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Abstract
Consider an oriented curve � in a domain D in the plane R2. Thinking of D as a
piece of paper, one can make a curved folding in the Euclidean space R3. This can be
expressed as the image of an “origami map” � : D → R3 such that � is the singular
set of�, the word “origami” coming from the Japanese term for paper folding.We call
the singular set image C := �(�) the crease of � and the singular set � the crease
pattern of �. We are interested in the number of origami maps whose creases and
crease patterns are C and �, respectively. Two such possibilities have been known.
In the authors’ previous work, two other new possibilities and an explicit example
with four such non-congruent distinct curved foldings were established. In this paper,
we determine the possible values for the number N of congruence classes of curved
foldingswith the same crease and crease pattern.As a consequence, ifC is a non-closed
simple arc, then N = 4 if and only if both � and C do not admit any symmetries. On
the other hand, whenC is a closed curve, there are infinitely many distinct possibilities
for curved foldings with the same crease and crease pattern, in general.
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Fig. 1 A given crease pattern � (left) and its realization (right) as a curved folding along the crease C

1 Introduction

The geometry of curved foldings is, nowadays, an important subject not only from
the viewpoint of mathematics but also from the viewpoint of engineering. Works on
this topic have been published by numerous authors; for example, (Demaine et al.
2015, 2018; Duncan and Duncan 1982; Fuchs and Tabachnikov 1999; Huffman 1976;
Kilian et al. 2008) and (Fuchs and Tabachnikov 2007, Lecture 15) are fundamental
references.

Drawing a curve � in R2, we think of a tubular neighborhood of � as a piece of
paper. Then we can fold this along �, and obtain a curved folding in the Euclidean
space R3, which is a developable surface (as a subset of R3) whose singular set image
is a space curve C (⊂ R3). In this paper, we fix an orientation of C and denote by −C
the image of the same curve with the opposite orientation. We denote by |C | without
considering its orientation.

In this paper, we focus on curved foldings which are produced from a single curve
� in R2 satisfying the following properties:

(i) The length of � is equal to that of C (Fuchs and Tabachnikov 1999, Page 29
(5)). Moreover, the two curves have a bijective correspondence by an arc-length
parametrization.

(ii) The curvature functions ofC and� have no zeros (Fuchs and Tabachnikov 1999,
Page 29 (3)).

(iii) The curves C and � have no self-intersections.
(iv) The absolute value of the curvature function of � is less than the curvature

function of C at each point of � (Fuchs and Tabachnikov 1999, Page 28 (1)).

If a curved folding satisfies (i)–(iii) and the following condition (stronger than (iv)),
then it is said to be admissible (cf. (2.4) and also (2.10)).

(iv′) The maximum of the absolute value of the curvature function of � is less than
the minimum of the curvature function ofC (Fuchs and Tabachnikov 1999, Page
28 (1)).

For a pair (�, |C |) giving a curved folding P , there is another possibility for corre-
sponding curved foldings (see Fuchs and Tabachnikov 1999). Moreover, the authors’
previous work (Honda et al. 2020c), two additional possibilities were found when P
is admissible, and an explicit example of four non-congruent curved foldings with the
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same crease and crease pattern was given. Here, two subsets A, B in R3 are said to
be congruent if there exists an isometry T in R3 such that B = T (A). The purpose of
this paper is to further develop the discussions in Honda et al. (2020c). In fact, we are
interested in the number of congruence classes of curved foldings with a given pair of
crease |C | and crease pattern �. Since this number is closely related to the symmetries
of |C |(⊂ R3) and �(⊂ R2), we give the following:

Definition 1.1 A subset A of the Euclidean space Rk (k = 2, 3) is said to have a
symmetry if T (A) = A holds for an isometry T of Rk which is not the identity map,
and T is called a symmetry of A.Moreover, if there is a point x ∈ A such that T (x) �= x,
then A is said to have a non-trivial symmetry T . On the other hand, a symmetry T of
A is called positive (resp. negative) if T is an orientation preserving (resp. reversing)
isometry of Rk .

We denote by P(�, |C |) (resp. P∗(�, |C |)) the set of curved foldings (resp. the
set of admissible curved foldings) whose creases and crease patterns are C and �

satisfying (i)–(iv) (resp. (i)–(iii) and (iv′)), see (3.5) for the precise definition. We
prove the following, which is a refinement of (Honda et al. 2020c, Theorems A and
B):

Theorem A Let C be the image of an embedded curve which is defined on a bounded
closed interval. Then the number nC,� of the elements in P∗(�, |C |) as subsets in R3

is four if � has no symmetries. Otherwise, nC,� is equal to two.

Theorem B Let C be the image of an embedded curve which is defined on a bounded
closed interval. Then the number NC,� of the congruence classes of curved foldings
in P∗(�, |C |) is less than or equal to nC,� and satisfies the following:

(1) if C has no symmetries and � also has no symmetries, then NC,� = 4,
(2) if not the case in (1), then NC,� ≤ 2 holds, and
(3) NC,� = 1 if and only if

(a) C lies in a plane and has a non-trivial symmetry,
(b) C lies in a plane and � has a symmetry, or
(c) C does not lie in any plane and has a positive symmetry, and � also has a

symmetry.

In Honda et al. (2020c), an example ofP∗(�, |C |) consisting of four non-congruent
subsets in R3 was given by computing themean curvature functions alongC . However,
this approach seems insufficient to prove Theorem B (see Proposition 5.12 in Sect. 5).
So, in this paper, we will prepare several new techniques for its proof (see Sects. 3, 4
and 5).

We next consider the case that

• C is a knot (i.e. a simple closed curve) of length l(> 0) in R3 giving a crease of a
curved folding P ∈ P∗(�, |C |), and

• � is a curve of length l embedded in R2 as a crease pattern.

Even when C is closed, � may not be a closed curve in general. In fact, if we consider
the curved folding along the unit circle whose first angular function (see Sect. 2 for
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Fig. 2 A crease pattern (left) corresponding to a curved folding along a circle (right)

the definition) is π/4 as in Fig. 2, then its crease pattern is the sector of the circle of
radius

√
2 whose length is 2π .

We return to the general setting. Let γ (s) be an arc-length parametrization of�. IfC
is a closed curve of length l, then the curvature function μ(s) of γ (s) can be extended
as an l-periodic function μ̃(s) (s ∈ R). A curved folding P ∈ P∗(C, �) consists of a
union of two developable strips along C whose geodesic curvature functions coincide
with μ(s).

Theorem C Let c : R → R3 and γ̃ : R → R2 be regular curves parametrized by
arc-length such that

(1) c(s) = c(s + l),
(2) the curvature function μ̃ : R → R of γ̃ induces a functionμ : R/lZ → R defined

on the one dimensional torus R/lZ satisfying

0 < max
w∈R/lZ

μ(w) < κ(s) (s ∈ [0, l)),

where κ(s) is the curvature function of c(s).

We set C := c([0, l]) and � := γ ([0, l]). Then there exist four continuous families
{Pi

x}x∈C (i = 1, 2, 3, 4) of curved foldings in P∗(�, |C |) satisfying the following
properties:

(a) The set P∗(�, |C |) coincides with the set {Pi
x ; i ∈ {1, 2, 3, 4}, x ∈ C}.

(b) Suppose that C is not a circle and � is not a subset of a circle. Then, for each Pi
x

(i ∈ {1, 2, 3, 4}, x ∈ C), its congruence class

�i
x := {Q ∈ P∗(�, |C |) ; Q is congruent to Pi

x}

is finite. In particular, quotient of P∗(�, |C |) by congruence relation P∗(�, |C |)
contains uncountably many curved foldings which are not congruent to each other.

(c) Suppose that C and μ have no symmetries (cf. Definition 3.3). Then for each
i ∈ {1, 2, 3, 4} and x ∈ C, the set �i

x consists of a single element, that is, any two
curved foldings in P∗(�, |C |) are mutually non-congruent.
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In Theorem C, we do not need to assume that the crease pattern � is a closed curve
in R2. However, the most interesting case is that C and � are both closed: At the end
of Sect. 6, we give a concrete example of a P∗(�, |C |) containing uncountably many
congruence classes.

Theorems A, B and C can be considered as the analogues for cuspidal edges along
a space curve given in (Honda et al. 2020a, Theorems III and IV) and (Honda et al.
2020b, Theorem 1.8), respectively. However, even if � and C admit real analytic
parametrizations, Theorems A, B and C do not directly follow from the corresponding
assertions for cuspidal edges.

2 Preliminaries

We let C be the image of an embedded space curve whose length is l. When C is a
non-closed curve, it has a parametrization c : Il → R3 with arc-length parameter,
where Il := [−l/2, l/2]. On the other hand, if C is closed (i.e. a knot), then it can be
parametrized by a curve c : T1

l → R3 with arc-length parameter, where T1
l := R/lZ.

Since we treat the bounded closed interval Il and the one dimensional torus T1
l at the

same time, we set

J := Il or T
1
l .

As explained in the introduction, C has the orientation induced by the parametrization
c. We let −C be the curve C whose orientation is reversed, and |C | denotes the curve
C ignoring its orientation. We consider special strips alongC , which are “developable
strips” along C . Let J0 be a set which is homeomorphic to J .

Definition 2.1 A developable strip along C is a C∞-embedding f : U → R3 defined
on a tubular neighborhood U of J0 × {0} in J0 × R such that

• J0 � u �→ f (u, 0) ∈ R3 parametrizes C ,
• there exists a unit vector field ξ f (u) of f along C (called a ruling vector field)
such that f can be expressed as

f (u, v) = f (u, 0) + vξ f (u) ((u, v) ∈ U ), and

• the Gaussian curvature of f vanishes on U identically.

The developable strip f represents a map germ along C . We identify this induced
map germ with f itself if it creates no confusion. Hereafter, we assume that the
curvature function of C never vanishes, and we denote by e(u), n(u) and b(u) the
unit tangent, unit principal normal and unit bi-normal vector fields associated with the
parametrization

c f : J0 � u �→ f (u, 0) ∈ R3 (2.1)
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of C , respectively. With these notations, we can express ξ f as

ξ f (u) = cosβ f (u)e(u) + sin β f (u)
(
cosα f (u)n(u) + sin α f (u)b(u)

)
. (2.2)

This α f : J0 → R is called the first angular function, and β f : J0 → R is called the
second angular function of f .

In this paper, we consider the developable strips satisfying

0 < | cosα f (u)| < 1 (u ∈ J0). (2.3)

We denote byD(C) the set of developable strip germs along C satisfying (2.3). More-
over, f ∈ D(C) is said to be admissible if it satisfies the following stronger condition

0 < |κ f (u) cosα f (u)| < min
w∈J0

κ f (w) (u ∈ J0), (2.4)

which corresponds to the condition (iv′) in the introduction, where κ f is the curvature
function of c f (cf. (2.1)). Let D∗(C) be the set of admissible developable strip germs
along C . By definition,

D∗(C) ⊂ D(C)

holds. We set

D(|C |) := D(C) ∪ D(−C), D∗(|C |) := D∗(C) ∪ D∗(−C).

By (2.3), we can choose the first angular function α f so that

0 < |α f (u)| <
π

2
(u ∈ J0). (2.5)

The Gaussian curvature of f vanishes identically if and only if

det( fu(u, 0), ξ f (u), ξ ′
f (u)) = 0

(
ξ ′
f (u) := dξ f (u)

du

)
,

which is equivalent to the formula

cot β f (u) = α′
f (u) + |c′

f (u)|τ f (u)

|c′
f (u)|κ f (u) sin α f (u)

, (2.6)

where τ f (u) is the torsion function of c f (u). In particular, we may assume that

0 < β f (u) < π (u ∈ J0). (2.7)
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Throughout this paper, we assume (2.5) and (2.7) for f ∈ D(C). In particular,
ξ f (u) satisfies

ξ f (u) · n(u) > 0 (u ∈ J0). (2.8)

Such a ξ f is called the normalized ruling vector field of f . Then

N f (u) := cosα f (u)n(u) + sin α f (u)b(u)

gives the unit co-normal vector field of f along C satisfying N f · ξ f > 0. We set

μ f (u) := c′′
f (u) · N f (u)

|c′
f (u)|2 = κ f (u) cosα f (u), (2.9)

which is a positive-valued function giving the geodesic curvature of C as a curve
on the surface f . We call μ f the geodesic curvature function of f along C . Since
μ f (u) > 0, (2.5) and (2.4) reduce to the conditions

(0 <)μ f (u) < κ f (u) (u ∈ J0), (2.10)

and

(0 <)μ f (u) < min
w∈J0

κ f (w) (u ∈ J0), (2.11)

respectively. Let l be the total arc-length of C . Then the parameter u of c f can be
expressed as u = u(s) (s ∈ J ) so that c(s) := c f (u(s)) (s ∈ J ) gives the arc-length
parametrization of C . In this situation, the function defined by

μ̂ f (s) := μ f (t(s)) (s ∈ J )

is called the normalized geodesic curvature function of f . We now fix a point

x0 ∈ C, (2.12)

which is the midpoint of C if J = Il and is an arbitrarily chosen point if J = T
1
l .

Definition 2.2 Let f ∈ D(C). We call f (s, v) a normal form of a developable strip if
it is defined on a tubular neighborhood of J × {0} in R2 and

J � s �→ f (s, 0) ∈ R3

gives an arc-length parametrization of C . Since we will use s to denote the arc-length
parameter of C , we use the parametrization f (s, v) when f is a normal form. (We
shall denote such developable strips using capital letters to emphasize that they are
written in normal forms.)
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Suppose that F(s, v) is a normal form. As seen in Honda et al. (2020c), the restric-
tion H(s) of the mean curvature function of F(s, v) to the curve c(s) (s ∈ J ) satisfies

|H(s)| = κ(s)2 sin2 αF (s) + (α′
F (s) + τ(s))2

2κ(s)| sin αF (s)| , (2.13)

where κ(s) and τ(s) are the curvature and torsion function of c(s). By (2.5), the right-
hand side of (2.13) never vanishes. In particular, F has no umbilics and the ruling
direction ξF (s) := Fv(s, 0) along C points in the (uniquely determined) asymptotic
direction of F . Hence, the germ of the normal form of F is determined by the base
point x0 ∈ C and the first angular function αF .

From now on, we again assume that u is a general parameter, that is, it may not be
an arc-length parameter of C , in general. Let J0 be a set which is homeomorphic to
J . We let

C∞
π/2(J0) (2.14)

be the set ofC∞-functions defined on J0 whose images lie in the set (−π/2, π/2)\{0}.
Then the first angular function α f (u) of a developable strip1 f (u, v) belongs to this
class C∞

π/2(J0).

Remark 2.3 When J0 = [b, c] (b < c), we set c�(u) := c f (b + c − u), which has the
same image as c f (u) (cf. (2.1)) but has the opposite orientation. Then

e�(u) := −e(b + c − u), n�(u) := n(b + c − u), b�(u) := −b(b + c − u)

(2.15)

are the unit velocity vector, the unit principal normal vector and the unit bi-normal
vector of the curve c�(u), respectively. If we denote by τ f (u) the torsion function of
c f (u), then

κ�(u) := κ f (b + c − u), τ �(u) := τ f (b + c − u) (2.16)

coincide with the curvature and torsion functions of c�(u), respectively. For each
f ∈ D(C), we set

f �(u, v) := f (b + c − u, v), (2.17)

and call this the reverse of f . By definition, f � has the same image as f , and the
involution D(|C |) � f �→ f � ∈ D(|C |) is canonically induced. By (2.15), ξ�

f (u) :=
ξ f (b + c − u) gives the normalized ruling vector field of f � if this is so of ξ f (u) for
f . Then the first and second angular functions α�, β� of f � satisfy

1 Since we have used the capital letters F, G to express the normal forms of developable strips, we use
lower-case letters f , g to express general developable strips.
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α�(u) = −α f (b + c − u), β�(u) = π − β f (b + c − u), (2.18)

respectively.

Definition 2.4 Let Ji (i = 1, 2) be two sets which are homeomorphic to J , and let fi :
Ji ×(−εi , εi ) → R3 (i = 1, 2) be two developable strips alongC , where εi > 0. Then
f2 is said to be image equivalent (resp. right equivalent) to f1 if there exists a positive
number δ(< min(ε1, ε2)) such that f1(J1 × (−δ, δ)) coincides with f2(J2 × (−δ, δ))

(resp. f2 coincides with f1◦ϕ for a diffeomorphism ϕ : J1×(−δ, δ) → J2×(−δ, δ)).

Recall that s �→ c(s) (s ∈ J ) gives an arc-length parametrization of C such that
c(0) = x0. The following assertion holds.

Proposition 2.5 Let F, G ∈ D(|C |) be normal forms (cf. Definition 2.2) satisfying
F(0, 0) = G(0, 0) = x0. Then the following two assertions are equivalent:

(1) F = G or F = G�,
(2) F is image equivalent to G.

In particular, for each α ∈ C∞
π/2(J ), there exists a unique normal form

Fα ∈ D(C) (2.19)

satisfying Fα(0, 0) = x0 (cf. (2.12)) whose first angular function is α.

Proof Replacing G by G�, we may assume that F, G ∈ D(C). (In fact, G� is a
normal form if so is G.) It is obvious that (1) implies (2). So it is sufficient to show
the converse. Since each normal form of a developable strip is determined by its base
point, the arc-length parametrization of C and the first angular function, (2) implies
(1). ��

We also prove the following assertion:

Proposition 2.6 For each f ∈ D(C), there exists a unique normal form F ∈ D(C)

such that

(1) F(0, 0) = x0 (if J = Il , this holds automatically), and
(2) F is right equivalent (cf. Definition 2.4) to f ,

where x0 ∈ C is the base point given in (2.12). Moreover, μ̂ f = μ̂F = μF hold.

We call this F the normal form associated with f of base point x0.

Proof Applying (Umehara and Yamada 2017, Lemma B.5.3), we can take a curvature
line coordinate system (s, v) of f such that s �→ f (s, 0) parametrizesC and d f (∂/∂v)

points in the ruling direction. In this situation, we may assume that f (0, 0) = x0 and
s is the arc-length parameter of C . We then adjust v so that | fv(s, 0)| = 1 for s ∈ J .
Since the image of each v-curve gives a straight line, this parametrization f (s, v) gives
the normal form associated to f . ��
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We next prepare the following two lemmas, which will be applied in the later
discussions.

Lemma 2.7 Let Fi ∈ D(C) (i = 1, 2) be normal forms satisfying F(0, 0) =
G(0, 0) = x0, and let αi ∈ C∞

π/2(J ) be its first angular functions. If α2 − α1 does not
have any zeros on J , then the ruling direction of F1 (cf. (2.19)) is linearly independent
of that of F2 at each point of C.

Proof We let ξi (s) (i = 1, 2) be the normalized unit ruling vector fields associated
with Fαi (s, v). Since α2(s) �= α1(s), two vectors

cosα1(s)n(s) + sin α1(s)b(s), cosα2(s)n(s) + sin α2(s)b(s)

in R3 are linearly independent for each s ∈ J . So we obtain the assertion. ��
Proposition 2.8 Let f ∈ D(C). If T is a symmetry of C (cf. Definition 1.1), then T ◦ f
belongs to D(|C |). Moreover, if f is a normal form, then so is T ◦ f , and dT (ξ f )

gives the normalized ruling vector field of T ◦ f . Furthermore, the normalized geodesic
curvature function of T ◦ f coincides with that of f .

Proof We denote by F the normal form associated with f of base point x0 (cf. Propo-
sition 2.6). It is sufficient to show the assertion holds for F . Since the property that
the geodesic curvature has no zeros is preserved by isometries of R3, the first asser-
tion is obtained. Since s �→ T ◦ F(s, v) gives an arc-length parametrization of |C |,
T ◦ F(s, v) is a normal form. Since the principal normal vector field is common in
C and −C (cf. (A.1)), it can be easily seen that dT (n(s)) gives the principal normal
vector field of T ◦ c(s), and (2.8) yields that

dT (ξF (s)) · dT (n(s)) = ξF (s) · n(s) > 0 (2.20)

alongC , which implies the second assertion. Since geodesic curvatures on surfaces are
geometric invariants up to ±-ambiguities, the geodesic curvature of T ◦ F coincides
with σμF , where σ ∈ {1,−1}. Moreover, (2.20) implies that σ = 1, proving the last
assertion. ��

We set

�+
ε := J × (0, ε), �−

ε = J × (−ε, 0), �ε := J × (−ε, ε). (2.21)

Proposition 2.9 For f , g ∈ D(|C |), the following five conditions are equivalent:

(1) f is right equivalent to g as map germs,
(2) F = G or F = G�, where F and G are the normal forms associated with f and

g satisfying F(0, 0) = G(0, 0) = x0, respectively,
(3) F(�+

ε ) = G(�+
ε ) for sufficiently small ε(> 0),

(4) F(�ε) = G(�ε) for sufficiently small ε(> 0),
(5) f is image equivalent (cf. Definition 2.4) to g as map germs.
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Proof ByProposition 2.6, (1) implies (2), because F(0, 0) = G(0, 0) = x0.Obviously
(2) implies (3). Moreover, (3) implies (4), because F(s, v) and G(s, v) are ruled strips
and are real analytic with respect to the parameter v. On the other hand, it is obvious
that (5) is equivalent to (4). If (4) holds, then Proposition 2.5 yields that F = G or
F = G�. In particular, (1) is obtained. ��

We next prove the following assertion, which is a refinement of (Honda et al. 2020c,
Lemma 1.2).

Proposition 2.10 Let Fi ∈ D(C) (i = 1, 2) be developable strips written in normal
forms satisfying F(0, 0) = G(0, 0) = x0. If their normalized ruling vector fields are
linearly independent at each point of C, then F1(�ε) ∩ F2(�ε) coincides with C for
sufficiently small ε(> 0).

Proof Without loss of generality, we may assume that F1 and F2 are defined on a
tubular neighborhood of J × {0} in J × R and F1(s, 0) = F2(s, 0) holds for s ∈ J .
Suppose that the assertion fails. Then there exist

• two sequences {sn}∞n=1 and {tn}∞n=1 on J , and
• two sequences {un}∞n=1 and {vn}∞n=1 on (−1/n, 1/n)

such that

F1(sn, un) = F2(tn, vn), (sn, un) �= (tn, vn). (2.22)

Here, sn �= tn holds. (In fact, if not, then F1(sn, un) = F2(tn, vn) implies unξ1(sn) =
vnξ2(sn), where ξi (i = 1, 2) is the normalized ruling vector field of Fi . However,
since {ξ1(sn), ξ2(sn)} is linearly independent, the fact unξ1(sn) = vnξ2(sn) implies
un = vn = 0, which contradicts the fact (sn, un) �= (tn, vn).)

Since J is compact, we may assume that the limits lim
n→∞ sn = s∞ and lim

n→∞ tn = t∞
exist and s∞, t∞ ∈ J . Then by (2.22), we have F1(s∞, 0) = F2(t∞, 0). Since C has
no self-intersections, we have s∞ = t∞. By (2.22), we can write

c(sn) − c(tn)
sn − tn

= pnξ1(sn) − qnξ2(tn)
(
pn := −un

sn − tn
, qn := −vn

sn − tn

)
.

(2.23)

If n → ∞, then the left-hand side of (2.23) converges to the vector c′(s∞)(= e(s∞)).
Thus, we can conclude that the limits lim

n→∞ pn = p∞ and lim
n→∞ qn = q∞ exist such

that

e(s∞) = p∞ξ1(s∞) − q∞ξ2(s∞). (2.24)

In particular, we have

(p∞, q∞) �= (0, 0). (2.25)
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We set

e∞ := e(s∞), n∞ := n(s∞), b∞ := b(s∞)

and

A1 := α1(s∞), A2 := α2(s∞), B1 := β1(s∞), B2 := β2(s∞),

whereαi andβi (i = 1, 2) are the first and second angular functions of Fi , respectively.
Multiplying n∞ and b∞ to (2.24) via inner products, we have

p∞ cos A1 − q∞ cos A2 = 0, p∞ sin A1 − q∞ sin A2 = 0.

By (2.25), we have

0 = cos A1 sin A2 − cos A2 sin A1 = sin(A1 − A2). (2.26)

On the other hand, since F1, F2 ∈ D(C) (cf. (2.3)) and ξ1(s∞) is linearly independent
of ξ2(s∞), we have

0 < |A1 − A2| < |A1| + |A2| < π,

which contradicts (2.26). We remark that a similar argument for developable surfaces
is used in (Murata and Umehara 2009, Section 5). ��

Using the same technique, we can prove the following assertion:

Proposition 2.11 Let F,G ∈ D(|C |) be developable strips written in normal forms.
Then F(�+

ε ) does not meet G(�−
ε ) for sufficiently small ε(> 0).

Proof Replacing G by G�, we may assume that F, G ∈ D(C). Moreover, replacing
G(s, v) by G(s+b, v) for a suitable b ∈ [0, l) if necessary, we may assume that F,G
are defined on a tubular neighborhood of J × {0} in J × R and F(s, 0) = G(s, 0)
holds for s ∈ J . We denote by ξF and ξG the normalized vector fields of F and G,
respectively. Thenwemay assume that F andG are defined on a tubular neighborhood
of J × {0} in J × R. Suppose that the assertion fails. Then there exist

• two sequences {sn}∞n=1 and {tn}∞n=1 on J , and
• two sequences {un}∞n=1 and {vn}∞n=1 on (0, 1/n) and (−1/n, 0), respectively,

such that F(sn, un) = G(tn, vn) and (sn, un) �= (tn, vn). In this situation, we can
show that sn �= tn . (In fact, if sn = tn , then F(sn, un) = G(tn, vn) implies unξF (sn) =
vnξG(sn) and so we have

unξF (sn) · n(sn) = vnξG(sn) · n(sn).

Here, ξF (sn) · n(sn) and ξG(sn) · n(sn) are positive (cf. (2.8)). So this contradicts the
facts un ∈ (0, 1/n) and vn ∈ (−1/n, 0).)
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Since J is compact, we may assume that the limits lim
n→∞ sn = s∞ and lim

n→∞ tn = t∞
exist and s∞, t∞ ∈ J . Since C has no self-intersections, we have s∞ = t∞. By (2.22),
we can write

c(sn) − c(tn)
sn − tn

= pnξF (sn) − qnξG(tn)
(
pn := −un

sn − tn
, qn := −vn

sn − tn

)
.

(2.27)

If n → ∞, then the left-hand side of (2.23) converges to the vector c′(s∞)(= e(s∞)).
Thus, we can conclude that the limits lim

n→∞ pn = p∞ and lim
n→∞ qn = q∞ exist such

that

e(s∞) = p∞ξF (s∞) − q∞ξG(s∞). (2.28)

Since the left hand side does not vanish, we have

(p∞, q∞) �= (0, 0). (2.29)

Taking the inner product of n(s∞) to (2.28), we have

0 = p∞ ξF (s∞) · n(s∞) − q∞ ξG(s∞) · n(s∞). (2.30)

Since un > 0 and vn < 0, we have p∞q∞ ≤ 0. Since ξF (s∞) · n(s∞) and ξG(s∞) ·
n(s∞) are positive, (2.29) implies that the right hand side of (2.30) does not vanish, a
contradiction. ��

3 The dual developable strips and curved foldings

In this section, we explain curved foldings using pairs of developable strips:

Definition 3.1 Let Ji (i = 1, 2) be bounded closed intervals of R. Two functions μi :
Ji → R (i = 1, 2) are said to be equi-affine equivalent if there exists a diffeomorphism
ϕ : J1 → J2 of the form

ϕ(u) = σu + d (σ ∈ {1,−1}, d ∈ R)

such that μ2 ◦ ϕ = μ1. (By definition, if μ2 is equi-affine equivalent to μ1, then the
length of the interval J2 must be equal to that of J1.)

In the case of J1 = J2 = [b, c] (b < c) and (μ :=)μ1 = μ2, the map ϕ : J1 → J1
is called a symmetry of μ if ϕ is not the identity. (There is at most one possibility for
such a ϕ, which must have the expression ϕ(u) = b + c − u. So, if such a ϕ exists, μ
satisfies μ(u) = μ(b + c − u) on [b, c].)
Lemma 3.2 For each i ∈ {1, 2}, let γi : Il → R2 (l > 0) be a regular curve without
self-intersections parametrized by arc-length. Suppose that the curvature functions of
γ1 and γ2 are positive-valued. Then the following two assertions are equivalent:
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(1) the curvature function of γ2 is equi-affine equivalent to that of γ1,
(2) there exists an isometry T of R2 such that T (γ1(Il)) coincides with γ2(Il).

Proof We suppose (1). We set γ �
1 (s) := S ◦ γ1(−s) (s ∈ Il ), where S is the reflection

with respect to a straight line in R2. We denote by μi (i = 1, 2) the curvature function
of γi . If μ2 is equi-affine equivalent to μ1, then μ2 coincides with the curvature
function of γ1 or γ

�
1 . By the fundamental theorem of curves in the Euclidean plane

(cf. (Umehara and Yamada 2017, Chapter 2)), there exists an isometry T in R2 such
that T ◦ γ1 = γ2 or T ◦ γ

�
1 = γ2, which implies (2).

Conversely, we suppose (2). Since γ1 and γ2 have no self-intersections, such an
isometry T is uniquely determined. Since γ1 and γ2 are parametrized by arc-length,
either T ◦ γ1(s) = γ2(s) or T ◦ γ1(s) = γ2(−s) holds on Il . Since the curvature
functions of γ1 and γ2 are positive-valued,

T ◦ γ1(s) = γ2(s) (resp. T ◦ γ1(s) = γ2(−s))

holds on Il if T is an orientation preserving (resp. reversing) isometry of R3, which
implies μ1(s) = μ2(s) (resp. μ1(s) = μ2(−s)) for s ∈ Il . So (1) holds. ��

Let μ : T
1
l → R be a C∞-function on a one dimensional torus T

1
l := R/lZ

(l > 0). Then an a-periodic function μ̃ : R → R defined by

μ̃ := μ ◦ π (3.1)

is called the lift of the function μ, where π : R → T
1
l is the canonical projection.

Definition 3.3 We set Ji := R/li Z (li > 0, i = 1, 2). Two functions μi : Ji → R
(i = 1, 2) are said to be equi-affine equivalent if there exists a diffeomorphism ϕ :
R → R of the form

ϕ(u) = σu + d (σ ∈ {1,−1}, d ∈ R)

such that μ̃2 ◦ ϕ = μ̃1, where μ̃i (i = 1, 2) are the lifts of the functions μi . When
(μ :=)μ1 = μ2 and J1 = J2, the function μ has a symmetry ϕ, if ϕ is non-trivial,
that is, either σ = −1 or d /∈ lZ holds, where l := l1(= l2). (If μ is a non-constant
continuous function, then ϕ can be a candidate for symmetries of μ only when d/l is
a rational number.)

The following is an analogue of Lemma 3.2 for T1
l .

Lemma 3.4 Let Ji (i = 1, 2) be two bounded closed intervals, and let γi : Ji → R2

be plane curves of length l parametrized by arc-length. Suppose that each curvature
function of γi (i = 1, 2) has a C∞-extension μ̃i : R → R which is the lift of an
l-periodic function μi : T1

l → R. Then the following two assertions are equivalent:

(1) the function μ2 is equi-affine equivalent to μ1,
(2) there exist a plane curve γ̃ : R → R2 and an orientation preserving isometry T

of R3 such that γ1(J1) and T ◦ γ2(J2) are subarcs of γ̃ (R).
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Proof We suppose (1). Since each curvature function of γi (i = 1, 2) can be extended
as an l-periodic C∞-function μ̃i on R, the curve γi is extended as a regular curve
γ̃i : R → R2 whose curvature function is μ̃i . If (1) holds, then there exist σ ∈ {1,−1}
and d ∈ [0, l) such that

μ̃1(s) = μ̃2(σ s + d) (s ∈ R).

By the fundamental theorem of plane curves, γ̃2(s) coincides with T ◦ γ̃1(σ s + d),
where T is an orientation preserving isometry of R2. By setting γ̃ := γ̃1, (2) is
obtained. On the other hand, the converse assertion can be proved easily. ��

We now define the “geodesic equivalence relation” on D(|C |) as follows:
Definition 3.5 Let C be a non-closed space curve (i.e. C := c(Il)) or a closed curve
(i.e. C := c(T1

l )) of total length l embedded in R3. Two developable strip germs
f , g ∈ D(|C |) are said to be geodesically equivalent if the normalized geodesic
curvature function μ̂ f : J → R is equi-affine equivalent to μ̂g : J → R, where
J = Il or J = T

1
l .

The following assertion holds:

Proposition 3.6 Let f , g ∈ D(|C |). If f and g are right equivalent, then they are
geodesically equivalent.

Proof By replacing g by g�, we may assume that f , g ∈ D(C). We denote by F and
G the normal forms associated with f and g satisfying F(0, 0) = G(0, 0) = x0,
respectively. Then by Corollary 1.10, F coincides with G, which impliesμ f = μF =
μG = μg. ��

Later, we will see that the geodesic equivalence relation is useful for constructing
curved foldings with a given crease and crease pattern. Based on this, we give the
following:

Definition 3.7 For f ∈ D(|C |), a developable strip germ g ∈ D(|C |) is called an
isomer of f if

(1) g is geodesically equivalent to f , but
(2) g is not right equivalent to f .

Remark 3.8 The above definition of isomers is an analogue for that for cuspidal edges
(cf. Honda et al. 2020a). In the case of cuspidal edges, (1)was replaced by the condition
that the first fundamental forms of two surfaces are isometric. (It should be remarked
that all developable surfaces all mutually locally isometric.)

We now give a tool to construct isomers of a given developable strip. Let C̃ be an
embedded curve in R3 which is homeomorphic to C and has the same total length as
C .
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Definition 3.9 Let c̃(s) (s ∈ J ) be the arc-length parametrization of C̃ , and let κ̃(s)
be its curvature function. Then c̃ is said to be compatible to f ∈ D(C) if it satisfies

|μ̂ f (s)| < κ̃(s) (s ∈ J ), (3.2)

where μ̂ f is the normalized geodesic curvature function of f .

Let J0 be a set which is homeomorphic to J . The following proposition plays an
essential role in considering the relationship of developable strips and curved foldings.

Proposition 3.10 Let f : U → R3 beadevelopable strip belonging toD(C) satisfying
J0×{0} ⊂ U and f (J0×{0}) = C. Let u0 ∈ J0 be the point such that f (u0, 0) = x0,
where x0 is the base point (cf. (2.12)) of C. Suppose that c̃(s) (s ∈ J ) is the arc-
length parametrization of C̃ which is compatible to f . Then there exist a tubular
neighborhood V (⊂ U ) of J0×{0} in J0× R and developable strips g+, g− belonging
to D(C̃) such that

(1) g+(u0, 0) = g−(u0, 0) = c̃(0) (this condition is automatically satisfied if J0 is
a closed bounded interval),

(2) J0 � u �→ g+(u, 0) = g−(u, 0) ∈ R3 gives a parametrization of C̃ := c̃(J ),
(3) the first angular functions α±(u) of g±(u, v) satisfy α+ = −α−,
(4) μ f = μg± on J0 (cf. (2.9)),
(5) α f (u) has the same sign as αg+(u) for each u ∈ J0, and
(6) g+ and g− are normal forms if the same is true of f .

Proof Since C has total arc-length l, we can take the arc-length parametrization u =
u(s) (s ∈ J ) so that u0 = u(0) and c(s) := c f (u(s)) (s ∈ J ) parametrizes C . Since c̃
is compatible to f , c̃(u) := c̃(s(u)) (u ∈ J0) gives a parametrization of C̃ defined on
J0 such that

μ f (u) < κ̃(u) (u ∈ J0), (3.3)

where κ̃(u) is the curvature function of c̃(u). Then there exists a unique function
α̃ : J0 → (−π/2, π/2) such that

κ̃(u) cos α̃(u) = μ f (u), α̃(u)α f (u) ≥ 0

for each u ∈ J0. By the compatibility of c̃, the function sin α̃ never vanishes. Thus,
we can define the second angular function β̃ : J0 → (0, π) so that

cot β̃±(u) := α̃′(u) ± |c̃′(u)|τ̃ (u)

|c̃′(u)|κ̃(u) sin α̃(u)
,

where κ̃(u) and τ̃ (u) are the curvature and torsion functions of c̃(u) (u ∈ J0), respec-
tively. We set

g±(u, v) := c̃(u) + ξ̃±(u),
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ξ̃±(u) := cos β̃±(u)ẽ(u) + sin β̃±(u)
(
cos α̃(t)ñ(u) ± sin α̃(u)b̃(u)

)
,

where ẽ, ñ and b̃ are the unit tangent vector field, the unit principal normal vector field
and the unit bi-normal vector field of c̃, respectively. Since u0 = u(0), we obtain (1).
It can be easily checked that g± satisfy (2)–(5). Finally, if f is written in a normal
form, then u = s holds for s ∈ J , and c̃(u) = c̃(s) is parametrized by arc-length. In
particular, g±(u, v) = g±(s, v) give normal forms. So (6) is obtained. ��
Corollary 3.11 Let f : U → R3 be a developable strip belonging toD(C), whereU is
a tubular neighborhood of J0×{0} in J0×R. Then there exist a tubular neighborhood
V (⊂ U ) of J0 × {0} in J0 × R and a developable strip g : V → R3 such that

(1) f (u, 0) = g(u, 0) for each u ∈ J0,
(2) αg(u) = −α f (u) for each u ∈ J0,
(3) g is uniquely determined from f as a strip germ along C, and
(4) g is a normal form if so is f .

We call this g the dual of f and denote it by f̌ . Then an involution D(C) � f �→
f̌ ∈ D(C) is induced. Moreover, we have

α f̌ (u) = −α f (u) (u ∈ J0). (3.4)

Proof of Corollary 3.11 Setting c̃(u) := f (u, 0), we can apply Proposition 3.10
because f ∈ D(C). Then the absolute value of the first angular function of g− coin-
cides with that of f ∈ D(C), but the sign is opposite. Thus, g− gives the desired
developable strip. ��

By (2) of Corollary 3.11, f̌ has the same geodesic curvature function as f , and we
obtain the following:

Proposition 3.12 For each f ∈ D(C), the dual f̌ is an isomer of f .

Moreover, we have the following:

Proposition 3.13 Let F,G ∈ D(C) be normal forms satisfying F(0, 0) = G(0, 0). If
μF = μG and F(0, 0) = G(0, 0), then either G = F or G = F̌ holds.

Proof Since μF = μG , we have cosαF = cosαG , which implies αF = ±αG . Since
the normal form of a developable strip is determined by its first angular function and
its base point, we have G = F or G = F̌ . ��
Corollary 3.14 Let F ∈ D(C) be a normal form. If T is a symmetry of C, then T ◦ F̌
is also a normal form giving the dual of T ◦ F.

Proof Since F is a normal form, so is F̌ . By Proposition 2.8, T ◦ F̌ also gives a normal
form. So we have

μT ◦F = μF = μ
F̌

= μ
T ◦F̌
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Fig. 3 The images of F and its
dual given in Example 3.15

and T ◦ F(0, 0) = T ◦ F̌(0, 0). Then Proposition 3.13 implies T ◦ F̌ coincides with
T ◦ F or its dual. Since T ◦ F̌(�ε) meets T ◦ F(�ε) only along C (cf. (3.6)), we
obtain the conclusion. ��

Example 3.15 We fix a positive number l > 0. Then

c1(s) =
(
cos

(
s√
2

)
, sin

(
s√
2

)
,

s√
2

) (
|s| ≤ l

2

)

gives a helix with arc-length parameter satisfying κ = τ = 1/2. We set C1 :=
c1([−l/2, l/2]). We fix a constant α ∈ (−π/2, 0) ∪ (0, π/2) and let F ∈ D(C1) be a
normal form whose first angular function is identically equal to α. Then T ◦ F̌ = F
holds, where T is the 180 ◦-rotation with respect to the normal line of C1 at the origin.
Figure 3 shows the images of F and F̌ .

We consider the case that J = Il . Regarding Lemma 3.2, we give the following:

Definition 3.16 The image � of a regular curve γ : Il → R2 parametrized by arc-
length is called a generator of a strip f ∈ D(C) (C := c(Il)) if the curvature function
of γ (s) is equi-affine equivalent to the normalized geodesic curvature function μ̂ f (s)
(s ∈ Il ) of f .

We next consider the case that J = T
1
l . Regarding Lemma 3.4, we give the follow-

ing:

Definition 3.17 The image � of a regular curve γ : T1
l → R2 parametrized by arc-

length is called a generator of the strip f ∈ D(C) (C := c(T1
l )) if the curvature

function of γ (s) can be smoothly extended as an l-periodic function which is the
lift of a function which is equi-affine equivalent to the normalized curvature function
μ̂ f (s) (s ∈ T

1
l ) of f .

A generator � of f has an ambiguity of isometric motions in the plane R2. Since f
is a developable surface, it can be developed to a plane, and the curve C is deformed
to a plane curve which is congruent to �. If � has no self-intersections, then f can
be obtained as a deformation of an immersed developable strip from a tubular neigh-
borhood of � to the image of f (cf. Umehara and Yamada 2017, Theorem B.6.4).
According to (Fuchs and Tabachnikov 1999), we define “origami maps” as follows:

Definition 3.18 The origami map � f induced by f ∈ D(C) is defined by

� f (u, v) :=
{
f (u, v) (v ≥ 0),

f̌ (u, v) (v < 0),
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Fig. 4 Angular functions βL and
βR on the crease pattern of � f

where f̌ is the dual of f . In this setting, C is called the crease of � f , and a generator
� of f is called a crease pattern of the origami map � f . (Since the normalized
curvature function μ is common in f and f̌ , � gives a generator of f̌ . When J0 is a
bounded closed interval, the congruence class of the crease pattern of � f is uniquely
determined.)

We set

O(C) := {� f ; f ∈ D(C)}, O∗(C) := {� f ; f ∈ D∗(C)}

and

O(|C |) := O(C) ∪ O(−C), O∗(|C |) := O∗(C) ∪ O∗(−C),

which are the sets of origami maps and the sets of admissible origami maps along C
and |C |, respectively. Figure 1 indicates the second angular functions β and β̌ of f
and f̌ , respectively. Here,

�̌ f := � f̌

is called the adjacent origami map with respect to � f . Obviously, the union of the
images of � f and �̌ f coincides with the union of the images of f and f̌ .

The following fact is known:

Fact 3.19 (Fuchs and Tabachnikov 1999, see alsoHonda et al. 2020c)A curved folding
P along a curve |C | satisfying (i),(ii),(iii) and (iv) (resp. (iv′)) in the introduction is
realized as the image of �F for a certain normal form F ∈ D(C) (resp. F ∈ D∗(C)).
Moreover, � corresponds to the crease pattern of �F .

Remark 3.20 More precisely, the condition (ii) in the introduction implies cosαF > 0
and (iv) (resp. (iv′)) in the introduction corresponds to the condition cosαF �= 1
(resp. max

u∈J0
| cosαF (u)| < 1). Moreover, μF coincides with the curvature function

with respect to the arc-length parametrization γ : J → R2 of the generator �. We
set βL := β and βR := π − β̌, where β and β̌ are the second angular functions of F
and F̌ , respectively. Then βL (resp. βR) gives the left-ward (resp. right-ward) angular
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function of the ruling direction from the tangential direction γ ′(s) in the plane R2,
see Fig. 4.

Here, we set

O(�, |C |) := {� f ; the generator of f ∈ D(|C |) is �},
O∗(�, |C |) := {� f ; the generator of f ∈ D∗(|C |) is �}

and

P(�,C) := {Im(� f ) ; f ∈ O(�,C)}, P∗(�,C) := {Im(� f ) ; f ∈ O∗(�,C)},
(3.5)

where Im(� f ) is the image of the strip germ � f along C . Then P(�,C) can be
considered as the set of curved foldings whose crease and crease pattern are C and �,
respectively. The setP∗(�,C) consists of admissible curved foldings along C defined
as in the introduction. The following assertion is obvious by the definition of the map
� : D(|C |) → O(|C |) and Lemma 3.24.

The following assertion implies that we can fold a pair�F (�ε), �̌F (�ε) of curved
foldings at the same time whenever ε(> 0) is sufficiently small:

Proposition 3.21 For each normal form F ∈ D(|C |),

F(�ε) ∩ F̌(�ε) = C (3.6)

holds. Moreover, the induced origami map �F has no self-intersections.

Proof Since the ruling vector of F is linearly independent of F̌ at each point of C ,
the first assertion follows from Proposition 2.10. So we prove the second assertion. If
not, (3.6) implies that F(�+

ε ) must meet F(�−
ε ), which is impossible. ��

Proposition 3.22 Let F,G ∈ D(|C |) be normal forms. If �F (�ε) coincides with
�G(�ε) for sufficiently small ε, then F is right equivalent to G.

Proof We denote by F,G the normal forms associated with f , g satisfying F(0, 0) =
G(0, 0), respectively. It is sufficient to show the assertions hold for F and G. We
suppose �F (�ε) = �G(�ε). By replacing F (resp. G) by F� (resp. G�), Propo-
sition 2.8 yields that F,G ∈ D(C) without loss of generality. Then we have
F(�+

ε ) ∪ F̌(�−
ε ) = G(�+

ε ) ∪ Ǧ(�−
ε ). By Proposition 2.11, F(�+

ε ) ∩ Ǧ(�−
ε ) is

the empty set, and so we have F(�+
ε ) = G(�+

ε ). By Proposition 2.9, we can con-
clude that F = G. ��

We now prove the following:

Theorem 3.23 The map � : D(|C |) � f �→ � f ∈ O(|C |) has the following proper-
ties:
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(1) f , g ∈ D(|C |) are right equivalent if and only if �F (�ε) coincides with
�G(�ε), where F,G are normal forms associated with f and g satisfying
F(0, 0) = G(0, 0) = x0, respectively.

(2) If � f and �g ( f , g ∈ D(|C |)) have the same crease pattern, then f and g are
geodesically equivalent.

(3) For each f ∈ D(|C |), the crease pattern of �̌( f )(= �( f̌ )) coincides with that
of �( f ).

(4) Let T be a symmetry of C, then T ◦ �F = �T ◦F holds for each normal form
F ∈ D(|C |).

(5) Let f , g ∈ D(|C |). If �F (�ε) is congruent to �G(�ε), then there exists a
symmetry T of C such that g is right equivalent to T ◦ f .

Before proving this assertion, we prepare the following lemma:

Lemma 3.24 Let C be a non-closed space curve (i.e. J0 is a bounded closed interval),
and let � be a simple arc in R2 which is a generator of a developable strip F ∈ D(C)

written in a normal form. Then the following two assertions are equivalent:

• � has a symmetry (cf. Definition 1.1),
• the geodesic curvature function μF of F has a symmetry (cf. Definition 3.3).

Proof Since μ̂F coincides with the curvature function of �, the conclusion follows
from Lemma 3.2. ��

Proof of Theorem 3.23 We denote by F,G the normal forms associated with f , g sat-
isfying F(0, 0) = G(0, 0), respectively. It is sufficient to show the assertions hold
for F and G. Then F is defined on a tubular neighborhood of J × {0} in J × R. If
F,G are right equivalent, then it is obvious that the images of �F ,�G coincide. The
converse of this assertion follows from Proposition 3.22.

We now prove (2). In the case that J is a bounded closed interval, (2) follows from
Lemma 3.24. We then consider the case that J is a one dimensional torus Tl (l > 0).
If �F and �G have the same crease pattern �, then the curvature function of � can be
extended as a smooth l-periodic function on R, and coincides with the lift of common
normalized geodesic curvature function of F and G. So F and G are geodesically
equivalent.

On the other hand, (3) is obvious from the definition of �̌(F).
We next prove (4). Let T be a symmetry of C , then, by Corollary 3.14, we have

T ◦ �F (�ε) = T ◦ F(�+
ε ) ∪ T ◦ F̌(�−

ε ) = �T ◦F (�ε).

So T ◦ �F is right equivalent to �T ◦F by (1). Since F is a normal form, we have
T ◦ �F = �T ◦F .

Finally, we prove (5). Suppose that �F (�ε) is congruent to �G(�ε). Then there
exists an isometry T of R3 such that T ◦ �G(�ε) coincides with �F (�ε). Since
T ◦ �G(�ε) = �T ◦G(�ε), Proposition 3.22 implies that T ◦ G is right equivalent to
F . So we obtain (5). ��

123



744 Beitr Algebra Geom (2022) 63:723–761

4 The inverses and inverse duals

In this section, we set J = Il(= [−l/2, l/2]) (l > 0), that is, C is a non-closed space
curve. Let I := [b, c] (b < c) be a closed bounded interval on R.

Proposition 4.1 Let f : U → R3 be a developable strip belonging toD∗(C), whereU
is a tubular neighborhoodof I×{0} (⊂ I×R). Then there exist a tubular neighborhood
V (⊂ U ) of I × {0} in I × R and two maps f∗, f̌∗ : V → R3 such that

(1) f∗ and f̌∗ belong to D∗(−C),
(2) f∗(u, 0) = f̌∗(u, 0) = f (−u, 0) for each u ∈ I ,
(3) the first angular function α f∗ takes the same sign as α f and satisfies

κ f (b + c − u) cosα f∗(u) = κ f (u) cosα f (u), (4.1)

where c f (u) := f (u, 0) (u ∈ I ) and κ f (u) is its curvature function,
(4) α f̌∗(u) = −α f∗(u),

(5) f∗ and f̌∗ are normal forms if f is.

Moreover, such two maps f∗ and f̌∗ are uniquely determined from f as map germs
along C.

We call f∗ the inverse of f , and f̌∗ the inverse dual of f (cf. Honda et al. 2020c).
By definition,

μ f∗(u) = μ f̌∗(u) = μ f (u), (4.2)

and so each generator of f gives a generator of f∗ (and of f̌∗).
Proof Since f is admissible (i.e. f ∈ D∗(C)), we have

0 < κ f (u) cosα f (u) < min
u∈I κ f (u) (u ∈ I ).

We note that c�(u) := c f (b + c − u) (u ∈ I ) gives the parametrization of C̃ := −C .
Then κ f (b + c − u) is the curvature function of c�(u). Since μ f := κ f cosα f is the
curvature function of the generator of f , we have

0 < μ f (u) < min
u∈I κ f (u) = min

u∈I κ f (b + c − u) (u ∈ I ). (4.3)

So c� is compatible to f . Thus, there exists a developable strip g+ ∈ D∗(−C) (resp.
g− ∈ D∗(−C)) satisfying (1)–(6) of Proposition 3.10. In particular, the first angular
function of g+ (resp. g−) is positive (resp. negative). Moreover, by (4.3), g+ and g−
are belonging to D∗(−C). Then it can be easily checked that f∗ := g+ and f̌∗ := g−
satisfy (1)–(5) of Proposition 4.1. In fact,

μ f∗(u) = κ f (b + c − u) cosα f∗(u)

coincides with μ f (u)(= κ f (u) cosα f (u)) by (4) of Proposition 3.10. ��
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Remark 4.2 Fix f ∈ D∗(C). By (2.18), the first angular function of the inverse dual
f∗ takes the opposite sign as that of f �.

We have the following:

Proposition 4.3 If g ∈ D∗(|C |) is geodesically equivalent to f ∈ D∗(C), then g is
right equivalent to one of { f , f̌ , f∗, f̌∗}.
Proof Replacing g by g�, we may assume that f , g ∈ D∗(|C |). We denote by F,G
the normal forms associated with f , g satisfying F(0, 0) = G(0, 0), respectively.
Then the assumption that g is geodesically equivalent to f implies μF = μG . By
Proposition 3.13 we have G = F or G = F̌ . On the other hand, if G ∈ D∗(−C),
then, replacing C by −C and applying Proposition 3.13, we can conclude G = F∗ or
G = F̌∗. ��

Moreover, we can prove the following:

Proposition 4.4 For each normal form F ∈ D∗(C), the ruling direction of the inverse
F∗ is linearly independent of that of F at each point of C. In particular,

F(�ε) ∩ F∗(�ε) = C (4.4)

holds for each sufficiently small ε(> 0).

Proof Without loss of generality, we may replace f by its normal form F . Since the
first angular function of (F∗)� has the opposite sign of that of F (cf. (2.18)), Lemma 2.7
yields that the ruling direction of F∗ is linearly independent of that of F along C . The
last assertion is a consequence of Proposition 2.10. ��

Using this proposition, we can prove the following:

Proposition 4.5 For f ∈ D∗(C), the following three assertions are equivalent:

(1) f is right equivalent to f̌∗,
(2) f̌ is right equivalent to f∗,
(3) the normalized geodesic curvature μ̂ f of f has a symmetry (cf. Definition 3.1).

Proof The equivalency of (1) and (2) is obvious. So it is sufficient to show that (1) is
equivalent to (3). We may assume that f is a normal form and denote it by F . Then
F(s, v) is defined on a tubular neighborhood of Il × {0} in R2, where l is the total
arc-length of C . Suppose that μF has a symmetry. Since μF (s) = μF (−s) for s ∈ Il ,
F� is geodesically equivalent to F . Since F� ∈ D∗(−C), Proposition 3.13 yields that
F� coincides with F∗ or F̌∗. However, F� never coincides with F∗ by Proposition 4.4.
So we have F� = F̌∗.

Conversely, we suppose (1). Then F� = F̌∗ holds. By (4.4), we have

μF (−s) = μF� (s) = μF̌∗(s) = μF (s),

which implies that μF has a symmetry. ��
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Fig. 5 Images of �1 and �2 (left) and images of {� j } j=1,...,4 (right)

In the above discussions, the following assertion was also obtained.

Corollary 4.6 Let F ∈ D∗(C) be a normal form. If the geodesic curvature μF has a
symmetry, then F̌∗ = F� holds.

Theorem 4.7 Let f ∈ D∗(C) and n f the number of right equivalence classes of
f , f̌ , f∗ and f̌∗. If the normalized geodesic curvature of f has no symmetries, then
n f = 4, otherwise n f = 2.

Proof We may assume that f is a normal form and denote it by F . Suppose that μF

has a symmetry. By Proposition 4.5, we have F = F̌∗ and F̌ = F∗, and nF = 2. On
the other hand, suppose that nF < 4. If necessary, replacing F by one of {F̌ , F∗, F̌∗},
we may assume that F coincides with one of F̌, F∗, F̌∗. By (3.6) and (4.4), F must
coincide with F̌∗. By Proposition 4.5, μF has a symmetry. ��
Remark 4.8 In Example 3.15, the curvature function of C and the angular function of
F are constant, F̌∗ = F� and F̌ = F�∗ hold. So in this case, nF = 2 holds.

Proof of TheoremA We fix a curved folding P ∈ P∗(�,C) arbitrarily. Then there
exists a normal form F ∈ D∗(C) such that P = �F , and so nC,� = nF . Moreover,

�F (�ε), �F̌ (�ε), �F∗(�ε), �F̌∗(�ε)

produce all candidates of curved foldings. We let � be a generator of F . Since �

has no self-intersections, the symmetries of � correspond to the symmetries of the
geodesic curvature function μF (cf. Lemma 3.24). By (1) of Theorem 3.23, the num-
ber nC,� of elements in P∗(�,C) coincides with the number of distinct subsets in

{F(�ε), F̌(�ε), F∗(�ε), F̌∗(�ε)}. So we obtain Theorem A by Theorem 4.7. ��

Example 4.9 We consider a one-quarter of the unit circle given by

c(s) := (cos s, sin s, 0)
(
|s| ≤ π

4

)
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and

α(s) := π

4
− s

2
, T :=

⎛
⎝
1 0 0
0 −1 0
0 0 1

⎞
⎠.

Then T (C) = C , and the developable strip F := Fα along C := c([−π/4, π/4])
with the first angular function α induces four associated origami maps

�1 := �F , �2 := �̌F , �3 := T ◦ �F , �4 := T ◦ �̌F .

Since the normalized geodesic curvature μF = cosα does not have symmetries, the
four curved foldings are distinct. In fact, Fig. 5 left (resp. right) indicates the images
of �1 and �2 (resp. �1, . . . , �4), by which we can observe the four curved foldings
�1(�ε), . . . , �4(�ε) are distinct as subsets of R3 although they are congruent to each
other.

5 The congruence classes of isomers of developable strips

We first consider the case that C admits a symmetry:

Lemma 5.1 Suppose that C lies in a plane �, and let T0 be the reflection with respect
to �. Then T0 ◦ f = f̌ holds for each f ∈ D(C).

Proof We may assume that C lies in the xy-plane in R3. The reflection T0 maps
(x, y, z) ∈ R3 to (x, y,−z) ∈ R3. Since b = (0, 0, 1) and the second angular
function of f̌ coincides with that of f , the assertion follows by a direct calculation. ��

Let c(s) (s ∈ Il ) be the arc-length parametrization of C , where Il := [−l/2, l/2].
The following assertion plays an important role in the latter discussions:

Theorem 5.2 Let F ∈ D∗(C) be a normal form, and let T be a non-trivial symmetry
of C. Then, the following two assertions hold:

(1) Suppose that T is a positive symmetry. Then T ◦ F(s, v) = F∗(s, v). Moreover, in
this setting, ifμF has a symmetry (cf. Definition 1.1), then T ◦F(−s, v) = F̌(s, v).

(2) Suppose that T is a negative symmetry. Then T ◦ F(s, v) = F̌∗(s, v) holds. More-
over, if μF has a symmetry, then T ◦ F(−s, v) = F(s, v).

We remark that the developable strip Fα given in Example 3.15 satisfies (1).

Proof By a suitable motion in R3, we may assume that F(0, 0) = 0 and T is an
orthogonal matrix. Then its determinant σ := det(T ) is equal to 1 (resp. −1) if T is
a positive (resp. negative) symmetry of C .

Since C admits a non-trivial symmetry, we have κ(−s) = κ(s), where κ(s) is a
curvature function of C with respect to the arc-length parametrization c of C on Il .
By the definition of α∗(s), we have

κ(−s) cosα∗(s) = μ(s) = κ(s) cosαF (s) = κ(−s) cosαF (s),
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that is, cosα∗ = cosαF . By (4) of Proposition 4.1, we can conclude α∗ = αF . Then
we have

T ξF = cosβF T e + sin βF

(
cosα∗ Tn + sin α∗ Tb

)
,

where βF is the second angular function of F and e, n, b are the unit tangent vector
field, the unit principal normal vector field and the unit bi-normal vector field of c,
respectively.

By (2.15) and (A.1), we have

Tn(s) = n(−s) = n�(s), Tb(s) = −σb(−s) = σb�(s)

and

T ξF (s) = cos(π − βF (s))e�(s)

+ sin(π − βF (s))
(
cos(σα∗(s))n�(s) + sin(σα∗(s))b�(s)

)
.

By Proposition 2.8, T ξF (s) gives the normalized ruling vector field of T ◦ F . Thus
T ◦ F(s, v) belongs to D∗(−C), and its first and second angular functions are given
by −σα∗(s) and π − βF (s), respectively. Since the geodesic curvature function of
T ◦ F(s, v) coincides with μ̂(s) (cf. Proposition 2.8), T ◦ F must coincide with F∗
(resp. F̌∗) if T is a positive (resp. negative) symmetry of C .

We next suppose that μF has a symmetry. By Proposition 4.1, F� = F̌∗ holds. If
σ = 1, then

T ◦ F(s, v) = F∗(s, v) = F̌�(s, v) = F̌(−s, v),

which implies the second assertion of (1). Similarly, considering the case of σ = −1,
we also obtain the second assertion of (2). ��
Corollary 5.3 Let F ∈ D∗(C) be a normal form. If C has a non-trivial symmetry T ,
then {F(�ε), F̌(�ε)} coincide with {T ◦ F∗(�ε), T ◦ F̌∗(�ε)} for sufficiently small
ε(> 0).

Proof By Theorem 5.2, if T is positive (resp. negative), then T ◦ F(s, v) = F∗(s, v)

(resp. T ◦ F(s, v) = F̌∗(s, v)) and T ◦ F̌(s, v) = F̌∗(s, v) (resp. T ◦ F̌(s, v) =
F∗(s, v)). ��

The following assertion is a refinement of (Honda et al. 2020c, Lemma 3.2):

Proposition 5.4 Let F ∈ D∗(C) be a normal form. Then F(�ε) is congruent to F̌(�ε)

for sufficiently small ε > 0 if and only if

(1) C lies in a plane, or
(2) C has a positive symmetry and μF also has a symmetry.
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Proof ByLemma5.1 and (2) ofTheorem5.2, (1) or (2) implies that F(�ε) is congruent
to F̌(�ε). To show the converse assertion, we suppose that F(�ε) is congruent to
F̌(�ε). Then, there exists an isometry T on R3 such that

T ◦ F̌(�ε) = F(�ε). (5.1)

By Lemma 5.1, we may assume that C does not lie in any plane. It is sufficient to
show (2). Since T must be non-trivial, that is, it reverses the orientation of C (cf.
Proposition A.1). If T is a negative symmetry of C , then by Theorem 5.2, we have

F̌(�ε) = T ◦ F(�ε) = T ◦ F�(�ε) = F∗(�ε).

By Proposition 2.9, we have F̌ = F∗, and by Proposition 4.5,� has a symmetry. Then,
by Lemma 3.24 and Theorem 5.2, we have

F̌(�ε) = T ◦ F(�ε) = F(�ε),

contradicting (3.6). So T is a positive symmetry ofC and T ◦F = F∗ by Theorem 5.2.
By (5.1), we have

F∗(�ε) = T ◦ F(�ε) = F̌(�ε),

which implies F∗ = F̌ . By Proposition 4.5, μF has a symmetry. So we obtain (2). ��
Proposition 5.5 Let F ∈ D∗(C) be a normal form. Then, for sufficiently small ε(> 0),
F(�ε) is congruent to F̌∗(�ε) if and only if

(1) C has a negative symmetry, or
(2) μF has a symmetry.

Proof By (2) of Theorem 5.2 and Corollary 4.6, (1) or (2) implies that F(�ε) is
congruent to F̌∗(�ε). So it is sufficient to show the converse.We suppose that F(�ε) is
congruent to F̌∗(�ε). We also suppose thatμF has no symmetries. By Proposition 4.5,
F(�ε) �= F̌∗(�ε)holds. SoC must have a symmetry T such that T ◦F(�ε) = F̌∗(�ε).

If T is not non-trivial, then C lies in a plane � and T is the reflection with respect to
�. By Lemma 5.1, we have

F̌(�ε) = T ◦ F(�ε) = F̌∗(�ε),

which implies F(�ε) = F∗(�ε). However, this is impossible by Proposition 4.4. By
Proposition A.1 in the appendix, we may assume T is a non-trivial symmetry of C ,
that is, T is either a positive or negative symmetry. If T is a positive symmetry of C ,
Theorem 5.2 yields T ◦ F∗ = F and

F(�ε) = T ◦ F∗(�ε) = F̌(�ε),

contradicting (3.6). So T must be a negative symmetry of C . ��
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Similarly, the following assertion holds:

Proposition 5.6 Let F ∈ D∗(C) be a normal form. Suppose that C does not lie in any
plane in R3. Then for sufficiently small ε(> 0), F(�ε) is congruent to F∗(�ε) if and
only if C has a positive symmetry.

Proof If C has a positive symmetry, then (1) of Theorem 5.2 implies that F(�ε) is
congruent to F∗(�ε). So it is sufficient to prove the converse. Suppose that there
exists an isometry T satisfying T ◦ F(�ε) = F∗(�ε). Since F(�ε) �= F∗(�ε) (cf.
Proposition 4.4), T is a non-trivial symmetry of C . If T is a negative symmetry,
Theorem 5.2 yields that T ◦ F∗ = F̌ . Then we have

F(�ε) = T ◦ F∗(�ε) = F̌(�ε),

which contradicts (3.6). So T must be a positive symmetry of C . ��
We prove the following assertion:

Theorem 5.7 Let F ∈ D∗(C) be a normal form. If the normalized geodesic curvature
of F has no self-intersections, then the number NF of congruence classes of

F(�ε), F̌(�ε), F∗(�ε), F̌∗(�ε)

satisfies NF ≤ nF (the definition of n f is given in Theorem 4.7) and also the following
properties:

(1) If C has no symmetries and μF has no symmetries, then NF = 4.
(2) If not the case in (1), then NF ≤ 2 holds.
(3) Moreover NF = 1 holds if and only if

(a) C lies in a plane and has a non-trivial symmetry,
(b) C lies in a plane and μF has a symmetry, or
(c) C has a positive symmetry, and μF has a symmetry.

Proof Since two non-congruent subsets of R3 are distinct, the relation NF ≤ nF is
obvious. We suppose (1). Since C has no symmetry, C does not lie in any plane. If
NF < 4, then replacing F by F̌, F∗ or F̌∗, we may assume that F(�ε) is congruent
to G(�ε) for sufficiently small ε(> 0), where G is F̌, F∗ or F̌∗. If G = F̌ , then
Proposition 5.4 implies that C has a positive symmetry, a contradiction. If G = F∗,
then by Proposition 5.6, C has a positive symmetry, a contradiction. If G = F̌∗ then
by Proposition 5.5, C has a positive symmetry or � has a symmetry, which is also a
contradiction. So we obtain (1).

We now prove (2). If μF has a symmetry, then NF ≤ 2 follows from Theorem 4.7.
So we may assume that C has a symmetry T . If T is trivial, then C lies in a plane and
T is the reflection with respect to the plane (cf. Lemma 5.1). Then, we have

T ◦ F(�ε) = F̌(�ε), T ◦ F∗(�ε) = F̌∗(�ε)
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for sufficiently small ε > 0, and so NF ≤ 2 is obtained. We next consider the case
that T is non-trivial. Then Corollary 5.3 implies that NF ≤ 2.

Finally, we prove (3). We consider the case (a) or (b). Then C lies in a plane,
and F(�ε) (resp. F∗(�ε)) is congruent to F̌(�ε) (resp. F̌∗(�ε)) by Lemma 5.1. If (a)
happens, thenC admits a positive symmetry by PropositionA.2. So (1) of Theorem 5.2
implies that F(�ε) is congruent to F∗(�ε), and NF = 1 is obtained. If (b) happens,
then F(�ε) = F̌∗(�ε) by Proposition 4.5. So we have NF = 1.

Wenext consider the case (c). By (1) of Theorem5.2, F(�ε) is congruent to F∗(�ε).
Moreover, since μF has a symmetry, F(�ε) (resp. F̌(�ε)) is congruent to F̌∗(�ε)

(resp. F∗(�ε)), so we have NF = 1.
Conversely, we suppose NF = 1. Then F(�ε) must be congruent to F̌∗(�ε), and

so, Proposition 5.5 implies that

(i) C has a negative symmetry, or
(ii) � has a symmetry.

If C lies in a plane, then (i) corresponds to (a) and (ii) corresponds to (b). So we may
assume that C does not lie in any plane. Since NF = 1, F(�ε) also congruent to
F̌(�ε). Since C is non-planar, (2) of Proposition 5.4 holds, which implies (c). ��

We now prove Theorem B in the introduction:

Proof of Theorem B We fix a curved folding P ∈ P∗(�,C) arbitrarily. Then there
exists a normal form F ∈ D∗(C) such that P = �F and so NC,� = NF . Then �

gives a generator of F . By Lemma 3.24, the condition that � has a symmetry can be
replaced by the condition that μ̂F has a symmetry. By Theorem 3.23, Theorem B is
obtained as a corollary of Theorem 5.7. ��

As an application, we can prove the following:

Corollary 5.8 Suppose that C does not lie in any plane. Let f ∈ D∗(C). If the deriva-
tives of the curvature function κ f of C and the geodesic curvature function μ f of f
both do not vanish at the midpoint of C, then N f = 4 and the number of the congru-
ence classes of curved foldings in P∗(�, |C |) is also four, where � is a generator of
f .

Proof We let l be the common total length of C and �. We denote by κ (resp. μ) the
curvature function of C (resp. �) with respect to the arc-length parameter on Il . Since
κ (resp. μ) is positive-valued, the existence of a symmetry of C (resp. �) implies

κ(−s) = κ(s), (resp. μ(−s) = μ(s)) (s ∈ Il).

Differentiating it at s = 0, we have

κ ′(0) = 0, (resp. μ′(0) = 0). (5.2)

We may assume that f is defined on a tubular neighborhood of I ×{0} in I × R. In
the parametrization u �→ f (u, v) of C , we suppose that the point s = 0 corresponds
to the point u = u0 ∈ I . Then (5.2) is equivalent to the condition that dκ f (u)/du
(resp. dμ f (u)/du) does not vanish at u = u0. So, we obtain the conclusion. ��
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Remark 5.9 For a given curve in R2 or R3, it is difficult to judge that it has a symmetry
or not, in general. So we gave Corollary 5.8, which can be considered as a practical
criterion on whether a given developable strip (or a curved folding) induces mutually
non-congruent isomers or not, without use of the arc-length parametrization of C .
In fact, let f ∈ D∗(C) be a developable strip as in the proof of Corollary 5.8. As a
preliminary step, one should show that the value u0 ∈ I giving the midpoint c f (u0)
of C := c f (I ) lies in a certain subinterval I1 in I . (This subinterval is best to be taken
as small as possible.) After that if one can show that dκ f (u)/du and dμ f (u)/du do
not vanish at the same time on I1, then Corollary 5.8 implies that N f = 4.

Example 5.10 (Honda et al. 2020c) Consider the space curve

c(s) =
(
arctan s,

log(1 + s2)√
2

, s − arctan s

)
(s ∈ I ),

where I := [1/10, 9/10].We setα(s) := π(s + 10)/24, and consider the developable
strip F(s, t) whose first angular function is α(s). It can be easily checked that F
belongs toD∗(C). Then the images of F, F̌, F∗ and F̌∗ belongs to distinct congruence
classes as shown in Honda et al. (2020c). This fact can be easily checked by applying
Corollary 5.8. In fact, the curvature and torsion functions of c are given by κ =
τ = √

2/(1 + s2). Since τ is non-constant, the image of c does not lie in any plane.
Moreover, since κ ′ > 0 everywhere and μ := κ cosα satisfies

μ′(1/2) = −96 sin (π/16) + 5π cos (π/16)

75
√
2

< 0.

Thus, we have reproved the fact NF = 4. The figures of the images of F, F̌, F∗ and
F̌∗ are given in (Honda et al. 2020c, Fig. 3).

Although, in the above example, the space curve c has an arc-length parametrization,
Corollary 5.8 can be applied without assuming C is parametrized by arc-length:

Example 5.11 We set d ∈ (0, π/4) and I := [3π/8, 5π/8]. Consider the embedded
space curve defined by

c(t) := (cos t, sin(t + d), t) (t ∈ I ).

We let f be the developable strip whose first angular function is α := π/3 along
C := c(I ). Since d �= 0, the torsion function of c is not identically equal to zero, that
is, C does not lie in any plane. Since the curvature function κ of c is given by

κ(t) =
(
3 + cos 2d + cos 2t − cos(2t + 2d)

2(1 + sin2 t + cos2(t + d))3

)1/2

,

it has the following expansion

κ(t) = 1

2
+ sin 2t

2
d + o(d) (5.3)
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with respect to the parameter d, where o(d) is a term of order higher than d. Since the
maximumof κ/2(= κ cosα) on I is less than theminimumof κ(t) on I for sufficiently
small d , we may assume that f belongs toD∗(C) (in fact, this holds if d ≤ π/5). By
(5.3), we have

κ ′(t) = (cos 2t)d + o(d).

Since cos 2t is negative on I , the derivative κ ′ is negative on I for sufficiently small d.
Since μ(t) := κ(t)/2 is the geodesic curvature function of C along f , the derivatives
κ ′ and μ′ do not vanish at the midpoint of C . So, by Corollary 5.8, the images of
f , f̌ , f∗ and f̌∗ are mutually non-congruent for sufficiently small d(> 0).

In the authors’ previous work, non-congruence of the images of F, F̌, F∗ and F̌∗ in
Example 5.10 was shown by computing mean curvature functions of their associated
developable strips. However, this argument does not work in general, since the mean
curvature functions of f , f̌ , ( f̌∗)� and ( f∗)� for f ∈ D∗(C) may not take distinct
values along C even when their images are non-congruent each other, as follows:

Proposition 5.12 Let κ(s) be aC∞-function defined on an interval I containing s = 0,
and let α : I → (0, π/2) be a C∞-function satisfying

κ ′(0) < 0, α′(0) ≥ 0. (5.4)

Then there exists an embedded space curve c(s) defined on an interval I1(⊂ I ) con-
taining s = 0 satisfying the following properties:

(1) c(s) gives an arc-length parametrization of C := c(I1)whose curvature function
coincides with κ on I1.

(2) Let F(s, v) be the developable strip along C whose first angular function is α(s).
Then F belongs to D∗(C) for sufficiently small choice of I1, and the images of
F, F̌, F∗, F̌∗ are non-congruent each other, however

(3) the restriction of the mean curvature function of F(s, v) on I1 × {0} is equal to
that of F̌∗(−s, v).

The curvature functions of the space curves and the first angular functions of the
developable strips given in Example 5.11 satisfy (5.4).

Proof We let l > 0 be a number so that Il = [−l/2, l/2] is contained in I . Consider
a C∞-function τ(t) defined on Il . Then there exists a unique regular space curve
c : Il → R3 whose curvature and torsion functions are κ(s) and τ(s) (s ∈ Il ),
respectively. Let F(s, v) be the normal form of a developable strip whose angular
function is α(s). If we choose sufficiently small l, then F belongs to D∗(C) because
0 < α(0) < π/2. By (5.4), μ := κ cosα satisfies

μ′(0) = κ ′(0) cosα(0) − κ(0)α′(0) sin α(0) < 0.

This, with the fact κ ′(0) < 0, F satisfies the assumption of Corollary 5.8, and we
obtain (1) and (2).
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We next adjust the torsion function τ to obtain (3): The first angular function A(s)
of F1(s, v) := F̌∗(−s, v) is given by (cf. (2.16) and (4.1))

A(s) = arccos

(
κ(−s) cosα(−s)

κ(s)

)
. (5.5)

We let H(s, v) and H1(s, v) be the mean curvature functions of F(s, v) and F1(s, v),
respectively. By (2.13), the condition H(s, 0) = H1(s, 0) is equivalent to the identity

κ2 + (α′ + τ)2

sin α
= κ2 + (A′ + τ)2

sin A
, (5.6)

which can be considered as the quadratic equation of τ . In fact, (5.6) can be written
as

B0(s)τ
2(s) + 2B1(s)τ (s) + B2(s) = 0,

where

B0 := cscα − csc A, B1 := α′ cscα − A′ csc A,

B2 :=
(
(α′)2 + κ2 sin2 α

)
cscα −

(
(A′)2 + κ2 sin2 A

)
csc A.

By (5.5), we have

A(0) = α(0), A′(0) = 2κ ′(0) cot α(0)

κ(0)
− α′(0),

which imply (cf. (5.4))

B0(0) = 0, B1(0) = −2 cscα(0)

κ(0)

(
κ ′(0) cot α(0) − κ(0)α′(0)

)
> 0.

If we set

τ =
−B1 +

√
B2
1 − B0B2

B0
= −B2

B1 +
√
B2
1 − B0B2

, (5.7)

then lim
s→0

τ(s) is equal to −B2(0)/(2B1(0)). In particular, τ gives a C∞-function on

Il for sufficiently small l. So (3) is obtained. ��
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Fig. 6 The shapes of �1 (left) and �2 (right)

6 The case that C is closed

In this section, we consider the case J = T
1
l , that is, C is a closed embedded curve in

R3.Wefix an immersed curveγ : R → R2 with arc-length parameterwhose curvature
function μ(s) of γ (s) is an l-periodic smooth function μ̃ : R → R satisfying

max
s∈[0,l] |μ(s)| < min

w∈T1
l

κ(w).

We let �(⊂ R2) be the image γ ([b0, b0 + l]) of the plane curve γ for some b0 ∈ [0, l)
such that γ ([b0, b0 + l)) has no self-intersections. Here, such a � is not uniquely
determined, since the possibilities for � have the ambiguity of the choice of the value
b0 (� and C have the same length).

If P∗(�,C) is defined as in the introduction, then, for each P ∈ P∗(�,C), we can
write P = �(F) for a developable strip F ∈ D∗(C) written in a normal form such
thatμ(s) coincides with the lift μ̃F of the normalized curvature functionμF of F (see
the beginning of Sect. 2).

Remark 6.1 The plane curve � := γ ([b0, b0 + l]) is prepared as the crease pattern of
curved foldings belonging to P∗(�,C). So � should not have any self-intersections.
However, this property depends on the choice of b0 ∈ [0, l). In fact, we consider the
trochoid γ defined by

γ (t) := (2t/3 − sin t, 1 − cos t) (t ∈ R). (6.1)

Then its curvature function is 2π -periodic, and two subarcs �1 = γ ([0, 2π ]) and
�2 = γ ([π, 3π ]) can be considered as fundamental pieces of the trochoid (cf. Fig. 6).
The arc �2 has a self-intersection but �1 does not.

We fix a normal form F ∈ D∗(C) such that � is a generator of F . Without loss of
generality, we may assume that F is defined on a tubular neighborhood of T1

l × {0}
in T

1
l × R. We assume that the geodesic curvature function μF of F coincides with

μ. For each fixed b ∈ [0, l) and σ ∈ {1,−1}, we set

c̃(s) := c(σ s + b),

which parametrizes the curve C := c(T1
l ). Since F ∈ D∗(C), we can apply Propo-

sition 3.10 for the curve C̃ := c̃(T1
l ). Since σ = ±1, we obtain normal forms
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Fi
b ∈ D∗(C) (i = 1, 2, 3, 4) whose first angular functions αi

b ∈ C∞
π/2(T

1
l ) satisfy

α1
b = −α2

b > 0, α3
b = −α4

b > 0 and

(μF1
b

=)κ(s + b) cosα1
b(s) = μF (s), (μF2

b
=)κ(s + b) cosα2

b(s) = μF (s),

(μF3
b

=)κ(−s + b) cosα3
b(s) = μF (s), (μF4

b
=)κ(−s + b) cosα4

b(s) = μF (s),

(6.2)

where κ(s) is the curvature function of c(s) (s ∈ Tl ). By definition, these four devel-
opable strips are all geodesically equivalent to F , and satisfy

F1
b (s, 0) = F2

b (s, 0) = c(s + b), F3
b (s, 0) = F4

b (s, 0) = c(−s + b)

and F1
0 = F . The following assertion holds:

Proposition 6.2 Let G ∈ D∗(|C |) be a normal form. If G is geodesically equivalent
to F, then there exist b ∈ [0, l) and j ∈ {1, 2, 3, 4} such that G = F j

b .

Proof Since G is geodesically equivalent to F , μG(σ s + b) = μF (s) holds for some
σ ∈ {1,−1} and b ∈ T

1
l . Replacing F by F� if necessary, we may assume that

σ = 1. We set G1(s, v) := G(s + b, v). Then we have μG1(s, 0) = μF (s, 0) and
F,G ∈ D∗(C). By Proposition 3.13, G1 must coincide with F or F̌ , which proves
the assertion because of the definition of the families {F j

b }b∈T1
l
( j = 1, 2, 3, 4). ��

Corollary 6.3 Let G ∈ D∗(|C |) be a normal form. If G(�ε) is congruent to F(�ε)

for sufficiently small ε(> 0), then there exist an isometry T of R3 and b ∈ [0, l) and
σ ∈ {1,−1} such that G = T ◦ F j

b .

Proof Since G(�ε) is congruent to F(�ε), there exists an isometry T of R3 such
that G(�ε) = T ◦ F(�ε). By Propositions 2.5 and 2.8, T ◦ F is right equivalent to
G. In particular, there exists a diffeomorphism ϕ such that T ◦ F ◦ ϕ = G. Since
s �→ T ◦ F ◦ ϕ(s, 0) and s �→ G(s, 0) are both arc-length parametrizations, there
exist b ∈ [0, a) and σ ∈ {1,−1} such that ϕ(s, 0) = σ s + b. In particular, T ◦ F is
geodesically equivalent toG, and soweobtain the conclusion applyingProposition 6.2.

��
We prove the following assertion:

Theorem 6.4 Let F ∈ D∗(C) and {Fi
b}b∈T1

l
(i = 1, 2, 3, 4) be defined as above. Then

the following assertions hold:

(a) If g ∈ D∗(|C |) is geodesically equivalent to F, then there exist b ∈ [−l/2, l/2)
and j ∈ {1, 2, 3, 4} such that g is right equivalent to F j

b .
(b) Suppose that C is not a circle and μF is not a constant function. Then, for each

{i, b}(i,b)∈{1,2,3,4}×T
1
l
, the set

�i
b :=

{
( j, c) ∈ {1, 2, 3, 4} × T

1
l ;
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F j
c (�ε) is congruent to Fi

b(�ε) for sufficiently small ε(> 0)
}

is finite.
(c) Suppose that C and μF have no symmetries, then for each i ∈ {1, 2, 3, 4} and

b ∈ [−l/2, l/2), the set �i
b consists of a single element.

Proof Although the strategy of the proof is essentially the same as the corresponding
proof for cuspidal edges given in Honda et al. (2020b), we need several modifications,
since the real analyticity ofC is assumed inHonda et al. (2020b) and the corresponding
proof for cuspidal edges does not apply the properties of their normal forms.

The first assertion (a) follows from Proposition 6.2. So we prove (b). Without loss
of generality, we may set F = Fi

b . Suppose that the congruence classes of �i
b are not

finite. By Proposition 6.2, there exist a sequence Fn := F jn
bn

(n ≥ 1) in D∗(|C |) such
that

• {( jn, bn)}∞n=1 consisting of mutually distinct elements in {1, 2, 3, 4} × T
1
l , and• Fn(�ε) (n ≥ 1) are all congruent to F(�ε).

Taking a subsequence of {( jn, bn)}∞n=1 if necessary, we may assume that

(A1) j := jn does not depend on n, and
(A2) {bn}∞n=1 consists of mutually distinct numbers.

By Corollary 6.3, for each n, there exist an isometry Tn of R3, dn ∈ [0, l) and σn ∈
{1,−1} such that Fn(s, v) = Tn ◦ F(σns + dn, v). Then we have the identity

μ(s) = μ(σns + dn) (s ∈ T
1
l ). (6.3)

Since the number of possibilities for the signs σn is at most two, we may set σ := σn .
Sinceμ is not constant, we can take s0 ∈ [−l/2, l/2) such thatμ(s0) is a regular value
of the function μ on T1

l . Substituting s = s0, (6.3) yields μ(s0) = μ(σ s0 + dn). Since
T
1
l is compact andμ(u0) is a regular value ofμ, the possibilities for {dn}∞n=1 are finite,

and we may assume d := dn does not depend on n. So we have

F(σ ′s + bn, v) = Fn(s, v) = Tn ◦ F(σ s + d, v)

for n ≥ 1, where σ ′ = −1 if j ∈ {1, 2} and σ ′ = +1 if j ∈ {3, 4}. Substituting v = 0,
we have Fn(σ ′s + bn, 0) = Tn ◦ F(σ s + d, 0). Since C is not a circle, the number
of symmetries of C is finite (see Proposition A.3 in the appendix). So, the number of
possibilities for bn and Tn are also finite, contradicting (A2), and we obtain (b).

Finally, we prove (c). If the assertion fails, then we can choose ( j, c) ∈ �. By
Corollary 6.3, there exist T of R3, b ∈ [0, l) and σ ∈ {1,−1} such that

F j
c (s, v) = T ◦ F(σ s + b, v). (6.4)

Substituting v = 0, it can be easily checked that T (C) = C . Since C admits no
symmetries, T must be the identity map. So (6.4) reduces to F j

c (s, v) = F(σ s+b, v).
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Since μF coincides with μ
F j
c
(cf. (6.2)), we have μF (s) = μF (σ s + b) (s ∈ T

1
l ).

Since μF has no symmetries, we have (σ, b) = (1, 0), that is, F j
c = F holds, proving

the assertion (c). ��

Proof of Theorem C Like as in the case of Theorem B, Theorem C is obtained by
applying Theorems 6.4 and 3.23. Condition (3) is not used to prove Theorem C,
which is required for the definition of the set P∗(�, |C |). ��

Aswe have pointed out, the crease pattern� of a curved folding along a closed curve
C does not necessary to be a closed curve. However, from the viewpoint of curved
foldings, the most interesting case is that � is a closed curve without self-intersections
as well as the crease C :

Example 6.5 Consider a curve

cm(t) :=
(
(2 + cosmt) cos t, (2 + cosmt) sin t, sinmt

)

lying on a rotationally symmetric torus in R3. We denote by Lm the length of cm .
Then for each m ≥ 2, the inequality min

t∈[0,2π ] κm(t) > 2π/Lm , holds, where κm(t)

is the curvature of cm(t). So if � is an ellipse of length Lm which is sufficiently
close to a circle, then P∗(�,Cm) is non-empty. For example, consider an ellipse
γ (t) := (cos t, a sin t) for a := 6/5, whose curvature function is given by μ(t) =
a(sin2 t + a2 cos2 t)−3/2. We set m = 3 and

γ̃ (t) := kγ (t), k := L3/lγ ≈ 3.31,

where lγ is the length of γ . Then the two curves γ̃ and c3 have a common length. We
reparametrize γ̃ by the arc-length parameter s (0 ≤ s ≤ L3) so that γ̃ (0) = (k, 0). Let
F ∈ D∗(C3) be the developable strip along C3 such that μF (t) = μ̂(t), where μ̂(s)
is the curvature function of γ̂ (s) := γ̃ (t(s)). Figure 7 indicates the crease patterns of
the curved foldings induced by F (left), F1

b (center) and F1
2b (right) for b = 1/8 via

the map �, respectively (cf. (6.2) and Definition 3.18).
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Fig. 7 The ruling directions on the ellipse of three non-congruent curved folding along C3

Appendix A. Symmetries of curves

In this appendix, we prove several assertions on symmetries of curves in R2 or R3:
Let c : Il → R3 be an embedded arc parametrized by arc-length, and denote by C its
image, where Il = [−l/2, l/2]. Let T be a symmetry (cf. Definition 1.1) of C which
reverses the orientation of C . Here, we ignore the orientation of C . The following
assertion holds obviously.

Proposition A.1 Suppose the space curve C admits a symmetry T . Then T is an invo-
lution, and has the following properties:

(1) C lies in a plane, and T is the reflection with respect to the plane, or
(2) T is a positive or negative non-trivial symmetry of C.

If T is a non-trivial symmetry ofC , then T ◦c(−s) = c(s) holds. By differentiating,
we have

− T e(−s) = e(s), κ(−s) = κ(s), Tn(−s) = n(s),

− Tb(−s) = σb(s), τ (−s) = στ(s), (A.1)

where σ ∈ {+,−} is the sign of det(T ). Using this, we show the following assertion:

Proposition A.2 The space curve C admits a positive symmetry and a negative sym-
metry (cf. Definition 1.1) at the same time if and only if C lies in a plane and C has a
non-trivial symmetry.

Proof Suppose that C admits a positive symmetry T1 and a negative symmetry T2 at
the same time. By (A.1), the torsion function τ(s) of c(s) satisfies ±τ(−s) = τ(s).
So τ must vanish identically, that is, C lies in a plane. Since the trivial symmetry C
is uniquely determined and is the reflection with respect to �, the symmetry T1 of C
must be non-trivial, and the “only if” part is proved.

To prove the converse, we suppose that C lies in a plane and C has a non-trivial
symmetry. Then each point of C is fixed by the reflection T0 with respect to the plane.
We let T1 be a non-trivial symmetry of C . If T1 is a positive (resp. negative) symmetry
of C , then T2 := T0 ◦ T1 is a negative (resp. positive) symmetry of C . So we obtain
the conclusion. ��
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Proposition A.3 Let c : T1
l → R3 (l > 0) be an embedded C∞-regular curve. Then

C := c(T1
l ) has at most finitely many symmetries, unless C is a circle.

Proof Wemay assume that c(s) has an arc-length parametrization and denote by κ(s)
its curvature function. Since c is not a circle, κ is not a constant function. By Sard’s
theorem, the set of critical values of κ is ofmeasure zero.We choose a regular value r of
the curvature function κ such that κ−1(r) consists of finitely many points s1, . . . , sn ∈
T
1
l . Then we set xi = c(si ) (i = 1, . . . , n). Suppose that there are infinitely many

distinct non-trivial symmetries {Tj }∞j=0 of C . Then Tj (x1) ∈ {x1, . . . , xn}. So, there
exists j0 ∈ {1, . . . , n} such that Tj (x1) = x j0 = T1(x1) for infinitely many j ≥ 2.
Since there exist at most finitely many non-trivial symmetries of C fixing x1, {Tj }∞j=0

must consist of at most finitely many isometries of R3 a contradiction. ��
Note Added in Proof: In the last section of the following authors’ recent paper
A. Honda, K. Naokawa, K. Saji, M. Umehara and K. Yamada, A generalization of
Zakalyukin’s lemma, and symmetries of surface singularities, to appear in J. Singul.
(arXiv:2104.03505),
the existence of a canonical map from the set of real analytic cuspidal edges along a
curve C into the set of curved folding along C is shown. This map is not injective,
but it maps a pair of cuspidal edges with the same first fundamental form to a pair
of curved folding with the same crease and crease pattern. The existence of the map
does not produce any new proofs of our main theorems, but is useful to understand
how two objects are related to each other.
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