {uy,uy,...,u,} be cross-sections of equal cardinality together with a bijection
v; > u;. Define a homeomorphism ¢ : X — X by the rule

Y(viw) = ujw. (16)
The set of all homeomorphisms that can be defined in this way is the Higman—
Thompson group Vx|, see [12,47].

Let ¢ be the homeomorphism defined by (16). It follows directly from (14) and (15)
that the operator L induced by v is equal to

n
Ly = Z T, T,
i=1
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where we use notation

Tixyeoziy = Ty Ty -+ Ty, s T, =T T! LT

X1X2 " Xm Xm = Xm—1 X1
The next proposition follows then from Proposition 4.20.

Proposition 4.25 The Higman—Thompson group Vx| is a subgroup of the group of
synchronously automatic homeomorphisms of X©.

The group generated by V» and the Grigorchuk group was studied by Roever
[40]. He proved that it is a finitely presented simple group isomorphic to the abstract
commensurizer of the Grigorchuk group. Generalizations of this group (for arbitrary
self-similar group) was studied in [34].

5 Representations by uni-triangular matrices
5.1 Sylow p-subgroup of Aut(X™)

Let | X| = p be prime. We assume that X = {0, 1, ..., p — 1} is equal to the field
I, of p elements. From now on, we will write the vertices of the tree X * as tuples
(x1, x2, ..., x,) in order not to confuse them with products of elements of IF,.

Denote by /C,, the subgroup of Aut(X*) consisting of automorphisms g whose labels
oy of the vertices of the portrait consist only of powers of the cyclic permutation
o =(0,1,..., p—1). It follows from (2) and (3) that IC, is a group. The study of
the group KCj, (and its finite analogs) were initiated by Kaloujnine [26-28].

Suppose that an element g € k), is represented by a tableau

lao, ai(x1), az(x1, x2), ...],
as in Sect. 2.1. Then a,(xy, x2, ..., x,) are maps from X" to the group generated
by the cyclic permutation o. The elements of this group act on X = IF, by maps

0% : x > x + a. It follows that we can identify functions a, with maps X" — F,,
so that an element g € K, represented by a tableau

lao, a1(x1), az(x1, x2), .. ]
acts on sequences v = (xg, X1, ...) € X by the rule
g() = (xo + ag, x1 + ai(xo), x2 + az(x1, x2), x3 + az(x1, x2, x3), . ..).

It follows that if g1, g2 € KC), are represented by the tableaux [a, ]3>, and [5,]7° .
then their product g; g is represented by the tableau

[bo +ag, b1(x0) + ai1(xo + bo),
ba(x0, x1) + az(xo + bo, x1 + b1(x0)),
b3(x9, x1, X2) + az(xo + bo, x1 + b1(x0), X2 + b2(x0, x1)), ...J. (17)
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Denote by K, ,, the quotient of IC, by the pointwise stabilizer of the nth level of
the tree X*. We can consider /Cj, ,, as a subgroup of the automorphism group of the
finite subtree X" = | J]_, X C X*.

Proposition 5.1 The group K, , is a Sylow subgroup of the symmetric group
Symm(X") and of the automorphism group of the tree X",

Proof The order of Symm(X") is p"!, and the maximal power of p dividing it is

n

n
L
)4

-1
It follows that the order of the Sylow p-subgroup of Symm(X") is pﬁ’j. The order
of KCpp » is equal to the number of possible tableaux

[ao, a1 (x1), ax(x1, x2), ... ap—1(x1, ..., Xp—1],

where a; is an arbitrary map from X ! to the cyclic group (o) of order p. The number
of possibly maps a; is hence p?". Consequently, the number of possible tableaux is

p'—1

PP 0" — 55T Since the group of all automorphisms of the tree X!
is contained in Symm(X") and contains K, ,, the subgroup K, , is its Sylow p-
subgroup. O

Proposition 5.2 Let g € k), be represented by a tableau [ag, a1 (x1), ax(x1, x2), .. .].
Consider the map o : I, —> I, where ) is the infinite Cartesian product of
additive groups of ¥, given by

a(@) = [ao, D arxn). D axxix)....|. (18)

x1€F, (x1,x2)€lF?

In other words, we just sum up modulo p all the decorations of the portrait of g on
each level. Then o is the abelianization epimorphism K, —> Kp/[Kp, K] = F}.

Proof 1t is easy to check that « is a homomorphism. It remains to show that its kernel
is the derived subgroup of /C,,. This is a folklore fact, and we show here how it follows
from a more general result of Kaloujnine.

Let g € KC), be represented by a tableau

[ag, a1(x1), az(x1, x2), ...].

Each function a, (x1, x2, ..., x,) can be written as a polynomial
ki ko X
Z Ck],k2 ,,,,, kn_xllxz e xnn
0<k;<p—1

.....
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It is proved in [27, Theorem 6] (see also Equation (5.4) in [28]) that the derived
subgroup [KCp,, KCpp] of K, is the set of elements defined by tableaux in which ap and

the coefficient ¢p—1, p—1,... p—1 at the eldest term xf)_lxp_1 - xP 7" are equal to zero
for every n.
Note that erIF,, x¥ is equal to zero fork = 0, 1, ..., p — 2 and is equal to —1 for

k = p — 1. Therefore,

n
IR | 3R

(x1,X2,..., x,,)eF’;, i=1xel,
is equal to zero for all n-tuples (ki, k2, ..., k,) € {0,1,..., p — 1} except for
(p—1,p—1,...,p — 1), when it is equal to (—1)". It follows that the coef-
ficient at the eldest term of a,(x1,x2,...,x,) is equal to zero if and only if
Z(x]’xz """" xn)eFy an(x1,x2,...,x,) =0. O

5.2 Polynomial bases of C(X®, )

Proposition 5.3 Suppose that an ordered basis B of kX is such that the matrices of
w1(g) for g € G < Aut(X™) are all upper uni-triangular, and the minimal element
of B is the constant one function. Then the matrices of 7, (g) in the basis B®" and of
oo (g) in the associated basis B are upper uni-triangular for all g € G.

See Sect. 2.4 for the definition of the representations m,,. We say that a matrix is
upper uni-triangular if all its elements below the main diagonal are equal to zero, and
all the elements on the diagonal are equal to one. From now on, unless the contrary is
specifically mentioned, “uni-triangular” will mean “upper uni-triangular’. Note that if
G is a subgroup of the group of finite automata, then the matrices 7~ (g) are automatic,
by Theorem 4.14.

Proof Letby < by < --- < by be the ordered basis B. Let Y = {yo, y1, ..., yi—1}
be the corresponding basis of the right module ®s. Namely, we take for every
> iex ax8yx € Bthe corresponding element >° v axx € ® = k[X - G], see Sect. 2.3.
Then B = Y ® ¢, where [¢] is the left G-module of the trivial representation of G,
see 2.4.

If the matrices of 71 (g) are uni-triangular, then

m1(g)(bi) = b; +ai—1ibi—1 +aj—2,ibi—>+---+ag,ibo
for some a; ; € k and all i. It follows that, in the bimodule ®, we have relations
g Yi=VYi&itai-1iYi-1-8i—1i+ai2;yi—2-82i+---+aoiyo-go,i (19)

for some g;; € k[G] such that g;; - € = € (Recall that the last equality just means
that the sum of coefficients of g;; € k[G], i.e., the value of the augmentation map,
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is equal to one). Consequently, relation (19) together with the condition g;; - & = ¢
hold for all g € k[G] suchthat g - ¢ = ¢.

It follows that every element g - y;, ® yi, ® - - - ® y;, € ®®" isequal to y;, ® yi, ®
-+ - ® Vi, - h plus a sum of elements of the form y;, ® yj, ® --- yj, - aj, jy....j.» Where
h e k[G]lissuchthath-¢ =¢,aj, j,,.. j, €k[Gl,and ji <i;forallk=1,2,...,n,
and (j1, j2, ..., ju) # (1,02, ...,10,). Taking tensor product with ¢ and applying
Proposition 2.10, we conclude that for every function b;, ® b;, ® - - - ® by, € kX" the
function 7 (g)(bi; @ bi, ® --- ® b;,) is equal to b;; @ bi, ® --- ® b;, plus a linear
combination of functions b, ® b, ® - - -®b, suchthat jiy <irforallk =1,2,...,n,
and (ji1, j2, ..., ju) # (i1,12,...,1,). But any such function b;, ® bj;, ® --- ® b},
is an element of By, which is smaller than b;, ® b;, ® --- ® b;, in the inverse
lexicographic order. This proves that the matrix of 7o, (g) in the basis By is uni-
triangular. O

Throughout the rest of our paper we assume that | X| = p is prime, k is the field IF,
of p elements, G is a subgroup of K, and we identify X with IF,. We will be able then
to use Proposition 5.3 to construct bases of C(X“,F),) in which the representation
oo Of ICpy (and hence of G) are uni-triangular.

Every function f € ]Fg can be represented as a polynomial f(x) € Fj[x], using
the formula

iy = DR,

where (x — t) in the numerator and the denominator cancel each other (Recall that
(p—D!'=—1 (mod p), by Wilson’s theorem).

Since x” = x as a function on F, (by Fermat’s little theorem), polynomials that
differ by an element of the ideal generated by x” — x represent the same function.
Note that the ring IF,[x]/(x? — x) has cardinality p”, hence we get a natural bijection
between F,[x]/(x? — x) and FX, mapping a polynomial to the function it defines on

F,. From now on, we will thus identify the space of functions IF§ with the I ,-algebra
Fplx]/(x? = x).

Following Kaloujnine, we will call the elements of F,[x]/(x? — x) reduced poly-
nomials. We write them as usual polynomials ag+ajx +- - -+a,_1x” ~! (but keeping
in mind reduction, when performing multiplication).

Suppose that g € G is such that g(x) = x + 1 for all x € X. Then 7y (g) acts on
the functions f € Vi = FX by the rule

T1(®(NHx) = fx —1).

In particular, if we represent f as a polynomial, then 71 (g) does not change its
degree and the coefficient of the leading term. It follows that the matrix of the operator
71(g) in the basis eg(x) = 1,e1(x) = x, e2(x) = x2, ..., ep_1(x) = x”~ ! is uni-
triangular. Let us denote this marked basis by E.
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Definition 5.4 The basis Eo, of C(X®, F),) corresponding to E and consisting of all
monomial functions xlflxlzc2 -+ on X ordered inverse lexicographically, so that

2 p—1
eo=1, e1=x1, e=xy,...,ep_1=X| , €p=2Xx2, €py] =X[X2,...

is called the Kaloujnine basis of monomials.

It is easy to see that e, € E is equal to the monomial function
ki Kk
en(xixa ) =xy"x" ..., (20)

where k1, k, ... are the digits of the base p expansion of n, i.e., such that k; €
{0,1,..., p—1}and

n=k1+k2-p+k3-p2+~-~.

Coordinates of a function f € C(X“,F)) in the basis E, are the coefficients of
the representation of the function f as a polynomial in the variables xp, x3, .. .. Since
we are dealing with functions, we assume that these polynomials are reduced, i.e., are
elements of the ring Fp[x1, x2, ...1/(x] — x1, x5 —x2,..).

As an immediate corollary of Proposition 5.3 we get the following.

Theorem 5.5 The representation m of K, in the Kaloujnine basis Eo is uni-
triangular. In particular, the representations meo of all its subgroups G < K, are
uni-triangular in E.

We can change the ordered basis E = {eg = 1,e1 = x,...,¢e,_1(x) = xP—1
to any ordered basis F = (fo, fi1,..., fp—1) consisting of polynomials of degrees
0,1,2,..., p — 1, respectively, since then the transition matrix from E to F will be
triangular, hence the representation of G in the basis F will be also uni-triangular.

For example, a natural choice is the basis B in which the matrix of the cyclic
permutation x — x + 1 : X — X is the Jordan cell

—_—— O

11
01
00

To get such a basis, define the functions by, b1, ..., b,_1 € Vi by the formula

b = (m1(g) — D~ 7*(80)

fork =0,1,..., p—2andb, | = &o. Then (771 (g) — 1) (bx) = (m; (g)—l)p_k(&)) =
bp_i,forallk=1,2,...,p—1,ie,

br—1(x) = br(x — 1) — b (x).
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Note that
p—1
bo = (m1(g) = D77 (80) = (M1 (@) + ()" P4+ DGy = D & =1,
k=0

i.e., the basis by < by < --- < bp_1 is marked.

Proposition 5.6 foreveryk e {1,...,p—1}and x € X =T, we have

b (x) = (_Dk(x :k) P (x 4+ D(x +k2‘) C(x +k).

Note that k! #0inF, foreveryk =1,2,..., p — L

Proof We have (p — 1)! = 1 and (—1)?~! = 1 in F,. We also have (x + 1)(x +
2)---(x+p—1) =0forall x € F,\{0}. It follows that (—1)1’_1()6;’_7;1) =689 =

iy p—1-
It is enough now to check that the functions (—1)¥ (x;s{-k ) satisfy the recurrent relation
br_1(x) = bi(x — 1) — by (x). But we have

k(xR (xR e (xR (x k-1
(”( k )(”(k)_(” ((k) ( k ))

o 1 fx+k—1
1) ( e )

by the well known identity
ay fa-1 n a—1
b) \ b b—1)

Proposition 5.7 The transition matrix from the basis (3, 81, ..., 8p—1) to the basis
B = (bo, b1, ..., b[,_l) is

m}

S = N W -
SO = W

SO O = -
cNeoNoNoRE
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Its inverse is obtained by transposing T with respect to the secondary diagonal:

0000 - (27}
0000 - (°2)

-0 o0 O .-

0
0
1
1

Proof It follows from Proposition 5.6 that the entry #;; of the transition matrix, where
i=0,1,...,p—land j=0,1,..., p — lisequal to

tij=(—1)J(i—;j):(_1)/(i+j)(i+j_l)j""(i+j—j+1)
(=== D (=i = 1)
- i
_poi=-plp—i—j+D-(p—i=D z(p—l—i)
J! j ’

which proves the first claim of the proposition.
In order to prove the second claim, we have to show that the product

(DL (G )

is equal to the identity matrix. The general entry of the product is equal to

p—1 . . . .
—1—i —1—i+
“"-":Z(p k )( —i—k):(p 1 ])‘
k=0 p P

But (x+p ) (x+p—D(x+p— 2) S(x+1) -

is equal to one for x = 0 and is equal to zero
for x ;é 0, which shows tﬁat the product is equal to the identity matrix. O

. o 11 .
Example 5.8 In the case p = 2, the transition matrix is 7 = (1 O)’ and its inverse

isT-! = ((1) } ) Let us use this to find the matrix recursions for some self-similar

groups acting on the binary tree in the new basis B = {bg, b1 }.
For the adding machine (see Examples 2.3, 2.5, 2.6), we have

(01 0 a 11\ (1 1
B@=\7 )\t o) \10)=\i+a 1)
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Proposition 5.9 The matrix of the binary adding machine 7w~ (a) in the basis Boo is
the infinite Jordan cell

1 100 -
0110 -
0011 -
00O0T1 -

Proof Let us prove the statement by induction, using the matrix recursion from Exam-
ple 5.8. The matrix of @ on Vp is (1). The four 2-decimations E5(J);; of the Jordan
cell are

1 ©O0
0110 100
Ex(Doo: | @ 0 O 1 > )
0 0 0 1 001
1 ©® 0 ©
011 100
Ex(N)r: |0 © 1 © > .
0 0 0 1 001
1 1 0 0
® 100 0 01
Ea(N)po: | 0 0 11 1000 ,
© 0 @1
1 1 0 0
0D 1 ® 1 00
01
By |0 0 11 1001 ,
0 ©® 0 @
. . C _ 1 1
which agrees with the recursion E;(a) = ( l4+a 1 ) O

Lemma 5.10 If g € Aut(X™) satisfies the wreath recursion g = (go, g1), then its
matrix recursion in the basis Boo (over the field F, for p = 2) is

- _ 81 0
=2(8) (go-l—gl go)’
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Fig. 7 The matrices of the generators b, ¢, d of the Grigorchuk group

If it satisfies g = o0(go, &1), then

co— (80 8
f2(8) (go+gl go)'

Proof We have, in the first case,

o= (O Y (20 OV (1 Yo & O
2=\ 0 g1/J\1 0) \go+g &)

In the second case:

0= (1 1) (a0 §)( 0)=(0¥a &)
1 1)\g O 10 go+gr &)

Example 5.11 Tt follows from Lemma 5.10 that the matrix recursion for the generators
of the Grigorchuk group (see Example 2.4) in the basis B is

- 11 ~ c 0
dz(a)=(0 1), az(b)=(a+c a),

- d 0 - b 0
D2(0)=(a+d a), az(d)=(1+b 1)~

See a visualization of the matrices b, ¢, d on Fig. 7, where black pixels correspond to
ones, and white pixels to zeros.

Denote U, = (bo, by, ...,b,) = {eo, e1,...,e,) < C(X?,F)p).

Proposition 5.12 Each space U, is K ,-invariant, and the kernel in KCp, of the restric-
tion of o ONto Upn—l = (bo, by, ..., bpn—l> coincides with the kernel of ;. In other
words, restriction of oo onto U -1 defines a faithful representation of KCp p.
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Proof The subspace (bo, by, ...,b,n-1) < C(X®,F,) is equal to the span of the

p
product V,,_1 - e,.-1, Where e, »—1 is the function on X given by

p p

epnq(xlxz ce) = Xy,

according to (20). In other words, it is the tensor product V,,_1 ® (e1 ), where ej (x) = x.
Suppose that g € G belongs to the kernel of the restriction of 7, onto V,,_1 ® (e1).
Then for every v € X"~ we have 7, (g)(8y) = 8y, since &, € V,,_1. Then

T (8) 8y ®e1) = 8, ® (e1 o M1 (gly) ™)),

hence 1 (g|,) is identical for every v € X n=1 1t follows that g acts trivially on X",
i.e., that 7, (g) is trivial. O

Thus, we get a faithful representation of K, , = ¥ _; C}, by uni-triangular matrices
of dimension p"~! 4 1. Note that this is the smallest possible dimension for a faithful
representation, since the nilpotency class of K, , isequal to p"~ !, while the nilpotency
class of the group of uni-triangular matrices of dimension d is equal to d — 1.

5.3 The first diagonal

Leta : K —> F be the abelianization homomorphism given by (18). We write

a(g) = (ao(g), a1(g), - - ).

If A= (q j)f‘}:() is an infinite matrix, then its first diagonal is the sequence
(ao1, a1z, az3, .. .), i.e., the first diagonal above the main diagonal of A.
Theorem 5.13 Let g € G, and let Ay = (aij)?.}:o be the matrix of T~ (g) in the
basis By, constructed in the previous section. Let (s, 52, ...) = (ao1, a2, . ..) be the
first diagonal of Ag. Then

Sp = ok (8),
where p¥ is the maximal power of p dividing n.
For example, if p = 2, and a(g) = (ao, a1, az, . ..), then the first diagonal of A,
is
ap, ai, ag, az, ap, di, dg, az, g, ai, g, az, . . .

Proof The first diagonal of a product of two upper uni-triangular matrices A and B is
equal to the sum of the first diagonals of the matrices A and B. It follows thatitis enough
to prove the theorem for rooted automorphisms of Aut(X™) (i.e., automorphisms g
such that g|, is trivial for all non-empty words v € X*) and for automorphisms acting
trivially on the first level X.
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If the automorphism is rooted, then it is a power of the automorphism
a:xixy---xp = (x1 4+ Dxo - xp.

It follows from the definition of the basis B that the matrix of 7w~ (a) is the block-
diagonal matrix consisting of the Jordan cells of size p. Consequently, its first diagonal
is the periodic sequence of period (1, 1, ..., 1, 0) of length p. Hence, the first diagonal
ofa®is (s, s, ..., s, 0) repeated periodically. This proves the statement of the theorem
for the automorphisms of the form a*.

Suppose that g acts trivially on the first level of the tree. Then its matrix recursion
in the basis {0y}yex is the diagonal matrix with the entries g|, on the diagonal. It
follows that the matrix recursion for g in the basis {b; }{:01 is equal to the product of
the matrices

000 - ("7}
p—1
1 go 0 O -+ O
000 (*2) 0 el 0 0
: : 0 0 gl --- 0
0.0 1 (M) |+
O 1 2 . (p;l) O 0 () g|P7]
1 1 1 1
NGOy (>-)
L) () 0
1 2 1 O
1 1 0 0
1 0 0 0

It is easy to see that the entries on the first diagonal above the main diagonal of the
product are equal to zero, and that the entry in the left bottom corner is equal to
glo+ gl +--+glp-1.

If we apply the stencil map

Ep(Sl, 8§52, .. ') - ((Sla Sl-‘r[)v . ')a (S2a 52+pa . ~)a R} (S[h s2[77 . '))
= (wlvaA "'7wp)
to the first diagonal of A, then wy, wo, ..., w,_1 are the main diagonals of the p-
decimations By, By, ..., Bp—1 of Ag, where (B1, B2, ..., Bp_1) is the first diagonal

above the main diagonal of E,(A,). The sequence w), is the first diagonal of the
entry in the lower left corner of E,(Ag). It follows that (sy, 52, ...) is of the form

0,0,...,51,0,0,...,5),...), where there are p — 1 zeros at the beginning and
between the entries s/, and (s, 55, . ..) is the first diagonal of 7o (glo + gl1 + - - +
glp—1) in the basis (bg, b1, ..., bp—1). This provides us with an inductive proof of the
statement of the theorem. O
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Example 5.14 Consider the matrices a, b, ¢, d generating the Grigorchuk group, as it
is described in Example 5.11. It follows directly from the description of the action of
the elements a, b, c, d on the rooted tree (see Example 2.4) that

a(a) =(1,0,0,0,0,0,0,0,0,0,...),
a()=1(0,1,1,0,1,1,0,1,1,0,...),
a(c)=1(0,1,0,1,1,0,1,1,0,1,...)
a(d)=(0,0,1,1,0,1,1,0,1,1,...)

El

It follows from Theorem 5.13 that the first diagonal of a is (1,0, 1, 0, ...). The first
diagonal of b is (s1, 2, . ..) where

$p%kmt1) = 05 Sosktiomyny = L $o020m41) = 1
where k, m > 0 are integers.

Sequence s, from the previous example is a Toeplitz sequence, see [39,49] and [2,
Exercise 10.11.42]. If G is a finitely generated finite state self-similar group, then the
sequence o (g) in Theorem 5.13 is eventually periodic for every g € G, and then the
sequence s, is Toeplitz.

5.4 Generating series

Let w = (ap,ay,...) € k®, and consider the corresponding formal power series
ap+ax +ax? 4= Gy (x) € k[[x]]. It is easy to see that if

Ed(w) = (wo, wi, ..., Wa—1),
then
Gu(x) = Guy(x)) + 3Gy, 6N + -+ x771Gyy (6.
Note that if k = ), and d = p, then we get
Guw(x) = (Guy ()P + x(Guy ()P + -+ + 371Gy, (1))

We have the following characterization of automatic sequences, due to Christol,
see [2, Theorem 12.2.5].

Theorem 5.15 Let k be a finite field of characteristic p. Then a sequence w € k® is
p-automatic if and only if the generating series G, (x) is algebraic over k(x).

Similarly, if A = (q; j)?c}zo is a matrix over a field k, then we can consider the

formal series G4 (x, y) = Z?j’:o aijx'yl e kl[[x, y1]. If

d—1

Ea(A) = (Aij); j—o
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then
d—1
Gp= Z x’y-’GAl.j(xd,yd).
i,j=0

We also have a complete analog of Christol’s theorem for matrices, see [2, Theo-
rem 14.4.2].

Theorem 5.16 Letk be a finite field of characteristic p. Then a matrix A = (a; /)?3'=0
is p-automatic if and only if the series G 4 is algebraic over k(x, y).

In the case when A is triangular, it may be natural to use the generating function
Ta(t,s) = Zaijtj_isi,

so that Tx(r,s) = Ho(s) + Hi(s)t + Ha(s)t> + --- , where H;(y) are generating
functions of the diagonals of A. Note that 74 and G 4 are related by the formula:

Ta(t,s) =Ga(s/t, 1)

Example 5.17 Consider the generators of the Grigorchuk group a, b, ¢, d given by

the matrices from Example 5.11. Let A(x, y), B(x, y), C(x, y), and D(x, y) be the

corresponding generating series. Note that the generating series of the unit matrix is
1

I(x,y) = =1
) 14+xy 1+4s
It follows from the recursions in Example 5.11 that

I+y+xy 1 t
1222 I4s T4
B=C?4+x(A>+C?) +xyA? = (1 +x)C> + (x + xy)A?

cC=1 +x)D2+(x +)cy)A2

D = (14 x)B*>+ (x + xy)I°.

A= I(xz, y2) + y](x2, y2) ~|—xyl(x2, yz) =

Let us make a substitution A = yfi+ ﬁ, B = yé—i—H]—xv, C = yC’—i—ﬁ, and

D= yD + ﬁ Note that / = ﬁ, so we set I = 0. The series A, E, C‘, D are the
generating series of the matrices obtained from the matrices a, b, ¢, d by removing
the main diagonal, and shifting all columns to the left by one position.

We have then

1 1

A~: =
14+ x2y2 1452

and

. 1 . 1 ~ 1
B =(1 262 4 _ 252 ’
Y +l+xy ¢ +x)(y +1+x2y2)+(x+xy)(y _I_l—i-)czy2
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hence
yB = (1+4x)y’C? + (x + xy)y*A%,
hence
2
~ ~ Xy +xy =  S+1s
B = CP+ 2 = HC .
(y+xy) +1+x4y4 (s+1) +1+s4
Similarly,
2
~ Xy +xy ~5 SIS
=@ +x)D? + ——— =(+0D* + :
() 1+ x4yt (s +2) 1+ s
and

=+ xy)B2 (s + t)B2

Let us denote F = fii 5. Then B, C, and D are solutions of the equations

(s+0)'BS+B+(s+nF>+F=0
s+0)'C¥+C+ s +0’F*+F=0,
s+0'D+D+ (s +0)’Fr+ s +nF>=0.

Substituting t = 0, we get equations for the generating functions Bj(s), Ci(s),
D1 (s) of the first diagonals above the main in the matrices b, c, d:

3

$7R8 s
B+ B =0, 21
+ 1+le +1+s 2D
7
s7c8 s
ci+C — =0, 22
tCo+ T ow T (22)
E 7 §3
D¥+ D _— = 23
Denote
0100
0010
J=100 01

Then every upper uni-triangular matrix M can be written as
I+ Dy(M)J + Dy(M)J* + D3(M)J> + -+ -, (24)
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where D; (M) are diagonal matrices whose main diagonals are equal to the ith diago-
nals of M.
The generating series Ty (¢, s) is equal to

1
1o T M@+ M) + My @)+ (25)
where M; (s) is the usual generating series of the main diagonal of D; (M). Addition and
multiplication of diagonal matrices diag(ag, ai, . ..) corresponds to the usual addition
and the Hadamard (coefficient-wise) multiplication of the power series ap + ais +
a2s2 + - --. Note that we have

J diag(ag, ay, ...) = diag(ay, az, ...)J,

which gives an algebraic rule for multiplication of the power series (25) corresponding
to multiplication of matrices.

Namely, we can replace the matrix M by the formal power series (25), where the
series in the variable s are added and multiplied coordinate-wise, while the series in
the variable ¢ are multiplied in the usual (though non-commutative) way subject to the
relation

t(aoso +ais +a2s2 +--) = (als0 + aps +a3s2 + - )t

Let A = (aij)?j':o be a matrix, and denote by A; (M) = (ag.i, a1.i+1,@2,i4+2, - - -)
the sequence equal to the ith diagonal of A.

Letd > 2,k € {0,1,...,d — 1}, n > 1 be integers, and let k + n = dq + r
for g € Z and r € {0,1,...,d — 1}. Then the sequence E;(A,(M))r =
(Ak,dg+r> Ak+d,d(g+1)+r» Qk+2d,d(g+2)+r» - - -) 1S equal to the gth diagonal of the matrix

(BaM)y,r.

Example 5.18 Consider, as in the previous examples, the matrices a, b, ¢, d generat-
ing the Grigorchuk group. Denote A, = A,(a), B, = A,(b),C,, = A,(c), D, =
A, (d). Note that Ag = (1,1,...),A; = (1,0,1,0,...),and A, = 0 forall n > 2.
We have

E2(Bay) = (Cyu, Ap)
E2(B2n-i-l) = (0, Cn+l + An+l) .

Similarly,

EZ(C2n) = (Dn, An)
E2(Cont1) = (0, Apy1 + Dpt1)

and

EZ(DZH) = (Bn’ In) s
E2(D2py1) = (0, Iyy1 + Buy) .
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These stencil recursions give us recursive formulas for the corresponding generating
functions, which we will denote B (s),Cn(s), D, (s).Recall that A, (s) = Oforn > 2,

Iy(s) = 0forn > 1, Ay(s) = 1z, and A(s) = Io(s) = 7.

Bon(s) = C2 4 5A2
Boni1(s) = 5(Ciyy + Ay )

Con(s) = D? + sA2
Cons1(5) =Dy, + Ay y )

D, (s) = B2 + s1?
Doui1(s) = s(I 1+ B +1)

Note that iterations of the map 2n +— n, 2n+ 1 + n + 1 on the set of non-negative
integers are attracted to two fixed points O — 0 and 1 — 1. Consequently, we get the
following

Proposition 5.19 For every n > 1 the generating functions B, (s), C,(s), Dy (s) are
of the form

PG B,
14 s2

where k, 1 > 0 are integers, and po(s), p1(s) are polynomials over 5.

5.5 Principal columns

Let g € Kp, let Ag be the matrix of 5, (g) in the basis Eo; of monomials. Recall that
we number the columns and rows of the matrix A, starting from zero.

Proposition 5.20 Every entry a; ;j of the matrix Ay is a polynomial function (not
depending on g) of the entries of the columns number p, p2, .. ., pLIng il
The same statement is true for the matrices of Too(g) in the basis B

Proof Let
[ao, a1 (x1), ax(x1, x2), .. .]

be the tableau of g, as in Sect. 5.1.
Recall that e is the monomial x,. Consequently,

Too(g)(epn) = Xy + up (X1, X2, ..., Xp—1).

It follows that the entries of column number p” of the matrix A, above the main
diagonal are the coefficients of the representation of u, as a linear combination of
monomials ¢; for i < p”, i.e., are the coefficients of the polynomial u,,. (The entries
below the diagonal are zeros, and the entry on the diagonal is equal to one, of course.)
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If k is a natural number such that k < p"*!, then ¢y = x|'x}?---x;", where

Fny¥Tn—1, ..., 11 are the digits of the representation of k in the base p numeration
system, and
Too(g)(ek) = (x1 +u)™ (x2 + ua(x1))? -+ (xn + un(x1, X2, ..., Xp—1)"™,

which implies the statement of the proposition.

For the basis B, we have bn = —()‘"1"r 1) = —x, — 1, and a similar proof works.
[m}
Definition 5.21 Columns number p”,n =0, 1,2, ..., of the matrix Ay are called the

principal columns of Ag.

Example 5.22 Let, for p = 2, the first four principal columns of the matrix A,, g € KCp,
be (ao1, 1,0,...)7, (ao2, a12, 1,0, ...) T, and (ags, aia, aza, aza, 1,0, ...) . Then the
columns number 3, 5, 6, and 7 (when numeration of the columns starts from zero)
are

ao1ao4
ap1an ap1ai4 + ais + ao4
aopraix +aiz + ap ap1az4
api ’ a4 +azqao) +az |’
1 apl
1

anao4
ap2ai4 + ainaps + ainais
ao4 + azaap + axq
a4 + azq + appazs + apaza + appazs |,
am
ap
1

and

ao1a02a04
(aps + ar4a01 + ar4)(ao2 + ai2) + apraizaps
ap1ao4 + aoprazaan + ao1az
(a2 + a1z + 1)(a24 + az4 + aoraszs) + ao1 (a4 + anazs) + aos + ais
aop1aon
a2 + a2 +aorai2
ap1
1

respectively.
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5.6 Uniseriality

Recall that the basis E of C(X®,F)) consists of monomial functions e, e1, ...,
where

e (x1, x )—xkoxklxkzn-
kotki pkap2+-- A1 A2, - on) = XAy Ay ’

where k; € {0, 1, ..., p — 1} are almost all equal to zero. Let us call, following [27]
(though we use a slightly different definition), n = ko + ki p + kap? + - - - the height
of the monomial e, = xfoxlqukz .

Height of areduced polynomial f is defined as the maximal height of its monomials,
and is denoted y (f). We define y (0) = —1 (note that our definition is different from
the definition of Kaloujnine, which uses y (f) + 1, so that height of 0 is zero).

Let us describe, following [13], an algorithm for computing height of a function
fe ]F;f". Let Bbe the basisbg < by < -+ < bp— ofIFif, constructed in 5.2.

Let {5, 8], ..., 8;_1} and {b), b}, ..., b;_l } be the bases of the space of function-

/
als (]F;f) dual to the bases {d¢, 61, ...,8,—1} and B, respectively, i.e., 8; and bl’. are
defined by the condition

(8:18;) = (bi1bi) = &i

forall0 <i,j<p-—1.
Then we have

Bl f) = fo,

for all f GF[),( andx € X =F,.

It follows from Proposition 5.7 and elementary linear algebra that the transition
matrix from the basis {8, ], ..., 8;_1 Jto{by, by, ..., b;}_l } is the matrix transposed
to the matrix 7! of Proposition 5.7, i.e., the matrix

o O OO
- o o O
W —= O O

W= O
—

In other words,

b;:g( ! )a; 6)
P p—1—k
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so that

p—1
, B l
win=3 (,_\_ )
For instance, (b;_llf) =2 ex f(X).

Define linear maps Ry : ]Fif”“ — ]Fif", k =0,1,..., p — 1, as the linear
extension of the map

biy ® -+ bi, ® biy,y > (Db, ) - biy ® - b,
In other terms, the map Ry is given by
Rie(f)(x1, x2, o X0) = (DRI f (X1, %2, 0, X, X)),

where f(x1,x2,...,X,,X) € ]Fif”+l on the right-hand side of the equality is treated

as a function of x for every choice of (x1, x2, ..., x,) € IB‘?,(".
Using (26), we see that Ry can be computed using the formula

p—1
Re()1 X2, ox) = > (p o k)f(xl,xz, X, X).

x=0

Proposition 5.23 Let f € IF;(”. Define j, as the maximal valueof j = 0,1, ..., p—1
such that R;(f) # 0, and then define inductively ji for 1 < k < n as the maximal
value of j suchthat Rj o Rj_, o---0oR; (f) #0. Then

Jk+1

y(f)=j1+pp+ipt+-+jap"

Proof For any monomial b;; ® b;, ® --- ® b;,, and any 0 < j < p — 1, we have

s _ ‘ ‘ |0 if j # i,
(bj1biy) - biy ® bi @ -+ @ by, = bi, ® bj, ® - -+ Q@ b, , otherwise.

The proof of the proposition is now straightforward. O

In [13] a different basis of the dual space was used (formal dot products with by),
but the transition matrix from their basis to {b;} is triangular, so a statement similar to
Proposition 5.23 holds.

One can find the height of a function f € Fif" “from the other end” by applying
the maps Tb;(, defined in Sect. 4.4. Recall, that these maps act by the rule

Tb,/((f)(xl,x2, .. ~axn—l) = (b]/(|f('x7xlv-x27 e 7-xl’l—l))ﬂ
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i.e., they are linear extensions of the maps
Tbl/{ bi, ®b;, @ ---®b;,) = (b;(|b,'1 i, @ - @b, 27
and are computed by the rule

p—1
X
Ty ()61 20, X)) = (p L k)f(x,xl, X2 Xno1)

x=0

Equation (27) imply then the following algorithm for computing height of a func-
tion.

Proposition 5.24 Let f € FX", and let by = Ty (f) for 0 < k < p — 1. Let
his hiys - . ., b, be the functions of the maximal height among the functions hy, and
let j1 = max(k;). Then

y(f)=j+d-yhj).

Proposition 5.24 seems to be less efficient than Proposition 5.23 in general, but it is
convenient in the case p = 2. Let f € Ff”. Denote fy = T%(f), fi= T5i (f),ie.,

fO(xl,xL "°7x)'l*1) = f(()a xlrxzv "'7xn71)’
fl(xl»-x2a "-7-xi‘l—1) = f(la-xlsx27 -"sxn—l)'

Proposition 5.25 For every f € FX' we have

2max(y (fo). y(f)) + 1 ify(fo) # v (f1),
2y (fo) ify(fo) = v(fi).

Proof We have hg = f1, h1 = fo + f1.

Ity (fo) < y(f1),theny(h1) =y (fo+ f1) = y(f1),hence y (f) =2y (h1)+1 =
2y (fi)+ L

If y(fo) > y(f1), then y(h1) = y(fo + f1) = y(fo) > v(f1) = y(ho), hence
y(f) =2y(h) +1=2y(fo) + 1.

If y (fo) = y(f1), then y(h1) = y(fo + f1) < y(f1) = v(fo), hence y(f) =

y(f) =

2y (ho). O
For more on height of functions on trees, and its generalizations, see [13].
Denote, as before, U,, = (e, €1, - . ., en). Then U,, consists of reduced polynomials

of height not bigger than n.

Since the representation of G is uni-triangular in the basis E, the spaces U, are
G-invariant, i.e., are sub-modules of the G-module C(X“, F ). Note also that U,,_;
has co-dimension 1 in U,,.

Proposition 5.26 Let g € IC), be the adding machine. Then U, = (g — 1)Up41 for
every n.
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Proof We know that the matrix of g in the basis By is the infinite Jordan cell. Con-
sequently, (g — 1)(bg) = 0, and (g — 1)(by+1) = by, for all n > 0. It follows that

(& = DWUns1) = (& = D(bo, b1, - ..., buy1)) = (bo, b1, - .., by) = Un.

O

Theorem 5.27 If V is a sub-module of the K ,-module C(X®,F ), then either V =
{0}, 0or V = C(X?®,F)p), or V= Uy, for some n.

Proof Letv € V and n > 0 be such that v € U,\U,_. Let g € K, be the adding
machine defined as the automorphism of the tree X* acting by the rule

2(x1, 12 X)) = xr+1,x2,...,x5) 0<x1<p-—2,
Ve 0,g(x2,...,%3)) x1=p—1.
Then (g — D*(v) € Up_x\Up—p—1 forall I <k < n.(We assume that U_; = {0}.)
It follows that (v, (g — 1)(v), (g — D>(v), ..., (g — 1)”(v))ﬁrp =U,CV.
Let n be the maximal height of an element of V. If n is finite, then by the proven
above, V = U,. If n is infinite, then, by the proven above, V contains UZOZO U, =
C(X?,Fp). O

We adopt therefore, the following definition.

Definition 5.28 Let G < K,. We say that the action of G on C(X“, F,) is uniserial
if for every n > 0 the set UgeG(g — 1)Uy, 4 generates U,,.

A module M is said to be uniserial if its lattice of sub-modules is a chain. It is
easy to see that the same arguments as in the proof of Theorem 5.27 show that if the
action of G on C(X“,F)) is uniserial, then U, are the only proper sub-modules of
the G-module C(X“, F,,). Consequently, the G-module C(X®, F,) is uniserial.

In group theory (see [15,30]) an action of a group G on a finite p-group U is said to
be uni-serial, if |N : [N, G]| = p for every non-trivial G-invariant subgroup N < U.
Here [N, G] is the subgroup of N generated by the elements k84 ~! for h € H and
g € G, where h8 denotes the actionof g e Gonh € H.

Let g € KCp, and let

[fo. fi(x1), fa(x1, x2),...]

be the tableau of g. We have seen in Sect. 5.5 (see the proof of Proposition 5.20)
that the entries of the principal columns (ag, pn, ai pn, ..., apn—1, pn)T of the matrix
(a,‘,./);?j.zo of 7+ (g) in the basis E, are precisely the coefficients of the polynomials

ne

p"—l

Fn(xr, x2, 000 Xp1) = Z Ak, p" k>

k=0

where e is the monomial of height k.
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It follows that the height of f;, is equal to the largest index of a non-zero non-
diagonal entry of the column number p" of the matrix of 7 (g) in the basis E,. Note
that the same is true for the matrix of 7, (g) in the basis Bo.

Proposition 5.29 Let G < K, and let o : K, — ]F‘; g (aplg), ar(g),...)
be the abelianization homomorphism given by (18). The action of the group G on
C(X®,F)) is uniserial if and only if every homomorphism oy : G —> F, is non-
zero.

Proof It follows from Theorem 5.13 that all homomorphisms oy are non-zero if and
only if for every k = 1, 2, ... there exists gx € G such that the entry number k on the
first diagonal of 74, (gk) is non-zero.

Then for every monomial e the height of (1 — gx)(ex) is equal to k — 1, which
shows that Ule (1 — gr)(Ux) generates Uj_1, hence the action of G is uniserial. O

Corollary 5.30 Let S be a generating set of G < K,. Then the action of G on
C(X®,F)) is uniserial if and only if for every k = 0, 1, ... there exists gx € S such
that ay (gr) # 0.

Note that it also follows from Theorem 5.13 and from the fact that the entries in the
principal columns are the coefficients of the polynomials in the tableau, that o, (g) # 0
if and only if height of the polynomial f; of the tableau [ fo, f1(x1), fa(x1, x2), .. .]
representing g is equal to p”* — 1, i.e., has the maximal possible value.

Example 5.31 The cyclic group generated by an element g € K, is transitive on the
levels X" ifand only if o, (g) # Oforall n. It follows that if G contains a level-transitive
element, then its action is uniserial. But there exist torsion groups with uniserial action
on C(X®,IFp), as the following example shows.

Example 5.32 1t is easy to check that for the generators a, b, ¢, d of the Grigorchuk
group, we have a(a) = (1,0,0,0, ...), and

a(b)=1(0,1,1,0,1,1,0,1,1,0,...)
a(c)=(0,1,0,1,1,0,1,1,0,1,...)
a(d) =(0,0,1,1,0,1,1,0,1,1,...).

(In the last three equalities, each sequence have a pre-period of length 1 and a period
of length 3). It follows that the action of the Grigorchuk group is uniserial.

Example 5.33 Gupta—Sidki group [24] is generated by two elements a, b acting on
{0, 1, 2}*, where a is the cyclic permutation o = (012) on the first level of the tree
(i.e., changing only the first letter of a word), and b is defined by the wreath recursion

b=(a,a',b).

Then a(a) = (1,0,0,...),and x(b) = (0, 0,0, . ..), hence the group (a, b) does not
act uniserially on {0, 1, 2}.
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