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Abstract
Motivated by the search for reduced polytopes, we consider the following question:
For which polytopes exists a vertex-facet assignment, that is, a matching between
vertices and non-incident facets, so that the matching covers either all vertices, or all
facets? We provide general conditions for the existence of such an assignment. We
conclude that such exist for all simple and simplicial polytopes, as well as all polytopes
of dimension d ≤ 6. We construct counterexample in all dimensions d ≥ 7.

Keywords Facet · Hall’s marriage theorem · Injective map · Matching · Polytope ·
Vertex

Mathematics Subject Classification 05D15 · 52B05

1 Background andmotivation

The content of the present paper is motivated by the study of reduced convex bodies
as introduced by Heil (1978). A convex body is said to be reduced if no proper convex
subset has the same minimum width as the body, i.e., the same minimum distance
betweenparallel supporting hyperplanes. This notion is relevant, as the extremal bodies
in several geometric minimization problems are necessarily reduced (e.g. in Pál’s
problem; Heil 1978). More information on reduced convex bodies in Euclidean space
can be found in the survey (Lassak and Martini 2011).

One may attempt to find polytopal minimizers, called reduced polytopes. While the
existence of reduced polytopes is clear in the Euclidean plane (e.g. a regular triangle),
the only known examples in higher dimensions were obtained in González Merino
et al. (2018)—a single family of 3-dimensional polyhedra (see Fig. 1).
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Fig. 1 A reduced polyhedron

A key concept in the study of reduced polytopes consists of the different notions
of antipodality of faces. For example, the authors of Averkov and Martini (2008,
Theorem 4) obtained the following necessary condition for a polytope P ⊂ R

d to be
reduced: for every vertex v ∈ F0(P) there is an antipodal facet F ∈ Fd−1(P) in the
following sense:

(i) P admits parallel hyperplanes supported at v and F respectively,
(ii) the distance of the point of F closest to v is the minimum width of P , and
(iii) the point of F closest to v is in the relative interior of F .

It is an immediate consequence of this result, that a reduced polytope admits an
injective map from its vertices to non-incident facets.

This latter notion can be seen as a form of combinatorial antipodality and is the
main topic of the present paper. We investigate, whether this property can be used to
narrow down the search for combinatorial types of polytopes that may admit a reduced
realization. It will be convenient to work with the following notion:

Definition 1 A vertex-facet assignment of a polytope P is a matching of non-incident
vertex-facet pairs, that covers all vertices or all facets (or both).

This notion works well with polytope duality: clearly, a polytope P has a vertex-
facet assignment if and only if P or its dual P� (or both) admit an injective map from
vertices to non-incident facets. Furthermore, it allows the straightforward application
of graph-theoretic methods (via the vertex-facet graph in Sect. 3), in particular, of
Hall’s marriage theorem (Theorem 3).

As an application of the latter, in Sect. 4 we obtain sufficient and necessary condi-
tions for the existence of vertex-facet assignments in terms of the f -vectors of P and
its faces. These main results read as follows:

Theorem 6 The polytope P has a vertex-facet assignment if and only if

f0(σ ) + f0(σ
�) ≤ max{ f0(P), f0(P

�)}

for all faces σ ∈ F(P).

Here, P� denotes the dual polytope, and σ� the dual face to σ ∈ F(P). This
notation is further explained in Sect. 2.
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Fig. 2 Schematic representation
of the face lattice F(P) of P ,
with the relevant sub-lattices and
subsets highlighted. The symbol
σ denotes a face σ ∈ F(P). The
upside-down labels indicate that
the respective elements belong
to the dual polytope and the
respective lattices have inverted
lattice order

Theorem 7 Suppose that for every face σ ∈ F(P) the following holds: σ or σ� (or
both) have at least as many facets as vertices. Then P has a vertex-facet assignment.

It is a corollary of the second theorem that simple/simplicial polytopes always
admit vertex-facets assignments (Corollary 9), as do polytopes in dimension d ≤ 6
(Corollary 8).

In Sect. 5we construct polytopeswithout vertex-facets assignments in every dimen-
sion d ≥ 7 using the free join construction (Theorem 11).

2 Aword on notation

Throughout this paper, let P ⊂ R
d be a full-dimensional convex polytope, that is, P

is the convex hull of finitely many points, and aff(P) = R
d . LetF(P) denote the face

lattice of P , and Fδ(P) ⊆ F(P) the subset of faces of dimension δ.
Our results are primarily combinatorial, and for the most part, we can identify

P with its face lattice F(P). Similarly, each face σ ∈ F(P) is identified with the
sub-lattice

F(σ ) := [∅, σ ] := {τ ∈ F(P) | ∅ ⊆ τ ⊆ σ } ⊆ F(P).

The dual polytope P� and, for each σ ∈ F(P), the dual face σ�, shall be defined
solely by their face lattices: the lattice F(P�) is defined on the same set as F(P), but
with inverted lattice order. The face lattice of σ� is

F(σ�) := [P, σ ] := {τ ∈ F(P�) | P ⊇ τ ⊇ σ } ⊆ F(P�),

also with inverted lattice order. Consider Fig. 2 for a visualization of the placement of
these sub-lattices in F(P).

It is important to distinguish between σ ∈ F(P) as a face of P , and σ as a polytope
itself, since σ� will refer to the dual polytope or the dual face, depending on the
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chosen interpretation. Similarly, F(σ�) will refer to distinct sub-lattices of F(P)

depending on the interpretation. To avoid confusion, we therefore use the following
convention: lower-case greek letters like σ, τ, . . . do always denote faces of P , hence
σ�, τ�, . . . do always denote dual faces. If other symbols are used to denote faces,
this is explicitly mentioned in the respective place (this will only happen in Sect. 5 in
the proof of Theorem 11).

Naturally, F0(P) refers to the set of vertices of P , and F0(σ ) ⊆ F0(P) refers to
the set of those vertices of P , which are contained in the face σ ∈ F(P). The notation
F0(P�) is an alternative way to address the set of facetsFd−1(P) of P . While slightly
unusual, we will use this notation in Theorem 6 (and the proof of Theorem 7), to
highlight the symmetry of the statement under polytope duality. Similarly, F0(σ

�) ⊆
F0(P�) can be used to conveniently denote the set of those facets of P that contain
the face σ ∈ F(P).

The cardinality of any of the sets defined above is denoted with fδ( · ) := |Fδ( · )|.

3 Graph-theoretic formulation

To any polytope P ⊂ R
d , we assign a bipartite graph as follows:

Definition 2 The vertex-facet graph G(P) of P is the bipartite graphG = (V1 ·∪V2, E)

whose partition classes are (disjoint copies of) the vertices V1 = F0(P) and the facets
V2 = Fd−1(P) of P . A vertex v ∈ F0(P) and a facet F ∈ Fd−1(P) are adjacent in
G if and only if they are non-incident in P .

To avoid confusion with the terminology of polytopes, the elements of V1 ·∪ V2 of
G(P) shall be called nodes (instead of vertices).

A matching M ⊆ G(P) is a 1-regular subgraph. A matching M covers F0(P)

(resp. Fd−1(P)), if every vertex in F0(P) (resp. Fd−1(P)) is incident to an edge in
M .

A vertex-facet assignment of P is a matching in the vertex-facet graph that covers
either F0(P) or Fd−1(P). Hall’s marriage theorem (Diestel 2017, Theorem 2.1.2) is
a classical result that gives a necessary and sufficient condition for the existence of a
matchings of a bipartite graph G = (V1 ·∪ V2, E) that covers, say, V1.

Theorem 3 The bipartite graph G = (V1 ·∪ V2, E) possesses a matching that covers
V1 if and only if |S| ≤ |NG(S)| for all S ⊆ V1.

Here, NG(S)denotes the set neighbors of vertices in S. The condition |S| ≤ |NG(S)|
for all S ⊆ V1 in Theorem 3 is called Hall condition.

4 Existence in low dimensions

The existence of vertex-facet assignments is trivial for d ∈ {1, 2}. By applying
Hall’s marriage theorem (Theorem 3) to the vertex-facet graph G(P) (Definition 2),
we are able to show that there are no counterexamples up to dimension 6 (Corol-
lary 8). Furthermore, simple/simplicial polytopes have vertex-facet assignments in
every dimension (Corollary 9).
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4.1 The case f0(P) ≥ fd−1(P)

In this section, we assume that P has at least as many vertices as facets. We therefore
try to match vertices and facets in G(P) in such a way that all facets are covered.

If S ⊆ Fd−1(P) is a set of facets, there exists a nice geometric interpretation of the
non-neighborhood F0(P) \ NG(P)(S).

Proposition 4 The non-neighborhood of a set {F1, . . . , Fk} ⊆ Fd−1(P) of facets
consists of the vertices of the face F1 ∩ · · · ∩ Fk, i.e.,

F0(P) \ NG(P)({F1, . . . , Fk}) = F0(F1 ∩ · · · ∩ Fk). (1)

Proof A vertex is in the non-neighborhood of {F1, . . . , Fk} if and only if it (consid-
ered as a node in G(P)) is not adjacent to any of the Fi . Since adjacency in G(P)

means non-incidence in P, these are exactly the vertices incident to all the Fi , that is,
contained in the face F1 ∩ · · · ∩ Fk. The vertices of P that are contained in the face
F1 ∩ · · · ∩ Fk are exactly the vertices of this face.

Together with Hall’s marriage theorem (Theorem 3) we immediately obtain

Corollary 5 A polytope P with f0(P) ≥ fd−1(P) has a vertex-facet assignment if and
only if for all {F1, . . . , Fk} ⊆ Fd−1(P) the following holds:

f0(F1 ∩ · · · ∩ Fk) ≤ f0(P) − k. (2)

4.2 The general case

We now drop the assumption f0(P) ≥ fd−1(P). The result of Corollary 5 can be
nicely symmetrized:

Theorem 6 P has a vertex-facet assignment if and only if

f0(σ ) + f0(σ
�) ≤ max{ f0(P), f0(P

�)} (3)

for all faces σ ∈ F(P).

Note that we wrote f0(P�) to denote the number of facets of P , and f0(σ�)

to denote the number of those facets that contain σ . This notation emphasizes the
invariance of the result under polytope duality, i.e., it holds for P if and only if it holds
for P�.

Proof of Theorem 6 We can assume f0(P) ≥ f0(P�), as otherwise we could prove
the statement for P� instead. Under this assumption, (3) becomes

f0(σ ) + f0(σ
�) ≤ f0(P). (4)
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Assume (4) holds for all faces of P . Choose facets F1, . . . , Fk ∈ Fd−1(P). The
face σ := F1∩· · ·∩Fk is contained in at least k facets, i.e., f0(σ�) ≥ k. We conclude

f0(F1 ∩ · · · ∩ Fk) = f0(σ )
(4)≤ f0(P) − f0(σ

�) ≤ f0(P) − k.

Corollary 5 then yields the existence of a vertex-facet assignment.
Now conversely, assume there is a vertex-facet assignment. Let σ ∈ F(P) be a

face of P . Consider the set {F1, . . . , Fk} := F0(σ
�) of facets that contain σ . Then

σ = F1 ∩ · · · ∩ Fk and f0(σ�) = k. Since P has a vertex-facet assignment, there
holds (2) in Corollary 5, and therefore

f0(σ ) + f0(σ
�) = f0(F1 ∩ · · · ∩ Fk) + k

(2)≤ f0(P).

This proves (4). 
�
We conclude a second sufficient condition, which is more convenient to apply to a

large class of polytopes.

Theorem 7 Suppose that for every face σ ∈ F(P) holds: σ or σ� (or both) have at
least as many facets as vertices. Then P has a vertex-facet assignment.

Proof Choose some arbitrary face σ ∈ F(P). We show that σ satisfies (3). Theorem 6
then proves the existence of a vertex-facets assignment.

Suppose σ has at least as many facets as vertices, or in formulas, (∗) k ≥ f0(σ ),
where k denotes the number of facets of σ . Each facet of σ can be written as σ ∩ F
with some F ∈ F0(P�) \ F0(σ

�) (i.e., F is a facet of P that does not contain σ ). It
follows (∗∗) k ≤ f0(P�) − f0(σ�), and we conclude (3) via

f0(σ ) + f0(σ
�)

(∗)≤ k + f0(σ
�)

(∗∗)≤ f0(P
�) ≤ max{ f0(P), f0(P

�)}.

On the other hand, if not σ , but only its dual face σ� has at least as many facets as
vertices, we can apply the above reasoning to σ� as a face of P�, which yields

f0(σ
�) + f0(σ

��) ≤ max{ f0(P�), f0(P
��)}.

As P�� = P and σ�� = σ , this is equivalent to (3) for σ .

An immediate consequence of Theorem 7 is the existence of vertex-facet assign-
ments for polytopes up to dimension 6.

Corollary 8 Every polytope P ⊂ R
d of dimension d ≤ 6 possesses a vertex-facet

assignment.

Proof If P is of dimension d ≤ 6, then for every face σ ∈ F(P) we have

min{dim(σ ), dim(σ�)} ≤ 2.

Polytopes of dimension ≤ 2 have the same number of vertices and facets. Theorem 7
then proves the existence.
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Therefore, the counterexamples can only occur in dimension 7 or higher. Each 7-
dimensional counterexample must have a 3-face σ ∈ F(P) with f0(σ ) + f0(σ�) >

max{ f0(P), f0(P�)}. We are going to construct such polytopes in the next section.
Another consequence is the existence of vertex-facet assignments for polytopes

with only self-dual facets, e.g. simplicial polytopes:

Corollary 9 Simple/simplicial polytopes have vertex-facet assignments.

5 Counterexamples in high dimensions

In this section,we construct polytopeswithout vertex-facet assignments for any dimen-
sion d ≥ 7. These “counterexamples” are based on the free join construction.

Construction 10 Given polytopes Pi ⊂ R
di , i ∈ {1, 2}, their free join P1 � P2 is

defined as the convex hull of copies of P1 and P2 that are embedded into skew affine
subspaces of R

d1+d2+1. Let us call these copies P̄1 and P̄2.
The faces of the free join can be given in terms of the faces of P1 and P2. Clearly,

P̄1 and P̄2 are faces of the free join. More generally, for each face σ ∈ F(Pi ), the
corresponding face σ̄ of P̄i is a face of P1 � P2 as well. All other faces of the free
join are of the following form: for any two faces σ1 ∈ F(P1), σ2 ∈ F(P2), the convex
hull σ1 � σ2 := conv(σ̄1 ∪ σ̄2) is a face of P1 � P2.

The number of vertices and facets of the free join are given as follows:

f0(P1 � P2) = f0(P1) + f0(P2), fd−1(P1 � P2) = fd−1(P1) + fd−1(P2).

This is clear for the vertices. The facets of P1 � P2 are P1 � F, F ∈ Fd−1(P2)
and F � P2, F ∈ Fd−1(P1). For details regarding the free join and its properties,
consider Tiwary and Elbassioni (2014, Corollary 2).

Theorem 11 Let P1 ⊂ R
d1 and P2 ⊂ R

d2 be polytopes with

f0(P1) > fd−1(P1) and f0(P2) < fd−1(P2).

Then P1 � P2 does not have a vertex-facet assignment.

Proof Let P := P1 � P2. The face P̄1 ∈ F(P) has f0(P1) vertices and is contained in
the fd−1(P2) facets P1 � F with F ∈ Fd−1(P2). We check that P̄1 violates condition
(3) (in the following, P̄�

1 shall denotes a dual face in P , rather than the dual polytope
of P̄1):

f0(P̄1) + f0(P̄
�
1 ) = f0(P1) + fd−1(P2)

> max{ f0(P1) + f0(P2), fd−1(P1) + fd−1(P2)}
= max{ f0(P), fd−1(P)}.
= max{ f0(P), f0(P

�)}.

Then, P has no vertex-facet assignment by Theorem 6.
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The conditions f0(P1) > fd−1(P1) and f0(P2) < fd−1(P2) cannot be satisfied
for polytopes in dimension ≤ 2, which is the reason for the fact that this construction
only yields counterexamples in dimensions ≥ 3 + 3 + 1 = 7.

Example 12 We list some explicit counterexamples for d ≥ 7.

(i) Counterexamples exist in all dimensions d ≥ 7. Choose d1, d2 ≥ 3with d1+d2+
1 = d and polytopes Pi ⊂ R

di , i ∈ {1, 2}, so that P1 has more vertices than facets
(e.g. the d1-cube), and P2 has more facets than vertices (e.g. the d2-dimensional
cross-polytope). Then P1 � P2 has no vertex-facet assignment by Theorem 11.

(ii) One might think that in self-dual polytopes the duality map v �→ v� (dual face
to the vertex v) somehow induces an injective map from vertices to non-incident
facets, hence, that a self-dual polytope always has a vertex-facets assignment.
But surprisingly, there are self-dual polytopes without vertex-facet assignments in
dimension d = 2 j +1, j ≥ 3. Let P1 ⊂ R

j be a polytope with more vertices than
facets (e.g. the j-cube) and P2 := P�

1 its dual. The free join P1 � P2 then is a
self-dual d-dimensional polytope [see Tiwary and Elbassioni (2014, Corollary 2)]
without vertex-facet assignment (by Theorem 11).

6 Open problems and related questions

Several related questions might be asked, for example, about the nature of further
counterexamples. Are there other counterexamples for d = 7 besides the free joins?
We suspect that such can be constructed by taking the convex hull of a free join
and a point. In general, what other ways are there to characterize polytopes without
vertex-facet assignments?

Günter Ziegler brought up the following naturally related problem (personal com-
munication):

Problem 13 Given a polytope P ⊂ R
d with f0(P) ≤ fd−1(P). Does there exist an

injective map from vertices to incident facets?

The answer to this seems comparatively easy and was already suggested by Ziegler
himself: No. Even more, a polytope can have arbitrarily many more facets than ver-
tices while still not having such an assignment. The following construction is based
on an idea of Ziegler and uses the connected sum operation [see Ziegler (1995, Exam-
ple 8.41)].

Example 14 Take the 3-cube Q ⊂ R
3 and let v be one of its vertices. The other

seven vertices are incident to a total number of only six facets, hence an injective
map from vertices to incident facets cannot exist. One could argue that this is due to
f0(Q) > fd−1(Q). However, one can modify Q around v without invalidating the
current reasoning (see Fig. 3). Cut off the vertex v, and obtain a new triangular facet
that is not incident to any of the other seven vertices. Choose a simplicial 3-polytope
P ⊂ R

3 with sufficiently many more facets than vertices and “glue it” (in the sense
of the connected sum) to that triangular face. The new polytope Q′ := P#Q satisfies
f0(Q′) � fd−1(Q′) while still not having an injective map from vertices to incident
facets.
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Fig. 3 Construction of a counterexample to the statement in Problem 13
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