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Abstract

In 1888, Heinrich Schroeter provided a ruler construction for points on cubic curves
based on line involutions. Using Chasles’ Theorem and the terminology of elliptic
curves, we give a simple proof of Schroeter’s construction. In addition, we show how
to construct tangents and additional points on the curve using another ruler construction
which is also based on line involutions. As an application of Schroeter’s construction
we provide a new parametrisation of elliptic curves with torsion group Z /27 x Z./8Z
and give some configurations with all their points on a cubic curve.

Keywords Cubic curve - Line involution - Ruler constructions - Elliptic curve -
Configurations

Mathematics Subject Classification 51A05 - 51A20

1 Introduction

Heinrich Schroeter gave in Schroeter (1888) a surprisingly simple ruler construction
to generate points on a cubic curve. Since he did not provide a formal proof for
the construction, we would like to present this here. Schroeter’s construction can be
interpreted as an iterated construction of line involutions. Thus, we first define the
notion of a line involution with cross-ratios, and then we show how one can construct
line involutions with ruler only.

For the sake of simplicity, we introduce the following terminology: For two distinct
points P and Q in the plane, P Q denotes the line through P and Q, P Q denotes the
distance between P and Q, and for two distinct lines /1 and I, [{ A I denotes the
intersection point of /1 and />. We tacitly assume that the plane is the real projective

B Norbert Hungerbiihler
norbert.hungerbuehler @math.ethz.ch

Lorenz Halbeisen
lorenz.halbeisen @math.ethz.ch

Department of Mathematics, ETH Zentrum, Ridmistrasse 101, 8092 Ziirich, Switzerland

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13366-021-00593-0&domain=pdf
http://orcid.org/0000-0001-6078-7237
http://orcid.org/0000-0001-6191-0022

922 Beitr Algebra Geom (2022) 63:921-940

plane, and therefore, /1 Al is defined for any distinct lines /1 and /,. For the cross-ratio
of four lines a, b, x, y of a pencil we use the notation cr(a, b, x, y).

Line involution. Given a pencil. A line involution A is a mapping which maps each
line [ of the pencil to a so-called conjugate line / of the pencil, such that the following
conditions are satisfied:

e A is an involution, i.e., A-A is the identity, in particu}ar we have A(]) = 1.
e Given three different pairs_ of conjugate lines a, a, b, b, ¢, ¢, and let Iy, I, I3, I4 be
four lines among a, a, b, b, ¢, ¢ from three different pairs of conjugate lines, then

cr (o, 13, 1s) = cr (11, 1, I3, 14) -

Notice that any line involution is defined by two different pairs of conjugate lines.
We shall use the following construction for line involutions (for the correctness of
the construction see Chasles (Chasles 1989, Note X, §34, (28), p. 317)): Given two
pairs a, @ and b, b of conjugate lines which meet in P. Suppose, we want to find the

conjugate line d of a line d from the same pencil. Choose a point D # P on d and
two lines through D which meet a and b in the points A and B, and a and b in the
points A and B, respectively (see Fig. 1). Let D = AB A AB. Then the conjugate line
d of d with respect to the line involution defined by a, a, b, b is the line P D.

Vice-versa, let A, A and B, B be two pairs of different points and D = AB A AB,
D = AB A AB. Then, for an arbitrary point P ¢ {A, A, B, B, D, D}, the lines
a=PA,a=PA,b=PB,b=PB,andd = PD,d = PD are conjugate lines.

Notice that this construction can be carried out using only a ruler.

Fig.1 Construction of conjugate lines
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(A#B)#(C#D)

Fig.2 Ruler construction of the point X

2 Schroeter’s construction for cubic curves

Using the Braikenridge-Maclaurin Theorem, i.e., the converse of Pascal’s theorem
(see, for example, Coxeter and Greitzer 1967, p. 76), it is possible to construct an
arbitrary number of points on a conic if five of its points are given, using only a
ruler. An attempt to find a corresponding ruler construction for cubic curves was
made in Mendelsohn et al. (1988): Let A, B, C, D, E be five points on a cubic curve.
Assume that the points A#B, C#D and (A#B)#(C#D) are also known (see Fig. 2).
Then, by Chasles’ Theorem (see below), all cubic cuves through the eight points
A, B,C,D,E, A#B, C#D, (A#B)#(C#D) pass through a ninth point X, namely
the sixth intersection of the cubic curve with the conic through A, B,C, D, E. It
is then shown that X is also the intersection of the conic with the line through E
and (A#B)#(C#D), and can therefore be constructed with ruler alone. However the
constructions in Mendelsohn et al. (1988) do not iterate and the authors were not
aware of Schroeter’s work, which allows to construct an arbitrary number of points
on a cubic curve.

Schroeter’s ruler construction, described in Schroeter (1888), is based on line invo-
lutions:

Schroeter’s Construction. Let A, A, B, B, C, C be six pairwise distinct points in a
plane such that no four points are collinear and the three pairs of points A, A, B, B,
C, C are not the pairs of opposite vertices of the same complete quadrilateral. Now,
for any two pairs of points P, P and Q, Q, we define a new pair S, § of points by
stipulating

S:= POAPQ and S := POAPOQ.

Then all the points constructed in this way lie on a cubic curve.

Points S, S which are constructed by Schroeter’s construction will be called
Schroeter points or pairs of Schroeter points.

Notice first that with Schroeter’s construction, we always construct pairs of conju-
gate lines: Forany point R ¢ { P, P, 0, Q S, S'} thelines RP, RP, RO, RQ, RS, RS
are pairs of conjugate lines with respect to the same line involution. Further notice that
if the three pairs of points are opposite vertices of the same complete quadrilateral,
then the construction gives us no additional points.
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Fig.3 Chasles’ theorem in a Neuberg cubic I

At first glance, it is somewhat surprising that all the points we construct lie on the
same cubic curve, which is defined by three pairs of points (recall that a cubic curve
is defined by 9 points). The reason is that we have three pairs of points and not just
6 points. In fact, if we start with the same 6 points but pairing them differently, we
obtain a different cubic curve. It is also not clear whether the construction generates
infinitely many points of the curve. Schroeter claims in Schroeter (1888) that this is
the case, but, as we will see in the next section, it may happen that the construction
gives only a finite number of points.

3 A proof of Schroeter’s construction

It is very likely that Schroeter discovered his construction based on his earlier work
on cubics (see Schroter 1872, 1873). However, he did not give a rigorous proof of
his construction, and the fact that he claimed wrongly that the construction generates
always infinitely many points of the curve might indicate that he overlooked something.
Below we give a simple proof of Schroeter’s construction using Chasles’ Theorem (see
Chasles Chasles 1989, Chapitre IV, §8, p. 150) and the terminology of elliptic curves.

Theorem 1 (Chasles’ Theorem) If a hexagon 4@&43@ is inscribed in a cubic
curve I and the points AB A AB and BC A BC are on T', then also CA N CA
ison T (see Fig.3).

With Chasles’ Theorem we can prove the following
Proposition 2 Let A, A, B, B, C, C be six pairwise distinct points in a plane such

that no four points are collinear and none of the pairs of points A, A B,B,C,Cisa
pair of opposite vertices of the same complete quadrilateral. Furthermore, let
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and assume that the 9 points A, A B,B, C.C, D,E,F are pairwise distinct and
that T is a cubic curve passing through these 9 points. Then T" passes also through
D,E,F.

Proof Since the 6 points A, A, B, B, C, C as well as D and E are on I, by Chasles’

Theorem we get that also F isonT". Similarly, since C, C,A,A,B,B,F,DareonT,
also EisonT. Finally, since B, B,C,C,A,A, E,FareonT,also DisonT. O

As an immediate consequence of Proposition 2 we get

Corollary 3 The unique cubic curve I passing through the 9 points A, A B,B,C,C,
D, E, F contains also the 3 points D, E, F.

In order to show that all the points constructed by Schroeter’s construction lie on
the same cubic curve, we interpret the construction in the setting of elliptic curves. For
this, let I be a cubic curve and let & be a point of inflection of '—recall that every
cubic curve in the real projective plane has at least one point of inflection. For two
points P and Q on I let P # Q be the third intersection point (counting multiplicities)
of PQ with I', where for P = Q, PQ is the tangent on I" with contact point P.
Furthermore, for each point P on I', let — P := & # P. As usual, we define the binary
operation + on the points of I" by stipulating

P+Q:=—(P#0).

Notice that —P + P = ¢ and, since O is a point of inflection, we have —&0 = 0.
It is well known that the operation + is associative and the structure (I, &, +) is an
abelian group with neutral element ¢, which is called an elliptic curve.

Now, let I' be the cubic curve passing through A, A,B,B,C,C,D,E,F and let
O be a point of inflection of I'. Then, by construction of I we have, for example,
A# B = A# B, or equivalently, —(A + B) = — (A + B).

Lemma4 (a) Let P, O, P, Qbepazrwxse distinct points on a cubic curve I'. If S :=
PQ/\PQeFandS =POAPQET, then P#P=P#PecTl, Q#0Q =
OQ#Qel,and S#S=S#SeT.

(b) Viceversa,if P' := P#P = P#P ¢ I for two points P, PeT, then we have for
all Q € I the following: If S ‘= P#Qand Q = S#P,thenS = POAPQ €T
and Q' = Q#Q=Q0#Q €.

Proof (a) By assumption we have P # Q = P#QO=SandP#Q =P#Q = S.

With a point & € T of inflection, we get

P+Q=0C#P#Q) =0C#P#Q) =P+ Q (D
and
P+Q=0#P#Q) =0#(P#Q)=P+ Q. 2
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Fig.4 Illustration Lemma 4

Adding (1) and (2) and subtracting Q + 0 yields P + P = = P + P and hence
P#P = P#P. _Exchanging left and right hand in (1) and adding (2) gives, upon
subtracting P+ P, Q + Q = Q+QandhenceQ#Q OQ#Q.S#S=S#S
follows by exchanging the pair Q, Q by the pair S, S.

(b) For the second part, we proceed as follows: By assumption, we have P # P =
P#P and therefore P+ P = O#(P#P) = O#(P#P) = P+ P.Weadd S and subtract
P+PtogetS+P—P = S+P— Por(ﬁ#(S#P))#(ﬁ#P) (ﬁ#(S#P))#(ﬁ#P).
It follows that (S # P) # P=(S#P)#P,ie, Q# P = Q# P = S. Finally,
Q#Q = Q#Q = Q follows from the first part. O

For the sake of simplicity we write 2 x P for P + P. Let A, A be a pair of points
with A# A = A# A ona cubic curve I', and with respect to a given point of inflection
O,let Ty := A — A. Then A 4+ T4 = A, which implies that

2% A=2%x(A+Ty) =2%A+2xTy.

Now, by assumption we have 2 %+ A = 2 x A and therefore we get that 2% T4 = &. In
other words, T4 is a point of order 2.
Now we are ready to prove the following

Theorem 5 All the points we obtain by Schroeter’s construction belong to the same
cubic curve.

Proof Let A, A, B, B, C, C be six pairwise distinct points in a plane such that no
four points are collinear and none of the pairs of conjugate points A, A, B, B, C,C
is a pair of opposite vertices of the same complete quadrilateral. Furthermore, let
D,D,E,E,F,F be as in Proposition 2, and let T be the cubic curve which passes
through all of these 12 points. Finally, let & a fixed point of inflection of I', and let
Ty = A— A, Tp = B — B, and Tc = C — C be three points of order 2. First we
show that T4 = Tp. Since A#B = A# B wehave —(A+B) = —(A+Ts+ B+Tg),
which implies that T4 = Tp. With a similar argument we obtain Tp = T¢. Thus, we
have Ty =Tp =T¢c =: T.
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We will say that a set M of points is a good set, if

(a) all points of M belong tol,

(b) the points A, A, B, B,C,C,D,D,E,E,F, FbelongtoM

(c) if the pair of points S, S belongs toM,thenS = P#Q = P#Qand S = P#Q =
P# Qfortwopalrs P, P and 0, anM

(d) for all pairs P, Pof M,wehave P# P = P# P, and

(e) for all pairs P, P of M wehave P— P =T.

Observe first, that {A, A, B, B,C,C,D,D,E,E,F,F}isa good set. Indeed, (a)
and (b) are trivially satlsﬁed The property (c) is clear for D, D, E, E,F,F.For A
and Awehave A= B#D =B#D,A=B#D = B#D, ands1m11arlyf0rthe
pairs B, B and C, C. The property (d) follows directly from Lemma 4(a). Finally, we
have property (e) already for A, A, B, Band C, C. For D the argument is similar: Let
Tp = D — D. TD is a point of order 2 and from B = A# D = A # D it follows
A+D=A+D=A+T+ D+ Tp and hence Tp = T. The analogous argument
showsthat E — E=F — F =T.

Now suppose that M is a good set, and take two pairs P, P and 0, Qin M. Let
S=PQOAPQandS=PQOA P Q. Then we claim that M U {S, S} is also a good
set. We first show that P # Q = P # Q or equivalently that P + Q = P + Q. This is
equivalentto T = P — P = Q — Q = T which is true by property (e) for M and the
fact that T is a point of order 2. Then P # Q = P # Q follows from Lemma 4(b). We
conclude that the set M U {S, S} has the properties (a) and (c). Property (b) is trivial.
For property (d) we need to see that S#S = S#S, which follows from Lemma 4(a). For
property (¢) we define Ts = S — S. T is a point of order 2. From Q = P#S = P#S§
it follows P+S =P+ S =P+ T + S+ Ts and hence Ts = T. This shows that
M U {S, S} has all properties of a good set.

It follows that all points we obtain by Schroeter’s construction belong to the same
curve I'. O

The above proof shows that the Schroeter points have the following additional
properties
e If P, P is apair of Schroeter points on I, then the tangents in P and P meetonT .
e With respect to a chosen point & of inflection, we have that P — P = T is a point
of order 2 on I which is the same for all Schroeter pairs P, P.

The following result shows that we can construct the tangent to I' in each Schroeter
point by a line involution (hence with ruler alone).

Proposition 6 Let I be the cubic from Proposition 2. Assume that S, S, P,P,Q,0
are three of the pairs A, A, B, B, C,C, D, D, E,E, F, F or of the pairs which are
constructed by Schroeter’s construction, such that SP, SQ, SP, SQ are four distinct
lines. Let s = SS and 5 its conjugate line with respect to the involution given by the
lines SP, SQ, SP, SQ. Then's is tangent to T in S (see Fig. 5).

Before we can prove Proposition 6, we have to recall a few facts about cubic curves.
It is well-known that every cubic curve can be transformed into Weierstrass Normal
Form

Cap: y2 =x>+ax” +bx
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Fig.5 Thinblacklines: P =T + P, Q=T+ Q,5 =T + S. The red lines s = S5 and the thick tangent
5 in § are conjugate lines with respect to the line involution given by the green lines SP, SP, SQ, SQ

with a, b € R. In the real projective plane, & = (0, 1, 0) is a point inflection of I 5,
and T, , = (0,0, 1) is a point of order 2 of I', ;, where & is the neutral element of
the elliptic curve I', . If A is a point on I'y 5, then we call the point A:=T + A the
conjugate of A.Since T + T = O, we have

A=T+A=T+T+A=0+ A= A.

Recall that A # B := —(A + B). In particular, if C = A # A, then the line through C
and A is tangent to I, ,, with contact point A.
The following result gives a connection between conjugate points and tangents.

Fact7 If A, A, Bare three points on Iy , which lie on a straight line, then A# A = B.

Proof If A, A, B are three points on I', , on a straight line, then A 4 A = —B. Thus,
A+T+A=T+ A+ A =—B, which implies

A+A=T+(T+A+A) =T+ (-B)=(-T)+(-B)=—(T +B) =-B,

and therefore, the line AB is tangent to I', 5 with contact point A, i.e., A# A = B. O

In homogeneous coordinates, the curve y2 = x3 + ax? + bx becomes
:v?z=x*+ax’z2+bx72%.

Assume now that A = (ro, r, 1) is a point on the cubic I', where rg, r; € R\{0}.
Then the point (1, 1, 1) is on the curve

rY*Z =g X3 v ard X*Z + broX 2*.

Now, by exchanging X and Z (i.e., (X, Y, Z) — (Z,7, X)), de-homogenising
with respect to the third coordinate (i.e., (Z,7Y, X) +— (%, %, 1)), and multiplying
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with riz, we obtain that the point A = (1, 1) is on the curve
1

Loy y2x =oa+ Bx + yxz,

where
3 2
T T 7
_To —qg.0 —p. 00
o=, B=a > y=>b 5 -
Ty Ty 1

Notice that since A = (1, 1)ison 'y g, wehave o + 8 +y = 1.
The next result gives a connection between line involutions and conjugate points.

Lemma8 Let A = (xo, yo) be an arbitrary but fixed point on Uy, g,y For every point
P on Ty g, which is different from A and A, let g :== AP and g := AP. Then the
mapping 14 : g — g is a line involution.

Proof 1t is enough to show that there exists a point ¢ (called the center of the involu-
tion) on the line 4 : x = 0, such that the product of the distances between ¢y and the
intersections of g and g with A is constant.

Since T =T + T = O, withrespectto T wehave g : y = yp and § : x = Xxo,
which implies that o = (0, yo). Now, let P = (x1, y1) be a point on I'y g ,, which is

different from A, A, T, 0, and let g := AP and g := AP. Since P = (%, —)/1),

Ya

T

Fig.6 Line involution
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the slopes Ap and A 5 of g and g, respectively, are

)\PZ)’I—)’O and )‘P:_ayl_yO~
X1 — X0 m—xo

Thus, the distances sp and s between ¢ and the intersections of g and g with 4,
respectively, are

_ Xo(y1 = o) _ %01 +yo) - yx1

SP = —_— aIld 515 —
X1 — X0 o — Yy X1Xo
Now,
- X3 (1 = Y0)(y1 + Y0)yx1 X3y — y)yx
P p — — - - ’
P (x1 — xo)( — yx0x1) (x1 — x0) (@ — yx0x1)

and using the fact that for i € {0, 1}, y,.2 = f—, + B + yx;, we obtain
Sp-Sp=Y-Xo,

which is independent of the particular point P = (x1, y1). O

Since line involutions are invariant under projective transformations, as a conse-
quence of Lemma 8§ we obtain the following

Fact9 Let I be the cubic from Proposition 2 with two pairs of Schroeter points P, P =
T+P, 0, Q =T + Q, and let R be a point on T such that RP, RP, RO, RQ are
four different lines. Let S be a further point on T and S = T + S. Then the lines
s = RS and 5 = RS are conjugate lines with respect to the line involution given by
the lines RP, RP, RQ, RQ (see Fig. 7).

Now we are ready to prove Proposition 6.

Proof of Proposition 6 First notice that S and S are distinct, since otherwise, S =
T + S =S, whichimpliesthat T =S — S = 0.

Assume that the line s intersects I' in a point U which is different from S and S.
Then U := T + U belongs to 5. If the line 5 intersects I in a point V which is different
from U, then, with respect to the involution given by the lines US,UP,US,UP,the
point V belongs to s. Hence, V = S, which shows that 5 is tangent to I" in S.

Now, assume that the line s intersects I just in S and S. Then, the line s is tangent
to I either in S or in S. We just consider the former case, the latter case is handled
similarly. Let P, (for n € IN) be a sequence of points on I' which are different from
S and which converges to S, i.e., lim,_,» P, = S. Since for each n € IN we have
P,=T+P, (where P, = T + P), by continuity of addition we have lim,,_, P, =S.
Foreachn € N let #,, := P,S. Then, for eachn € IN, 7, = P, S. Since s is tangent to
I in S, by continuity, on the one hand we have lim,,_, » #,, = s, and on the other hand
we have lim,, .o f, = s, which implies that 5§ = s and shows that § is tangent to I"
in S. O
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Fig. 7 Thin black lines: P =T + P, Q =T + Q,5 = T + S. The red lines s = RS and § = RS are
conjugate lines with respect to the line involution given by the green lines RP, RP, RQ, RQ

As a corollary of Proposition 6 and Lemma 4(a) we obtain the following:

Corollary 10 Let I' be the cubic from Proposition 2. Then we have:

(a) In each Schroeter point it is possible to construct the tangent by a line involution,
i.e., with a ruler construction.

(b) In addition to the Schroeter points on T one can construct for each Schroeter pair
P, P the point P# P = P # P € T by ruler alone: These are the intersection
points of the tangents in P and in P.

Figure 8 shows a sample of Schroeter points and of intersection points of the cor-
responding tangents.

A priori it might be possible that Schroeter’s construction does not yield all cubic
curves. However, the next theorem says that in fact all cubic curves carry Schroeter’s
construction.

Theorem 11 Let T be a non-singular cubic curve. Let A, B, C be three different
arbitrary points on T. Then, there are points A, B, C on T such that D = AB A AB,
E = BC ABC, F = CA A CA are points on T and so do all the points given by
Schroeter’s construction.

Proof Choose A suchthat A# A = A# A and B := A # (A # B). In particular, we
have A# B = A# B, and, by Lemma 4, A# B = A#Band B# B = B # B.
LetC := B# (B # C). In particular, we have B # C = B # C_', and, by Lemma 4,
B#C = B#Cand C# C = C # C. It follows from Chasles’ Theorem 1 that
A#C = A# C. From the above, we obtain by applying Proposition 2 with C and C
exchanged, that A # C = A # C. Hence all points constructed from these points by
Schroeter’s construction lie on I'. O

Remarks. Let I'g be the cubic curve passing through A, A, B,B,C,C,D,E,F,let
O be a point of inflection of 'y, and let Eq = (I'g, &, +) be the corresponding elliptic
curve.
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Fig
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. 8 Schroeter pairs P (red), P (blue), and intersection points P # P = P # P of the corresponding
gents (green)

If C,, is acyclic group of order n, then there is a point on I'g of order 7 (with respect
to Ep). This implies that if we choose the six starting points in a finite subgroup
of Ey, then Schroeter’s construction “closes” after finitely many steps and we end
up with just finitely many points. However, if our 6 starting points are all rational
and we obtain more than 16 points with Schroeter’s construction, then, by Mazur’s
Theorem, we obtain infinitely many rational points on the cubic curve I'g.

If the elliptic curve E( has three points of order 2, then one of them, say T, has the
property that for any point P on I'g we have P = P + T. In particular, we have
T =T + T = 0. Furthermore, for the other two points of order 2, say S7 and S,
wehave S;= S, +Tand S, = 8, + T, ie., S = $,.

If we choose another point of inflection &’ on the cubic curve 'y, we obtain
a different elliptic curve E[). In particular, we obtain different inverses of the
constructed points, even though the constructed points are exactly the same (see
Fig.9).

Example. Let A, A, B, B, C, C be six different starting points for Schroeter’s con-
struction such that no three points are co-linear. By a projective transformation, we can
move A — (0,0,1),A +— (0,1,0), B+ (1,0,0), B+ (1,1, 1),C > (Cy, Cy, 1),

C

— (Cy, Cy, 1). Then, the corresponding cubic curve I' we obtain by Schroeter’s

construction is given by the following equation:

a

I oxy? —x?y +x2CyCy + y* (C:Cx — Cx — Cy)
+xy (Cx + Cx — CyCy — CCy) —x Cy,Cy + y (CyCy + CCy — CCy) =0
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Fig.9 A, A is a Schroeter pair, in particular A# A = A# A. With respect to &, we get the points —A, —A,
and the point T = A — A =A- A of order 2. With respect to &, we get the points —A’, —A’, and the
point T/ = A — A’ = A — A’ of order 2. The three points &, &', 6" of inflection are collinear. The lines
TT' and 600’ meetin 0"

4 Elliptic curves with Torsion group 7. /27, x 7./8Z.

As a first application of Schroeter’s construction we provide a new parametrisation of
elliptic curves with torsion group Z /27 x 7./ 8. This parametrisation was the nucleus
of the characterisation of elliptic curves with torsion group Z /27 x 7./ 87, and positive
rank given in Halbeisen and Hungerbiihler (2021). For other new parametrisations—

which are different to the parametrisations given by Kubert Kubert (1976) and
Rabarison Rabarison (2010)—of elliptic curves with torsion group Z/10Z, Z./127Z,
and Z /147 obtained by Schroeter’s construction see Halbeisen et al. (2021).

LetTyp : y> = x34ax?4bx be aregular curve with torsion group 7 /27 x Z./8Z.
over Q. In homogeneous coordinates, the curve I', ;, becomes

I: Y’Z=X*+aX*Z+bXxZ7%.

Assume now that A = (Zo, 2L

Mo mr ) is a rational point on the cubic I', where
ng, mo, ny, mp are integers and ng # 0 # nj. Then the point (1,1, 1) is on the
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curve
Y27 = X3 4 a8 x27 4 b0 X 22
m_% = m—g + am—% + o .

Now, by exchanging X and Z (i.e., (X, Y, Z) — (Z, 7, X)), de-homogenising with

respect to the third coordinate (i.e., (Z,7Y, X) +— (%, %, 1)), and multiplying with

2
%, we obtain that the point A = (1, 1) is on the curve
1

Loy y2x =o+ Bx+ yxz,

where
a=-5—, P=a —F—, y=b- 2
my - ny mg - nj mo - nj

Notice that since A = (1, 1) ison I'y g ,,, we have « + 8 + y = 1, and recall that if
A = B + B for some rational point B on T, then ng and my are perfect squares.

In homogeneous coordinates, the neutral element of I'y g, is ¢ = (0, 1, 0) and
the image under ® of the point (0,0, 1) on I’y 5 is T = (1, 0, 0). With respect to the
curve I'y g5, we can compute the conjugate of a point by the following

Fact12 Let P = (x1, y1) be a point on 'y g ,. Then
_ o
P = (—, —y1) .
YX1
Proof Let P = (x1, y1) be a point on I'y g ,,. Then
2 a
yl =—+ 13 + YX1,
X1
which implies that x| is a root of

(x —xp)(x-yx; — 0!)
X1

X )’+x(,3—)’1)+

The otherrootis L ,and hence, (V‘fc , yl) isapointon Iy g , . Now, since P =T+P
and T=(1,0,0), we have P =(x2, —y1), and therefore, P = (W ). u]

Let A be a rational pomt on Iy, b of order 4, and let B be such that B + B = A.
Furthermore, let C = A + B, let T = (0, 0), and let S be another rational point of
order 2. Finally, for a point P on Iy p, define P1 =S8+ P. Now, there is a rational
projective transformation ® which maps the point A to the point A = (1, 1) and the
curve Fa » to the curve I'y g ,,. Notice that since B+ B =A, aisa square, say

a:( ) for some £ GQ
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LetT := &(T), B := ®(B),C := ®(C),and S := ®(S). Then, for A, —A, 4, . ..
we obtain the following correspondence between these points on I'y g, and the ele-
ments of the group Z/27. x 7.]87.:

7./27, x 7./]8Z 0,0) 0, 1) 0,2) 0, 3) 0,4) 0,5) 0, 6) ©,7)

s 72N D S S A S -
B,y S B Aq C S B Aq C

7./27. x 7./8Z (1,0) (1,1 (1,2) (1,3) (1,4) 1,5) (1,6) 1,7

Let us now compute y.
Lemma i3 y =o.
Proof First, notice that A = —A, and since A = (1, 1) we have A= (%, —1). Thus,
% = 1 which implies « = y. O
By considering the points S and S, we obtain the following result.

Lemma14 If a = (g)zfor g € Q, then there arer,s € IN with (r, s) = 1 such that

p==xrs and q::l:(r2+s2).

Proof Leta = y = u? and u = g. Since the y-coordinate of the points S and S
equals O, for S = (x, 0) we have u? 4+ (1 = 2u®)x 4+ u?x* = 0. Hence,

2u? — 1+ /1 —4u?

X = ,
2u?

and since x € Q, we have 1 — 442 = 0. Thus,

4p2 B q2 _ 4p2

11— £ =
qZ

:|:|7
q2

which implies g2 —4p? = ¢>— (2p)? = . Since (p, g) = 1, there are some r, s € IN
with (r, s) = 1 such that p = +rs and ¢ = £(r> + 5?). ]

Using the fact that B # B = — A, we can show the following result.

Lemma 15 For p = Ltrsand q = +(r? + 52) we find m,n € IN such that r = 2mn

and s = m* — n?.

Proof First notice that_B #B=—Aandthat —A = A = (1, 1). Let B = (x2, ).
Then, since « = y, B = (xlz, —y2). Since B # B = —A, the points B, B, A are
collinear, which implies that

x2 +1

Y2 = PR
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Now, since B is on the curve, we have

yvixa =a+ (1 —2a)xp +ax3,

2

2, .
and for o = ﬁ we obtain

+rl4rs 52+ —s)Vr2 +s2

rs

Xy =

So, since xp € Q, we have r2 4+ 52 = [, which implies that there are m, n € IN with
2 2

(m,n) = 1suchthatr =2mn and s = m~ — n”. O
Now, we are ready to give a parametrisation of elliptic curves with torsion group
7.]27. x 7./ 87.

Theorem 16 Let 7 # 1 be a positive rational in lowest terms and let
a; = Cmn)* + m? —n»*, by = Cmn)* - (m? —n?)*.
Then the curve
| (P y2 =x3+ a1x2 +bix

is an elliptic curve with torsion group 7./27. x Z./8Z. Conversely, if ', p is a regular
elliptic curve with torsion group 7./27. x 7./8Z., then there exists a positive rational
% such that Ty p, is isomorphic to Ty, p,.

Proof By construction, for any relatively prime positive integers m and n, the corre-
sponding elliptic curve I';, 5, has torsion group Z/27 x Z./8Z.

On the other hand, if ' ; is an elliptic curve with torsion group Z /27 x Z./8Z, then
we find a rational point A on Iy » of order 4, and by construction we find relatively
prime positive integers m and n such that I'y 5 is isomorphic to the curve I'y, ;. O

As a last remark we would like to mention that for any positive integers m and n
we have (m? — n?)? + 2mn)* = 0, ie., for k = m?> —n? and | = 2mn, (k1) is a
so-called pythagorean pair. Now, in Halbeisen and Hungerbiihler (2021) it is shown
that the corresponding elliptic curve I',, 5, has positive rank over Q if and only if there
exists a pythagorean pair (r, s) such that (k% - r, [% - 5) is a pythagorean pair.

5 Configurations on elliptic curves

In the complex projective plane, a generic elliptic curve has nine inflection points,
located in groups of three on a total of 12 lines. The nine inflection points and 12 lines
form the so-called Hesse configuration (94, 123): See Fig. 10.

Recall that a (p;, £;) configuration consists of p points and £ lines in the real
(or complex) projective plane arranged in such a way that each of the p points is
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Fig. 10 The Hesse configuration
(94, 123): A model of a finite
affine plane

incident to A lines, while each of the ¢-lines is incident to 7 points. As usual, we
write (n;) for a configuration of the type (ng, ny) (see Griinbaum 2009 as a main
reference for configurations). Schroeter gave in Schroeter (1888) a proof that (n3)
configurations can be realized in the real projective plane for n > 9. His construction
relies on properties of point sets on cubic curves. Moreover, since all steps in his
construction can be carried out with ruler alone, the corresponding configurations can
also be geometrically realized in the rational plane.

As an application of Schroeter’s construction we provide now a few configurations
whose points belong to an elliptic curve.

To warm up, assume that A, A, B, B, C, C are six pairwise distinct points in the
real projective plane such that the three pairs of points A, A, B, B, C, C are the pairs
of opposite vertices of the same complete quadrilateral. In other words, assume that
A,B,C;B,A,C;A, B,C;and B, A, C are collinear. Then the six points A, A, B, B,
C,C together with the four lines AC, AC, AC, AC is a (62, 43) configuration. We
find this configuration on every elliptic curve I'g which contains the torsion subgroup
7./67.. The following table and Fig. 11 shows how we can assign the six points A, A,
B, B, C, C to the elements of the group Z,/67Z.:

7./67. 0 1 2 3 4 5
Te C=0 A B C=T A B

To construct a (124, 163) configuration whose points are on an elliptic curve, we
start with an elliptic curve I'2¢ which contains the torsion subgroup Z/27, x Z./6Z.,
assign the six points A, A, B, B, C, C in a suitable way to the elements of the group
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w

7./6Z 0 1 2 4 5
Te C=0 A B C=T A B

o]l
o)

Fig. 11 A (62, 43) configuration on an elliptic curve I'g

7./27. x Z7,/6Z (see the table below and Fig. 12), and construct with Schroeter’s

construction with these six points the points D, D, E, E, and F, F:

7,27 x 7./67, (0,0) ,1) 0,2) (0,3) 0,4) (0, 5)
Ty D=0 A B D=T A B
Taye F Cc E F Cc E
7.)27. x 7.]6Z (1,0) 1,1 (1,2) (1,3) (1,4) (1,5)

Noticethat A, A, B, B, D, D,aswellasC, C, E, E, D, D, are the pairs of opposite
vertices of a complete quadrilateral. These two complete quadrilaterals consist of
10 points and 8 lines. Together with the 2 points F and F, and the 4 lines AE,
AE, AE, AE, we obtain a (124, 163) configuration where all 12 points belong to an
elliptic curve I'>x6. (124, 163) configurations have been discussed quite intensively
in the literature (see, e.g., Gropp 1992; Mendelsohn et al. 1987; Metelka 1985 and
the references therein), the more astonishing it is how easily Schroeter’s construction
yields this configuration on an elliptic curve.

As a further example of Schroeter’s construction, we construct a (24¢, 483) con-
figuration whose points are on an elliptic curve. In order to simplify the notation, we
introduce the following terminology: For 4 pairwise distinct points P, P, Q, Q, let
(P, Q:S) be an abbreviation for the construction of the two points S, S, where

S:=PQAPQ and S:=PQAPQ.
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el

Fig.12 A (124, 163) configuration on an elliptic curve I'2x ¢

Let I'z6 be an elliptic curve which contains the torsion subgroup Z/26Z, and let us
assign the points &, T, A, A, B, B, C, C to the elements 0, 13, 2, 15, 6, 19, 8, 21,
respectively. Now, we carry out the following constructions in the given order:

1. (A,B:D) 2. (A,C:E) 3.(B,E:F) 4. (C,F:G)
5.(A,G:H) 6. (F,H:J) 7.(D,J:K) 8. (H,K:L)
9.(C,L:M) 10.(B,K:M) 11.(E,J:M) 12.(D,G:L)

All together, we have constructed 24 points (including the six points A, A, B, B,
C,O):

7,/267 2 4 6 8 10 12 14 16 18 20 22 24
ry A F B C H J G E D L K M
g A F ¢ H J G E D L K M
7./267, 15 17 19 21 23 25 1 3 5 7 9 11

In addition, we have constructed 48 lines and each of the 24 points is incident to
6 lines, while each of the 48-lines is incident to 3 points. Therefore, we have a (24¢, 483)
configuration all whose points are on the elliptic curve I'y¢. Notice that if we just con-
sider the 12 points A, B, C, ..., M and the 12 lines ABD, ACE, BEF, ..., DGL,
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then we obtain a (123) configuration (i.e., a (123, 123) configuration), all whose points
are on the elliptic curve I'y6.
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