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Abstract

In this article, we introduce a relation including ideals of an evolution algebra A and hereditary
subsets of vertices of its associated graph and establish some properties among them. This
relation allows us to determine maximal ideals and ideals having the absorption property of
an evolution algebra in terms of its associated graph. In particular, the maximal ideals can
be determined through maximal hereditary subsets of vertices except for those containing
A2. We also define a couple of order-preserving maps, one from the sets of ideals of an
evolution algebra to that of hereditary subsets of the corresponding graph, and the other in
the reverse direction. Conveniently restricted to the set of absorption ideals and to the set of
hereditary saturated subsets, this is a monotone Galois connection. According to the graph, we
characterize arbitrary dimensional finitely-generated (as algebras) evolution algebras under
certain restrictions of its graph. Furthermore, the simplicity of finitely-generated perfect
evolution algebras is described on the basis of the simplicity of the graph.
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1 Introduction

In the literature of graph C*-algebras, Leavitt path algebras, higher rank graph algebras, etc.,
we can find how certain structural properties of the algebra (simplicity, primeness, primitivity,
etc.,) can be characterized in terms of properties of its associated graph (see, for example, [1]
for simplicity, [10] for primeness and [11] for primitivity in Leavitt path algebras) to whose
pioneer discoverers we recognize here. In fact, this philosophy is followed in a good number
of publications about evolution algebras. In [8], where the way of associating a graph to an
evolution algebra appeared for the first time, which we are going to use, the authors study
the nilpotency of an evolution algebra regarding whether there exists oriented cycles in the
associated graph. They also relate the indecomposability of an evolution algebra with the
connectivity of its graph. The space of derivations of some evolution algebras has also been
analyzed through properties of its graph (see [4, 6, 9, 12]). Recently, in [13], the authors give
conditions on the graph to ensure the existence of isomorphisms between Hilbert evolution
algebras.

In our work, we associate a certain hereditary set of vertices of the associated graph to
an ideal of the evolution algebra and vice versa. Under mild restrictions, this association is
a Galois connection. This way of linking ideals with subsets of vertices allows us to detect
on the graph whether the corresponding algebra contains ideals that verify certain properties
and which are those ideals.

The article is organized as follows. In Sect. 2, we recall some basic concepts and properties
on directed graphs and evolution algebras theory that will be drawn on throughout this paper.
In Sect. 3, we start by defining, given an ideal / of an evolution algebra over a field K with a
natural basis B = {e; }ie, the hereditary subset H; of the associated graph, as well as, fixed
a hereditary subset of the vertices H, we define a subspace /g that turns out to be a basic
ideal (Definition 3.1). These are the key objects that will be used along this work. Several
properties and relations among them are shown in Proposition 3.4. Moreover, we characterize
the saturated hereditary subsets H, through the ideals Iy of the algebra. In Proposition 3.9,
we describe maximal ideals I that contains AZ. Furthermore, we also identify maximal ideals
I such that A2 ¢ I in terms of maximal hereditary subsets of vertices of its associated graph.

Consequently, in Corollary 3.11, we prove that for arbitrary dimensional perfect evolution
algebras, all the maximal ideals are perfectly identified in the associated graph and, in addi-
tion, every maximal ideal is basic. As a summary, in Remark 3.12 we explain that modulo
some inevitable subspaces of codimension 1 of an arbitrary dimensional evolution algebra
A containing A2, the maximal ideals are those associated to maximal hereditary subsets of
vertices.

To guarantee the existence of maximal ideals in an evolution algebra requires that the
evolution algebra be finitely-generated (as algebra). So, we dedicate Sect.4 to study the
necessary conditions for an evolution algebra to be finitely-generated. In Lemma 4.1, we
state that if the set of vertices of the graph can not be viewed as the hereditary closure of a
finite set, then the evolution algebra can not be finitely-generated. Moreover, in the case in
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which the graph has a finite number of bifurcations, the finitely-generated evolution algebras
are characterized (Proposition 4.3).

In Sect. 5, we identify, for non-degenerate evolution K-algebras, the ideals I having the
absorption property as those of the form / = Iy with H hereditary and saturated subset
(Proposition 5.2 and Proposition 5.4). In Theorem 5.5, we give equivalences for the ideals
of an evolution algebra having the absorption property. Together with Proposition 5.2, it
leads us a way of finding these ideals by just searching the hereditary and saturated sets of
the associated graph for non-degenerate evolution algebras. For finite-dimensional perfect
evolution algebras and an arbitrary ideal /, we obtain that / has the absorption property and
it is generated by the set H; (Theorem 5.8). Moreover, / is a basic ideal (Corollary 5.9). In
the second part of this section, we show that in a finite-dimensional perfect evolution algebra,
the set of all hereditary and saturated subsets of vertices and the set of all ideals having the
absorption property with certain maps defined in Definition 5.10 form a monotone Galois
connection (Theorem 5.14).

In Sect. 6, we introduce the definition of simple directed graph (Definition 6.2) and we
prove that, for finitely-generated perfect evolution algebras, simplicity in the algebra is equiv-
alent to simplicity in the associated graph (Proposition 6.3). In item (1) of Theorem 6.5, we
show that, given a directed graph E, a hereditary subset H C E¥ is maximal if and only
if the only hereditary subsets of the quotient graph E/H are (E/H)? and . In item (2) of
Theorem 6.5, we prove that simple graphs are either an isolated vertex or a graph with no
sources or sinks. Finally, in item (3) of Theorem 6.5, we show that the associated graph of
a quotient evolution algebra under an ideal of the form Iy is the quotient graph under the
hereditary subset, H.

The examples distributed throughout the article, in addition to providing us with a large
number of examples of evolution algebras of different types, show the advantage of using
the graph to locate ideals with certain properties in the evolution algebra.

2 Basic concepts

Althrough this work, the set of natural numbers will be denoted by N = {0, 1, ...} and the
notation N* will stand for N* := N\ {0}.

A directed graph is a 4-tuple E = (E®, EY, r, sE) consisting of two disjoint sets EO,
E' and two maps rg, sg : E' — EO. All the graphs, in this paper, will be directed graphs
so, when we say graph we mean directed graph. The elements of E© are called vertices and
the elements of E! are called edges of E. Observe that E' and E° can have any cardinality.
Further, for f € E', rp(f) and sg(f) are the range and the source of f, respectively. If
there is no confusion with respect to the graph we are considering, we simply write r(f)
and s(f). A vertex v for which s (v) = ¥ is called a sink, while a vertex v for which
r~1(v) = @ is called a source. A vertex u € EY is said to be regular if 0 < Is~ )| < oo.
A path p of length m is a finite chain of edges = fi ... f;; such that 7(f;) = s(fi+1) for
i=1,...,m—1.Wedenote by s(u) := s(f1) the source of ; and r (i) := r(f;;) the range
of . We write u the set of vertices of p. If (i) = s(u), then w is called a closed path.
The vertices will be considered trivial paths, that is to say, paths of length zero. We define
Path(E) as the set of all paths in E. If E is a directed graph and S C E°, then denote by
T (S) the tree of S where

TS)={ve E¥: existA € Path(E) and u € S with s(A) = u, r(A) = v}.
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A graph E is said to be row-finite if for any u € E° we have that |s~!(u)| is finite. A
graph is said to satisfy Condition (Sing) if among two vertices there is at most one edge. A
directed graph is strongly connected if given two different vertices there exists a path that
goes from the first to the second one.

A vertex u € E¥ is called a bifurcation vertex (or it is said that there is a bifurcation at u)
if s~ ()| > 2.

A subset H C E¥ is hereditary if forallu € H, T (u) C H. We will denote the subset of
all subsets of E° that are hereditary by .7%, if there is no risk of confusion we will write 7.
The hereditary closure of S C EY is the smallest hereditary subset containing S. It will be
denoted by S. We say that H € . with H # E° is maximal if H C H', H' € ¢, implies
H=H'or H = E° Aset H C E is saturated if for any regular vertex u € E° we have
that r(s~'(u)) C H implies u € H.

An evolution algebra over a field K is a K-algebra A which has a basis B = {e;}ica such
that ¢;e; = O forevery i, j € A withi # j. Such a basis is called a natural basis.

Let A be an evolution K-algebra with a natural basis B = {e; };e . Denote by Mp = (w;;)
the structure matrix of A relative to B, i.e., eiz = ZjeA wjiej. Ifann(A) := {x: xA =0} =
span({e; : ei2 = 0}) = 0 we say that A is non-degenerate. Otherwise we say that A is
degenerate. In the particular case of A> = A, we say that the evolution algebra is perfect. For
finite-dimensional evolution algebras, this is equivalent to det(Mp) # 0. Letu = ) _ ica Qi€
be an element of A. Recall that the support of u relative to B, denoted by suppg (1), is defined
as the set suppg (1) = {i € A | o; # 0}. Anideal I of an evolution K-algebra A is called
evolution ideal if it admits a natural basis. In the case that this natural basis can be extended
to the whole algebra we say that [ is a basic ideal. An ideal I of a commutative K-algebra
A satisfies the absorption property if xA C I implies x € I.

Following the philosophy of [8], we denote by E = (E°, E', rg, sg) the directed graph
associated to an evolution algebra A relative to a natural basis B = {e;}jcp Where the set
E0 = {eitica and f € E! withs(f) = e; andr(f) = e; if the j-th coordinate o’fei2 relative
to B is nonzero. So, we sometimes identify B with EY.

Observe that the directed graph associated to an evolution algebra is row-finite and satisfies
the Condition (Sing).

3 Maximal ideals

In this section we define, on the one hand, certain subset of vertices related to an ideal, which
will be a hereditary subset, and on the other hand, a subspace constructed from a hereditary
subset, which turns out to be a basic ideal. We prove some properties of these two objects that
leads us to recognize maximal ideals. Moreover, we identify this type of ideals in the graph
associated to an evolution algebra. For perfect evolution algebras, all the maximal ideals
come from ideals associated to maximal hereditary subsets.

Definition 3.1 For an ideal 7 of an evolution K-algebra A with natural basis B = {e;}ic and
E its associated directed graph, denote by H; the subset of E 0 givenas Hy :={e; € E 0. eiz €
I}. For any hereditary subset H C E° define the subspace Iy = ®.,enKe; = span(H).
Notice that Iy = {0}.

Lemma 3.2 Let A be an evolution K-algebra with natural basis B = {e;}icp and E its
associated directed graph. We have the following assertions:

(1) If H is a hereditary subset of E°, then Iy is a basic ideal of A.
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(2) If I is an ideal of A, then Hj is a hereditary subset of E°.

Proof The firstitem is straightforward. For the second item, we take e; € H; being anon-sink
and assume first that f € E! has s(fy=ejandr(f) =e € EY. Then e% =ker+ ) ; kie;

where k, k; € K with k # 0 and ¢; € B\{ex}. Since e? € I we have eke? e I.So

I3 epe? = ke,% which gives e; € Hy because k # 0. The general situation is that there is a
path A = fi--- f, with s(f1) = e; and r(f;) = ex. Applying the previous particular case
we get that r(f1) € H; and iterating this argument we finally get that e; € Hj. O

Thus for any ideal I of an evolution K-algebra, the particular set H; constructed above
induces an ideal Iy, D I that will be proved in Proposition 3.4.

Remark 3.3 An interesting property is that I sy = P eieT(s) Kei <A forany S C EC.

We denote by .# the set of all ideals of an evolution K-algebra A and we still denote by 57
the set of all hereditary subsets of the directed graph associated to A fixing a natural basis.
In the below Proposition we give some properties that can be observed.

Proposition 3.4 Ler A be an evolution K-algebra with B = {e;}ica a natural basis. Then:

(1) IfH,H € /,then HNH', HUH' € .

(2) IfH,H € s, then Iyny = Iy NIy . If1,1' € .7, then Hinp = Hy N Hyp.
(3) Igyug = Iy +IH/.IfHﬂH/ =0, then Igug = Iy ® Iy

(4) 1 C IH, and H C H[H.

(5) Iy = A ifand only if H = E°.

(6) Iy, = A if and only ifA* C I

(7) Assume H € ¢, Hy,, = H if and only if H is a saturated set.

(8) If H = I N B, then H| is a saturated set.

(9) If H € A, then H = Iy N B.

Proof The items (1), (2), (3), (5), (6) and (9) can be easily checked. For item (4), consider
0 #x =) A € I where A; € K*. So, ¢;x = Aiel.z € I implies el.z € I. By definition,
e; € Hy and hence x € Iy,. Now, consider e; € H. So T'(ej) C H. Since e? =Y Aje
with ¢; € H we have that e? € Iy which implies that e; € Hj,. For item (7), we first

assume that H = Hj, and consider r(s_](ej)) C H withe; € EY and e; is not a sink.
Then e? = 3, .y kie; € H, ki € K which implies that ¢5 € Iy and ¢; € Hy, = H.
Now, we assume that H is saturated. We have to prove Hy,, C H. Consider ¢; € Hy,. This
implies that e? € Iy and e? = Ze,-eH kie;, ki € K. This means that r(s_l(ej)) C H so,
e; € H as we wanted. For item (8), let ¢ € B such that 0 # 2 (eisa regular vertex) and
r(s_l(e)) C Hj. We can write ¢ = Ze;EH1 Liej. As Hy = I N B, then ¢% € I. Therefore,
e € Hy. m}

Notice that the inclusions of item (4) Proposition 3.4 may be strict as the following example
shows:

Example 3.5 Consider A an evolution K-algebra with natural basis B = {ej, e2} such that
e% = e + e, e% = —e1 — ey and the ideal / = span({e; + e2}). We have that H; =
{e1,e2} = B,so Iy, = A. Hence, I C Iy,. Now, consider A" an evolution K-algebra with
natural basis B’ = {e{, €5} such that e’12 = e, 6’22 = ¢} and the hereditary set H = {e/}.

Then Iy = span({e}}) and Hy, = {e],es} D H.
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The converse of item (8) Proposition 3.4 is not true in general. Let us see the next example.

Example 3.6 Let A be an evolution K-algebra and B = {ey, ¢, €3} a natural basis with
e% = e% = e + ep and e% = e3. If we consider the ideal I = span({e; + e»}), then

Hj = {e1, ez} which is a hereditary and saturated set. But / N B =} # Hj.

Remark 3.7 Consider H a maximal hereditary subset of a natural basis B of an evolution
K-algebra A. One can observe that either {¢; € B : el-2 = 0} C H or at most there is one
sink ¢; such that H U {¢;} = B.

One can think that every maximal ideal comes from a maximal hereditary set, but it is not
true in general as we show in the following example.

Example 3.8 Consider A an evolution K-algebra with natural basis B = {ej, e2} such that
e% =e] + e, e% = e] + e3. B does not have maximal hereditary subsets except the empty
set but I = span({e; + e2}) is a maximal ideal.

We provide a first approach to maximal ideals of an evolution K-algebra in the following
proposition.

Proposition 3.9 Let A be an evolution K-algebra. Then:

(1) Let I be an ideal of A with A> C I. Then I is a maximal ideal of A if and only if I is a
subspace of codimension 1.

(2) If I is a maximal ideal of A with A> ¢ I, then [ = Iy, .

(3) If Iy is a maximal ideal, then H is a maximal element of 5€. A kind of converse is: if H
is maximal in J¢ and Iy is not contained in a subspace S with Alcs C A, then Iy is
maximal.

Proof For item (1), since I is a maximal ideal, there exists x € A such that x ¢ I. Note
that 7 4+ Kx is an ideal of A (we recall that if S is a vector subspace of an algebra A with
A% C § C A, then S is an ideal of A) and by maximality / + Kx = A. Hence A/I = Kux.
For the converse, suppose J an ideal of A with / C J. Then A2 CJandJ/I C A/l
Since dim(A/I) = 1 we have that A = J. For item (2), we have that I C Iy, by item
(4) of Proposition 3.4. Since Iy, # A by item (6) of Proposition 3.4, then by maximality
I = Ip,. For the first part of item (3) suppose H C H’', hence Iy C Ip. Since Iy is
maximal we have two cases: Iyyr = Iy or Iy = A. In the first case, for any e € H we have
e € Iy whence e € Iy and this implies e € H'. Thus H C H' and similarly H" C H.
So, H = H’. In the second case, by item (5) of Proposition 3.4, H' = E°. For proving the
other assertion, we take H to be maximal and such that Iy is not contained in any subspace
Swith A2 C S C A. Assume that Iy C J # A, then H C Hj, C Hj so: either Hy = H,
implying J C Iy, = Iy or Hy = E¥ implying A> C J by item (5) and (6) of Proposition
3.4. In the last case we get the contradiction ArcJ CAand g CJ. ]

The converse of the item (2) and the converse of the first part of item (3) of Proposition
3.9 is not true in general, that is, not all the maximal elements H € .7 produce maximal
ideals Iy as shows the following example.

Example 3.10 Let A be an evolution K-algebra with natural basis B = {ey, ez, e3, e4} such
that e% =e| + ez,e% = ey, e% =e1 +e3+ ey, eﬁ = e +e3 + e4. Then, H = {ey, ez} is
a maximal hereditary subset of B. However, Iy = Ke; @ Ke; is not a maximal ideal since
J = span({ey, e2, e3 + e4}) is an ideal with Iy C J and J # A. Observe that if we take the
ideal I = Iy then I = Iy,, moreover A2 ¢ Iy and [ is not a maximal ideal.
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Corollary 3.11 Let A be a perfect evolution K-algebra. Let I be a maximal ideal of A, then
there exists a maximal hereditary subset H such that I = Iy. Furthermore, H = Hy and I
is a basic ideal.

Proof 1t is straightforward of item (2) and (3) Proposition 3.9. O

Remark 3.12 From Proposition 3.9, one can see that the maximal ideals can be obtained
from the graph associated to an evolution algebra except for those maximal ideals, /, with
A% C I C A which must be investigated directly. Summarizing, we can say that the maximal
ideals of an evolution algebra exists in two flavours:

(1) Those subspaces of codimension 1 of A containing AZ.

(2) Those ideals Iy with H € 27 maximal, and such that there is no subspace S with
A2 C S C AsuchthatIy C S.
Moreover, observe that, for an evolution K-algebra A, one obtains that A? is contained
in a maximal ideal of A only when A is not perfect. In that case, A> C A. By Proposition
3.9 we have two possibilities: dim(A2) = 1 or dim(A2%) > 1. In the first case, A2 is the
desired maximal ideal. In the second case, there exist subspaces of A containing A% of
codimension 1. Any of these subspaces is a maximal ideal containing A2,

To illustrate how this works in a particular evolution algebra consider the following examples.
Concretely, in Example 3.13 we can see that the evolution algebra has ideals of both types
and Example 3.14 gives infinitely many maximal ideals containing AZ.

Example 3.13 Consider A an evolution K-algebra with B = {¢; : i € N*} a natural basis
and el.2 = ¢; + ¢;41 for all i € N* with the following associated graph.

y ) () (O)

(8 ., o, ., >

The only maximal hereditary subset is H = {¢; : i > 2}. So, we have the maximal ideal
Iy = ®;>2Ke; since A/Iy = Keéj. Moreover, by Proposition 3.9, there does not exist any
other maximal ideal except A? = span({e; + ej+1 : i > 1}). Indeed, if there exists another
maximal ideal J with J # A? necessarily A> ¢ J. By item (2) of Proposition 3.9 we get
that J = Iy,. Clearly H; = H and then J = Iy . Observe that A2 can not write as Iz’ with
H’ a maximal hereditary subset.

Example 3.14 Consider A an evolution K-algebra with natural basis B = {ey, e3,

e3, eq, €5, e} such that e% = ez,eg = ez,e§ = e4 + es,eﬁ = 0, eg = eg,eé = 0.
The ideals I1 = span({ea, e3, e4, €5, ec}) and I, = span({eq, 2, e4, €5, €5}) are maxi-
mal ideals that come from the maximal hereditary subsets H; = {e3, e3, es, €5, ¢} and
Hy = {ey, e, e4, e5, eg}, respectively, with A2 c I, I (A2 = span({ez, e4 + es, e6})).
Moreover, there are infinite maximal ideals I’ such that A2 C I’ C A, indeed, I’ =
span({ez, e4 + es, e, aey + Bes, yei + dez}) with det (§ §) # 0.

Proposition 3.15 Consider A an evolution K-algebra with natural basis B = {e;}icp. Let
1 < A be a maximal ideal. Then:

(1) If e € B\ I, then for any e; € B ecither e; € T (e) or ei2 € I. In other words, B =
T(e) U Hy.
(2) Ifdim(A/I) # 1, then for any e € B we have

lel = ecl,
that is to say, Hp = I N B.
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Proof For item (1), assume that ¢; ¢ T (e). Since e ¢ [ and I is a maximal ideal, then
I+ Ity = A. We can write ¢; = x +z withx € J and z = Zj Ajej where A; € K and
e;j € T(e). Therefore 61‘2 =e¢;jx € I,s0¢; € Hy.Foritem (2), we have I C I +Ke < A, then
either I + Ke = I or I + Ke = A. In the first case, e € I as we claimed. In the second one,
there are two possibilities:

(1) If I NKKe # 0, then againe € I.
(2) IfINKe = 0,then A/I = Ke as K-vector spaces. Hence dim(A/I) = 1, acontradiction.

So, H; C I N B, since we always have I N B C Hy, then Hy = I N B. O

In the Sect.5, we will see in Proposition 5.1 that / has the absorption property in the
previous settings.

The following example shows an infinite-dimensional evolution K-algebra without either
maximal ideals or maximal hereditary subsets in the set of vertices of its associated directed
graph.

Example 3.16 Consider A an evolution K-algebra with natural basis B = {e;: i € Z} and
eiz = e;41 for all i € Z. The associated graph is

E: e @ @ = @ >

This algebra is perfect. Any H, = {e; : i > n}is a hereditary subset and there is no maximal
hereditary subsets. Moreover, Iy, = ®;>,Ke; is an ideal so there is no maximal ideals in
this algebra.

In general, the existence of maximal ideals in arbitrary algebras is not guaranteed. How-
ever, observe that if a K-algebra A is finitely-generated, then a standard application of Zorn’s
Lemma implies that A has maximal ideals. For example:

Example 3.17 Consider A an evolution K-algebra with natural basis B = {e; : i € N*} and

ef =¢] + ep and el.2 = e;4+1 for alli > 2 with the following associated graph.

(7 ., LN e

A is generated by {e1, e} and the ideal generated by e; is maximal.

4 Finitely generated evolution algebras

We devote this section to study conditions implying the finitely-generated nature of an evo-
lution algebra.

Let A be an arbitrary dimensional evolution K-algebra (so possible infinite-dimensional).
Assume that A is finitely-generated as K-algebra. Take {g1, ..., g;} to be a finite system of
(algebra) generators of A. Fix a natural basis B = {e;}ica of A and consider it as the vertex
set of its associated directed graph.

Forany j = 1,...,q, there is no loss of generality if we write g; = Y ;_; A jrex with
Xjk € K* and a suitable n. Denote by H the hereditary closure of {ey, ..., e,} C B. Since
any ¢, € Hif I € {1,...,n}, we have ¢; € Iy whence g; € Iy for any j. We conclude
that any finite product (- - - (gj,&,) - - - )&j,, € Iy forany ji,..., j, € {1, ..., q}. Thus the

whole algebra A agrees with I;. Then, H = B = E° by item (5) of Proposition 3.4. So, we
have proved the following Lemma:
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Lemma 4.1 If A is an arbitrary dimensional evolution K-algebra but finitely-generated as
algebra, then the directed graph E associated to A satisfies that E° agrees with the hereditary
closure of a finite set.

In Example 3.17, the K-algebra A is infinite-dimensional but a system of generators is
{e1, e2}, besides we have that its hereditary closure is {e1, e2} = {e;}i>1 in agreement with
Lemma 4.1.

Observe that the condition proved in Lemma 4.1 is sufficient but not necessary as shown
in the next example.

Example 4.2 Consider an evolution K-algebra A with natural basis B = {e;}jen+ U {e;}ieN*

and el.z = ej41 + ¢ for all i € N* Notice that the set of vertices of the associ-
ated graph E is E® = {e;} but A is not finitely-generated. To see this, let us take
the subset {er,...,eu, €},...,e,_;} of B. This subset generates the elements S =
{er,...,en, e/l, R 6:171, ent1 + €, enya + e;H, ...} but ;41 can not be expressed as

linear combination of the elements in S.

E: e, o, e, e,

A maximal ideal here is I = span({e] : i € N*, ¢;; : j € N*}). In fact, it is unique.

Proposition 4.3 Consider A an arbitrary dimensional evolution K-algebra with natural basis
B and E its associated directed graph. Assume that E contains finitely many bifurcations. A
is finitely-generated as algebra if and only if E° =S for a finite subset S C E°.

Proof If A is finitely-generated, then there exists a finite set S C E° such that E0 = §
by Lemma 4.1. Conversely, assume that E contains only finitely many bifurcations and
connected components and E® = § for a finite set S. Let V C E° be the set of all bifurcations.
Then take S’ = SUV U {r(v): v € V}. We still have S’ = E? and §’ is finite. If u ¢ S’ and
f e E'withs(f) € §’and r(f) = u, then s(f) is not a bifurcation so s(f)2 = ku # 0 with
k € K*. Thus u is in the subalgebra generated by S’. Now, assume that for any u# ¢ S’ with
an arbitrary path A (without bifurcations) of length n > 1 such that s(A) € §" and r (1) = u,
we have that u is in the subalgebra generated by S’. Consider next an element u ¢ S’ and
a path u (without bifurcations) of length n + 1, whose source is in S" and r (i) = u. Then
writing u = A f with A of length n we have:

(1) If s(f) € S’ we have (because of the first induction step) that u is in the subalgebra
generated by S’

(2) Ifs(f) ¢ S, then s(f) is in the subalgebra generated by S’ by the induction hypothesis.
Furthermore, s(f) is not a bifurcation whence s(f)? = hu # 0 with h € K*. This
implies that u is in the subalgebra generated by '

The following examples concern Proposition 4.3.

Example 4.4 Consider A an evolution K-algebra with natural basis B = {eq, 2, e3}U {el’- }ien#
with e% =e) +e3, e% =0, e% =0, 31{2 = e forall i € N*. Let E be the associated directed
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graph to A. Observe that we only have just one bifurcation (at e;) but A is not finitely-
generated. Moreover, there does not exist a finite subset S C E 0 such that E9 = §.

We can consider the family of maximal ideals given by Iy = span({ej, ez, e3,¢€/:i €
N*}\{e;}) for all k € N*.

Example 4.5 Consider A an evolution K-algebra with natural basis B = {eg} U {e; };en+ such
that e(z) =0, ei2 = eg + ¢;+1 for all i € N*. Observe that its associated graph E, has infinite
bifurcations but A is finitely-generated by the subset {eq, e1}. Moreover, the set of vertices
of Eis E% ={ey}.

b *o \
o, o, o, o, >

Observe that I = span({eg, €;+1: i € N*}) is the unique maximal ideal of A.

5 Ideals having the absorption property and Galois connection

In this section, we first focus on studying when an algebra has ideals having the absorption
property. In addition, we characterizes the absorption property in terms of the graph. Then,
we prove that the set of all hereditary and saturated subsets and the set of all ideals having
the absorption property with certain maps form a Galois connection. For perfect evolution
algebras, we obtain that this connection is monotone.

5.1 Ideals having the absorption property
Now, we give some statements related to ideals that have the absorption property.

Proposition 5.1 Let A be a commutative K-algebra. If I is a maximal ideal of A such that
either dim(A/I) # 1 or A> ¢ I, then I has the absorption property. Consequently, if A is a
perfect commutative K-algebra and I is a maximal ideal, then I has the absorption property.

Proof Assume that xA C I.Since I C I + Kx, I + Kx is an ideal of A and [ is a maximal
ideal, we have two possibilities: / + Kx = A or I + Kx = I. Now, we suppose that
dim(A/I) # 1. Then, necessarily I = I + Kx because otherwise dim(A//) = 1. So,x € I.
Now, we assume that A2 ¢ 1. Therefore, I + Kx = A and this implies A2 CcI+Kx? 1,
a contradiction. Then / + Kx = I,sox € I. O
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Proposition 5.2 Let A be a non-degenerate evolution K-algebra and H a hereditary and
saturated set, then Iy has the absorption property.

Proof Let B = {e;}ica be a natural basis of A. Consider xA C Iy with 0 # x =
Ziesupp(x) Aie;j. Since 0 # xe; = )L,'ei2 € Iy = ®ecuKe for all i € supp(x) we have
that r(s—1(e;)) ¢ H with ei2 # 0. So, ¢; € H for all i € supp(x) because H is a saturated
set, implying thatx € Ip. O

The condition of non-degenerate can not be eliminated as we show in the next example.

Example 5.3 Consider A an evolution K-algebra with natural basis B = {e; }?:1 such that
e% = e% = e% = e3 and ei = 0. Observe that A is degenerate. The subset H = {eq, 2, €3}

is hereditary and saturated. If we take x = e| + e4, then Ke3 = xA C Iy butx ¢ Iy.

Proposition 5.4 Let A be an evolution K-algebra and H € 5. If Iy has the absorption
property, then H is a saturated set.

Proof Let B = {e;j}ica be a natural basis of A. Suppose that ¢ € B with e? #+ 0 and
r(s_l(e)) C H. Then we have that ¢2 = Zejeﬂ Ajej € Iy. Therefore eA C Iy and so
e € Iy because Iy has the absorption property. By item (9) of Proposition 3.4, we gete € H.

O

Observe that if A is a non-degenerate evolution K-algebra, then H is a hereditary and
saturated subset if and only if 7y has the absorption property.
The following theorem characterizes the ideals having the absorption property.

Theorem 5.5 Let A be an evolution K-algebra with natural basis B = {e;}ic . The following
assertions are equivalent:

(1) I has the absorption property.
(2) HH=1NB8B.
(3) I =1Ip,.

Proof Suppose that (1) holds true and take e € Hy. So ¢*> € I and eA C I. Since I has the
absorption property, e € I and e € I N B. Now, if e € I N B, then e? € I. Hence, ¢ € H;.
Now, assume that (2) is true. We know that I C Iy, by item (4) of Proposition 3.4. Let
x = Ze,-eH; Aie; € Ip,.Since Hy = I N B, then x € I. Next, suppose that [ = Iy,. We
consider 0 # x € A such that xA C I. We write x = } ;o o0y Ai€i- S0, xej = ret el
for all i € supp(x). Therefore e; € H; C Iy, = I for all i € supp(x) and this implies that
x el. ]

Proposition 5.2 and Theorem 5.5 give a way to find ideals having the absorption property
just looking for the hereditary and saturated sets of the associated graph in the case of non-
degenerate evolution algebras.

Corollary 5.6 Let A be an evolution K-algebra with natural basis B. If I is a maximal ideal
with A2 ¢ I, then I has the absorption property and Hy = I N B is a saturated set.

We see that if A% C I, the previous corollary is not true in the next example.

Example 5.7 Assume A is an evolution K-algebra with natural basis B = {e,-};‘: | such that
e% = e% = e% = ei = e3. Consider the maximal ideal / = @?ZlKei of codimension 1. If
we take x = ey4, then Kez = xA C I butx ¢ I, so I does not have the absorption property.
Moreover, since A2 = [ and I = Iy with H = {e], e, e3}, we have that H; = B #INB =

{e1, e, e3}.
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Theorem 5.8 Let A be a finite-dimensional perfect evolution K-algebra and I an ideal of A.
Then I = Iy, and I has the absorption property.

Proof First, we prove that dim(/) = |H;|. For this purpose, we consider B = {e;}7_, a
natural basis of A, H; = {e; : ei2 e I} and {vj}§=l a basis of /. Let us denote N := |H/|
and H; = {e,-};vzl. Since {eiz}fv=l C 1 is a linear independent set therefore N < dim(/) = s.
Suppose that N < s. This implies that there exists [ € {1, ..., s} with vy; = Z,ivzl Hkiex +
ZZ:N+1 per € I such that pj; # O for some j € {N + 1, ..., n}, otherwise, we would
have that the linearly independent set {v.,'}j.= | can be written as a linear combination of a
smaller linearly independent set {ek},i\'z1 which is impossible. But, vje; = ,ujle? el,a
contradiction because e¢; ¢ Hj. Then dim(I) = |Hj|. Since I C Iy, necessarily I = Ip;.
For the second statement we apply Theorem 5.5. O

Observe that all nonzero ideals of a finite-dimensional perfect evolution K-algebra have
the absorption property. Furthermore, they verify I = Iy, .

As a consequence of Theorem 5.8 we recover [3, Proposition 4.2], with a different
approach, concerning the ideals of a finite-dimensional perfect evolution K-algebra.

Corollary 5.9 Let A be a perfect evolution K-algebra of finite dimension. Every nonzero ideal
I of A is a basic ideal.

Proof Let B = {e; “_, be anatural basis of A. By Theorem 5.8, I = span(Hy) and H; C B
and this implies that 7 is a basic ideal by item (1) of Lemma 3.2. O

5.2 Galois connection

Recall that for two partially ordered sets (A, <) and (B, <) we can define a Galois connection
between these sets consisting of two functions: F: A — B and G: B — A, such that for
alla € Aand b € B, we have F(a) < b if and only if a < G(b). It is said that F is the left
adjoint and G is the right adjoint of the Galois connection. If these functions are monotone,
we have a monotone Galois connection.

Definition 5.10 Let A be an evolution K-algebra. We define the maps f : /# — .# and
h:# —  suchthat H — Iy and [ — Hj respectively.

Note that h and f are order preserving maps. Some results about these applications are the
following.

Proposition 5.11 The map f is inyective and strictly monotone in the sense that H C H'

implies Iy C Iy

Proof We proved the inyectivity in the proof of item (3) of Proposition 3.9. As a consequence,
the map H + [ is strictly monotone. O

Corollary 5.12 Let A be a finite-dimensional perfect evolution K-algebra with two ideals
I, J such that Hy = Hy, then I = J. In other words, Y is inyective.

Proof Tt is straightforward from Theorem 5.8. O

Notice that the map b is not necessarily inyective if the algebra is non perfect. To see this,
consider the evolution K-algebra with natural basis B = {e1, e>, e3} with e% =e1+e, e% =
e1 + e, e% = e1 + €3 + e3 and the ideals I = span({e] + e2}) and J = span({e1, e2}). We
have Hy = {e1,ep} = Hyand I # J.

Note that (##, C) and (£, C) are two partially ordered sets.
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Proposition 5.13 Let A be an evolution K-algebra and B = {e;}icp a natural basis. If all

the elements of % have the absorption property, then §, Yy is a monotone Galois connection
between (¢, C) and (£, C).

Proof We have to prove that Iy C I < H C Hj for any hereditary H and any ideal /.
Assume Iy C I ande € H. Then, e € Iy C I and e2el.So,ec H; as we wanted. Now,
consider H C Hy and x = Ze,-eH Aie;j € Ig. As H C Hyhence x € Iy, butsince [ has the
absorption property then Iy, = I by Theorem 5.5. Therefore x € I as we wanted to show. O

This brings us to define J#* C 7 to be the ordered subset of all hereditary and saturated
sets and .#* C .# the ordered subset of all ideals having the absorption property.

Theorem 5.14 Let A be a non-degenerate evolution K-algebra and B a natural basis. We
have that:

(1) The restrictions f: 7#* — F* and by: I* — H* are a monotone Galois connection.

(2) If H; € 2" foralli € T and Ujer H; € 5%, then Iy, .1, = ) icr 1h;-

(3) If {1;}ieq is a collection of ideals having the absorption property, then Hpn, o, =
Nieo Hy;.

(4) If A is finite-dimensional with A = AZ, then §,Y is a monotone Galois connection
between (¢, C) and (¥, C).

Proof First, notice that f and h are well defined by Proposition 5.2, Theorem 5.5 and item (8)
of Proposition 3.4. Now, applying Proposition 5.13 we get that they are a monotone Galois
connection. We deduce item (2) and (3) from [7, 7.31 Proposition]. Item (4) is straightforward
from Theorem 5.8 and Proposition 5.13. O

6 Evolution algebras with simple associated graph

In this section, we will investigate the evolution K-algebras with just one maximal ideal
concerning its associated graph. We start by studying perfect evolution algebras. In this case,
by Corollary 3.11, we know that all maximal ideals come from maximal hereditary subsets.
Proposition 5.11 assures us that a maximal ideal comes from a unique maximal hereditary
subset. So, we investigate the graphs associated to perfect evolution K-algebras with just one
maximal hereditary subset. Given a directed graph E and H € . we can define the quotient
graph E/H = (FO, F!, rp, sp)suchthat FO = EO\ H, F' := {f € E': s(f),r(f) ¢ H},
and sy = Sg|p1, rr = TE|p1.

Lemma 6.1 Consider a graph E and H € 5¢. Then
{H'\H | HCH' H' e} C Hn.

Proof We assume H' € 2#y, H C H’'. Consider u € H' \ H and A € Path(E/H) such
that s(A) = u and r(A) = w € E/H. Since u € H' and A € Path(E), then w € H'. Since
w e E/H,w ¢ H.This implies that w € H'\H and H'\H € #%H. a

Definition 6.2 We will say that a directed graph E is simple if it has no hereditary subsets
other than E° and 0.

Proposition 6.3 Let A be a finitely-generated (as algebra) perfect evolution K-algebra. Then
A is simple if and only if its associated directed graph E is simple.
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Proof 1If A is simple, then {0} is the unique maximal ideal of A. Applying Corollary 3.11, there
exists H = ¢) maximal hereditary subset such that {0} = Ij. This implies that 5# = {#}, E 0y,
so E is simple. Now, consider a proper ideal / of A. Since A is finitely-generated, there exists
a maximal ideal J such that I C J. Again, by Corollary 3.11, J can be written as J = Jg
with H a maximal hereditary set. Due to the fact that 52 = {, E°}, then necessarily H = #.
Therefore J = I = {0}. So, A is simple. O

Lemma 6.4 Let A be an evolution K-algebra and B a natural basis. Let H be a maximal
hereditary set. Then E | H is either an unique vertex or strongly connected.

Proof If E/H has more than one vertex, then we consider ¢;, e; € E/H. Therefore, by
maximality of H, E/H has only one connected component. So, there exists a path x such
that either s(u) = ¢; and r(11) = e; or s(u) = e; and r (1) = e;. We can suppose, without
loss of generality, that s(u) = ¢; and r(u) = e;. Since H U {T'(e;)} is a hereditary with
H C H U{T(ej)}, then by maximality of H necessarily H U {T (e;)} = E%soe¢; € T (ej).
Therefore E/H is strongly connected. O

Theorem 6.5 Let E be a directed graph and H € #%.

(1) H is maximal if and only if E/H is simple.

(2) Ifthe graph E is simple, then it is either an isolated vertex or a graph with no sources or
sinks. Furthermore, it is strongly connected. If EV is finite, then E is simple if and only
if there is a closed path visiting all the vertices of the graph.

(3) Let A be an evolution algebra with associated graph E. If H € g, then the evolution
algebra A/Iy has associated graph E | H relative to a certain natural basis.

Proof For item (1), suppose H is maximal, then E/H is either an unique vertex or strongly
connected by Lemma 6.4. So, E/H is simple. Now, suppose that £/H is simple. Then
Hen = {9, EO\ H}. If there exists H' € % such that H C H' by Lemma 6.1 H'\H €
JE 1. So, necessarily H\H = EO\H and we get that H' = EO, hence H is maximal.
For item (2), if we have an isolated vertex we are done. Assume we have more than one
vertex and take u € E? a source. Then there exists f € s~ (u) with T (r( f)) € A% and
T (r(f)) # E° which is a contradiction. So, there are no sources. Now, suppose that u € E°
is a sink. Consequently, {u} is a hereditary subset different from E° reaching a contradiction.
Now, let u, v € EY, since u € T() = EVand v € T(w) = EY there exists a path from
u to v and other one from v to u. If EV is finite, then it is straightforward to check that £
is simple if and only if there exists a closed path visiting all the vertices. For item (3), we
prove that the set of vertices of the associated graph to A/l is (E/H)? = E°\ H and the
set of edges of the associated graph to A/Iy is (E/H)' = {f € E': s(f),r(f) ¢ H).
Consider a basis of A, B = {e;}icp and B’ = {ej + In}jer a generator system of A/Iy
with' = {i € A: ¢; ¢ H}. Let us check that B’ is a natural basis of A/Iy. If we take
Ziel“ ki(ej + Iy) = 0+ Iy with k; € K, we obtain Zie[‘ kie; = Z./‘EA\F pje;j. Then
ki = pj =O0foralli € I"and j € A\I'.Itis clear that the set of vertices and the set of edges
of the associated graph to A/Iy is the same as that of E/H. O

Note that the reciprocal of the first statement of the item (2) is not true, it is enough to
consider a graph with only two cycles.

Remark 6.6 Observe that, by Proposition 6.3 and Theorem 6.5, if A is a finite-dimensional
perfect evolution K-algebra, then A is simple if and only if there is a closed path visiting all the
vertices of its associated graph which agrees with [5, Proposition 2.7]. Also, as an illustration
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of the third item in Theorem 6.5, consider the three-dimensional evolution algebra A with
natural basis {e, €2, e3} and multiplication e% =e| + ey + e3, e% = ¢p and e% = ey + e3.
This algebra is perfect and its graph E is drawn below. It is easy to realize that there is a
unique hereditary subset H # E°, . In fact, it is H = {e, e3}. This produces a unique
maximal ideal Iy = Key @ Kes. The quotient algebra A/Iy is isomorphic to the ground
field and E/H is the graph with a single vertex and a single loop, which corresponds to the

one-dimensional evolution algebra K.

() ()

E: o ——o, H ={e,e3}, E/H: o,

e

.gz

v

A =& Ke A/ly =K

Since algorithms for computing the hereditary subsets of a graph are known (see [2]), the
task of determining algorithmically the maximal ideals of a given finite-dimensional perfect
evolution algebra can be effectively implemented as well as the simplicity of this type of
algebras.
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