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Abstract In this paper, we prove existence results for common fixed points of two
or three relatively asymptotically regular mappings satisfying the orbital continuity of
one of the involved maps under implicit relation on ordered orbitally complete metric
spaces. We furnish suitable examples to demonstrate the validity of the hypotheses
of our results. At the end of the results, an application to the study of existence and
uniqueness of solutions for a class of nonlinear integral equations is presented.
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1 Introduction

Fixed point theory has developed rapidly in metric spaces endowed with a partial
ordering. Most of the related results are a hybrid of two fundamental principles:
order iterative technique and various contractive conditions. Indeed, they deal with
a monotone (either order-preserving or order-reversing) mapping F satisfying, with
some restriction, a classical contractive condition, and are such that for some xg € X,
either xo < Fxg or Fxo < xo holds. The first result in this direction was given by Ran
and Reurings [28] who presented its applications to matrix equations. Subsequently,
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184 H. K. Nashine

Nieto and Rodriguez-Lopez [25] used the contractive condition
d(Fx,Fy) <kd(x,y) for y <x. (1.1

where k € [0, 1) and extended this result for nondecreasing mappings and applied it
to obtain a unique solution for a first order ordinary differential equation with periodic
boundary conditions. Later, in [27] O’Regan and Petrusel gave some existence results
for Fredholm and Volterra type integral equations. In some of the above works, the
fixed point results are given for non-decreasing mappings. In [3], Agarwal el al. used
the nonlinear contractive condition, that is,

d(Fx, Fy) < (d(x,y)) fory < x, (1.2)

where ¢ : [0, 00) — [0, 00) is a non-decreasing function with lim,,_, 5, ¥"(f) = 0
fort > 0, instead of (1.1). Also in [3], the authors proved a fixed point theorem using
generalized nonlinear contractive condition, that is,

d(Fx, Fy) < ¢ (max {d(x, y),d(x, Fx),d(y, Fy), 3[d(x, Fy) +d(y, Fx)1})
(1.3)
for y < x, where i is as above.
Recently, Altun and Simsek [4] proved the fixed point results using implicit relations
for one map and two maps and generalized the results given in [3,25,27,28]. Also, an

application to an existence theorem for common solution of two integral equations is
given. The main results are the following:

Theorem 1 Ler (X, d, <) be a partially ordered complete metric space. Suppose
F : X — X is a non-decreasing mapping such that for all comparable x,y € X,

Td(Fx,Fy),dx,y),dx, Fx),d(y, Fy),d(x, Fy),d(y, Fx)) <0,

where T : Ri — R belongs to the set of functions T as given in [4]. Also suppose
that

F is continuous

or

if {x,} C X is a non-decreasing sequence with x,, — x in X,
then x, < x foralln

holds. If there exists an xo € X with xg < F(xo) then F has a fixed point.

Theorem 2 Let (X, d, <) be a partially ordered complete metric space. Suppose
F,G : X — X are two weakly increasing mappings such that for all comparable
X,y €X,

T(d(Fx,Gy),d(x,y),d(x, Fx),d(y,Gy),d(x,Gy),d(y, Fx)) <0
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Common fixed point theorems under implicit relations 185

where T :R6+ — R belongs to the set of functions ' as given in Definition 1 of Sect. 2.
Also suppose that

F is continuous or G is continuous

or

if {x,} C X is a non-decreasing sequence with x,, — x in X,
then x, <X x foralln

holds. Then F and G have a common fixed point.

Thereafter, several authors worked in this direction and proved fixed point theorems
in ordered metric spaces. For more details see [1-8,10,11,14,18,21,23,24,27,29,31—
34] and the references cited therein.

The aim of this work is to generalize Theorem 1 and Theorem 2 (and, hence, some
other related common fixed point results) in two directions. The first is treated in
Sect. 3, where a pair of asymptotically regular mappings in an orbitally complete
ordered metric space is considered. The existence and (under additional assumptions)
uniqueness of their common fixed point is obtained under assumptions that these
mappings are strictly weakly isotone increasing, one is orbitally continuous and they
satisfy a implicit relation condition.

In Sect. 4 we consider the case of three self-mappings F, G, R where the pair
F, G is R-relatively asymptotically regular and relatively weakly increasing, with the
implicit relation.

We furnish suitable examples to demonstrate the validity of the hypotheses of our
results. We conclude the paper applying the obtained results to prove an existence
theorem for solutions of a system of integral equations.

2 Notation and definitions

First, we introduce some notation and definitions that will be used later.

2.1 Implicit relation and related concepts

In recent years, Popa [26] have used implicit functions rather than contraction condi-
tions to prove fixed point theorems in metric spaces whose strength lie in their unifying
power, as an implicit function can cover several contraction conditions at the same
time, which include known as well as some unknown contraction conditions. This fact
is evident from examples furnished in Popa [26].

In this section, in order to prove our results, we define a set of suitable implicit
functions involving six real non-negative arguments that was given in [4].

Definition 1 [4] Let R, denote the set of non-negative real numbers and let T’ be the
set of all continuous functions 7" : Ri — R satisfying the following conditions:
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(Tl): T(t1,..., 1) is non-increasing in variables 12, . . ., 4.
(%}): There exists a right continuous function f : Ry — Ry, f(0) =0, f(1) <1t
for t > 0, such that for u, v > 0,
Tw,v,u,v,0,u+v) <0
or
Tw,v,v,u,u+v,0) <0
or

Tw,v,0,0,v,v) <0

implies u < f(v).
(%5): T(u,0,u,0,0,u) >0and T (,0,0,u,u,0) >0,Yu > 0.

Example 1 T(ty,...,t6) = t1 — amax{t, 13,14} — (1 — a)[ats + bts], where 0 <
a<1,0§a<%,0§b<%.

Example 2 T(t1, ..., t¢) = t; — kmax{t, 13, t4, 5 (ts + )}, where k € (0, 1).
Example 3 T(t1, ... 1) = i — p(max{tr, 13, 14, 3(t5 + 16)}), where ¢ : R — Ry

is right continuous and ¢ (0) = 0, ¢(¢) < t forz > 0.

Example 4 T(t,...,1t5) = tlz—tl(atz + bty +cty) — dtstg, wherea > 0,b, ¢, d > 0,
a+b+c<landa+d < 1.

2.2 Asymptotic regularity, orbitally completeness and related concepts

Browder and Petryshyn [12] introduced the concept of asymptotic regularity in Hilbert
spaces. It can be formulated for metric spaces as follows.

Definition 2 [13] A self-map F on a metric space (X, d) is said to be asymptotically
regular at a point x € & if lim;, o d(F"x, ]—"‘“x) =0.

Recall that the set O(xg; F) = {F"x0 : n =0, 1,2, ...} is called the orbit of the
self-map F at the point xg € X.

Definition 3 [13] A metric space (X, d) is said to be F-orbitally complete for some
x € X if every Cauchy sequence contained in O(x; F) converges in X

Here, it can be pointed out that every complete metric space is J-orbitally complete
for any F, but an F-orbitally complete metric space need not be complete.

Definition 4 [12] A self-map F defined on a metric space (X, d) is said to be orbitally
continuous at a point z in & if for some x € & and for any sequence {x,} C O(x; F),
Xp, — z asn — oo implies Fx, — Fzasn — o0.
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Common fixed point theorems under implicit relations 187

Clearly, every continuous self-mapping of a metric space is orbitally continuous,
but not conversely.

Sastry et al. [30] extended the above concepts to two and three mappings and
employed them to prove common fixed point results for commuting mappings. In
what follows, we collect such definitions for three maps.

Definition 5 Let G, F, R be three self-mappings defined on a metric space (X, d).

(1) If for a point xg € X, there exits a sequence {x,} in X’ such that Rx>,+1 = Gx2,,
Rxon+2 = Fxong1,n =0, 1,2, ..., then the set O(xp; G, F, R) = {Rx, :n =
1,2, ...} is called the orbit of (G, F, R) at xp.

(2) The space (X, d) is said to be (G, F, R)-orbitally complete at xq if every Cauchy
sequence in O(xg; G, F, R) converges in X.

(3) The map R is said to be orbitally continuous at xg if it is continuous on
O(x0: G, F, R).

(4) The pair (G, F) is said to be asymptotically regular with respect to R at x¢ if
there exists a sequence {x,} in X such that Rxz,+1 = Gx2p, Rx2n4+2 = FX2n+1,
n=0,1,2,...,and d(Rx,, Rxp+1) — 0asn — oo.

(5) If R is the identity mapping on X', we omit “/R” in respective definitions.

2.3 Partially ordered sets and related concepts

If (X, <) is a partially ordered set then x, y € X are called comparable if x < y or

y =< x holds. A subset K of X is said to be well ordered if every two elements of

are comparable. If F : X — X is such that, for x, y € X', x < y implies Fx < Fy,

then the mapping F is said to be non-decreasing.

Definition 6 Let (X', <) be a partially ordered set and G, F : X — X

(1) [1] The mapping F is called dominating if x < Fx foreach x € X.

(2) [15,16] The pair (G, F) is called weakly increasing if Gx < FGx and Fx < GFx
forallx € X.

(3) [15,16,35] The mapping G is said to be F-weakly isotone increasing if for all
x € X we have Gx < FGx < GFGx.

(4) [24] The mapping G is said to be F-strictly weakly isotone increasing if, for all
x € X such that x < Gx, we have Gx < FGx < GFGx.

(5) [23]Let R : X — X be such that FX € RX and GX C RX, and denote
RMx):={ueX:Ru=x}forx e X.We say that F and G are weakly
increasing with respect to R if and only if for all x € X', we have:

Fx =Gy, Vy e R™!(Fx)
and
Gx < Fy, Vy e R™'(Gx).
Example 5 [1] Let X = [0, 1] be endowed with the usual ordering. Let ¥ : X — X

be defined by Fx = /x,n € N. Since x < ¥/x = Fxforallx € X, Fisa
dominating map.
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Remark 1 (1) None of two weakly increasing mappings need be non-decreasing.
There exist some examples to illustrate this fact in [4].

2) If G, F : X — X are weakly increasing, then G is F-weakly isotone increasing.

(3) G canbe F-strictly weakly isotone increasing, while some of these two mappings
can be not strictly increasing (see the following example).

(4) If R is the identity mapping (Rx = x for all x € X), then F and G are weakly
increasing with respect to R if and only if they are weakly increasing mappings.

Example 6 Let X = [0, +00) be endowed with the usual ordering and define G, F :
X — X as

oo |2 ifxelo o [2 ifxe(o,
r= 3x, ifx > 1; Tl 2x, ifx > 1.

Clearly, we have x < Gx < FGx < GFGx for all x € &, and so, G is F-strictly
weakly isotone increasing; F is not strictly increasing.

Definition 7 [19,20]. Let (X, d) be a metric space and f, g : X — X.

() If w = fx = gx, for some x € X, then x is called a coincidence point of f
and g, and w is called a point of coincidence of f and g. If w = x, thenx is a
common fixed point of f and g.

(2) The mappings f and g are said to be compatible if lim,,_, oo d(fgXxn, gfxn) = 0,
whenever {x,} is a sequence in X such that lim,_, o fx, = lim,— 00 gx, = ¢
for some t € X.

Definition 8 Let X' be a nonempty set. Then (X, d, <) is called an ordered metric
space if

(i) (X, d) is a metric space,
(i) (&, x) is a partially ordered set.

The space (X, d, <) is called regular if the following hypothesis holds: if {z,} is a
non-decreasing sequence in X’ with respect to < such that 7, - z € X asn — oo,
then z,, < z.

3 Common fixed point theorem for F-trictly weakly isotone increasing
mappings

In this section, we improve the results of Altun and Simsek [4] by considering the
following:

(1) a pair of asymptotically regular mappings;

(2) orbital continuity of one of the involved maps;

(3) strictly weakly isotone increasing condition;

(4) implicit condition, and

(5) an ordered orbitally complete metric space.

The first main result of this section is as follows:
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Common fixed point theorems under implicit relations 189

Theorem 3 Let (X, d, <) be an ordered metric space. Let G, F : X — X be two
mappings satisfying

T(d(Fx,Gy), d(x,y),dx, Fx),d(y,Gy),d(x,Gy),d(y, Fx)) =0 (3.1)

forall x, y € O(xo; G, F) such that x and y are comparable, where T € ¥'.
We assume the following hypotheses:

() (F, 9) is asymptotically regular at some xoy € X;
(i) X is (G, F)-orbitally complete at xo;
(iii) G is (G, F)-orbitally continuous at xo;
(iv) G is F-strictly weakly isotone increasing;
(v) xo < Gxo.
Then G and F have a common fixed point. Moreover, the set of common fixed points
of G, F in O(xo; G, F) is well ordered if and only if it is a singleton.

Proof First of all we show that, if F or G has a fixed point, then it is a common fixed
point of F and G. Indeed, let z be a fixed point of F. Assume that d(z, Gz) > 0. If we
use the inequality (3.1), for x = y = z, we have

T(d(z,G2),0,0,d(z,Gz2),d(z,G2),0) <0,
which is a contradiction to (%%). Thus d(z, Gz) = 0 and so z is a common fixed point
of F and G. Analogously, one can observe that if z is a fixed point of G, then it is also
a fixed point of F. Now let xo be a point assumed in (i). If xo = Fxo, the proof is
finished, so assume xo # Fxo.

Since (F, G) is asymptotically regular at xo in X, there exists a sequence {x,} in
X such that

Xon+1 = Gxoy and X242 = Fxouqg forn € {0, 1,...} (3.2)
and
lim d(x,, x,+1) = 0. (3.3)
n—oo
If x,, = Gxp, or x,, = Fxp,, for some ngp, then the proof is finished. So assume
Xp 7# Xpy for all n.

Since G is F-strictly weakly isotone increasing, we have

x1 =Gxo < FGxo = Fx1 =x2 < GFGxo = GFx1 = Gxp = x3,
x3 =Gx2 < FGxo = Fx3 = x4 < GFGxo = GFx3 = Gx4 = x5,

and continuing this process we get

X] < X2 <+ <Xp < Xpgp] <o (3.4)
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Next, we claim that {x,} is a Cauchy sequence in the metric space O(xg; G, F). We
proceed by negation and suppose that {x,} is not a Cauchy sequence. That is, there
exists § > 0 such that d(x,, x,,) > § for infinitely many values of m and n with
m < n. This assures that there exist two sequences {m (k)}, {n(k)} of natural numbers,
with m (k) < n(k), such that for each k € N

d(xzn(k), xzm(k)) > 6 fork e {1, 2, . } (3.5)
We may also assume

d(X2mk)—2, X2n(k)) < 8 (3.6)

by choosing 2m (k) to be smallest number exceeding 2 (k) for which (3.5) holds. Now
(3.5) and (3.6) imply

0 <6 <dxnw®), X2m(k))
< d(X2nk)s X2amk)—2) + d(X2mk)—25 X2mk)—1) + d(X2mk)—15 X2m(k))
< 8 +d@xammy—2, Xomk)—1) + dX2mp)—1, X2m(k))

and so
Jim d(xXn k) Xom(k) = 8. (3.7
Also, by the triangular inequality,
|d X200y X2m—1) — d(X2n(0)> X2m(t)| < dX2m@)—1, X2m(k))
and
|d (on(iyt s Xomo-1) —d (Xan)s Xamk) | < dCom@r1s Xome) +d X200y s X2n(00p+1)-

Therefore we get

lim d(x2,k), Xom@ky—1) =8 (3.8)
k— 00
and
lim d(x2n(k)+15 X2m)—1) = 8. (3.9
k—o00

Also we have

8 < d(x2n(k), X2m(k))
< d(X2n)s X2nk)+1) + dX2nk)+1, X2m(k))- (3.10)
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On the other hand, since x2,,x) and x2,,(x)—1 are comparable we can use the condition
(3.1) for these points. Therefore we have

T (d(Fxony> GXomky—1)» d X2k > X2m)—1)> A (X2n k) » FX20(k))»
d(2m@y—1> GXomt)—1)» d(X20k) GXomp)—1)s dX2my—1, FXonk))) < 0

and so

T (d (X200 +1, X2m k) A(X20k) s X2mk)—1)s A (X2n(k)> X2n(k)+1),
d(X2mk)—1, X2mk)) > d(X20(k) > X2m(k)) > A (X2m(k)—1, X2nk)+1)) = 0.

Now, considering (3.7), (3.8) and (3.9), letting k — o0 in the last inequality we have,
by continuity of 7', that

T ( lim d(x2,(k)+1, xzm(k)> ,6,0,0,6,8) <0.
k—o00

From (‘5?’2), we have limy_, 0o d(X2,(k)+15 X2m(k)) < f(8),1.e.,6 < f(8). Thisisacon-
tradiction since f(¢) < t for t > 0. Thus {xy,} is a Cauchy sequence in O(xg; G, F).
Since X is (F, G)-orbitally complete at xq, there exists a z € X with lim,,_, o0 X, = 2.

If G is orbitally continuous, then clearly z = Gz = Fz O

Theorem 4 Let (X, d, <X)and G, F : X — X satisfy all the conditions of Theorem 3,
except that condition (iii) is substituted by

(iii’) X is regular.

Then the same conclusions as in Theorem 3 hold.

Proof Following the proof of Theorem 3, we have that {x,} is a Cauchy sequence in
(X, d) which is (G, F)-orbitally complete at xq. Then, there exists z € A" such that

lim x, = z.
n—oo

Now suppose that d(z, z) > 0. From regularity of X', we have xp,_; < z for all

n € N. Hence, we can apply the considered contractive condition. Then, setting x = z
and y = xp,—1 in (3.1), we obtain:

T(d(FZ, ngn—l), d(Zv x2l’l—l)1 d(Zs fz)v d(x2n—1» g-x2n—1)1
d(x,Gxop—1),d(x2p-1, Fx)) < 0.

so letting n — oo in the last inequality, we have
T(d(Fz,2),0,d(z, Fz),0,0,d(z, Fz)) <0

which is a contradiction to (¥5). Thus d(z, z) = 0 and so z = Fz = Gz. Hence, z
is a common fixed point of F and G. |
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If we take G = identity mapping in Theorem 3, then we have the following conse-
quence:

Corollary 1 Let (X, d, <) be an ordered metric space. Let F : X — X be a mapping
satisfying
T(d(Fx,Fy),d(x,y),dx, Fx),d(y, Fy),d(x, Fy),d(y, Fx)) =0 (3.11)
forall x,y € O(xo; F) such that x and y are comparable, where T € ¥'.
We assume the following hypotheses:

(i) F is asymptotically regular at some point xo € X;
(i) X is F-orbitally complete at xo;
(iii) F is orbitally continuous at xo or X is regular.

Also suppose that Fx < F(Fx) forall x € X such that x < Fx, and that xy < Fxo.
Then F has a fixed point. Moreover, the set of fixed points of F in O(xq; F) is well
ordered if and only if it is a singleton.

If we combine Theorem 3 with some examples of 7', we obtain the following result.

Corollary 2 Let (X,d, X)and G, F : X — X satisfy all the conditions of Theorem 3
(or Theorem 4), except that condition (3.1) is substituted by

d(Fx,Gy) = ¢(d(x,y))

forall x,y € O(xqo; F) such that x and y are comparable, where ¢ : Ry — R, isa
right continuous function such that ¢(0) =0, ¢ () <t fort > Q.
Then the same conclusions as in Theorem 3 (or Theorem 4) hold.

Proof T (ty,...16) = t; — ¢(t2), then it is obvious that T € T’. Therefore the proof
follows from Theorem 3 (or Theorem 4). m]

Corollary 3 Let (X, d, xX)and G, F : X — X satisfy all the conditions of Theorem 3
(or Theorem 4), except that condition (3.1) is substituted by

1
d(Fx,Gy) < ¢ (maX [d(x, V), d(x, Fx),d(y, Gy), E(d(x’ gy) +d(y, J’:X))])
(3.12)
forall x,y € O(xg; F) such that x and y are comparable, where ¢ : Ry — R, isa

right continuous function such that ¢(0) =0, ¢ () <t fort > Q.
Then the same conclusions as in Theorem 3 (or Theorem 4) hold.

Proof If T(t1,...t5) = t| — ¢p(max{tr, 13, 14, 3 (5 + t6)}), then it is obvious that
T € ¥'. Therefore the proof follows from Theorem 3 (or Theorem 4). O

We illustrate Corollary 3 by an example which is obtained by modifying the one
from [17].
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Common fixed point theorems under implicit relations 193

Example 7 Let the set X = [0, +00) be equipped with the usual metric d and the
order defined by

XYy < x=).

Consider the following self-mappings on X':

Take xo = % Then it is easy to show that

OG0: 6. ) < {5y k.1 e}
and all the conditions (i)—(v) of Corollary 3 are fulfilled (condition (iv) on

O(x0; G, F)). Take ¢ (1) = gt for ¢t > 0. Then the contractive condition (3.12) takes
the form

for x, y € O(xg; G, F). Using substitution y = tx, ¢t > 0, the last inequality reduces
to

1 1
—x— -y

2 3

5 N NENY .
— max -y, =x, =y, = | |x— = - =
=% R R R TP T

3—2¢] <Smax {|1—¢t], 4, 30, 3[I1 = Se1+ 1t — 3]},

and can be checked by discussion on possible values for# > 0. Hence, all the conditions
of Corollary 3 are satisfied and G, F have a common fixed point (which is 0). Note
that G and F do not satisfy the contractive condition for arbitrary x, y € X

4 Common fixed points for relatively weakly increasing mappings

In this section, we improve and generalize the results of Altun and Simsek [4] by
taking into account the following for three maps R, G, F:

(1) (G, F) is a pair of asymptotically regular mappings with respect to R;
(1) orbital continuity of one of the involved maps;

(2) (G, F) is a pair of weakly increasing mappings with respect to R;

(3) (G, F) is a pair of dominating maps;

(4) (G, F) is a pair of compatible maps, and

(5) the basic space is an ordered orbitally complete metric space.

The first result of this section is the following.
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194 H. K. Nashine

Theorem 5 Let (X, d, <) be a regular ordered metric space and let F, G and R be
self-maps on X satisfying

T(d(Fx,Gy),d(Rx, Ry),d(Rx, Fx),d(Ry,Gy),d(Rx,Gy),d(Ry, Fx)) <0
“.1)

forall x,y € O(xo; G, F, R) such that Rx and Ry are comparable, where T € T'.
We assume the following hypotheses:

(1) (G, F) is asymptotically regular with respect to R at some xg € X;
(i) X is (G, F, R)-orbitally complete at x;
(iii) F and G are weakly increasing with respect to R;
(iv) F and G are dominating maps;
(v) R is monotone and orbitally continuous at x.

Assume either

(a) G and R are compatible; or
(b) F and R are compatible.

Then G, F and R have a common fixed point. Moreover, the set of common fixed points
of G, F and R in O(xg; G, F, R) is well ordered if and only if it is a singleton.

Proof Since (G, F) is asymptotically regular with respect to R at xg in &', there exists
a sequence {x,} in X such that

Rxon+1 = Gxop, Rxont+2 = Fxon+i, VneNy=1{0,1,2,...}, 42

and

nli)rrgo d(Rxy, Rxp+1) =0 4.3)
holds. We claim that

Rxpn <X Rxp+1, Yn € Np. “4.4)

To this aim, we will use the increasing property with respect to R satisfied by the
mappings F and G. From (4.2), we have

Rxi = Gxo < Fy, Yy € R™!(Gxo).
Since Rx; = Gxo, then x; € R™1(Gx), and we get
Rxi = Gxg < Fx1 = Rxy.
Again,

Rxy=Fx1 <Gy, Vye R_l(]-'xl).
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Common fixed point theorems under implicit relations 195

Since xo € R™1N(Fxy), we get

Rxy =Fx; X Gxp = Rxs.
Hence, by induction, (4.4) holds. Therefore, we can apply (4.1) forx = x, and y = x,
for all p and ¢q.

Now, we assert that {R.x,, } is a Cauchy sequence in the metric space O(xg; G, F, R).
We proceed by negation and suppose that {Rx>,} is not Cauchy. Then, there exists
6 > 0 for which we can find two sequences of positive integers {m(k)} and {n(k)}
such that for all positive integers k,

d(Rin(k), R)sz(k)) >dfork ef{l,2,...}. 4.5)
We may also assume

d(Rxomy-2, Rxon)) < 8 (4.6)

by choosing 2m (k) to be the smallest number exceeding 2n (k) for which (4.5) holds.
Now (4.5) and (4.6) imply

0 < 6 < d(Rx2n(k), Rx2mk))
< d(Rx2u(k)> Rx2m@k)—2) + d(Rxom@y-2, Rxompy—1) + d(Rx2m@y—1, RxXomx))
< 8 +d(Rxam@)—2> Rxomk)—1) + d(Rxom@y—1, RxXom))

and so
lim d (R, Roamaey) = 5. @.7)
Also, by the triangular inequality,
|d(Rx2nkys Rxam(k)—1) — d(Rx2nkys R¥am(k)| < d(Rx2m(k)—1, RXomk))
and

|d(Rx2n( 41, Rxamk)—1) — d(Rxaniy, Rxom@)| < d(Rxamiy—1, Rxomk))
+d (Rx2n(k)s RX2n(k)+1)-

Therefore we get

lim d(Rx2uk), Rx2my-1) =6 4.8)
k— o0
and
klingo d(Rxon)+1, Rxom)—1) = 6. 4.9)
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Also we have

8 < d(Rx2n)> Rxomw))
< d(Rx2n(ky, Rx2n(ky+1) + d(Rx2n(k) 41, RX2mk))- (4.10)

On the other hand, since Rxp,x) and Rxznk)—1 are comparable we can use the
condition (4.1) for these points. Therefore we have

T (d(Fx2n0k), GXomk)—1)s A(Rx2nk)> RX2mk)—1)» A(RX2nkys FX2n (k)
d(Rx2m)—1> GXam@y—1)» d(RX20k), GX2mk)—1)s d(RX2m ) —1, FXon))) < 0

and so

T (d(Rx2n@y+1> Rxom@))» d(Rx2nxys Rx2m@y—1), d(Rx20(k)» RX20k)+1)s
d(Rx2mky—1> Rxamk))» d(Rx2n(k), Rxomk))» d(Rxom@)—1, Rx2nk)+1)) < 0.

Now, considering (4.7), (4.8) and (4.9), letting k — o0 in the last inequality we have,
by continuity of 7', that

T ( lim d(RxZn(k)_H, RXQm(k)) ,6,0,0,6,6) <0.
k— 00

From (%)), we have limg_, oo d(RX21(1)+1, R¥2m)) < f(8),i.e.,8 < f(8). This is
a contradiction since f (1) <t for¢ > 0.
Hence, we deduce that {Rx,} is a Cauchy sequence in O(xg; G, F, R). Since X is
(G, F, R)-orbitally complete at xq, there exists some z € X" such that
Rx, — zasn — o0. 4.11)

We will prove that z is a common fixed point of the three mappings G, F and R.
Suppose, to the contrary, that d(z, Rz) > 0. We have

Gxop = Rxopy1 — zasn — 00 (4.12)
and
Fxop+1 = Rxopso —> zasn — o0. 4.13)
Suppose that (a) holds, i.e., G and R are compatible. Then, using condition (v),
lim GRxp,42 = lim RGx2,42 = Rz. (4.14)
n— o0 n—o00
From (4.11) and the orbital continuity of R, we have also

R(Rx,) = Rzasn — o0. (4.15)
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Now, using (iv), xop+1 < Fxop+1 = Rx2,42 and since R is monotone, Rxz,+1 and
R'Rx2,42 are comparable. Thus, we can apply (4.1) to obtain

T(d(Fx2n+1, GRx242), d(Rx2p41, RRX2442), d(Rx2n41, FX2n41)s
d(RRx2u+2, GRx24+42), d(Rx2n+1, GRx2n42), d(RRx2p42, Fxon41)) <0 (4.16)

Passing to the limit as n — oo in (4.16), using (4.11)—(4.15), we obtain
T(d(z,Rz),d(z,Rz2),0,0,d(z, Rz),d(Rz,z) <0
which is a contradiction to (%}). Thus d(z, Rz) = 0 and
Rz =z. (4.17)

Now, x2,+1 X Fxop+1 and Fxp,41 — z as n — 00, so by the assumption we have
X2n+1 =< z and Rx2,4+1 and Rz are comparable. Hence (4.1) gives

T (d(Fxon+1, G2), d(Rx2p41, R2), d(Rx2n41, Fxon41), d(Rz, G2),
d(Rxon+1,G2), d(Rz, Fxony1)) < 0.

Passing to the limit as n — oo in the above inequality and using (4.17), it follows that
T(d(z,9z2),0,0,d(z, G2),d(z,Gz),0) < 0.
which is a contradiction to (37’3). Thus
Gz=z. (4.18)

Similarly, xp, < Gx», and Gxp, — z as n — oo, implies that xp, < z, hence Rxo,
and Rz are comparable. From (4.1) we get

T(d(j:Z, gx2n)7 d(RZ’ R-xzn)s d(st *7:Z)1 d(R-XZID gx2n)7
d(Rz, Gxan), d(Rxan, Fz)) <0

Passing to the limit as n — oo, we have
T(d(Fz,2),0,d(z, F2),0,0,d(z, Fz)) <0
which is a contradiction to (3/3). Thus
z=Fz. (4.19)

Therefore, Gz = Fz = Rz = z, hence z is a common fixed point of R, F and G.
Similarly, the result follows when condition (b) holds.
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Now, suppose that the set of common fixed points of G, F and R in O(xg; G, F, R)
is well ordered. We claim that there is a unique common fixed point of G, 7 and R in
O(x0; G, F, R). Assume to the contrary that Gu = Fu = Ru = u and Gv = Fv =
Rv = vbutu # v. By supposition, we can replace x by u and y by v in (4.1) to obtain

T(d(Fu,Gv),d(Ru, Rv), d(Ru, Fu),d(Rv, Gv), d(Ru, Gv),d(Rv, Fu)) <0
or
Tdw,v),du,v),0,0,du,v),dw,u) <0

which is a contradiction to (T’z). Hence, u = v. The converse is trivial. O

We obtain the following corollaries of Theorem 5 which improve Theorem 4.5 [4]
by considering orbital continuity of maps and orbitally complete space instead of
continuity of maps on complete space.

Corollary 4 Let (X, d, <) be a regular ordered metric space and let F and G be
self-maps on X satisfying

T(d(Fx,Gy), d(x,y),dx, Fx),d(y,Gy),d(x,Gy),d(y, Fx)) =0 (4.20)

forall x, y € O(xo; G, F) such that x and y are comparable, where T € ¥'.
We assume the following hypotheses:

(1) (G, F) is asymptotically regular at some point xg € X;
(i) X is (G, F)-orbitally complete at xo;
(iii) F and G are weakly increasing;
(iv) F and G are dominating maps.

Then F and G have a common fixed point. Moreover, the set of common fixed points
of F and G in O(xg; G, F) is well ordered if and only if it is a singleton.

Corollary 5 Let (X, d, X) be a regular ordered metric space and let F and R be
self-maps on X satisfying

T(d(Fx,Fy),d(Rx,Ry),d(Rx, Fx),d(Ry, Fy),d(Rx, Fy),d(Ry, Fx)) <0

forall x,y € O(xo; T, 7T, R) such that Rx and Ry are comparable, where T € ¥'.
We assume the following hypotheses:

(1) F is asymptotically regular with respect to R at some point xo € X;
(1) X is (F, R)-orbitally complete at xo;
(iii) F is weakly increasing with respect to R;
(iv) F is a dominating map;

(V) R is monotone and orbitally continuous at x.

Then F and R have a common fixed point. Moreover, the set of common fixed points
of F and R in O(xo; F, F, R) is well ordered if and only if it is a singleton.
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Corollary 6 Let (X, d, <) be a regular ordered metric space and let F be a self-map
on X satisfying for all x,y € O(xo; F) such that x and y are comparable,

T d(Fx, Fy),dx,y),dx, Fx),d(y, Fy),dx, Fy),d(y, Fx)) <0

where T € .
We assume the following hypotheses:

(i) F is asymptotically regular at some point xy of X;

(1) X is F-orbitally complete at xo,
(i) Fx < F(Fx) forallx € X;
(iv) F is a dominating map.
Then F has a fixed point. Moreover, the set of fixed points of F in O(xo; F) is well
ordered if and only if it is a singleton.

We illustrate Theorem 5 by an example which is obtained by modifying the one
from [17].

Example 8 Let the set X = [0, +00) be equipped with the usual metric d and the
order defined by

X=Xy <<= Xx=)y.

Consider the following self-mappings on X':

1 1 1 1
5x,0<x <5, 2x,0<x <3,

Rx = 6x, Fx=12 -2 Ggx =13 -3
X, x>§, X, x>3.

Take xo = % Then it is easy to show that

1 -
Ox0; G, F,R)C ’2k—31 :k,leN] and O(xo; G, F, R)= O(x0; G, F, R)U{0}

and all the conditions (i)—(v) and (a)-(b) of Theorem 5 are fulfilled (condition (iii) on
O(x0; G, F,R)). Take ¢(t) = %t for t > 0. Then contractive condition (4.1) takes

the form

for x,y € O(xp; G, F,R). Using substitution y = tx, t > 0, the last inequality
reduces to

o
_x —_—
273

1 1
6x——y'+ ‘6y——x

6 3 3 2

1 1 17 1
< - 6x —6y|, —x, —y, =
< maX[Ix Yl 7 yz[

13— 2¢] < max{6]1 — ¢, 5, F, 3116 — 521 + 16 — 311},
and can be checked by discussion on possible values for ¢+ > 0. If we suppose

T(t1,...,t6) = t; — ¢p(max{n, 13, t4, %(ts + t6)}), where ¢ : Ry — R right con-
tinuous and ¢ (0) = 0, ¢(r) < ¢ for ¢t > 0, then all the conditions of Theorem 5 are
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satisfied and G, F, R have a unique common fixed point in O(xq; G, F, R) (which
is 0).

5 An application to integral equations

In this section, we apply the result given by Corollary 4 to study the existence and
uniqueness of solutions to a class of nonlinear integral equations.
We consider the nonlinear integral equations

b

x(1) =/K1(t,s,x(s)) ds+g(), t €la,bl], 5.1
and
b
x(1) =/K2(t,s,x(s))ds + g(), t €a,b]. (5.2)

a

The purpose of this section is to give an existence theorem for common solution of
(5.1) and (5.2) using Corollary 4.

Let « be a partial order relation on R. Let X := C([a, b], R) with the usual max-
imum norm, i.e., || x|| = maX;e[q,p] [x(#)], for x € X. Consider on & the partial order
defined by

x <X yifandonlyif x(¢) < y(¢) for every ¢ € [a, b].

Then (X, <) is a partially ordered set. Also (X, ||-]|) is a complete metric space.
Moreover for every increasing sequence {x,} in &’ converging to x* € X, we have
Xxp(t) K x*(t) for every t € [a, b]. Also for every x, y € X there exists c(x, y) € X
which is comparable with x and y [25].
Define 7,G : X — X, by
b

Fx(t) =/K1(t,s,x(s)) ds+gt), xe X, tela,b],
and

b
Gx(t) =/K2(t,s,x(s)) ds+g(t), xe X, te€la,b]

a

Theorem 6 Consider the integral equations (5.1) and (5.2). Assume

(i) Ki1,K>:[a,b] x[a,b] x R — Rand g : R — R are continuous,
(ii) for eacht,s € [a, b],
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b
Ki(t,s,x(s)) < Ko t,s,/Kl(s, T, x(1))dt + g(s)

and
b
Ky (t, s, x(s)) < K t,s,/Kz(s,f,X(f))derg(S) ,
a

(iii) there exist a continuous function p : [a, b] X [a, b] — Ry and a right continuous
and non-decreasing function ¢ : Ry — Ry such that ¢(0) = 0 and ¢(t) < t
fort > 0, such that

IKi(t,s,x(s)) — Ka(t, s, y(s))|
< p(t, )¢ (max {|x(s) — y(9)], [x(s) — Fx ()], |y(s) — Gy(s)l,
L(x(s) = Gy + 1y(s) = Fx()D})

foreacht,s € [a, b] and comparable x,y € X,
. b
(iv) sup,cigp) f, P(t.8)ds < 1.

Then the integral equations (5.1) and (5.2) have a unique common solution x* in

C([a, b], R).

Proof From (ii), we have, for all ¢ € [a, b],

b
Fx(t) = /Kl(t,s,x(s))ds—i-g(t)

b b

< / Ko(t,s, / Ki(s, T, x(1))dt + g(s))ds + g(¢)

b
= /Kz(t,s,}"x(s))ds-l-g(f)

= GFx()
and
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b

gx(r) = /Kg(t,s,x(s)) ds + g(t)

b b
< / Ki(t,s, / Ka(s, . x(0)) d + g(s)) ds + (1)

a a

b

= /Kl(t,s,gx(s))dS-i-g(I)
= FGx(1).

Thus, we have Fx < GFx and Gx < FGx for all x € X. This shows that 7 and G
are weakly increasing. Also for each comparable x, y € X, we have

|Fx(@) — Gy(@)]
b b

= /Kl(t,s,x(s))ds—/Kz(t,s,y(s))ds

a a

b
s/|K1(r,s,x(s>)—K2<r,s,y(s)>| ds

b
= /P(l, s)¢ (max{|x(s) — y(s)I, [x(s) — Fx(s), [y(s) — Fy(s)l,

5(1x(s) = Fy(s)| + 1y(s) — Fx(s)D}) ds

< ¢ (max {[lx=yll, lx=Fx|l, ly=Fyl, 5(x=Fyl+lly=FxID})
b

X / p(t,s)ds

a

< ¢ (max {|lx—yll, lx=Fxl, ly=Fyl, 3(Ix=Fyl+lly—=FxID}) ,

for every ¢ € [a, b]. Hence

1Fx = Gyl < ¢ (max {|x—yl, Ix=Fxl, ly=Fyl, 5Ulx—=Fyl+lly—Fx})

for each comparable x, y € X.

If we suppose T' (1, . .., tg) = t] — ¢ (max{ty, 13, 14, %(ts +16)}), where ¢ : Ry —
Ry isright continuous and ¢ (0) = 0, ¢ (t) < t fort > 0, then we get (4.20). Therefore
all conditions of Corollary 4 are satisfied. This completes the proof of the theorem. O
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