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Abstract
It is known that if G is a group such that the centre factor group G/ζ(G) is polycyclic,
then also the commutator subgroupG ′ is polycyclic. The aimof this paper is to describe
this situation from a lattice point of view. It is proved that if G is a group admitting
a permodularly embedded non-periodic subgroup P such that the interval [G/P] is a
polycyclic lattice, then G contains a polycyclic normal subgroup N such that G/N is
quasihamiltonian.

Keywords Permodularly embedded subgroup · Polycyclic group

Mathematics Subject Classification 20E15 · 20F14

1 Introduction

A classical theorem of Issai Schur (see Schur (1902)) states that if the centre ζ(G) of a
groupG hasfinite index, then the commutator subgroupG ′ ofG is finite. Several results
of Schur type were later proved, by replacing the finiteness of the index |G : ζ(G)|
by a suitable restriction on the factor group G/ζ(G). It is known for instance that
if G is a group such that G/ζ(G) is polycyclic, then also G ′ is polycyclic (see for
instance Robinson (1972) Part 1, p.115).
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A lattice-theoretic approach to Schur’s theorem was adopted in De Falco et al.
(2008), by replacing the centre by a normal subgroup with a suitable embedding
property. Of course, a subgroup C of a group G lies in the centre ζ(G) if and only if
〈g,C〉 is abelian for each element g of G, and it was proved in De Falco et al. (2008)
that if a group G contains a subgroup M of finite index such that 〈g, M〉 has modular
subgroup lattice for every g ∈ G, then there exists a finite normal subgroup N of G
such that the subgroup lattice of G/N is modular. A corresponding lattice translation
for groups which are Černikov over the centre was given in De Falco et al. (2023), and
the aim of this paper is to consider groups which are polycyclic over the centre from
a lattice point of view.

Actually, themost striking translation of normality in the subgroup lattice of a group
is permodularity and, from the same point of view, the best approximation of abelian
groups are groups with a permodular subgroup lattice. The definition of a permodular
element of a lattice and also that of a permodular lattice will be explained in details
in Sect. 2. We denote byM the class of all groups with a permodular subgroup lattice
and say that a subgroup P of a group G is permodularly embedded in G if 〈g, P〉
belongs toM for each element g of G.

Let L be a lattice with least element 0 and greatest element I . We say that L
is polycyclic if there exists in L a finite chain of elements

0 = a0 < a1 < · · · < at = I (1)

such that ai is a permodular element of [ai+1/0] and the interval [ai+1/ai ] is distribu-
tive and satisfies the maximal condition for each i = 0, 1, . . . , t −1, whileL is said to
be a supersoluble lattice if each element of the chain (1) can be chosen to be a permod-
ular element ofL. It is known that a group G is polycyclic (supersoluble respectively)
if and only if its subgroup lattice L(G) is polycyclic (supersoluble respectively) (see
Schmidt 1994, Theorem 6.4.9 and Theorem 6.4.11, respectively).

Recall that a group G is called quasihamiltonian if XY = Y X for all subgroups X
and Y of G. It is known that a group is quasihamiltonian if and only if it is locally
nilpotent and has a modular subgroup lattice; in particular, the subgroup lattice of any
quasihamiltonian group is permodular. We can now state our main result.

Theorem Let G be a group containing a permodularly embedded non-periodic sub-
group P such that the interval [G/P] is a polycyclic lattice. Then G contains a
polycyclic normal subgroup N such that G/N is quasihamiltonian.

As a consequence of the above theorem, a corresponding result can be proved when
the interval [G/P] is a supersoluble lattice.
Corollary Let G be a group containing a permodularly embedded non-periodic sub-
group P such that the interval [G/P] is a supersoluble lattice. Then G contains a
supersoluble normal subgroup N such that G/N is quasihamiltonian.

We will exhibit an example to show that in our main result the assumption that
the subgroup P has elements of infinite order cannot be dropped out. On the other
hand, since periodic polycyclic subgroups are finite, it follows from the main result
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of De Falco et al. (2008) that a statement like our theorem certainly holds in the case
of periodic groups. In the final part of the paper, the structure of groups which are
not polycylic-by-quasihamiltonian but contain a permodularly embedded subgroup
determining a polycyclic interval will be described. Finally, we will also prove that if
a group G contains a permodularly embedded arbitrary subgroup P such that [G/P]
is a locally polycyclic lattice, then G is locally polycyclic.

Our notation is mostly standard and can be found in Robinson (1996, 1972).

2 Lattice preliminaries

Let L be a complete lattice with least element 0 and greatest element I . Recall that
an element c of L is cyclic if the interval [c/0] is a distributive lattice satisfying
the maximal condition, while an element e ∈ L is compact if for each subset X
of L such that e ≤ sup X there exist finitely many elements x1, . . . , xt of X such
that e ≤ x1 ∨ · · · ∨ xt . Moreover, an element x of L is covered irreducibly by ele-
ments x1, . . . , xt of the interval [x/0] if, for each cyclic element c of [x/0], there
is i ≤ t such that c ≤ xi and the set {x1, . . . , xt } is minimal with respect to such
property.

An element a of L is said to be cofinite if there exists in L a finite chain

a = a0 < a1 < · · · < an = I

such that, for every i = 0, 1, . . . , n−1, ai is a maximal element of the lattice [ai+1/0]
and satisfies one of the following conditions:

• ai+1 is covered irreducibly by finitely many elements b1, . . . bni of L such that
b1 ∧ · · · ∧ bni ≤ ai ;

• for every automorphism ϕ of the lattice [ai+1/0], the element ai ∧ aiϕ is modular
in [ai+1/0] and the lattice [ai+1/ai ∧ aiϕ] is finite.
A modular element a of L is called permodular if it satisfies the following con-

dition:
� if c is a cyclic element of L and b is an element of [a ∨ c/a] such that the lattice
[a ∨ c/b] is finite, then b is a cofinite element of [a ∨ c/a].

Finally, a modular latticeL is said to be permodular if every interval of finite length
of L is finite; recall here that a partially ordered set (S,≤) is said to have finite length
if there exists a positive integer k such that all chains of S have order at most k + 1.
It is easy to show that L is a permodular lattice if and only if all its elements are
permodular.

In the case of the subgroup lattice L(G) of a group G, it turns out that the cyclic
elements and the compact elements ofL(G) coincidewith the cyclic subgroups and the
finitely generated subgroups of G, respectively. Moreover, cofinite elements of L(G)

are precisely the subgroups of finite index of G (see Schmidt 1994, Theorem 6.1.10).
It is also known that in any soluble group all modular subgroups are permodular.
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The following useful lemma shows in particular that permodular subgroups of
finitely generated groups are close to be normal; for a proof of this result we refer to
Schmidt (1994), Lemma 6.2.8.

Lemma 2.1 Let G be a group and let P be a permodular subgroup of G. If there exists
a finitely generated subgroup E of G such that G = 〈P, E〉, then P has finite index
in PG.

Recall that a subgroup X of a group G is said to be permutable in G if XY = Y X
for each subgroup Y of G, so that a group is quasihamiltonian if and only if all
its subgroups are permutable. Since permutable subgroups are permodular (see for
instance Schmidt 1994, Lemma 6.2.2), we have that any quasihamiltonian group has a
permodular subgroup lattice. Actually it is known that a subgroup is permutable if and
only if it is permodular and serial (see Schmidt 1994, Theorem 6.2.10). Next statement
is a direct consequence of Iwasawa’s characterization of non-periodic groups with a
modular subgroup lattice (see Schmidt 1994, Theorem 2.4.11).

Lemma 2.2 Let G be a non-periodic group with a modular subgroup lattice. Then G
is quasihamiltonian.

We refer to the monograph (Schmidt 1994) for further definitions and results con-
cerning the subgroup lattice of a group.

3 Results and proofs

The first lemma of this section describes the behaviour of permodular subgroups
determining a polycyclic interval in the lattice of all subgroups.

Lemma 3.1 Let G be a group and let P be a permodular subgroup of G such that the
interval [G/P] is a polycyclic lattice. Then PG/PG is finite and the factor groupG/PG
is polycyclic.

Proof The factor groupG/PG has a polycyclic subgroup lattice and so it is polycyclic
(see Schmidt 1994, Theorem 6.4.9). Let

P = P0 < P1 < · · · < Pt = G

be a finite chain in L(G) such that, for every non-negative integer i < t , the sub-
group Pi is permodular in Pi+1 and the interval [Pi+1/Pi ] is a distributive lattice
satisfying the maximal condition. It follows from Corollary 2.4 of De Falco et al.
(2021) that Pi+1 = 〈Pi , xi 〉 for a suitable element xi . Put E = 〈x0, x1, . . . , xt−1〉,
so that G = 〈P, E〉 and hence P has finite index in PG by Lemma 2.1. If the index
|G : P| is finite, the groupG/PG is finite, and it is soluble (see Schmidt 1994, Theorem
5.2.5).

Suppose now that |G : P| is infinite. Then the polycyclic group G/PG is infinite
and so it contains a torsion-free non-trivial subgroup L/PG of finite index (see for
instance Robinson (1996), 5.4.15). If a is any element of L \ PG , the subgroup P
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is normal in 〈P, a〉, so that P is normal in L and hence it has only finitely many
conjugates in G. Since P has finite index in PG , it follows that PG/PG is finite.
Finally, P is permutable in G (see Schmidt 1994, Theorem 6.2.12) and hence PG/PG
is nilpotent (see Schmidt 1994, Theorem 6.2.14). Therefore G/PG is polycyclic and
the statement is proved. 	


It is well known that any group with a permodular subgroup lattice is soluble (see
Schmidt 1994, Theorem 6.4.3) and so Lemma 3.1 has the following consequence.

Corollary 3.2 Let G be a group containing a permodularly embedded subgroup P
such that the interval [G/P] is a polycyclic lattice. Then G is soluble.

Since in any group the centre is contained in all maximal subgroups which are not
normal, it is clear that if a group G is polycyclic over the centre, then all maximal
subgroups of G have finite index. This fact can be extended to a much more general
situation.

Corollary 3.3 Let G be a group containing a permodularly embedded subgroup P
such that the interval [G/P] is a polycyclic lattice. Then every maximal subgroup
of G has finite index.

Proof Let M be a maximal subgroup of G. If M is permodular in G, it follows
fromLemma2.1 that the index |G : M | is finite. Suppose now thatM is not permodular
in G. Application of Lemma 4.9 of De Falco et al. (2021) to the Frattini factor group
G/�(G) yields that P is contained in any maximal subgroup of G which is not
permodular. In particular, P ≤ M and so M has finite index in G, because G/PG is
polycyclic by Lemma 3.1. 	

Proof of the Theorem By Lemma 3.1 the factor group G/PG is polycyclic and PG is
not periodic. Moreover, PG is obviously permodularly embedded in G and so we
may suppose without loss of generality that P is a normal subgroup of G and G/P is
polycyclic. Since P is not periodic, it follows fromLemma2.2 that the subgroup 〈g, P〉
is quasihamiltonian for each element g ∈ G. The group G is soluble by Corollary 3.2
and hence, if P has finite index in G, the statement follows from Theorem 3.5 of De
Falco et al. (2008).

Suppose now that G/P is infinite, and let E be a finitely generated subgroup of G
such that G = EP . Then E/(E ∩ P) � G/P contains a torsion-free non-trivial
normal subgroup X/(E ∩ P) such that the index |E : X | is finite. Let x be any element
of X \ P . Then x has infinite order and 〈x〉 ∩ P = {1}. Since P is not periodic and
〈x, P〉 is quasihamiltonian, we have by Lemma 2.4.10 of Schmidt (1994) that 〈x, P〉 is
abelian and hence [X , P] = {1}. It follows in particular that the subgroup X is normal
in G. Since X is finitely generated and X/(E ∩ P) is polycyclic, there exists a finitely
generated subgroup Y of X such that E ∩ P = Y X (see Robinson 1996, 14.1.3). On
the other hand, E∩ P is contained in ζ(X), so that E∩ P = Y is finitely generated and
hence X is polycyclic. Since 〈gX , PX/X〉 is quasihamiltonian for each g ∈ G and the
index |G : PX | is finite, it follows again from Theorem 3.5 of De Falco et al. (2008)
that the factor group G/X contains a finite normal subgroup N/X such that G/N is
quasihamiltonian. Clearly, N is polycyclic and hence the statement is proved. 	
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Proof of the Corollary By the Theorem there exists a polycyclic normal subgroup N
of G such that G/N is quasihamiltonian. Since the normal closure PG of P is hyper-
cyclically embedded in G (see De Falco et al. 2021, Corollary 3.2) and the factor
group G/PG is supersoluble (because it has a supersoluble subgroup lattice), it fol-
lows that G is hypercyclic and so also locally supersoluble. Thus N is supersoluble
and the statement is proved. 	


We give now the example showing that the non-periodicity assumption on the
subgroup P in the statements of the Theorem and its Corollary cannot be dropped out.
First we need the following information.

Lemma 3.4 Let A be a divisible abelian group and let X be a subgroup of Aut(A)

containing two elements of infinite order x and y such that 〈x〉 ∩ 〈y〉 = {1}. If N
is a polycyclic normal subgroup of the semidirect product G = X�A, then the
lattice L(G/N ) is not permodular.

Proof Assume for a contradiction that the factor group G/N has a modular subgroup
lattice. Since [ab, g] = [a, g][b, g] for all a, b ∈ A and g ∈ G, we have that [A, g] is
divisible for each g ∈ G. If z is any element of X ∩ N , the divisible subgroup [A, z]
is contained in N , so that [A, z] = {1} and hence X ∩ N = {1}. It follows now
from Lemma 2.4.10 of Schmidt (1994) that G/N is abelian. Thus G ′ ≤ N is poly-
cyclic. On the other hand, [A, g] is divisible for each g ∈ G, whence [A, g] = {1}
and A ≤ ζ(G), which is of course impossible. 	


Let p be a prime number and let P be a group of type p∞. It is well known
that Aut(P) is isomorphic to the multiplicative group of p-adic integers and so it
contains a free abelian subgroup X of rank 2 whose elements fix all elements of P of
order p, and of order 4 if p = 2 (see for instanceRobinson 1964, p.29). PutG = X�P .
Then 〈P, g〉 is quasihamiltonian for each g ∈ G (see Schmidt 1994, Theorem 2.4.11),
and so P is a permodularly embedded normal subgroup of G. Moreover, G/P is
supersoluble, but it follows from Lemma 3.4 that G is not polycyclic-by-M.

If X is a class of lattices, we say that a lattice L is locally X if the interval [c/0]
belongs to X for each compact element c of L. Of course, if the class X is closed
with respect to forming sublattices, all lattices in X are also locally X. We will prove
that a group G is locally polycyclic if and only it contains a permodularly embedded
subgroup P such that [G/P] is a locally polycyclic lattice.

Recall that the FC-centre of a group G is the characteristic subgroup consisting of
all elements ofGwithonlyfinitelymanyconjugates, or equivalently the set of all g ∈ G
such that the index |G : CG(g)| is finite. It is clear that if a cyclic subgroup 〈g〉 is
normal in a subgroup of finite index of G, then g belongs to the FC-centre of G.

Lemma 3.5 Let G be a group and let P be a permodularly embedded subgroup of G
such that the interval [G/P] is an infinite polycyclic lattice. Then P is contained in
the FC-centre of G.

Proof The group G is soluble by Corollary 3.2 and so it follows from Lemma 3.1 that
G/PG is an infinite polycyclic group. Then G/PG contains a torsion-free non-trivial
subgroup X/PG such that the index |G : X | is finite. If x is any element of X \ PG ,
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we have that 〈x, P〉 is a non-periodic group with modular subgroup lattice and hence
it is quasihamiltonian by Lemma 2.2. On the other hand, P ∩ 〈x〉 = {1} and so it
follows that all subgroups of P are normal in 〈x, P〉 (see Schmidt 1994, Lemma
5.2.7). Therefore every subgroup of P is normal in 〈X , P〉 and hence P is contained
in the FC-centre of G because the index |G : 〈X , P〉| is finite. 	

Corollary 3.6 LetG beafinitely generated group containing apermodularly embedded
subgroup P such that the interval [G/P] is a polycyclic lattice. Then G is polycyclic.

Proof Since the factor group G/PG is polycyclic by Lemma 3.1, the subgroup PG is
the normal closure of a finite subset of G and so it follows from Lemma 3.5 that PG
is finitely generated. It follows that PG is supersoluble, because it has a permodular
subgroup lattice, and hence G is polycyclic. 	

Theorem 3.7 Let G be a group containing a permodularly embedded subgroup P such
that the interval [G/P] is a locally polycyclic lattice. Then G is locally polycyclic.

Proof Let E be any finitely generated subgroup of G. Then P ∩ E is a permodu-
larly embedded subgroup of E and the lattice [E/P ∩ E] � [〈E, P〉/P]

is polycyclic
because it is generated byfinitelymany cyclic elements. Thus E is polycyclic byCorol-
lary 3.6 and so G is locally polycyclic. 	


In the final part of the paper we describe the structure of groups G which are not
polycyclic-by-M, although they contain a permodularly embedded subgroup P such
that [G/P] is a polycyclic lattice.
Lemma 3.8 Let G be a group with modular subgroup lattice, and let H and K be
subgroups of G such that HK = H and H ∩ K = {1}. Then XK = X for each
subgroup X of H.

Proof Since the latticeL(G) is modular and H ∩ K = {1}, we have 〈X , K 〉∩ H = X
and hence X is normalized by K . 	

Lemma 3.9 Let G be a non-periodic group and let P be a periodic permodularly
embedded subgroup of G. Then P is abelian.

Proof Let g be an element of infinite order of G. Then 〈g, P〉 is a non-periodic group
with modular subgroup lattice and so the set of all its elements of finite order is an
abelian subgroup (see Schmidt (1994), Theorem 2.4.11). In particular, P is abelian. 	

Theorem 3.10 Let G be a group containing a permodularly embedded subgroup P
such that the interval [G/P] is a polycyclic lattice, and let N = PG. If G is not
polycyclic-by-M, then N is periodic abelian and there exists a polycyclic normal
subgroup L ofG such that G/L = (E/L)�(NL/L), where E/L is a finitely generated
abelian group acting as a faithful group of power automorphisms on N L/L.

Proof The group G is soluble and the factor group G/N is polycyclic by Lemma 3.1.
Moreover, G/N is infinite, since otherwise G would contain a finite normal subgroup
K such that L(G/K ) is a modular lattice (see De Falco et al. 2008, Theorem) and
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hence in particular G would be polycyclic-by-M. Then G is not periodic, while N is
periodic by the main theorem, and so also abelian by Lemma 3.9. Let E be a finitely
generated subgroup ofG such thatG = EN . SinceG is locally polycyclic byTheorem
3.7, the subgroup E is polycyclic, and so the normal subgroup V = E ∩ N of G is
finite. Put L/V = CE/V (N/V ). Then L is a polycyclic normal subgroup of G and

G/L = (E/L)�(NL/L).

IfC/L = CE/L(NL/L), we have [N ,C] ≤ L∩N = V and soC/L = {1}.Moreover,
since NL/L is permodularly embedded inG/L , it follows from Lemma 3.8 applied to
all groups of the form 〈g〉NL/L , with g ∈ G, that all subgroups of NL/L are normal
in G/L . Therefore E/L acts on NL/L as a faithful group of power automorphisms.
In particular E/L is abelian and the proof is complete. 	

Corollary 3.11 Let G be a group containing a permodularly embedded subgroup P
such that the interval [G/P] is a polycyclic lattice. Then G is polycyclic-by-M or
abelian-by-polycyclic.

Proof Suppose that G is not polycyclic-by-M, so that N = PG is abelian by Theo-
rem 3.10. Moreover, the factor group G/N is polycyclic by Lemma 3.1 and so G is
abelian-by-polycyclic. 	
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