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Abstract
This paper reports on a pilot project for long-term structural health monitoring of historical city gates. This structural typol-
ogy is what today remains of the defensive structures that characterised the medieval centres of many European cities. Even 
though in the last years the scientific community has paid great attention to the structural analysis and on the structural 
health monitoring of masonry towers, which are apparently similar to the typology of city gates, only a few studies explic-
itly approach such heritage buildings. In most cases, the surviving gates are immersed in the daily vehicular-traffic flows 
and hence continuously subjected to traffic-induced vibration. Consequently, a key point both for their conservation is the 
assessment of the optimal sensors position to be used for reliable structural health monitoring procedures. These issues are 
here discussed with reference to a specific case: the San Niccolò gate in Florence (Italy). First, an expeditious experimental 
campaign performed with a reduced number of accelerometers is reported. This test is aimed to identify a numerical model 
that is subsequently employed to design the optimal sensor position of long-term structural monitoring. This optimal sensor 
grid must be assessed to ensure a low-cost and sustainable dynamic monitoring system but, at the same time, to maximize 
the information contents.

Keywords  Historical city gate · Structural health monitoring (SHM) · Operational modal analysis (OMA) · Optimal sensor 
position (OSP) · Fisher information matrix (FIM)

1  Introduction

Historic masonry towers are one of the most widespread 
typologies of heritage buildings in Europe. Since the Middle 
Ages, towers were built for different aims: (1) as defensive 
and sighting points, (2) as a private house to represent the 
power of the owner’s family, and (3) to manage the work-
ing day of the farmers with the bell sound (bell-towers). 
Due to their relevance as Cultural Heritage (CH) buildings, 
and considering their intrinsic vulnerability under horizon-
tal dynamic loads, these structures have become in the last 

decades one of the main focuses among the scientific com-
munity. Thus, many scientific papers are nowadays available 
that discuss their vulnerability against seismic loads (e.g. 
[1–4]) or against the dynamic loads induced by the swinging 
of bells (e.g. [5–7]).

In the last years, a renewed attention of the international 
scientific community on the structural analysis of this typol-
ogy of heritage building has been growing again, driven by 
technological advances. For instance, the recent develop-
ments of micro-electro-mechanical systems allow the use of 
low-cost and small-size sensors for continuous monitoring of 
such structures [8–10]. Meanwhile, it is possible to combine 
the results of a continuous dynamic monitoring system with 
sophisticated numerical finite element (FE) models for dam-
age assessment and structural health monitoring purposes 
[11–17]. This process has been also fostered by the imple-
mentation of several Automated Operational Modal Analysis 
(A-OMA) procedures, aiming at the real time extraction of 
the modal properties from the dynamic signatures collected 
in serviceability conditions [13, 17–19]. As a consequence, 
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updating of FE models combined with dynamic results is 
widely adopted for masonry towers and bell-towers [20].

However, by analysing the scientific literature it is also 
possible to observe a lack of technical papers discussing 
the assessment of old city gates. To date, only a few stud-
ies, to the best authors’ knowledge, approach such struc-
tural typology [21, 22]. This CH typology is what today 
remains of many of the defensive structures (the city walls) 
that characterised the medieval centres of many European 
cities. In the modern era, to obtain new spaces for the urban 
expansion of the old towns, many of these cities saw the 
demolition of their historic walls leaving in some cases only 
the city gates. This is for instance the case of the city cen-
tre of Florence (Italy). In 1865, the architect G. Poggi was 
commissioned to draw up the new urban plan for the city, 
and Poggi’s plan included, among other developments, the 
demolition of the city walls and the creation of ring roads to 
manage the increasing demand for faster transportation vec-
tors. As a result, the surviving gates are today immersed in 
the vehicular traffic flowing on such ring roads and continu-
ously subjected to traffic-induced vibration [23–26].

This study, presenting the results obtained with a dynamic 
testing campaign performed on one of these survived city 
gates, is intended as a pilot project to design and set-up a 
reliable (i.e. able to minimize the maintenance costs, guaran-
teeing meantime a good efficiency) Structural Health Moni-
toring (SHM) framework for these structures. As a matter 
of fact, the design of this SHM system should combines the 
preservation needs, which characterize this kind of build-
ings, with the efficiency of the installed monitoring system.

From the one hand, to assure a reduced impact on the 
structure, a reduced number of sensors must be considered to 
avoid the set-up of invasive monitoring systems. In addition, 
such a reduced layout may solve the operational drawbacks 
due to the management of the large amount of data collected 
with a long-term dynamic monitoring systems [9, 10, 21]. 
From the other hand, this reduced number of sensors should 
be properly selected to identify the modal properties of the 
structure with a good resolution. Usually, frequencies can be 
estimated with a high degree of accuracy even when using 
sparse sensor grids (as shown in the automated procedures 
for the modal parameters identification recently proposed 
by several authors [18, 19, 27, 28]), but since these quanti-
ties are ambient-sensitive global indicators, they may fail to 
provide damage localization. Hence the sensor layout should 
be designed in order that the data obtained through Ambient 
Vibration Tests (AVT) on the sparse sensor grids is accurate 
enough to allow mode shapes reconstruction. This mean that 
the design of an optimal sensor layout (both number and 
positioning of sensors) capable to maximize the informa-
tion for SHM should be performed with rational approaches 
able to qualify and quantify the information provided by the 
choice of sensor grid.

The paper first reports a brief description of the inves-
tigated city gate, together with the dynamic test campaign 
performed to identify its dynamic behaviour. To minimize 
the impact on the structure, the tests were performed with a 
reduced number of accelerometers. Subsequently, an opti-
mization procedure based on Genetic Algorithms (GA) was 
used for the calibration of a FE model of this gate, and the 
identified FE model was eventually employed as a digital 
laboratory to optimize number and position of the sensors to 
be employed for long-term monitoring purpose. By applying 
a Gaussian white noise, the response of the gate was simu-
lated and potentially recorded with a dense grid of sensors 
(the number of the sensors is equal to the dofs of the model). 
Eventually, the Optimal Sensor Position (OSP) was evalu-
ated with an algorithm aiming to maximize the information 
contents of sensors by maximizing the Fisher Information 
Matrix (FIM) and, meantime, minimizing the redundancy 
between the information matrices of the sensors.

This paper is organized as follows: Sect. 2 briefly sum-
marizes the research aim of this pilot study reporting on 
the workflow proposed to optimize the sensor layout to be 
employed for long-term SHM framework. Section 3 intro-
duces a description of the city gates of Florence and reports 
a structural description of the one here considered (the San 
Niccolò gate). The experimental dynamic tests performed, 
and the modal identification of the structure, are summa-
rized in Sect. 4. Section 5 discusses the FE model and its 
calibration based on the experimental results through a GA-
based procedure. The identified FE model is then employed 
in Sect. 6 to simulate the AV response of the city tower over 
a dense sensor grid. Eventually, the algorithm employed to 
assess the OSP is reported in Sect. 7.

2 � Research aim

This paper aims to introduce a pilot project for the design 
of the sensor layout of a long-term SHM for historic city 
gates reporting the case of Florence (Italy). While dynamic 
monitoring has been widely recognized as a powerful tool 
for SHM since the Eighties, still several issues remain open 
for its spread in the operative field for CH buildings. Among 
these, a key point is the OSP (both in terms of number and 
position of the sensors) to ensure a low-cost and sustain-
able long-term dynamic monitoring. This study proposes to 
tackle this issue for historic city gates through the workflow 
illustrated in Fig. 1. Once the case is selected, a fast OMA is 
performed to identify the main resonant frequencies. Then, 
a FE model of the structure is tuned to fit the experimental 
dynamic, as identified in the previous step, and employed to 
generate AV simulated responses. Assuming these responses 
as signals collected in a possible sensor layout, the OSP 
is next tackled introducing a hybrid method that allows 
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maximization of the FIM and the minimization of the sen-
sor redundancy. To check the effectiveness of the OSP, the 
mode shapes are backward compared with those obtained by 
the FE model by introducing a coherence index.

3 � Historic city gates

In 1870, Architect G. Poggi started the demolition of the 
major part of the medieval Florentine walls to allow the 
construction of large ring roads. This intervention was part 

of a wider project, aimed at renewing the urban area of 
Florence just became the Capital of the newly born Italian 
State. After 150 years, Florence is no longer the Italian 
Capital, but the Poggi’s ring roads are still there and some 
of the old city gates can be still observed. From the origi-
nal 21 city gates of the medieval walls, 12 of them can be 
found around the city centre. In Fig. 2 is reported a picture 
of each gate, where some differences in the geometry can 
be directly observed (the materials and the construction 
techniques are approximatively the same). Some of these 
differences are due to the demolition of the upper levels 

Fig. 1   Workflow of the 
proposed methodology, each 
sub-process box represents the 
following phases: (i) Fast AVT 
(red), (ii) FE model updating 
(blue), (iii) Simulated AVT 
(green) and (iv) OSP (yellow) 
(colour figure online)
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Fig. 2   The 12 Florentine’s old-city gates and their location along 
with the medieval defensive walls [(1) Torre della Serpe; (2) Porta 
al Prato; (3) Porta a Faenza; (4) Porta San Gallo; (5) Porta alla croce; 

(6) Torre della zecca; (7) Porta San Niccolò; (8) Porta San Miniato; 
(9) Porta San Giorgio; (10) Porta Romana; (11) Porta San Frediano; 
(12) Torrino di Santa rosa]
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made in the XVI century to increase their strength against 
cannon attacks.

Nowadays these survived gates are constantly subjected 
to traffic-induced vibrations that can speed up material 
degradation. Consequently, the definition of reliable SHM 
procedures is a key point both for their conservation and 
for avoiding injuries to people. In fact, almost under all the 
city gates pedestrian traffic is allowed, and in some cases 
vehicular traffic is allowed too (city gates N. 9, 10, 11 and 
12; Fig. 2). To discuss a pilot project for the SHM of these 
structures, this paper specifically investigates the case study 
of San Niccolò city gate (N. 7 in Fig. 2).

3.1 � San Niccolò city gate

The San Niccolò city gate is located along the Arno River in 
the South-East sector of the medieval city defensive walls. 
The Gate, built in 1324 following the design by Andrea 
Orcagna, is the only one that was not lowered during the 
XVI century. In 1875 a system of stairs was added on one 
side of the tower under the design of Architect Poggi. In 
1933 the gate was strengthened with several steel chains at 
different levels, and the merlons at the top level were rebuilt 
as it is supposed they were in the medieval era.

The gate has a rectangular plan (about 10 × 15 m) and 
an overall height of about 42 m. Inside the gate, there 
are two wooden levels, each sustained by three masonry 
arches. From a structural point of view, the gate can be 
divided into three main macro-elements: (1) the double-
thick masonry wall system, (2) the arches used to sup-
port the wooden levels and (3) the continuous masonry 
facade which is only on the outer side (Fig. 3). These 

macro-elements are characterized by similar material 
properties, and constructive techniques, and represent the 
homogeneous element whose stiffness has to be calibrated 
in the FE model updating procedure.

From the dynamic point of view, the continuous 
masonry façade, which is only on the outer side, corre-
sponds to a C-shaped section for the structure. This aspect, 
combined with the large opening at the ground level, sig-
nificantly differentiates the dynamic behaviour of the gate 
from the case of the masonry towers widely analysed in 
scientific literature.

To build the FE model of the gate, the FE code ANSYS 
was used. This numerical model was built with the avail-
able geometric data, paying specific attention to the cor-
rect reproduction of the macro-elements mentioned above. 
All these components were modelled by means of 3D solid 
8-nodes isoparametric finite elements (SOLID185), having 
three degrees of freedom at each node, using a macro-
modelling approach [29, 30]. The structure was modelled 
by assuming fixed restraints at the base, and the masonry 
was modelled as an isotropic linear elastic material being 
the FE model used to perform linear modal analyses.

The final 3D FE model, built as detailed as needed to 
represent the overall spatial configuration of masses and 
stiffness, consisted of 25,123 joints and 75,943 elements, 
corresponding to 74,565 degrees of freedom. Among the 
methods provided by ANSYS to compute natural frequen-
cies and vibration modes, the block Lanczos algorithm was 
used. After tuning, the FE model was employed to opti-
mize number and position of sensors to be employed for 
long-term monitoring. The 3D CAD view of the gate used 
to build the mesh of FE model is illustrated in Fig. 3c.

Fig. 3   a Inner and outer (b) 
view of the S. Niccolò gate, and 
3D CAD geometric model (c)
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4 � Ambient vibration tests

To obtain a fast screen of the structural dynamic, the test-
ing campaign was performed by using a reduced sensor 
layout: only four accelerometers (PCB-393B31 with a 
sensitivity of 10 V/g and a range of 0.5 g) were installed 
on the two corners of a level of the gate. Due to some 
constraints related to the electrical connections, it was not 
possible to record the top level of the gate and the investi-
gated level was the one shown in Fig. 4.

The AVT were carried out to fully characterize the 
structural dynamics of the gate over two days of experi-
mental investigation; few information about some selected 
tests is listed in Table 1.

The collected signals were filtered between 0.5 and 
20 Hz with a third-order Butterworth filter and then resam-
pled to 50 Hz to investigate the frequency band where the 
structural modes are expected to be. In this respect, simpli-
fied empirical and/or semi-analytical formulations for the 
estimation of the main frequencies of masonry towers were 
preliminarily considered. These formulations, together 

with the estimated frequency values, are summarized in 
Table 2. The obtained frequencies vary from 1.19 Hz [35] 
to 2.05 Hz [33], thus denoting a significant scattering pro-
vided by the current empirical or semi-empirical formulas.

Due to the low level of vibration recorded during the 
tests (the considered city gate is in an area where the 
vehicular traffic is limited), time and frequency domain 
techniques were used to compare the results and to obtain 
a robust modal identification. The Frequency Domain 
Decomposition (FDD) allowed to recognize several peaks 
in the singular values decomposition of the Power Spec-
tral Density (PSD) matrix (Fig. 5). The first two modes 
are very close, thus a unique peak is visible in the first 
singular value of the PSD. However, the analysis of the 

Fig. 4   a, b The measurement layout adopted in the AVT and c The piezoelectric accelerometers mounted in position 4

Table 1   Test performed during the experimental campaign on the 
San Niccolò gate

Test Sampling 
rate (Hz)

Length (s) Date 
(d/m/y)

Time 
(hh:mm)

Loads

NICC#02 400 2219 6/12/2016 11:48 AVT
NICC#03 400 1205 6/12/2016 12:30 AVT
NICC#04 400 1230 6/12/2016 12:57 AVT
NICC#06 400 1226 6/12/2016 13:50 AVT
NICC#07 400 1203 6/12/2016 14:13 AVT
NICC#23 400 1203 7/12/2016 11:01 AVT

Table 2   Empirical and/or semi-analytical formulations proposed for 
the estimation of the natural frequency of towers

References Eqn fNS fEW

NTC [31] f
1
=

1

0.050H3∕4
1.225  = 

Faccio et al. [32] f
1
=

1

0.0187H
1.292  = 

NCSE [33]
f
1
=

√

L

0.06H
√

H

2L+H

1.591 2.048

Rainieri and Fabbrocino [34] f
1
=

1

0.0113H1.138

1.279  = 

Shakya et al. [35] f
1
=

1

0.0151H1.08

1.188  = 

Shakya et al. [35] f
1
=

L0.17

0.03H

(

H

L+H

)0.5

1.341 1.489

Shakya et al. [35]
f
1
= 3.58

(

H

B

)−0.57 1.629  = 

Bartoli et al. [36] f
1
≅

0.2a

H2

eff

(1 − n)vp n.a 1.644

Bartoli et al. [36] f
1
≅

0.15a

H2

eff

vp n.a 1.608
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second singular value allows to clearly recognize the sec-
ond resonant frequency.

The results obtained with the FFD were confirmed by the 
Stochastic Subspace Identification (SSI-cov) algorithm fed 
with the signals covariances: several alignments of stable 
poles in the stabilization chart are clearly visible (Fig. 6) that 
corresponds to the values provided by the FFD technique. In 
addition, the analysis of the data with the SSI-cov procedure 
allowed the identification of the first two modes that were 
now clearly separated.

The modal identification results for both techniques are 
summarized in Table 3, while the first six identified mode 
shapes are illustrated in Fig. 7. Due to the reduced sensor 
layout adopted for the expeditious testing campaign higher 
modes are poorly represented.

If the experimental results are compared with those provided 
by the simplified formulations reported in Table 2, it is pos-
sible to observe that the simplified one-parameter formulations 
commonly employed for masonry towers fail: they provide an 
estimation between 1.19 and 2.05 Hz against the experimental 

Fig. 5   The singular values of 
the PSD matrix during AVT

Fig. 6   The stabilization chart 
obtained with the SSI-cov tech-
nique during the AVTs

Table 3   Modes identified with 
the SSI-cov and the FDD (and 
comparison with tuned FE 
model)

Mode Description SSI-cov FDD Updated FE 
model (Hz)

Simulated 
AVT (Hz)

μ(fn) (Hz) μ(ξn) (%) fn (Hz)

TN#1 First bending NS 1.565 ± 0.0002 1.070 ± 0.050 1.566 ± 0.003 1.56 1.55
TN#2 First bending EW 1.661 ± 0.001 1.612 ± 0.234 1.630 ± 0.003 1.64 1.64
TN#3 First torsional 3.294 ± 0.001 0.948 ± 0.042 3.284 ± 0.003 3.22 3.20
TN#4 Second bending NS 5.629 ± 0.015 1.980 ± 0.064 5.612 ± 0.003 5.74 5.66
TN#5 Second bending EW 7.979 ± 0.032 2.230 ± 0.227 7.974 ± 0.003 8.05 8.14
TN#6 Second torsional 10.544 ± 0.021 2.320 ± 0.279 10.510 ± 0.003 10.37 –
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values of 1.5–1.6 Hz. This difference highlight that even if his-
toric city gates are commonly considered as a subset of the class 
of the masonry towers, their dynamic behaviour shows some 
significant differences that should be accounted for.

5 � FE Model updating

The results of the expeditious experimental campaign were 
employed to identify a FE model of the city gate. The tuning 
of the FE model can be seen as an inverse problem where a 
parameterized numerical model is combined with an optimi-
zation algorithm which is employed to minimize an objective 
function that measures the differences between the numerical 
results and the measured data. FE model updating is hence a 

process where selected physical parameters of the FE model 
are gradually updated in such a way that the response of the 
FE model progressively approaches that of the real structure 
[37]. Due to the well-known problems of non-uniqueness 
and ill-conditioning of this procedure, the correct choice of 
the optimization algorithm is a key element to be considered 
to ensure a successful model updating.

In this respect, the efficiency of artificial intelligence algo-
rithms such as the genetic algorithm (GA), originally introduced 
in the sixties by Holland [38] based on Darwin’s principle of 
natural selection, has been demonstrated in the last decades. 
Being the GA a robust global optimization technique, it has 
been successfully applied in a plethora of minimization prob-
lems, involving mainly damage assessment, by many research-
ers since the early nineties [39–44]. It operates starting with 

First y-y bending mode (TN#1) First x-x bending mode (TN#2) First torsional mode (TN#3)

Second y-y bending mode (TN#4) Second x-x bending mode (TN#5) Second torsional mode (TN#6)

Fig. 7   The first six modes identified with the SSI-cov technique
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an initial population whose individuals, named chromosomes, 
are subjected to the operations inspired by the genetics laws. 
Individuals are selected according to their fitness performance, 
and they evolve based on genetic operations and replacement. 
Result of these operations, where the fitter chromosomes pro-
duce more offspring than the less fit ones, is a new population 
whose fitness is higher than the initial one [38].

The term chromosome refers to a candidate solution of 
the specific minimization problem, and the chromosome is 
composed of genes, each of which encodes specific data of 
the candidate solution. The standard GA involves four types 
of operators: (1) selection, (2) crossover, (3) mutation and 
(4) elitism. The purpose of the first operator is to selects the 
chromosomes in the population for reproduction: the most 
performing is the chromosome (i.e. higher its fitness value 
is), the more times it is likely to be selected for reproduction. 
The second operator generates two offspring by crossing, at 
a randomly chosen point, the parent chromosomes. Crossover 
implements the process of reproduction of natural selection. 
The third operator randomly replaces a gene in a chromo-
some with another one chosen from the solution space and 
has the purpose to introduce diversity in the solution process. 
The last operator, the elitism, transfers the best chromosomes 
of the current generation to the next generation.

Despite the proven efficiency of the GA algorithm, it 
should be remembered that several limitations still exist and 
among them it is possible to recall: (1) the problem of iden-
tifying a proper fitness function; (2) the premature conver-
gence toward non-optimal solution (no general termination 
rules are available); (3) the proper choosing of the various 
parameters that characterize the algorithm (such as the size 
of the population, the mutation and the crossover rate, the 
elitism rate, and the selection methods, etc.).

Next, the coding of the GA-based model updating prob-
lem and the fitness function is reported.

5.1 � Coding of the problem

The identification was performed selecting as updating 
parameters the modulus of elasticity (E) and the self-weight 
(W) of three macro-elements: (1) the double masonry wall 
system (MW); (2) the arches used to sustain the wooden 
levels (ARCH); and (3) the continuous masonry facade 
which is only on the outer side (MF). These components 
were selected to provide insight into the relative contribution 
of the stiffness of each component of the gate on the overall 
dynamic behaviour.

First identification analyses were performed where the 
self-weight was assumed varying between 18 kN/m3 (lower 
value) and 22 kN/m3 (upper value). Since these analyses 
converged toward a value of the self-weight between 18 and 
19 kN/m3, this was assumed as a fixed value and equal to 
18 kN/m3 for all the three macro-elements. Consequently, 

the final analyses were performed only varying the modulus 
of elasticity of the structural components (which is directly 
connected with the stiffness of the components). Its range of 
variation was assumed between 1500 MPa (lower value) and 
9000 MPa (upper value) [45]. The Poisson coefficient was 
set equal to 0.2 for all the three macro-elements.

Chromosomes are so composed of 3 genes encoding the 
E of the three macro-elements, and genes can attain any real 
value between 0 (lower value of E) to 1 (upper value of E). 
Each chromosome represents a possible identified FE model 
whose eigenfrequencies (and eigenmodes) are numerically 
evaluated.

5.2 � Fitness functions

The objective function was simply built by calculat-
ing the differences between experimental and numerical 
frequencies.

In Eq. (1) k represents the number of identified frequen-
cies employed for the tuning of the numerical model, and fi,n 
and fi,e denote the i-th numerical and experimental frequency 
(respectively).

To run the GA the parameters were chosen as follows: 
crossover was selected as 0.8, the mutation was set to 0.1 
and elitism rate was chosen as 5% of the population. The 
gene numbers of each chromosome were 3, and the popula-
tion size was chosen equal to 20 times the gene numbers. 
These values, which are problem dependent, were selected 
starting from suggestions in literature [39–41] and adapting 
them to the specific case. To perform the optimization, the 
ANSYS parametric APDL language was used to build the 
FE model in ASCII input form, whereas the code MATLAB 
was employed to apply the GA. In each iteration of the GA 
the chromosomes are generated according to the genetic 
rules above described, and then submitted to the ANSYS 
code to build the model and to obtain frequencies that are, in 
its turn, employed to evaluate the fitness of the population.

At the end of the process, the following values were 
attained: (1) EMW = 7320 MPa for the double masonry 
wall system; (2) EARCH = 5570 MPa for the arches, and 
(3) EMF = 3820 MPa for the continuous masonry façade. 
The first mode of the updated numerical model is a spuri-
ous bending mode in the NS direction with a frequency 
of 1.56 Hz. The second mode shape is a bending mode in 
the EW direction with a frequency of 1.64 Hz. The third 
numerical mode shape has a frequency of 3.22 Hz and 
corresponds to a torsional mode-shape. The fourth mode 
shape is the upper bending mode in the NS direction and 
has a frequency of 5.74 Hz. The fifth mode shape, with a 

(1)Hf (k) =

k
∑

i=1

(

fi,n − fi,e

fi,e

)2
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frequency of 8.05 Hz, is a mode shape that involves the 
two masonry walls exhibiting mixed torsional-bending 
behaviour. Comparison between experimental and numeri-
cal frequencies is reported in Table 3, where it is possible 

to observe a quite good agreement between experimental 
and numerical frequencies. The numerical mode shapes 
are illustrated in Figs. 8 and 9. The analysis of the mode 
shapes highlights a specific behaviour of the city gate: its 

Fig. 8   View of the first 5 mode shapes (identified FE model)

Fig. 9   View of the second 5 mode shapes (identified FE model)
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dynamic behaviour is highly influenced by the effect of the 
transversal connection between the two thick walls intro-
duced by the internal masonry arches. Thus, the common 
assumption of rigid plane behaviour of the levels seems 
not to be respected, with the walls behaving somewhat 
independently. This is clearly visible, when analysing the 
mode shapes, for the torsional modes and the higher bend-
ing mode shapes (see Figs. 8 and 9).

it is worth noting, in addition, that if to characterize 
the (elastic) material properties of the gate the provi-
sion suggested by the code [31] were employed (namely 
E = 4000 MPa and W = 2200 kg/m3), the FE model pro-
vides values of the frequencies that are considerably 
underestimated compared to the experimental values. 
Moreover, the mode shapes (Fig. 10) show an inversion of 
the first two bending modes with respect to those experi-
mentally assessed (Fig. 7). This result further confirms 
that this structural typology deserves specific attention 
from the scientific community and therefore dynamic test-
ing campaigns are strongly recommended to avoid failures 
in the definition of suitable FE models used to perform a 
structural assessment.

6 � Simulated AV tests

After tuning, the identified FE Model was used as a digital 
laboratory to simulate the dynamic response of the gate. 
This virtually allows to collect data with a sensor grid lay-
out more denser than the one that was possible during the 

experimental campaign (potentially since each node of the 
FE model can be considered as a possible sensor position, 
the number of the sensors is equal to the dofs of the model).

A Gaussian white noise was applied, and the acceleration 
time-histories were acquired according to the layout reported 
in Fig. 11.

To perform the time-history analyses, a sampling rate of 
50 Hz was used to reduce the computational effort and a 
signal length of 15 s was considered. The simulated AVT 
were processed in frequency and time domain, as done for 
the experimental results, to check the modal properties 
(Table 3). Subsequently, the simulated dynamic signatures 
were used as a reference to evaluate the optimal reduced 
sensor grid.

7 � Optimal sensor position (OSP)

The simulated AV responses of the tuned FE model allowed 
to characterize through OMA the modal behaviour of the 
gate with the reference sensor grid shown in Fig. 11. 8 
mono-directional sensors at each level were considered 
for a total of N = 24 possible locations. Since the OSP here 
investigated is a subset of the reference layout, the minimum 
number of employed sensors will depend on the number of 
mode shapes Nm that can be identified. For the sake of clar-
ity, the test was focused on the identification of the first three 
mode shapes (Nm = 3) and consequently as possible positions 
of the sensors only the last floor is considered (positions 
from 9 to 12 in Fig. 11) for a total of N = 8.

Fig. 10   View of the first 5 mode shapes (FE model with material properties suggested by the code)
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The permutations C of the Ns sensors over the reduced 
system of N dofs can be quantified by the following binomial 
expansion:

It is worth noting that if the OSP should be assessed by 
including also higher mode shapes (Nm > 3), the number 
of the possible combinations C to be investigated would 
increase abruptly, being necessary to include sensors 
on the intermediate levels (to identify the higher mode 
shapes). For instance, include an additional level, means, 
at least, Ns = 6 over N = 16 possible positions correspond-
ing to a number of permutations C = 8008. If another 
monitored level is added (N = 24 and Ns = 9), the number 
of permutations increases to 1,307,504.

By investigating OSP for only the first three mode 
shapes (Nm = 3), over a reduced set of measurable dofs 
(N = 8), the following cases are considered: (a) In a first 
case, only three devices at the last floor are considered 
(Ns = 3). Using Eq. (1), the possible combinations of the 
sensor positions are 56 (see Table 5 in Appendix): 8 of 
them involve sensors measuring only in one direction, 
24 combinations involve a biaxial measuring station, the 
remaining 24 combinations are composed by monoaxial 
stations in the two horizontal directions. (b) In a sec-
ond case the number of devices is increased up to four 
(Ns = 4), to quantify the information added by an extra 
sensor. In this case, the possible combination raises to 70 
(see Table 6 in the Appendix): 6 combinations with two 
biaxial stations, 46 combinations with at least one biaxial 
station and 18 combinations with four monoaxial stations.

To approach OSP several methods were introduced by 
researchers. While in [46] the OSP was tackled minimizing 

(2)C =

(

N

Ns

)

=
N!

(N − Ns)!Ns!

the information entropy that was assumed as a metric of 
the performance of the sensor configuration, in [47] Kam-
mer proposed a method based on the maximization of the 
Fisher Information Matrix (FIM). This method is quite 
straightforward and computationally efficient, thus the 
method proposed by Kammer in [47], with the enhanced 
algorithm introduced by Stephan in [48] (Fig. 12), was 
here adopted as a baseline to solve the OSP.

As shown in Fig. 12, the OSP is tackled by selecting the 
k-th set of sensors which maximizes, along each direction, the 
FIM. This matrix Ik , is calculated according to Eq. (2):

where Iel,k denotes the elementary FIM of the k-th sensor 
position, calculated using the following Eq. (3):

where �k , denotes a sub-partition of the modal matrix Φ 
∈ ℝ

N×Nm , corresponding to the k-th dof where the sensor 
can be positioned.

To quantify the level of information condensed in the 
chosen set of sensors, a proper norm must be defined. As 
suggested in [48], the spectral radius of Ik was here adopted 
as metric. This allows to identify the sensors that exhibit the 
highest contribution on the observed mode shapes.

The distribution of Iel,i is reported in Fig. 13. It is possible 
to order the maximum information collected by the sensor 
positions at the last level as follows: (1) in the x-direction 
(EW) the sensors 19–21–23–17; (2) in the y-direction (NS) 
the sensors 22–20–24–18 (see Fig. 11).

Nevertheless, some of these sensors can share the same 
information without increasing the accuracy of the mode 

(3)Ik =

Ns
∑

k=1

Iel,k

(4)Iel,k = �T
k
�k

Fig. 11   Possible sensor positions in the gate
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shape estimation. Thus, the redundancy between the elemen-
tary information matrices of the sensors must be taken into 
account. This can be done, by considering the following nor-
malized metric Rkl between two elementary FIM Iel,k and Iel,l:

Finally, the OSP is assessed maximizing the information 
contents and minimizing the redundancy between each sen-
sor. This means that at each run of the algorithm shown in 
Fig. 12, the k-th sensor exhibiting the highest contribution 
to Ik is retained. Then the redundancy Rkl with the other l-th 
sensors along the same direction is assessed.

For instance, in Fig. 14 the results of Rkl for the two main 
directions of San Niccolò gate (measured at the last level), is 

(5)Rkl =
||Iel,k − Iel,l||

||Iel,k + Iel,l||

shown; obviously for k = l, the maximum redundancy level 
is attained ( Rkl = 0 ), while the lowest ( Rkl = 1 ) is expected 
when no information are shared by the sensors.

Stephan in [48] suggests keeping all the sensors above a 
redundancy threshold equal to 0.5 and Il is so formed by the 
sum of the FIM of all the retained sensors and the elemen-
tary FIM Iel,l the l-th sensor itself.

In this study the way to compute Il has been modified to 
consider the influence of the redundancy level as follows:

As a consequence, no thresholds on the redundancy must 
a-priori be fixed (e.g. Rkl = 0.5 as in [48]) and all the pos-
sible FIM for every set of sensor are evaluated according 
to Eq. (6). To check the effectiveness of the method, a new 
coherence index ( �k ) was introduced. For the k-th set of sen-
sors, �k computes the average correlation between the mode 
shapes 𝜙̃ ∈ ℝ

Ns×Nm (those obtained by OSP) and �0 ∈ ℝ
N×Nm 

(those provided by the simulated AVT):

where Nm = 3 still represents the number of the investigated 
mode shapes.

(6)Il = Rln

k
∑

n=1

In + Iel,l

(7)𝜃k =
1

Nm

Nm
∑

i=1

MAC
(

𝜙̃i,𝜙0i

)

Fig. 12   The flowchart of the algorithm proposed in [48]

Fig. 13   The norm of the 
elementary FIM for each sensor 
position in the observation of 
the first three mode shapes

(a) (b)

Fig. 14   The redundancy Rkl for x (a) and y (b) direction, at each run
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It is worth noting that the dimension of 𝜙̃i and �0i is 
different because not all the dofs are available in 𝜙̃ since 
N > Ns . Hence the missing values of 𝜙̃ are replaced with a 
linear interpolation of the Ns measured values.

When considering the first case (a), where only three 
devices at the last floor were assumed (Ns = 3), the values of 
the �k (Eq. (7)) are reported in Fig. 15a. Only the 14% (see 
Fig. 15c) of all the possible configurations is able to reach a 
value higher than 0.9, and major differences can be observed 
in the estimation of the third mode shape that reach a maxi-
mum value of the MAC equal to 0.77 (Fig. 15b).

When the second case is analysed (b), with the number of 
devices increased up to four (Ns = 4), a better estimation of 
the torsional mode can be observed. Although this is not an 
unexpected outcome (an additional sensor provides in addi-
tion robustness to the SHM system), but, it is worth mention-
ing that the adoption of this methodology allows for a quan-
tification of the benefits of adopting an additional sensor (or 
vice versa to estimate what is lost by reducing the number 
of sensors). With this extra-sensor, an overall improvement 
of the index θk can be observed in Fig. 16a. Highest values 
are reached with peaks around 0.98 against the 0.92 obtained 
in the previous case. At least 50% of all the possible com-
binations stand above 0.90 (as visible in Fig. 16a) with a 
significant increase in the performance of the system for the 
third mode shape estimation (see Fig. 16b). The MAC of this 
mode reaches values above 0.90 (compared to the value of 
0.77 obtained for the first case).

The complete list of the best combination obtained for 
Ns = 3 and Ns = 4 is reported in Table 4a, b, respectively.

8 � Concluding remarks and future outlook

Historical city gates, which are apparently similar to the 
typology of masonry towers, are what today remains of the 
defensive structures that characterised the medieval centres 

of many European cities. Being the surviving gates fre-
quently immersed in the daily vehicular traffic flows and 
continuously subjected to traffic-induced vibrations, spe-
cific studies and research are hence needed to allow their 
preservation. This paper presented a pilot project for long-
term structural health monitoring of historical city gates by 
discussing a methodology to be adopted for the assessment 
of the optimal sensor position. The workflow includes four 
phases: (1) an expeditious dynamic testing aimed to assess 
the dynamic signature of the city gate; (2) a numerical model 
updated based on the experimental frequencies which is sub-
sequently (3) employed as a virtual laboratory to simulate 
ambient vibration tests, and (4) the maximization of the 
Fisher Information Matrix and the simultaneous minimiza-
tion of the redundancy between the information matrices of 
the sensors for the assessment of the optimal sensor posi-
tion. This workflow, which is aimed at providing a low-cost 
and sustainable dynamic monitoring system (by maximizing 
the information collected by a limited number of sensors), 
allows for an objective quantification of the efficiency of the 
adopted sensor grid (or, vice versa, to have an estimation 
of the quantity of information that are lost by reducing the 
number of sensors). To quantity this information, a coher-
ence index was proposed. For instance, for the case analysed 
in this paper, it was shown that when considering only three 
devices only 14% of all the possible configurations is able 
to reach a coherence index higher than 0.9 (with major dif-
ferences in the estimation of the third mode shape). With an 
additional device, at least 50% of all the combinations are 
higher than 0.90 and the index of the third mode reaches 
values above 0.90 (compared to the value of 0.77 obtained 
with only three devices).

However, the above workflow has been proposed in a 
deterministic model updating framework, thus meaning 
that it does not account for the uncertainties associated with 
the experimental measurements and the modelling errors 
which may lead to false positives identification results. 

Table 4   Results of Il and θk 
for the best combinations, 
respectively using a set of (a) 
three and (b) four sensors

(a) Combination Positions Il θk (b) Combination Positions Il θk

COMB-37 19 20 21 3.77 0.877 COMB-8 17 18 20 23 4.086 0.980
COMB-41 19 21 22 3.77 0.873 COMB-13 17 18 22 23 4.081 0.980
COMB-27 18 20 21 3.29 0.778 COMB-31 17 20 23 24 4.082 0.980
COMB-22 18 19 20 3.25 0.784 COMB-35 17 22 23 24 4.079 0.980
COMB-3 17 18 21 3.34 0.914 COMB-58 19 20 21 24 4.335 0.980
COMB-5 17 18 23 3.17 0.908 COMB-61 19 20 23 24 4.207 0.980
COMB-18 17 21 24 3.35 0.913 COMB-63 19 21 22 24 4.202 0.980
COMB-21 17 23 24 3.17 0.907 COMB-65 19 22 23 24 4.337 0.980
COMB-23 18 19 21 3.42 0.920 COMB-36 18 19 20 21 4.335 0.979
COMB-25 18 19 23 3.29 0.914 COMB-58 19 20 21 24 4.332 0.980
COMB-43 19 21 24 3.41 0.919 COMB-40 18 19 21 22 4.335 0.979
COMB-46 19 23 24 3.29 0.913 COMB-38 18 19 20 23 4.209 0.979
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Fig. 15   Results of a the I index 
b of each mode c the eight best-
fit combinations in the case of 
three sensors (Ns = 3) at the last 
level under the hypothesis of 
rigid body motion. The red line 
represents the MAC threshold 
equal to 0.9

(a)

(b)

(c)
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Fig. 16   Results of a the I index 
b of each mode c the eight best-
fit combinations in the case of 
four sensors (Ns = 4) at the last 
level under the hypothesis of 
rigid body motion (the continu-
ous red line represents the MAC 
threshold equal to 0.9)

(a)

(b)

(c)
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Future advances of this study will pay attention to this issue 
through the Bayesian approach which constitutes an effi-
cient and rigorous mathematical framework to account for 
the probabilistic modelling of the different sources of uncer-
tainty which affect the system output. Nonetheless, this pilot 
project aimed at rationalizing the first step required for the 
sustainable and efficient definition of a long-term monitoring 
system. It is the opinion of the authors that the methodology 
(the workflow) proposed in this paper can be generalized and 
employed in similar cases.

Appendix

In Fig. 17 are reported all the feasible sensor positions at 
the last level and in Tables 5 and 6 all the possible configu-
rations adopting three or four sensors respectively.  Fig. 17   Possible sensor positions at the last level

Table 5   All the possible 
combinations of the sensor 
positions for Ns = 3

Combination Positions Combination Positions

COMB-1 17 18 19 COMB-29 18 20 23
COMB-2 17 18 20 COMB-30 18 20 24
COMB-3 17 18 21 COMB-31 18 21 22
COMB-4 17 18 22 COMB-32 18 21 23
COMB-5 17 18 23 COMB-33 18 21 24
COMB-6 17 18 24 COMB-34 18 22 23
COMB-7 17 19 20 COMB-35 18 22 24
COMB-8 17 19 21 COMB-36 18 23 24
COMB-9 17 19 22 COMB-37 19 20 21
COMB-10 17 19 23 COMB-38 19 20 22
COMB-11 17 19 24 COMB-39 19 20 23
COMB-12 17 20 21 COMB-40 19 20 24
COMB-13 17 20 22 COMB-41 19 21 22
COMB-14 17 20 23 COMB-42 19 21 23
COMB-15 17 20 24 COMB-43 19 21 24
COMB-16 17 21 22 COMB-44 19 22 23
COMB-17 17 21 23 COMB-45 19 22 24
COMB-18 17 21 24 COMB-46 19 23 24
COMB-19 17 22 23 COMB-47 20 21 22
COMB-20 17 22 24 COMB-48 20 21 23
COMB-21 17 23 24 COMB-49 20 21 24
COMB-22 18 19 20 COMB-50 20 22 23
COMB-23 18 19 21 COMB-51 20 22 24
COMB-24 18 19 22 COMB-52 20 23 24
COMB-25 18 19 23 COMB-53 21 22 23
COMB-26 18 19 24 COMB-54 21 22 24
COMB-27 18 20 21 COMB-55 21 23 24
COMB-28 18 20 22 COMB-56 22 23 24
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