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Abstract

We construct examples of twice differentiable functions in R” with continuous Lapla-
cian and unbounded Hessian. The same construction is also applicable to higher order
differentiability.

1 Introduction

The standard Schauder theory states that if Au = f in B;(0) C R" and fis Holder continu-
ous (C%*, 0 < a < 1), then u is C>. However, it fails when a = 0, that is, if Au is just con-
tinuous, then u may not be C2, as shown by a standard example in R? (see [3]):

W, y) = @2 =) In(=In(2 +y%)  0<x>+y? <1,
P o (x,y) = (0,0).

This function has continuous Laplacian but is not C? because it is not twice differentiable at
the origin. (Another such example can be obtained by replacing x> — y* with xy.)

The main goal of this paper is to construct (a family of) functions that are twice differ-
entiable everywhere with continuous Laplacian and unbounded Hessian. These functions
have only gained twice differentiablity at the origin over the above example; nevertheless,
it appears that some effort is needed to achieve the gain.

Theorem 1.1 Given any C? function ¢ : (0, c0) — R satisfying

lim @(s) = 0, lim ¢'(s) =0, lim ¢"(s) =0,
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there is a function u : R" — R depending on ¢ with compact support, such that it is twice
differentiable everywhere in R", and it has continuous Laplacian and unbounded Hessian.
In particular, u is not in C*(R").

Obviously there are many choices of such functions ¢; for example, @(s) = s* with
0<a<l1,@(s)=In(s), orp(s) =Inln---Insif s > c.
As a consequence, the following is a simple application to the Dirichlet problem.

Corollary 1.2 There is a continuous function f such that the unique solution of the Dirichlet
problem

Au(r) =f(x)  in B,(0),
u(x) =0 on 0B,(0)

is twice differentiable in B, (0) and has unbounded Hessian.

For any positive integer k, the Schauder theory also asserts that if Au is C5%, then u is
CH2%_ Once again, it fails when « = 0, that is, if Au is just C¥, then u may not be C¥+2,
As a result of our construction we have an extension of Theorem 1.1.

Theorem 1.3 Given any C**? function ¢ : (0, c0) — R satisfying

lim @(s) = o0, lim ¢'(s) = --- = lim p**?(s) = 0,
§—00 §—00 §—00

there is a function u : R" — R depending on @ with compact support, such that u is (k + 2)
-times differentiable everywhere in R", Au is C*, but D*2y is unbounded. In particular, u
is not in C*2(R™).

Corollary 1.4 There is a C* function f such that the unique solution of the Dirichlet problem

Au(x) = f(x) in B(0),
u(x)=0 on dB,(0)

is (k 4 2)-times differentiable in B,(0), but D**?u is unbounded.

We would like to point out a dichotomy: although the Schauder theory fails when
a = 0 for each k, it is indeed true if k = oo, since Au € C* does imply u € C* by the
elliptic theory.

According to Theorem 1.1, it would be rather natural to ask if unbounded Hessian is
the only reason that hinders u from being C2. Thus we propose the following problem.

Problem: If a function u is twice differentiable everywhere, Au is continuous, and
the Hessian of u is locally bounded, then is u always C2?

We remark that the method of construction for Theorem 1.1 will not yield examples
of twice differentiable function with continuous Laplacian and bounded Hessian with-
out being C2. On the other hand, if the function is not required to be twice differentiable
everywhere, then there are simple examples of functions with continuous Laplacian and
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bounded Hessian, such as the following function ( [4]) that is not twice differentiable at
the origin.

(@ —y)sin(in(=In(2 +)%) 0 < +y? < 1,

Px,y) = { 0 (x,y) = (0,0).

We also observe that if Au is continuous, then the modulus of continuity of Du is of
o(LlogL). (If Au is just bounded, then the modulus of continuity of Du is only of
O(Llog L). [5]) Precisely, the following is true.

Proposition 1.5 Let u be a C' solution of Au = f, where fis a continuous function on B,(0)
in R". Then for any x,y € B1(0),
2

1
Du(x) — Du(y)| < Cd| sup |u| + su + @dr s
| Du(x) 03] p lu| + sup |f]

B, B, d T

whered = |x — y|, o(r) = sup |f(x) —f()|, and C is a constant depending only on n.

[x=yl<r

Here we notice that

d [, “ar
lim ———— =0,
a0 dind

1
. . . . . w(r
which can be easily proved by considering two cases: lim / —)dr< co or
— d r

1
Li_r}r(l) / @dr = oo. It is this o(Llog L) observation that motivated us to Theorems 1.1
and 15.13.

Theorems 1.1 and 1.3 will be proved in Sects. 3 and 4, respectively, after a thorough
study of a building block function in Sect. 2. One of the ideas in the construction has its
origin in [2] (and also [1]), where the inhomogeneous Cauchy-Riemann equation in the
complex plane was considered. Since the proof of Proposition 1.5 is almost identical to that
for Corollary 1 in [5], we include a detailed proof in the Appendix for the convenience of
the reader.

2 A building block function

In this section we will look at a function that will become a building block and provide
some crucial insights for the construction of examples for Theorem 1.1.
Recall that ¢ is a function satisfying

lim @(s) = 00, lim ¢'(s) =0, lim ¢"(s) =0. (1)
§—00 S—=00 §—00
Thus for x=(x,....x,) € R", \li|m0 @(—1n|x|?) = 0. Nevertheless, the product of

@(—1n |x|?) with positive powers of Ixl is well controlled, as shown by the following two
simple lemmas that will be repeatedly used later in the construction.
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Lemma 2.1 For any f > 0 and @ satisfying (1),

li Po(—1n|x|?) = 0.
lim [ @(—In|x[*) =0

1 2
Proof Letting s = ﬁ, IliImO Ix/?e(—1In|x|*) = lim i r;s ) is of = type. By the L'Hopital’s
Rule,
In s? 2¢'(In s?
lim 285 _ i, 260D _
s—00 Ky S—00 ﬁsﬁ
as long as f# > 0. a

Lemma 2.2 For any 0 < f < 1 and ¢ satisfying (1), there is a constant C,, depending only
on @, such that

sup ﬂlxlﬂ‘(p(—ln |x|2)| <C,.

I <2
0<p<1

Proof By Lemma 2.1, we know

li Po(—1n|x|?) = 0.
Lim, flx @(—In|x[*) =0

When |x| = %,

gt =2 o(n(2))| o (2)]

which is a constant independent of .
It remains to show that the local maximum of ﬂ|x|ﬂ|q)(— In |x|2)| is also bounded by a

constant depending only on ¢. Denote s = ﬁ then s > 1, and
BlxlPo(=1n|x|?)
is equivalent to

1 2
A(S)=ﬁ<p(:ﬁS).

‘We will find the local extremum of A(s). Because

20'(1 2\ _ 1 2
Xs)=p q’(“szﬂf(”(“),

a critical point s, must satisfy
2¢'(Ins3) = fo(Inssy).

At this point the local extremum of A is
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pns?) 3@/ (ns)  2¢/(Ins2)

Asy) = B = ,
V=T 3 3
and so
2¢'(In s?)
Myl = | ——=| <2 (p’(lnsg)|.
S
0

From (1) we know that |¢’(In s§)| is bounded by a constant depending only on ¢. Thus the
local maximum of |A(s)| = f |x|ﬂ|(p(—ln |x|2)f’is also bounded by a constant depending

only on @. This completes the proof. a

It is worth noting that Lemma 2.2 would not be true without the coefficient of f§ in
the function. For example, let {x,} be a sequence of points in R” with |x;| = e, and let
By = 5 then|x,| - O and f;, — Oas k — oo, but

Ixel@(=1nx|?) = e 'p(24") > .

This difference will be crucial to our construction of functions with continuous Laplacian
and unbounded Hessian.
For any |x| < %, define a function v(x) by

- 2 1
Vo) = { qrelonbd) O<ksz )
X

This function will be a building block for our construction, it generalizes the function w at
the beginning of Sect. 1 from R? to R”. It satisfies almost all the conditions in Theorem 1.1,
except one that it is not twice differentiable at the origin.

Lemma 2.3 The function v defined by (2) has continuous Laplacian and unbounded Hes-
sian, but it is not twice differentiable at 0.

Proof By definition, v(x) is C? for all x # 0, and its derivatives are the following. (In the
case n > 3, we use i and j to denote indices that are greater than or equal to 3.)
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S0 =ne(-niP) - lelf ¢/ (~Inlxf?).
3_;,-00 = ‘27;;?" ¢'(=Inlxl?),
Zix?m — S (- nap) + 4ff|fzw’<—ln ) + 4;3? ¢ (=InlxP).
Z_xg(X) = ‘6|);1|)z62 ¢ (~Inlx?) + %(p’(—ln Ixl?) + %"’"(—ln Ixl?).
Z%(x) — -2 (- af) + 417?’2 @' (= In ) + 4?;136’2 @' (=Inlx?),
+ I)j):%(pl(_ln |x|2) + 4[5{? <p”(—1n |x|2),
ajjavxi ) = _|2;|1in @ (-In|x) + 4x|;)|?xi ¢ (=1In|x*) + 47;)2% " (=In|xl?),

We observe that each term in these derivatives is of the form p(x)(p(— In |x|2),
p()@' (—1n|x|?), or p(x)e” (= In |x|?), where p(x) is homogeneous in x. For first deriva-
tives, the degree of homogeneity is 1, and for second derivatives, the degree of homogene-
ity is 0. Because of this, by Lemma 2.1 and the choice of ¢,

lim ﬂ(x) = lim ﬂ(x) = lim ﬂ()c) =0,

IxI=0 dx; Ix|=0 0x, xI=0 Ox;
. 0% . 0% . 0%
lim —(x) = lim —(x) = lim —(x
[x]=0 ()x%( ) [x]=0 0x§( ) [x]=0 axiz( )
2 2 2
= 1im 2V () = 1im 2V () = 1im 2 () = 0.
IxI=0 0xx; [X1=0 0x,X; k=0 dx;x;

Thus all the first and second derivatives of v approach 0 as |x| — 0, except for

%
0x,0x,

2(xf + xg)

|x|>

@ =¢(-In|x]*) - ¢ (= 1In|xf?)

2.2 2.2
X% 1%2

4x
+ (p/(—ln |x|2) + p (p"(—ln |x|2).

|x[*
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9%y

As |x| = 0, its first term goes to oo and all the other terms go to 0, thus (0 is

x| 0x,
unbounded near the origin, which causes the Hessian of v to be unbounded.
On the other hand, because each diagonal entry of the Hessian has a removable discon-

tinuity at the origin,

2 2 LY

A = 2+ L+ Y L
0x; 2 i=3 0X;

(2n + 8)xx,
e

-0 as |x| - 0.

4
@ (—In|x|?) + |);1|)2€2 ((p’(—ln IxI*) + ¢” (= 1In |x|2)>

Lastly, we check the differentiablity of v at 0. It is differentiable because by Lemma 2.1,

lv(x) —v(0)| |x1xz<ﬂ(—ln |x|2)|

T o < |x||(p(—ln |x|2)| S0 as x| = 0.

Therefore, all first derivatizves of v equal O at the origin, and v is C' throughout R”. Comput-
ing the partial derivative %(0) by definition, we have

1

Jv Jv

P (0. 0) = (O 0)
—(0) = lim = lim =0.
0x%

h—0 h -0 h

Similarly, we also have

0% 0%
—(0)=:-==—(0)=0.
2 ral

Therefore, Av(0) = 0. Consequently, Av is continuous at 0. However, v is not twice differ-
entiable at 0. To see that, we check the differentiability of ;TV at 0:
1

5p(=In|x) - %(p'(—ln 1)

v v
= of

|x] |x]|

Letx; =x; =+ =x, =0, then|x,| = |x| and

20-20]_faonin?)

|x| x|

= |(p(—ln |x2|2)| — o0 asx, >0,

hence ;TV is not differentiable at 0. Similarly, ;7’ is not differentiable at O either.
1 2

Interestingly,

P 9 20,3,
w050 [ ()|

! 2
o o 52’(/} (=In|x| )| -0 asx—0,

thus % for all i > 3 are differentiable at 0.
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460 Y.Pan,Y.Yan

Therefore, v fails to be twice differentiable at 0 because ;TV and ;TV are not differentiable
1 2

at 0. This completes the proof of Lemma 2.3. O

3 Construction for Theorem 1.1

In this section, we will first “smooth out" v into a function that is C? at the origin, then
we will combine a sequence of such functions through scaling and translation to create
a desired function that is twice differentiable everywhere with continuous Laplacian and
unbounded Hessian, thus proving Theorem 1.1.

Definition 3.1 Let# : [0, 00) — [0, 1] be a fixed, non-increasing C* function such that

nis)=1 for 05s§% and #(s) =0 for sZ%. 3)

Forany 0 < ¢ < %, define a functionu, : R" —» R (n > 2) by

0 x=0,
u,(x) = 3 n(IxDx x5, x| o(=In [x|?)  0<|x| <1, )
0 x| > 1.

It follows immediately from Lemma 2.1 and (3) that u, is continuous everywhere. Actu-
ally, it can be shown that u, € C2(R™), but we will not verify it here because it is not to be
used in our construction.

What will be essential to our czonstruction is the fact that all the first derivatives of u, and
second derivatives of the form % are uniformly bounded by constants independent of z.

2
However, that is not the case for %, as will be shown later in this section.
1 2

Lemma 3.2 There is a constant C, , depending only on n and ¢, such that

xseuug @] < Cy e Q)
—aut( ) <C fi =1
S or j=1,...,n.
x;lg‘ 0xj Vs .9 J " (6)
0214,( )W <C fi =1 7
su x)| < or j=1,...,n.
xeﬂg’ x> e J @)

J
Proof By the definition of u,,
ou,

6xj

ou,

6xj

(x) (x)

sup |u,(x)| = sup |u,(x)|, sup
xeR™ lxl<2 xeR?

= sup
lx<3

)

and
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02
sup —(x) = sup

xER" 0xj i<t | 9%;

so we assume |x]| < <. Furthermore, since 0 < ¢ < —, when - < |« < 2, we know |u,(x)],

—(x)‘ and ’ ~(x)| are all bounded by a constant dependlng on#xand @ and independent of

. Therefore it remains to show that when |x| < ; a“’ (x) and "' (x) are all

bounded by a constant independent of 7.

First, when |x|<2:, we have |u,(x)|<|x|*p(—In|x|?). Then since
|lilm0 |x|2q)(—ln |x|2) =0 by Lemma 2.1, we know sup |u,(x)| is bounded by a constant
X|— 1

[xl<5
independent of ¢. Thus (5) is true.
Since #(|x|) = 1for |x| < %, the derivatives of u, when 0 < |x| < % are the following.

2 () = xy (= In |x]?) + 2x P o= 1n |x)
X

ox (®)
— 22,22 (— In Jx]?).
du 2 2 20 126-2 2
a—(X) X1 1x1% (= In [x]%) + 22,25 x| (= 1n |x])
X2 &)
= 22, |2/ (= In [x]*).
In the case n > 3, for any i > 3,
u
0_);()6) =20x,2,%; |72 (= In |x]?) = 2x,20,x; x| 72 0" (= In |x|?). (10

The first and second terms in (8) are bounded by

|x|21+1

p(=In|xP).
Because |x| < %, we have |x|**! < |x], so
2! o= In 1x12)| < 1l | (= In x|

By Lemma 2.1, |x|@(—In|x|?) has a removable discontinuity at 0, therefore on the set
[x] < % it is bounded by a constant depending only on ¢. Thus the first and second terms in
(8) are bounded by a constant depending only on ¢. The last term in (8),

|*2¢' (= In|x|?),

2x%x2|x
is bounded by
20x**! o' (= In |x[?)-

It is further bounded by

@ Springer



462 Y.Pan,Y.Yan

20xl|¢' (= In |x|)

since |x| < % Because of (1), we know |x|@’(— In |x|?) has a removable discontinuity at 0,
therefore on the set |x| < = it is bounded by a constant depending only on @. Thus the last
term in (8) is also bounded by a constant depending only on ¢. Therefore, ? is bounded by

X1
a constant depending on ¢ only. In the same way, we can prove that % and %(i > 3) are
2 i

also bounded by a constant depending on ¢ only. This proves (6).
Lastly, we prove (7). When 0 < |x| < %,

0%u
gzt(x) = 66,2, x| ¥ 2 (= In |x|?) + 2621 — 2)x x5, |x|* (= In |x]*)
1

— 22,2, |x[* ¢! (= In |x|*) — 4ix)x, x|~ (= In |x]?) (11)
— 6x,X, |x| ¥ 2@ (= In |x]?) — 2(21 — 2)x?x2 |x]* ¢ (= In |x|?)

+ 4x?x2|x|2’_4(p"(— In [x]?).

0%u
;zt(x) = 6161, | x| ¥ (= In |x|?) + 2021 — 2)x,.x5 |x|* " p(— In |x]*)
2
= 2x,3, x| 2@/ (— In |x|?) — 4x, 5 x| ' (— In |x]*) (12)
— 6,1, x| 2@/ (— In [x]*) — 2(21 — 2)x 3 [x|* ' (= In [x]?)

+ 4x1x§|x|2’_4(p”(— In |x]?).

In the case n > 3, for any i > 3,

0%u
a—;m =201, x| 2o (= In [x[?) + 26(21 — 2)x,00%7 [x[*~* (= In |x[*)
K (13)
+ 4 - 8t)x1x2xl.2|x|2t_4(p'(— In |x|?) - 2x1x2xi2|x|2’_3(p'(— In [x]?)
— 26,2 2@ (= In [x]?) + 4oy 7 X7 (= In x| ).

To prove (7) we need to estimate each term of (11), (12), and (13).
We start with (11). Note that since |x| < % the 3rd through 6th terms are bounded by

C|x|2t

¢/(=Inx]").
which is further bounded by
Cle' (= n1x)|.

By (1), ¢'(—1In|x|?) has a removable discontinuity at 0, therefore on the set |x| < Litis
bounded by a constant depending only on ¢. Similarly the 7th term is also bounded by a
constant depending only on ¢.

The first term,

61x,%, x| * 2 (= In |x|?),

and the second term,
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2021 — 2)x3x, x4 op(— In |x]?),
are bounded by

Ct|x|*

(= In |x).
By Lemma 2.2,

21| x|

p(=Inlx)| < C,,

where C,, depends only on @. Hence the first and second terms are bounded by a con-
stant depending on ¢. Therefore, we have proved that all the terms in (11) are uniformly
bounded by a constant independent of ¢.

All the terms in (12) and (13) can be estimated in the same way, so this completes the
proof of (7). O

Now we are ready to construct the main function, u, by “piecing together" a sequence of
functions u, as follows.
Choose two decreasing sequences of numbers R, — 0 and r;, — 0, such that

R, > 1y,

and for geometric reasons that will be explained later we also require

Ry =1 > Ry y + 1y (14)
for example, we may choose R, = 107 and r, = 10~¢+D),
nt (L L 1 )ip e
We use ¢, :0 denote the point ( ARV A \f2> in R" and choose a sequence {z,} such
that 0 < 1 < 7 and klim 1, = 0. Define the function u(x) by
_ -~ 5 x =R,
ulx) = ;Zf €T Uy, <—rk >, (15)

where the only conditions on ¢, for now are €, > 0 and klim €, =0, we do not need to
—00

assign specific values to €, until near the end of this section.
Condition (14) ensures that the balls centered at the points R,{, with radii r, are mutu-
ally disjoint.
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»
>

Xy

For each k € N, let B, be the ball centered at the point R, ¢, with radius %rk, then these B,
are also mutually disjoint. By (3) and (4), the support of each function U, ()i"g‘]) is the ball
Tk
{xeR": |x=R| < %rk }, which is B,. Therefore, although the definition of u(x) appears
to be an infinite sum, it actually is only a single term. For any given x € R”, if x is not in any
of the B, then

u(x) =0,

otherwise
x—R.¢
u) = e 2u, ( ——*2)  for some k.
IS8 7 r
k

As k — oo, the radius of B, goes down to 0 and its center moves toward the origin, but
none of the balls B, contains the origin. In fact, for any j =1, ...,n, the x;-th coordinate
hyperplane does not intersect any of the ball B,. To see this, let

(xy, ... ,xj_l,O,xjH, csXy)
be an arbitrary point on the x-th coordinate hyperplane. The distance from this point to the

center of the ball, R.{, = (—‘ &> is

V2 V)
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2

Ry Tk
> —>—>=r,
\/5 V2 3

since —= = 0.71 and = ~ 0.67. Thus u = 0 on all of the n coordinate hyperplanes, and con-

sequently u(0) = 0. By (5) u, is uniformly bounded by a constant independent of #;, hence
by definition IhImO u(x) = 0. Therefore u is continuous at the origin, and thus continuous

everywhere in R".

Lemma 3.3 The function u(x) as defined in (15) is twice differentiable everywhere in R",
and all its first and second order partial derivatives at the origin are equal to 0.

Proof By definition u(x) is C? for all x # 0, so we only need to show it is twice differenti-
able at the origin. Because # = 0 on all the coordinate hyperplanes, for any i,j =1, ..., n,

a—M(O) =0 and
ox

J

Thus

M()C) - M(O) - 27 1 ox, (O) zan 1 ox, 0x( )xx u(x)
lim =l

im —
Ix[—0 [x|2 Ix-0 |x|?

Recall that the balls B, are mutually disjoint, so for any given x € R", either
u(x)=0
or

x =R,

> for some k.
Ty

2
u(x) = e ru, <

By (5) we have |u,k| < C, , which only depends on 1 and @. Thus

2
ulx €. C. €.C,. €.C,.
|()|S kKo e 0 as k — oo
|x|2 2 )2 R 22 212
w3 (03)
k—37k o 3 3
Hence we know that

u

u(x) — u(0) — Z:l 1o =< (0)x; — = 21,1—1 e (0)x;x;

lim = Os
[x|-0 |x]?
which means u is twice differentiable at the origin. This completes the proof. O

Lastly, we will show that u has continuous Laplacian but unbounded Hessian.
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Lemma 3.4 The function u(x) as defined in (15) has continuous Laplacian everywhere in

R", and the partial derivative 3 :;‘ is unbounded near the origin.

X10X)

Proof Because u = 0 on all the coordinate hyperplanes,

02
6—2‘(0) =0.
For any given x € R”, either
o%u
— @) =0,
2
ox;
or
2 o%u -R
a—Z(x) =¢ Ztk <x—kCO> for some k.
ox; ox; "

By (7) in Lemma 3.2,

€ <C,, >0 ask— oo

02utk (x _ Rk§0>

2
ax}. T

. 0%u . u, .. . L )
Thus lim —(x) = 0, which implies that —(x) is continuous at 0. Since it is also continu-
=0 axj? axj?
2

.. . . noo0°u. .
ous for all x # 0, it is continuous everywhere. This proves that Au = E -1 32 is continu-
=l ox:
J

ous everywhere in R".

Next we will show is unbounded near the origin. For general ¢,
0x,0x,
’u,

0x,0x,

@ = 1" (XD x> 2 o(=In [x?) + 7' (1) (o + 3 ) 16> (= In [x]*)

+ (@ = D' (x| (= In [x]?) = 4o’ (1xDae x5 x> (= In [ x]%)
+ (Dl (= [x]?) + 2em(|x]) (x] +x3) 161> (= In |x])
= 2n(I1xD) (a7 +23) IX* 7' (= In [x]) + 2021 = 2)n(|xD)xp e~ o= In [x]?)

+ (4 = 80n(IxDxixg x|’ (= In |x]?) + dn(|xDxxg x| " (= In |x]?).
(16)
For each k, choose x¥ € R” such that

x® —R L
R <e w,o,...o).

Tk

Then x® is in the ball B, and

2 0%u ®) _ R *u L
IU (o) = g (X o) = 2 ((i0,0)). an
0x,0x, 0x,0x, T 0x,0x,
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1 1
Because ¢, < i, we know e % < el < %, so in a neighborhood of e *, n(|x|) =1 and

_L
7' (Jx]) = n”(|x]) = 0. Also note that x, = 0 at the point <e i, 0, ... 0>, then by (16) we

dzu,k L
4,0,...0
6xlax2(<e k >>
N 2 1\ 2 N 2 1\ 2
= <e_‘“k> go(—ln <e_4'k> >+2tk<e_4’k> qo(—ln <e_4fk> >
LN 24 N2
—2(6_“'k> (p'<—ln<e_"'k>>
(1 S\ _1\? N
=e 2¢ 2—tk +2f | e % ol —In(e * —2e 2¢ 2_lk s
where we purposefully did not simplify the second term. Thus (17) becomes
21, 2
0%u 1 1 - L\TH -1
ea ) =t (5 ) rac () q”(”“ () >
(18)
e g 1
«“ P\, )
The second term in (18) goes to 0 because
n 2t n 2
() o))

by Lemma 2.2. The third term in (18) goes to 0 because % — oo and lim ¢'(s) = 0.
k

§—00

have

€k

Now choose

The first term in (18) becomes

_l 1 _
€e 2@ Z_fk =e

ol

L - 00 ask— o
¢ 21, '

Therefore,
im (x(k) = 00.
k=00 0X0X,
This shows that Bxdkdux is not bounded near the origin, and the lemma is proved. a
1942
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4 Construction for Theorem 1.3

The idea for constructing higher order examples for Theorem 1.3 is the same as that for
Theorem 1.1, and we only need to replace x,x, by the real or imaginary part of (x; + ix,)**2,
where k € N. For example, if k = 1, then

(X, +ixy)® = (xi’ - 3x1x§) + i(3xfx2 - x;),

so we may use either x; — 3x,x3 or 3x1x, — x; in the construction. For general k,
k42
L NKH2 k+2\ jomiq: !
(x; +ixy) " = Z < I )x’l‘ (lxz) .
1=0

Evidently, the expressions for its real and imaginary parts are inconvenient to compute.
Thus to simplify the calculations we use complex variable for the first two components of
x: for any x = (x|, x,, %3, ...,x,) € R", denote

z=x+1ix, and Z=x; —ix,.

Then
" 2 2 2
2,2 = 2 _ = z 2 0 0 0
+ = ZzZ, = + sy d —+—=4—
rnTaE e = e 52 T2 T Maze
and consequently
dx| _ z dx| _ =z olx| _ % .
_= _ =, d _— = h Z 3 .
2z T o ap Mgy Ty Whenyz3)

7

Our strategy is to create a complex-valued function such that it is (k + 2)-times differenti-
able in R”, its Laplacian is C¥, but D**?y is unbounded. The real and imaginary parts of
u are two real-valued functions, and at least one of them would be a desired function that
satisfies all the conditions in Theorem 1.3. The proof is similar to that for Theorem 1.1, so
we will only present the key calculations and noticeable differences without repeating the
entire proof.

Recall that in the higher order case @(s) needs to be (k + 2)-times differentiable and
satisfy

lim @(s) = 00, lim ¢'(s) = -+ = lim p%*?(s) = 0. (19)
s—00 §—00 §—>00

The building block function in this case needs to be modified into

“2o(=1n |x ).

v(x) =7
The Laplacian of v is

n

0%y 0%y
Av=4——+ —
070z Z;, 6xj2

— 2n+ 47 x| 29 (- In |x[*) + 422 x| 2" (— In |x|?).
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k+2

It can be verified that Av is C*, the partial derivative is unbounded, and v is not

02k+2
(k + 2)-times differentiable. Because this fact is not to be used in our constructions, we will
not verify it here.

Asin Sect. 3, the next step is to smooth out the function v. Define u, : R" - R (n > 2)

by

0 x=0,
u,(x) =9 n(IXDZF2 x| p(=In |x[*)  0< |x| <1, (20)
0 x| > 1,

where 7 is the same as in (3) and ¢ satisfies (19). This u, is a complex-valued C**? function.
The following is a key fact that will be used later.

Lemma 4.1 For u, defined by (20), the k-th partial derivatives of Au, are all bounded by a
constant independent of t.

Proof As in the proof of Lemma 3.2, we only need to prove that when |x| < %, all k-th par-
tial derivatives of Au, are bounded by a constant independent of z. Since #n(|x|) = 1 when
[x] < %, the Laplacian of u, is

n

o*u 0*u
Au,=4——+ Yy —F,
' ozoz 123 ax]?

where

0%u
—L () = (k + 3 |x* o= In |x[*) + 1t = DZHzZ|x* (= In |x]?)

070
D n ) - i - DA ey @D
+ Zk+32|x|2r—4q01/(_ In |x|2)’
and for j=3,...,n,
Pu, k2202 2 k422 (20—4 2
P (x) =212 |x|"“ (= In |x|7) + 2¢(2t — 2)7 x; [x]“ " (= 1n |x|7)
J
(22)

+ (4 _ St)zk+2xj2|x|2t—4(p/(_ In |X|2) _ 2Zk+2 |x|2t—2(p/(_ In |X|2)
+ 4zk+2xf|x|2"4(p”(— In |x]?).
We will show that all the k-th partial derivatives of each term in (21) and (22) are bounded
by a constant independent of z. In the subsequent discussions in this section, we will use C

to denote a constant that depends on ¢, n, k and is independent of 7.
We start with (21). The first term of (21) is bounded by

(k + 322 x| (= In |x]?)| < Crlal

@(=1In IxI2)|. (23)

Its first derivatives may be taken with respect to z, Z, or x; (j = 3).
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e [f we take its derivative with respect to z, then
9 _
% ((k + 322 |x]*2p(—In [x]?))
= (k + 3)(k + 22 x)* 2 (= In |x|?) + (k + 3)iZ"2 (2t — 2)|x| 3

(i> (—In [x]?) + (k + 3)1+2 x| <(p’(_ In |x|2)__z> ,

2)x| |x|*
where the first term and the second term are bounded by

Ctlxlk—1+2t

(= In|x/?)|
and the third term is bounded by

Ctlxlk—l+2t

¢/ (= Inx)].
Therefore, this derivative is bounded by

Ctlxlk—l+2[

(= In x])| + Crla 2o (= In x|,
e If we take its derivative with respect to z, then

0 _
pr ((k + 3)Z*1x)* 2 p(—In |x|?)

= (k + 3)t**? <(2t - 2)|x|2t—3ﬁ>q)(— In |x|?)

+ (k + 32 |x]¥ 2 <q)’(— In |x|2)%>.

By similar argument we know that this derivative is also bounded by
Crll =4 o= In [x]?)| + Crlal*= | (= In1x/2)|.

e If we take its derivative with respect to x;, then

9
(3xj

= (k + 3)1Z"*? <(2t - 2)|x|2'3%>¢(— In |x]?)

((k+3)2 x| (= In|x|*))

—2x;
+ (k + 3) 2| <(p’(— In |x|2)—|x|2’ >

Again, this derivative is bounded by

Ct|x|kfl+2t

@(=In Jx%)| + Crla 1+

¢/ (= Inx)].

In conclusion, regardless of which variable we differentiate with, the first partial deriva-
tive of (k + 3)tz"*?|x]*2¢(—In |x|?) is bounded by
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Ct|x|k71+21

(= In [x)| + Crlxl 1+

¢/ (= Inx)].

Comparing the first term of this bound, Ct|x|*~1+*|¢(—In |x|?)], to the right hand side of
(23), we see that the power of Ixl decreased from k + 2t to k — 1 + 2¢. By the same type of

calculations, the k-th partial derivatives of (k + 3)1z°*?|x|*~2@(—In |x|?) will be bounded
by

k
Crlxl| (= In x| + Y Crlal |0 (= In )|
=1
Because
lim ¢'(s) = --- = lim **?(s) = 0,
S—00 §—00

ZLI Ct|x[**2|®(—In |x|*)| is bounded by a constant independent of . By Lemma 2.2,
Ct|x|2"(p(— In |x|2)| is also bounded by a constant independent of ¢. Therefore, the k-th

derivatives of the first term of (21) are bounded by a constant independent of 7.
All the other terms in (21) and (22) can be estimated in the same way. This completes
the proof of the lemma. O

Then we define u by

u(x) = 2 e, <x__RfC°>

=1 T

where R;, r;, {y, t;, and ¢, are the same as in Sect. 3; namely, R, and r, are decreasing
sequences and

11 1 . 1
Ri=1,> Ry + iy %=< >,lmQ:Q 6= —.

Vi) oy

Thus by the same argument as in Sect. 3 we know that this infinite sum actually only has a
single term for any given x value.

We first show that Au is C¥. Note that here the power of r, is k + 2 as opposed to 2 in
Sect. 3, so

< x— Ry
Au(x) = 2 elr;‘Au,1< r,l 0).

=1

By Lemma 4.1, the k-th derivatives of Au, are uniformly bounded by a constant independ-
ent of #,. Then since 1132 €; = 0, we conclude that the k-th derivatives of Au all approach 0
as |x| — 0. Recall that by construction # = 0 on all of the coordinate hyperplanes, so all
partial derivatives of u of any order is O at the origin. In particular, all the k-th derivatives
of Au at the origin is 0. Therefore, all the k-th derivatives of Au are continuous at the ori-
gin, and consequently Ay is C* throughout R™.
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Next, we show that some of the (k + 2)-th derivatives of u is unbounded. Precisely, we

k+2
will show that ?) k+’; is unbounded. We start with a close look at the first and second partial
Z

derivatives of u, with respect to z.
Note that the power of z in

u, = (XD [x* p(=In |x]*)
is k + 2. After one differentiation with respect to z, one of the terms in its derivative is
(k +2)n(IxDZ* x|* (= In [x]?),
which is the first term in the following formula for ‘;—Z’:

ou 1 _ _
a—zt(X) = (k + 2n(JxDZH |x[* (= In |x]?) + En'(IXI)ZMZIXIZ’ 'o(=1n |x]*)

|2t—2

(24)

+ (XD 2Ix PP o= n [x1?) = n(IxDZ 2|32/ (= In |x ).

After another differentiation with respect to z, there will be one term,
(k+ 1)k + 2)n(|xD2" [x[* o(=In |x]?).

where the power of z is k. That is the first term in the following formula for %

2

1
= (k + Dk + 2n(|x)" x| (= In |x]*) + Zn”(IXI)z"+2 Z1x*2p(—1In |x]?)

o 4t -1
+ (k+ 2’ (1D zlx > (= In [x]|?) + Tn’(l%l)z“2 Z1x* P p(—1n |x]?)

+ 2tk + 2n(IxDZHZ|x P2 (= In [x[?) + #(t — Dn(|xDZ 22 x> (= In |x]?)
— ' (IXDZ 2 x [P @' (— In |x]?) — 2(k + 2)n(|x[)ZHZ|x|* 2 (= In |x]?)

— 2t = Dn(IxDZH?22 x| ¢/ (— In |x1?) + n(|Ix)Z 2 x|~ 0" (— In |x]?),
(25)

ak+2u

.
0Zk+2 1S

After (k + 2)-times of differentiation with respect to z, one of the terms in

(k +2) (LD x> (= n |x]?).
2,
As will be shown later, this term is crucial to proving that —— 92 “ is unbounded.

For each /, as we did in Sect. 3, choose x’ € R” such that

xD —R _1
—lg) = <e 4‘1,0,...0>.
n

_L
As discussed in Sect. 3, in a neighborhood of (e 4'2,0,...,0>, n(Jx) =1 and

ou,

7' (|x]) = #”"(]x]) = 0. Therefore, when we evaluate 5. and P4 in a neighborhood of

022
s
<e_4‘1 ,0,... ,0), all the terms in (24) and (25) that have an #’ or 5’ factor will disappear.

For that reason in the discussion that follows, we will only consider the terms that have an
n factor.
Then (24) becomes
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(k+2)* [xP1op(= In |x]*) + 6,22 |x* 2 (= In |x]?) — 222|072 ¢ (= In |x]?).
Except the first term, the other terms in (24) are bounded by

k+1+2 2 142
4142 (= In )| + [+ 42

¢/ (=In|xP).
And (25) becomes

(k+ D)k + 2)2[x]*1 (= 1n |x]?) + 21,(k + 2)7"'Z]x|* 2 p(— In |x]?)
+1,(t, — D22 x| (= In(|x|?) — 2(k + 2)Z* ' z|x|*1 ¢/ (= In |x|?)

_ (ztl _ 1)Zk+222 |x|2t,—4(pl(_ In |X|2) + Zk+222|x|2t1—4(pﬂ(_ In |x|2).

Except the first term, all the other terms in (25) are bounded by

Crlxl*21| (= n |x2)| + Claf 21| (= In 1x1%)| + P2 " (= In x|
1 ak+2u[
By the same process, in a neighborhood of <e a0, ... 0), 3 k+2] is equal to
Z

(k+2)!x|*1p(= In [x]*)
plus some other terms that are bounded by
Crlx | (= In [x{?)| + Clxi|g/ (= In )| + - Cl | @D (= In )| (26)

By Lemma 2.2 and the fact that

lim ¢'(s) = - = lim p**?(s) = 0,

we know (26) is bounded by a constant independent of ¢,.

Now we look at

7

0 1
(x(l)) =¢ ((e_r’l,O,...,O)).
Z

1

If we evaluate (26) at the point (e_*l, o,..., 0> and multiply the value with ¢, the result

will goto O as e, — 0.

dk+2M
The first term of s (xDY is equal to
Z
i\ _1\? k+2)!
€Z(k+2)!<e w ) @l —Inle =kt )'elqo L .
Ve 21

Recall that
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k+2
hence €l(p<%> — o0 as [ = oo. Consequently, g k+Z () - oo as I — oo, which implies
1 Z
k+2
that % is unbounded near the origin. Since i = l i - ii , as a result we know
0zk+2 0z 2\0x;, Ox,

that some of the partial derivatives of u with respect to the x; and x, variables are
unbounded near the origin.

Finally, we need to show that u is (k 4+ 2)-times differentiable at the origin. Recall that
because # = 0 on all the coordinate hyperplanes, all partial derivatives of any order of u at
the origin is 0. Then
u(x) — Z|y|sk+2 w‘x}/ . u(x)

!
lim L = lim .
|x|=0 |x|k+2 |x|-0 |x|k+2

Note that x| > R, — %r,, and similar to (5) in Sect. 3 we can prove u, is uniformly bounded
by a constant C, , depending only on 7 and ¢, therefore

k+2 <X_R1C(l >
ery o lu, (| —=2
|u(x)] < AN < €Chp €Chp
|x|k+2 - 2 k+2 = R 5 k+2 2 k+2°
(%i=3n) (-5) (1-3)
It follows that |1}m0 | |(ka = 0, which implies u is (k + 2)-times differentiable at the origin.
x|—=0 |x

Thus we can conclude that as a complex-valued function, u is (k + 2)-times differenti-
able at 0, Au is C* throughout R, but D**?y is unbounded near 0. The real and imagi-
nary parts of u are two real-valued functions that are (k + 2)-times differentiable at 0, their
Laplacian are C* throughout R”, and at least one of them has some unbounded (k + 2)-th
partial derivatives. Therefore, we have found a function that satisfies all the conditions in
Theorem 1.3.

Appendix: Proof of Proposition 1.5

The proof of Proposition 1.5 is based on a method that was introduced in [5] and elabo-
rated in detail in [3]. Note that after a translation we can assume x or y is at the origin, so
we only need to prove that for |z] < 1—16, (here z is a point in R”, not a complex variable as
was used in the previous section), we have

1
|Du(z) — Du(0)| < Clz] <sup |u| + sup |f] +/ @dr). (27)
B, By Izl

For|z| > % the estimate is also true by a covering argument (see [3]).

First, we recall three elementary estimates (see [3]) that will be used frequently in this
proof.

If a function v satisfies Av = 0 in B,, then for any positive integer &,

k —k
1D VHLN(B%) S Crill s, (28)

where C only depends on 7 and k.
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If a function v satisfies Av = Ain B,, where A is a constant and r < 1, then
“DV“LN(B% < C(’”_] VIl gy + ”M|)~ (29)

If a function v satisfies Av = f in B,, where fis a given bounded function, then the scaled
maximum principle states that

”“”LW(B,) < ”””Lw(aB,_) + CrzllfIILm(B,)- (30)
Now we are ready to prove (27). Fork = 0, 1,2, ..., let u, be the solution to

{Auk: f(0) in B,

w,=u on 0By,

Then A(y;, —u) = f(0) — f in B« and u; — u = 0 on 0B,.. By the scaled maximum princi-
ple it follows that

Il — 14||Lw(32,k) SC(Z_Zk) (O] —f”Lw(Bz,k)
<C(27")w(27h),

3D

and therefore

Nty = wllpmp, oy SNty = ullpms, oy + g = vllp=s,,)
SC(Z_Z(k+I))C()(2_(k+])) + C(2_2k)(0(2_k) (32)
<C(27)w(27%).

Then since ., ; — u; is harmonic, by (28) we have

IDwyy = Dug |l s, ) <C(2")lugyy — Well 28,11
<C(27)w(27%). (33)
For any |z]| < %, choose k € N such that
274 < g <2753,
We will estimate | Du(z) — Du(0)| by
|Du(z) — Du(0)| < |Du(0) — D (0)| + | Du(z) — Duy(z)| + |Duy () — Dy (0)|.  (34)
We are going to estimate these three terms separately. First, we claim that

Jim Duy(0) = Du(0).

To see this, let @i(x) = u(0) + x - Du(0) be the linear approximation of u at 0. Then
Du(0) = Dii(0) and |ii(x) — u(x)| = o(|x|). Thus
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| Dut, (0) — Du(0))|
< ||Du; — Dﬁ”Lw(Bz,k,,)
( k)”uk 17||Lm(324) (by (28))
= €(2) (Il = llmos, o) + 2O ) (apply  (30) to Al = ) = £(0))
= C(2")llu = @ll o os,.,) + C(27°) 1F(O)]
< C(2) -0@H + (27 IF O

-0 as k- .

[oe]

Then we can write D, (0) — Du(0) = Z (Du;(0) — Duy,1(0)), and consequently
Jj=k

|Du, (0) — Du(0)|<Z|Du (0) — Du,,, 0)]

T
[I§

<C) (27)w7) (by(33))

™M

Il
=~

! (35)

M 8

<C ) (27)w@™

>¢~

Jj=
= C2 w2
< Clzlo7h).

Next, we estimate the term | Du(z) — Duy(2)|. Let v; be the solution of

Av f@ inBz—i(Z)7
v, =u on 0B,.(2).

By the same argument as before we can show
|Dv,(z) — Du(z)| < Clzlw(27).
Because A(u;, — v;) = £(0) — £(z) in By—«(0) N By—(z) and By (z) C By—c(0) N By—c(2),
|Dv,(z) — Duy(2)| < ||D(v;, — ”k)”Lw(Bz,k,z(z))
< c(2k+1 Ve = L s, o,y + 2710 —f(z)l) (by (29))
= C(2")Ivy = wylle(p, s ) + (275 0(27F),
Then

|Du(z) — Duy(2)| < |Duy(z) — Dvi(2)| + | Dvi(2) — Du(z)|
< C* )= wllima, ) + €277 @77 + Clzo7™)
< C<2k+1 ) lve — ”k”Lw(Bz,k,l(z)) + Clz|lw(27).
(36)
By (31) we know
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[l — ’4”Lw(32_k_l(z)) < lwy = ”||L°°(Bz_k(0)) < C(z_zk)w(z_k),
and similarly we can prove
Ve = ullps (8,0 0) < C(27*)w(27),
SO
[legy, — vk”L""(Bz_k_](z)) <llu, - u”Lm(Bz—k—l(Z)) + v — ””L“’(Bz-k-l(z))
<C(27)w(27%).
Using this in (36) we have

|Du(z) — Duy(2)| < C€(29") (27%)w(27%) + Clz]w(27*)

37
< Clzlw275). 37

Now we only need to estimate | Du;,(z) — Du,, (0)|. Let
hj =u;— Uy for j=1,...,k

h; is harmonic, so by (28)

2 2%
ID*Bill o5, @) < C(27) 1l (5, 0)-

Thus,
IDIy(2) - DO
—m S NP Ryl 18,45 0)
<Dyl s, .- )
< C(sz)||hj||Loo(Bz,_,-(0))
= C(2Y) ;= il (3,0
< C(2) ()o@ by (2)
< Co(2707),
Consequently,
k
1D1,(2) = Duy(O)] < 1Dy @) = Dy O] + Y, DIy (2) = Di(O)|
=
k
< 1Du;(2) = Duy (0)] + ', Clzlw@7*)
=2

k
< lzID? C 27+,
<l )+ ol ) @)

7 j=2
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Now we need to estimate ||D?u, ||Lm(3l).
7

Define a function

0 0
(0 =0 -D 2P +

Then ¢ is harmonic because A{ = Au; —f(0) =0, and { = u; = u on dB1(0).
2
Furthermore, D;¢ = Dyu; wheni # j, and D;§ = Dyu; — @.
Therefore,

||D2”1||Lw(3%) < ||D2§||L°°(B%) + [f(O)
< C”C“LN(B%) + [f (O
= C||C||Lm(03%) + [f (O
C”””L‘X’(OB%) + [f(0)]

< C”M”LM(BI) + [f(0)].

It follows that

k

1Di2) = Duy (O)| < Clelllull oz, + I FO)] + Clz] Y 027+, (38)
=2

Combining (34), (35), (37), and (38), we have

k

|Du(z) — Du(0)] <Clzl@™) + Clzlllull =, + |2/ O)] + Clz] Y w27+
j=2

k+1
=12l( Nullyws,) + FO)] + Y 07 ).
=
Finally, note that since w(r) is increasing with r increasing,

1
[0 [ 20,
12| r 1 r

*+3

1 1
= o) zﬁw(w 1o(4)
> dr + -+
o r L

2k+3 k2

=(n20( 5 )+<1n2)w(2k1+2)+"'+(1“2)“’(%)

Thus

k+1

Zw(2_’+l)<w<%>+ +a)<#) SC/IZI @dr.
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Therefore, we have proved that
" w(r)
[Du(z) — Du(0)| < |zl llull = (s,) + FO)] + Tdr ,
Izl

and this implies (27).
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