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Abstract
We characterise those Banach spaces X which satisfy that L(Y , X) is octahedral for every
non-zeroBanach spaceY . They are those satisfying that, for everyfinite dimensional subspace
Z , �∞ can be finitely-representable in a part of X kind of �1-orthogonal to Z . We also prove
that L(Y , X) is octahedral for every Y if, and only if, L(�np, X) is octahedral for every n ∈ N

and 1 < p < ∞. Finally, we find examples of Banach spaces satisfying the above conditions
like Lip0(M) spaces with octahedral norms or L1-preduals with the Daugavet property.

Keywords Spaces of operators · Universally octahedral · Finite representability

Mathematics Subject Classification 46B06 · 46B20 · 46B28

1 Introduction

According to [10, Remark II.5.2], the norm of a Banach space X is octahedral if, for every
finite dimensional subspace E of X and every ε > 0, there exists y ∈ SX such that

‖x + λy‖ ≥ (1 − ε)(‖x‖ + |λ|) for every x ∈ E and every λ ∈ R.

Octahedral norms were studied at the end of the eighties in succesive papers [10, 11]
because it turns out that such norms characterise the containment of �1. Indeed, in [10,
Theorem II.4] it is proved that a Banach space X contains an isomorphic copy of �1 if, and
only if, X can be equivalently renormed with an octahedral norm.

However, octahedral norms have receivedmuchmore attention in the recent years because
in [6, Theorem 2.1] it is proved that X is octahedral if, and only if, every convex combination

The research of Abraham Rueda Zoca was supported by MCIN/AEI/10.13039/501100011033: Grants
PID2021-122126NB-C31 and PID2021-122126NB-C32; and by Junta de Andalucía: Grants FQM-0185 and
PY20_00255.

B Abraham Rueda Zoca
abrahamrueda@ugr.es
https://arzenglish.wordpress.com

1 Departamento de Análisis Matemático, Facultad de Ciencias, Universidad de Granada, 18071 Granada,
Spain

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s13348-023-00394-9&domain=pdf
https://orcid.org/0000-0003-0718-1353


438 A. R. Zoca

of w∗-slices of BX∗ has diameter two. Since then, octahedral norms and variations of such
norms have been studied in many different contexts (see. e.g. [4, 8, 12, 18, 21]).

One of the areas where octahedrality has been intensively studied is in spaces of operators,
that is, it has been analysed when the space of bounded operators L(X , Y ) between two
Banach spaces X andY is octahedral. Themotivation for this interest comes from [1,Question
(b)], where the authors asked when the projective tensor product X̂⊗πY satisfies that all
the convex combination of slices of its unit ball have diameter two. Thanks to the duality
(X̂⊗πY )∗ = L(X , Y ∗) and the above mentioned [6, Theorem 2.1], the above question is
equivalent to determining when the norm of the space of operators is octahedral.

In [7, Theorem 3.5] it is proved that if Y ∗ and X are octahedral then H is octahedral for
any subspace H ⊆ L(Y , X) containing finite-rank operators F(Y , X). More examples of
octahedral spaces of operators were given in [14]. It was shown, however, that the above
is not the case if we remove octahedrality on Y ∗, and in fact octahedrality of L(Y , X) is
connected with finite-representability of Y in X . Indeed, in [17, Lemma 3.7] it is proved that
if some subspace H of L(Y , X) is octahedral and Y is uniformly convex then Y is finitely
representable in X .

The connection between finite-representability and octahedrality of spaces of operators
have shown to be much deeper. Indeed, a kind of converse is established in [19, Theorem
3.2] where it is proved that if X is a Banach space which is finitely representable in �1 and
with the metric approximation property, then L(X , Y ) is octahedral if Y is octahedral.

In this note we will focus on the following problem: which Banach spaces X satisfies
that L(Y , X) is octahedral for every Banach space Y ? We will refer to these spaces as
universally octahedral (see Definition 3.1). Observe that, in order to solve a problem about
octahedrality of spaces of vector-valued Lipschitz functions, it is proved in [19, Theorem 3.1]
that Lip0(M), the space of Lipschitz functions over M , is universally octahedral whenever
Lip0(M) is octahedral.

Anyway, in view of [17, Lemma 3.7] one should think that if X is universally octahedral
then it should be an octahedral space such that every uniformly convex Banach space is
finitely representable in it. This intuition is confirmed in Lemma 3.2, where we observe
that a necessary condition for universal octahedrality is that, roughly speaking, given any
finite dimensional subspace Z of X and any ε > 0, then any finite dimensional uniformly
convex Banach space can be (1+ ε)-embedded in the space of “ε-orthogonal vectors to Z”.
In a further step, making use of approximations in Banach-Mazur distance, we obtain in
Theorem 3.4 that we can replace in the above statement uniformly convex Banach spaces
with �n∞ for every n. More precisely, we prove that if X is universally octahedral then, given
any finite dimensional subspace Z of X , any n ∈ N and any ε > 0, we can find a norm-one
operator � : �n∞ −→ X such that

‖z + �(y)‖ ≥ (1 − ε)(‖z‖ + ‖y‖)
holds for every z ∈ Z and every y ∈ �∞.

The converse,makinguse of thefinite-representability of everyBanach space in c0 together
with the celebrated characterisation of L1-preduals due to J. Lindenstrauss [20, Theorem6.1],
is proved in Theorem 3.6. As a consequence we obtain, in Theorem 3.7, that a Banach space
X is universally octahedral if, and only if, L(�np, X) is octahedral for every 1 ≤ p ≤ ∞ and
every n ∈ N, which is in turn equivalent to the condition that, given any finite dimensional
subspace Z of X , any n ∈ N and any ε > 0, we can find a norm-one operator � : �n∞ −→ X
such that

‖z + �(y)‖ ≥ (1 − ε)(‖z‖ + ‖y‖)
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Banach spaces which always produce octahedral… 439

holds for every z ∈ Z and every y ∈ �n∞.
Observe that the above condition is strictly stronger than the mere finite-representability

of �∞ in X . Indeed, in Example 3.8 we construct an example of a octahedral Banach space
which contains an isomorphic copy of �∞ but failing the universal octahedrality. This shows
that, in order to obtain universal octahedrality, the requierement that the copies of �n∞ can be
found in the orthogonal part of any finite dimensional subspace can not be relaxed.

Another relevant example is given in Example 3.9, where it is shown that a universally
octahedral space does not have to contain c0 isomorphically.

In Sect. 4 we aim to find new examples of Banach spaces X which are universally octa-
hedral. We begin by observing that a sufficient condition for universal octahedrality of a X
is the following: for every finite dimensional subspace Z of X and every ε > 0, there exists
a subspace Y of X which is isometrically isomorphic to c0 and such that

‖z + y‖ ≥ (1 − ε)(‖z‖ + ‖y‖)

holds for every z ∈ Z and every y ∈ Y (we define this property in Definition 4.1 as c0-
octahedral). The reason to introduce this definition is double. The first one is to recover
the technique followed in [19, Theorem 3.1], where it is proved that Lip0(M) is universally
octahedral when it is octahedral, but whose proof is based on [19, Lemma 3.3], where it
is preciselly proved that Lip0(M) is c0-octahedral. On the other hand, in spite of the fact
that Example 3.9 shows that universal octahedrality does not imply c0-octahedrality, there
is a strong connection through ultrapower spaces. In fact, in Proposition 4.4 it is proved that
X is universally octahedral if, and only if, XU is c0-octahedral for every free ultrafilter U
over N. We end the paper with Theorem 4.6, where we prove that every L1-predual which is
octahedral is indeed universally octahedral, using recent tools developed in [22].

2 Notation and preliminary results

We will consider real Banach spaces. Given a Banach space X , we will denote the closed
unit ball and the unit sphere of X by BX and SX respectively. We will also denote by X∗ the
topological dual of X . Given two Banach spaces X and Y denote by L(X , Y ) (respectively
F(X , Y )) the space of linear bounded operators (respectively the finite-rank operators) from
X to Y .

According to [2, Definition 11.1.1], given two Banach spaces X and Y , we say that X is
finitely representable in Y if, given any finite dimensional subspace E of X and any ε > 0,
there exist a subspace F of Y and a linear continuous bijection T : E −→ F such that
‖T ‖‖T−1‖ ≤ 1 + ε. This notion encodes the idea that Y contains all the finite dimensional
structure of X . Observe that every Banach space is finitely-representable in c0 [2, Example
11.1.2]. Moreover, as a consequence of the Principle of Local Reflexivity (c.f. e.g. [9, Lemma
9.15]), for every Banach space X it follows that X∗∗ is finitely representable in X . We refer
the interested reader to [2, Chapter 11] and references therein for background about finite
representability of Banach spaces.

Let us include here, for easy reference, the following lemma, which is extracted from [2,
Lemma 11.1.11].

Lemma 2.1 Let E be a finite dimensional Banach space and let {x j : 1 ≤ j ≤ N } ⊆ SX be
an ε-net of SE . Let T : E −→ X be a linear mapping such that (1−ε) ≤ ‖T (x j )‖ ≤ (1+ε)
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holds for every 1 ≤ j ≤ N. Then, for every e ∈ E, we have
(

1 − 3ε

1 − ε

)

‖e‖ ≤ ‖T (e)‖ ≤
(

1 + ε

1 − ε

)

‖e‖.

Given a sequence of Banach spaces {Xn : n ∈ N} we denote

�∞(N, Xn) :=
{

f : N −→
∏

n∈N
Xn : f (n) ∈ Xn ∀n and sup

n∈N
‖ f (n)‖ < ∞

}

.

Given a non-principal ultrafilter U over N, consider c0,U (N, Xn) := { f ∈ �∞(N, Xn) :
limU ‖ f (n)‖ = 0}. The ultrapower of {Xn : n ∈ N} with respect to U is the Banach space

(Xn)U := �∞(N, Xn)/c0,U (N, Xn).

Wewill naturally identify a bounded function f : N −→ ∏

n∈N
Xn with the element ( f (n))n∈N.

In this way, we denote by (xn)U or simply by (xn), if no confusion is possible, the coset in
(Xn)U given by (xn)n∈N + c0,U (N, (Xn)).

From the definition of the quotient norm, it is not difficult to prove that ‖(xn)U‖ =
limU ‖xn‖ holds for every (xn) ∈ (Xn)U .

When Xn = X holds for every n ∈ N, the definition of the norm on XU yields a canonical
inclusion j : X −→ XU given by the equation

j(x) := (x)U .

This inclusion is an into linear isometry, so X can be isometrically embedded in XU . More-
over, XU is finitely representable in X [2, Proposition 11.1.12].

Given a Banach space X we say that X is an L1-predual if X∗ = L1(μ) isometrically for
some measure μ. Let us include here for easy reference in the text the following result.

Theorem 2.2 [20, Theorem 6.1] Let X be a Banach space. The following assertions are
equivalent:

(1) X is an L1-predual.
(2) Every compact operator T : Y −→ X has, for every ε > 0 and every Banach space Z

containing Y , an extension T̂ : Z −→ X such that ‖T̂ ‖ ≤ (1 + ε)‖T ‖.
Strongly related to L1(μ)-spaces are the L-summands. A projection P : X −→ X on a

Banach space X is said to be an L-projection if ‖x‖ = ‖Px‖ + ‖x − Px‖ for every x ∈ X .
The range of an L-projection is called an L-summand. We refer the reader to [15] for a vast
background about L-summands.

3 Characterisation of universally octahedral spaces

Let us start with the main definition of the paper.

Definition 3.1 Let X be a Banach space. We will say that X is universally octahedral if
L(Y , X) is octahedral for every non-zero Banach space Y .

The aim of this section is to provide a characterisation of universally octahedral Banach
spaces. In order to do so, let us start with the following preliminary lemma, which is a
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strengthening of [17, Lemma 3.7]. Recall that a Banach space X is said to be uniformly
convex if, for every ε > 0, there exists δ(ε) > 0 such that

x, y ∈ BX

‖x + y‖ > 2 − δ(ε)

}

⇒ ‖x − y‖ < ε.

Examples of uniformly convex Banach spaces are L p(μ) for 1 < p < ∞ thanks to Clarkson
inequality (see [9, Chapter 9] for background about uniform convexity).

Lemma 3.2 Let X be a Banach space and Y be a finite dimensional uniformly convex Banach
space. Assume that L(Y , X) is octahedral. Then, for every ε > 0 and for every finite dimen-
sional subspace Z of X, there exists an element T ∈ BL(Y ,X) such that

‖z + T (y)‖ ≥ (1 − ε)2(‖z‖ + ‖y‖)
holds for every y ∈ Y and every z ∈ Z.

Observe that themapping T is a (1+ε)-isometry (just take z = 0) and that X is octahedral.

Proof Since Y is uniformly convex there exists a mapping δ : R
+ −→ R

+ such that
limε→0 δ(ε) = 0 and with the property that, given η > 0, if x, y ∈ BY satisfy ‖x + y‖ >

2 − δ(η) then ‖x − y‖ < η.
Take ε > 0 and η > 0 small enough such that δ(η) + 4η < ε. Pick a finite dimensional

subspace Z of X . Take {y1, . . . , yn} a η-net of SY and take {z1, . . . , z p} a η-net of SZ . For
every i ∈ {1, . . . , n} take fi ∈ SY ∗ such that fi (yi ) = 1.

Define Ti j := fi ⊗ z j ∈ L(Y , X) by Ti j (x) := fi (x)z j , and note that Ti j is a norm-one
element. By the assumption that L(Y , X) is octahedral we can find an operator T ∈ SL(Y ,X)

such that

‖Ti j + T ‖ > 2 − δ(η)

holds for every 1 ≤ i ≤ n and 1 ≤ j ≤ p.
Fix 1 ≤ i ≤ n and 1 ≤ j ≤ p. By the definition of the operator norm we can find

yi j ∈ SY such that 2 − δ(η) < ‖Ti j (yi j ) + T (yi j )‖. By the Hahn-Banach theorem we can
find x∗

i j ∈ SX∗ such that

2 − δ(η) < x∗
i j ( fi (yi j )z j + T (yi j )).

Up to a change of sign we can assume with no loss of generality that fi (yi j ) ≥ 0. Since all
the elements in the above inequality are norm-one elements we get that fi (yi j ) > 1 − δ(η).
Moreover, since fi (yi ) = 1 we get that ‖yi + yi j‖ > 2 − δ(η), and the uniform convexity
implies that ‖yi − yi j‖ < η. This implies that

2 − δ(η) < x∗
i j ( fi (yi j )z j + T (yi j )) ≤ x∗

i j ( fi (yi )z j + T (yi )) + 2‖yi − yi j‖
≤ ‖z j + T (yi )‖ + 2η.

Since {y1, . . . , yn} is a η-net in SY and {z1, . . . , z p} is a η-net in SZ we conclude that

‖z + T (y)‖ > 2 − δ(η) − 4η > 2 − ε

holds for every z ∈ SZ and every y ∈ SY .
Let us conclude from here the desired result. To this end, take arbitrary z ∈ SZ and y ∈ SY ,

and take t1, t2 ∈ [0, 1] such that t1 + t2 = 1. Let us estimate ‖t1z + t2T (y)‖. Assume with
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no loss of generality that t1 ≥ t2 (the other case runs similar). Then

‖t1z + t2T (y)‖ = ‖t1(z + T (y)) + (t2 − t1)T (y)‖ ≥ t1‖z + T (y)‖ − |t2 − t1|‖T (y)‖
≥ t1(2 − ε) + t2 − t1 = t1 + t2 − t1ε ≥ 1 − ε.

Observe that this proves in particular that ‖T (y)‖ ≥ 1 − ε holds for every y ∈ SY and, in
consequence, ‖T (y)‖ ≥ (1 − ε)‖y‖ for every y = 0.

Now, given z ∈ Z \ {0} and y ∈ Y \ {0}, we get that
‖z + T (y)‖

‖z‖ + ‖T (y)‖ =
∥

∥

∥

∥

‖z‖
‖z‖ + ‖T (y)‖

z

‖z‖ + ‖T (y)‖
‖z‖ + ‖T (y)‖

T (y)

‖T (y)‖
∥

∥

∥

∥

> 1 − ε,

from where ‖z + T (y)‖ > (1 − ε)(‖z‖ + ‖T (y)‖) > (1 − ε)(‖z‖ + (1 − ε)‖y‖)) >

(1 − ε)2(‖z‖ + ‖y‖), and the lemma is proved. ��
Remark 3.3 Observe that, from the last part of the above proof, the following holds true:
Given two Banach spaces X and Y with Y finite dimensional, the following assertions are
equivalent:

(1) For every finite dimensional subspace Z of X and every ε > 0 we can find a norm-one
operator T : Y −→ X such that

‖z + T (y)‖ ≥ (1 − ε)(‖z‖ + ‖y‖)
holds for every y ∈ Y and every z ∈ Z .

(2) For every finite subsets {z1, . . . , zn} ⊆ SX and {y1, . . . , ym} ⊆ SY and every ε > 0 there
exists a norm-one operator T : Y −→ X such that

‖zi + T (y j )‖ > 2 − ε

holds for every 1 ≤ i ≤ n and 1 ≤ j ≤ m.

We will use this remark throughout the text.

Now we are ready to prove the following necessary condition for a Banach space being
universally octahedral.

Theorem 3.4 Let X be a universally octahedral Banach space. Then, for every ε > 0, for
every finite dimensional subspace Z of X and for every n ∈ N, there exists an operator
T : �n∞ −→ X such that ‖T ‖ ≤ 1 and such that

‖z + T (y)‖ ≥ (1 − ε)(‖z‖ + ‖y‖)
holds for every y ∈ �n∞ and every z ∈ Z.

Proof Observe that, given x ∈ R
n , we have that ‖x‖∞ ≤ ‖x‖p ≤ n

1
p ‖x‖∞, so �n∞ is, for

every ε > 0, (1 + ε)-isometric to a uniformly convex Banach space.
The proof is simple from now. Take ε > 0 and n ∈ N, and take p ∈ N such that a suitable

scalling of the formal identity φ : �n∞ −→ �np satisfies
√
1 − ε‖x‖ ≤ ‖φ(x)‖ ≤ ‖x‖ ∀x ∈ X .

Now set Z ⊆ X be a finite dimensional subspace.ApplyingLemma3.2we can find a bounded
operator T : �np −→ X with ‖T ‖ ≤ 1 and such that

‖z + T (y)‖ ≥ √
1 − ε(‖z‖ + ‖y‖)

holds for every z ∈ Z and every y ∈ Y . Now T ◦ φ is the desired operator. ��
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Remark 3.5 A couple of remarks are pertinent.

(1) In the above proof we have only used that L(�np, X) is octahedral for every n ∈ N and
every 1 < p < ∞.

(2) Observe that this in particular implies that c0 is finitely representable in X [2, Lemma
11.1.6], which implies that every Banach space is finitely representable in X . In particular
�∞ is finitely representable in X , which implies that X has a trivial cotype [2, Theorem
11.1.14].

Now it is time to prove that the converse holds true.

Theorem 3.6 Let X be a Banach space. Assume that, for every ε > 0, for every finite
dimensional subspace Z of X and for every n ∈ N, there exists an operator T : �n∞ −→ X
such that ‖T ‖ ≤ 1 and such that

‖z + T (y)‖ ≥ (1 − ε)(‖z‖ + ‖y‖)
holds for every y ∈ �n∞ and every z ∈ Z.

Then, for every Banach space Y and for every subspace H of L(Y , X) containing the
finite rank operators, the norm of H is octahedral.

Proof Let Y be a non-zero Banach space and H ⊆ L(Y , X) as in the hypothesis. In order
to prove that H is octahedral pick T1, . . . , Tn ∈ SH and ε > 0, and let us find an element

 ∈ SH such that ‖Ti + 
‖ > 2 − ε holds for every 1 ≤ i ≤ n. This is enough by [13,
Proposition 2.1]. In order to do so find, for every i ∈ {1, . . . , n}, an element yi ∈ SY such
that ‖Ti (yi )‖ > 1 − ε. Set Z := span{T (yi ) : 1 ≤ i ≤ n}.

Set also V := span{y1, . . . , yn} ⊆ Y . Since every Banach space is finitely representable
in c0 we can find an operator φ : V −→ c0 with ‖φ(yi )‖ > 1 − ε for every i and such that
‖φ‖ < 1. This operator can be extended by Theorem 2.2 to an operator Q : Y −→ c0 which
satisfies that ‖Q(yi )‖ > 1− ε for every i and still ‖Q‖ < 1. By the definition of the c0 norm
we can find n large enough such that, if we define P : c0 −→ �n∞ the natural projection, we
get ‖P(Q(yi ))‖ > 1 − ε for every i .

Now, by the hypothesis, we can find an operator T : �n∞ −→ X such that ‖T ‖ ≤ 1 and
such that

‖z + T (y)‖ ≥ (1 − ε)(‖z‖ + ‖y‖)
holds for every y ∈ �n∞ and every z ∈ Z .

Now the desired operator is
 := T ◦ P ◦Q : Y −→ X , which belongs to F(Y , X) ⊆ H .
Observe that ‖
‖ ≤ 1. Moreover, given 1 ≤ i ≤ n, we get

‖Ti + 
‖ ≥ ‖Ti (yi ) + T (Q(P(yi )))‖ ≥ (1 − ε)(‖Ti (yi )‖ + ‖Q(P(yi ))‖)
≥ (1 − ε)(1 − ε + 1 − ε) = 2(1 − ε)2.

Since ε was arbitrary we conclude the result. ��
As a consequence we get the following result.

Theorem 3.7 Let X be a Banach space. The following are equivalent:

(1) For every Banach space Y and every H ⊆ L(Y , X) containing the finite-rank operators,
the space H is octahedral.

(2) X is universally octahedral.
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444 A. R. Zoca

(3) For every finite dimensional Banach space Y , the space L(Y , X) is octahedral.
(4) For every finite dimensional uniformly convex Banach space Y , the space L(Y , X) is

octahedral.
(5) For every 1 < p < ∞ and every n ∈ N the space L(�np, X) is octahedral.
(6) For every ε > 0, for every finite dimensional subspace Z of X and for every n ∈ N, there

exists an element T : �n∞ −→ X with ‖T ‖ ≤ 1 and such that

‖z + T (y)‖ ≥ (1 − ε)(‖z‖ + ‖y‖)
holds for every y ∈ �n∞ and every z ∈ Z.

Proof (1)⇒(2)⇒(3)⇒(4)⇒(5) are immediate, and (5)⇒(6) follows by Remark 3.5. Finally,
(6)⇒(1) is Theorem 3.6. ��

Observe that condition (6) requires not only that �∞ is finitely representable in X , but also
that �∞ must be finitely representable in a part of X which kind of �1-orthogonal to Z for
any finite-dimensional subspace Z of X . This fact will become more clear in the following
example.

Example 3.8 Let X := �∞ ⊕1 �1. X is octahedral [13, Proposition 3.10] and clearly contains
�∞ isometrically. However, we claim that X is not universally octahedral.

Indeed, assumeby contradiction that X is universally octahedral. Let Z := span{(e1, 0)} ⊆
X = �∞⊕1�1. Fix n ∈ N and ε > 0.By the above characterisationwe can findφ : �n∞ −→ X
with ‖φ‖ ≤ 1 and such that

‖(e1, 0) ± φ(y)‖ > (1 − ε)(1 + ‖y‖)
holds for every y ∈ �n∞.

Take Q : X = �∞⊕1�1 −→ �1 the natural projection. Let us prove that Q◦φ : �n∞ −→ �1
satisfies that

(1 − 2ε)‖y‖ ≤ ‖Q(φ(y))‖ ≤ ‖y‖,
from where the arbitrariness of n and ε will imply that �∞ is finitely-representable in �1,
which is a contradiction because �1 has cotype 2 and the finite representability of �∞ in a
Banach space Z implies that Z fails to have cotype q for every q < ∞ [2, Theorem 11.1.14].

So take x ∈ S�n∞ , call φ(x) := (a, b) ∈ �∞ ⊕1 �1 and notice that ‖a‖∞ +‖b‖1 ≤ 1. Note
that

2(1 − ε) < ‖(e1, 0) ± φ(x)‖ = ‖(e1 ± a)‖∞ + ‖b‖1.
It is direct computation that either ‖e1 + a‖∞ ≤ 1 or ‖e1 − a‖∞ ≤ 1. Assume without loss
of generality that ‖e1 + a‖∞ ≤ 1. Now

2(1 − ε) ≤ ‖e1 + a‖∞ + ‖b‖1 ≤ 1 + ‖b‖1,
which implies ‖b‖1 ≥ 1 − 2ε.

This implies that ‖Q(φ(x))‖ ≥ 1 − 2ε. The arbitrariness of x ∈ S�n∞ forces that
‖Q(φ(x))‖ ≥ 1 − 2ε holds for every x ∈ S�n∞ , and a homogeneity argument yields that, for
every x ∈ �n∞, we get

(1 − 2ε)‖x‖ ≤ ‖Q(φ(x))‖ ≤ ‖Q‖‖φ‖‖x‖ ≤ ‖x‖,
as desired.
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Another exotic example is the following.

Example 3.9 Let X := (⊕∞
i=1�

i∞)1. It is immediate by the main characterisation that X is
universally octahedral. Indeed, given n ∈ N, ε > 0 and {z1, . . . , zk} ⊆ SX , it is enough by
Remark 3.3 to find an operator T : �n∞ −→ X with

‖zi + T (y)‖ > (1 − ε)(1 + ‖y‖)
for every 1 ≤ i ≤ k and every y ∈ S�n∞ . Up to a density argument we can assume that
zi ∈ (⊕∞

i=1�
i∞) have finite support (say contained in ⊕p

i=1�
i∞). Take q > max{p, n}. Now

take the canonical inclusion operator φ : �n∞ ↪→ �
q∞. Take the canonical inclusion operator

j : �
q∞ ↪→ ⊕∞

i=1�
i∞ by j(x)(q) = x if i = q and 0 otherwise. Now T = j ◦ φ : �n∞ −→ X

satisfies the desired requirement. In fact, given any y ∈ �n∞ observe that, since the support
of zi and T (y) are disjoint by construction, we obtain that

‖zi + T (y)‖ = ‖zi‖ + ‖T (y)‖ = 1 + ‖y‖
since T is an isometry. This proves that X is universally octahedral.

However X does not contain c0 isomorphically. Indeed, X = (c0(N, �n1))
∗ is a dual

space, so if X contained c0 then it would indeed contain �∞ by [9, Theorem 6.39], which is
impossible since X is clearly separable.

Let us end with an observation concerning the existence of L-orthogonal elements.

Remark 3.10 Let X be a Banach space. Following the notation of [21], we say that an element
u ∈ X∗∗ is an L-orthogonal element if it satisfies

‖x + u‖ = ‖x‖ + ‖u‖
holds for every x ∈ X .

The existence of non-zero L-orthogonal elements is strongly connected with octahedral
norms. It is a consequence of the Principle of Local Reflexivity (and explicitly mentioned
in [11, Lemma 9.1]) that if X has a non-zero L-orthogonal element then the norm of X is
octahedral. Moreover, the converse is true if X is separable [11, Lemma 9.1]. The question
whether octahedrality implies the existence of non-zero L-orthogonals has remained open
until the recent work [21], where many examples of octahedral spaces without any non-zero
L-orthogonal element is exhibited.

A natural question at this point is whether or not there exists a Banach space X satisfying
that, for every non-zero Banach space Y and for every H ⊆ L(Y , X) containing F(Y , X),
the space H has non-zero L-orthogonal elements.

The answer is no. Indeed, given any Banach space X , taking Y = �2(I ) and H to be
the space of compact operators from Y to X (denoted by K (Y , X)), if H has a non-zero L-
orthogonal element, then Y is isometrically isomorphic to a subspace of X∗∗ by [21, Lemma
3.1], so it remains to take I big enough so that there is no injective mapping φ : I −→ X∗∗
to conclude that K (�2(I ), X) does not have any non-zero L-orthogonal element.

4 Examples

In this section we will analyse examples of universally octahedral Banach spaces. Observe
that the condition in Theorem 3.6 is very difficult to check in a particular example. So, in
order to provide examples where universal octahedrality holds, we give a criterion which
implies it. In order to save notation, let us make the following definition.
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Definition 4.1 Let X be a Banach space. We say that X is c0-octahedral if, for every
x1, . . . , xn ∈ SX and every ε > 0, there exists a subspace Y ⊆ X such that

(1) ‖xi + y‖ > (1 − ε)(1 + ‖y‖) holds for every y ∈ Y and;
(2) Y is isometric to c0.

Remark 4.2 It is quite easy to prove (up to applying Remark 3.3) that c0-octahedrality implies
universal octahedrality. Moreover, a homogeneity argument similar to that of the end of
Lemma 3.2 allows to show that a Banach space X is c0-octahedral if, and only if, for every
finite dimensional subspace Z ⊆ X and every ε > 0, there exists a subspace Y ⊆ X such
that

(1) ‖z + y‖ > (1 − ε)(‖z‖ + ‖y‖) holds for every y ∈ Y and z ∈ Z and;
(2) Y is isometric to c0.

Example 4.3 By [19, Proposition 3.3] we have that if Lip0(M) is octahedral (observe that
Lip0(M) is octahedral if, and only if, the predualF(M) has the strong diameter two property
[6, Corollary 2.2], which is in turn equivalent to the fact that M is length [3, Theorem 1.5],
which is the assumption of the above mentioned [19, Proposition 3.3]) then Lip0(M) is
c0-octahedral (and consequently universally octahedral).

In general, there are Banach spaces which are universally octahedral but not c0-octahedral,
and one example is given in Example 3.9. Consequently, if X is universally octahedral it does
not imply that X is c0-octahedral. However, we can guarantee that all its ultrapowers are c0-
octahedral.

Proposition 4.4 Let X be a Banach space and let U be a free ultrafilter over N. Then X is
universally octahedral if, and only if, XU is c0-octahedral.

Proof Let us start assuming that X is universally octahedral and let us prove that XU is
c0-octahedral. To prove c0-octahedrality, pick (z1n), . . . , (z

p
n ) ∈ SXU . We can assume, up to

changing of representative, that ‖zin‖ = 1 holds for every 1 ≤ i ≤ p and n ∈ N. Since X is
universally octahedral then, for every n ∈ N we can find an operator Tn : �n∞ −→ X with
‖Tn‖ ≤ 1 such that

‖zin + Tn(x)‖ ≥
(

1 − 1

n

)

(1 + ‖x‖)

holds for every x ∈ �n∞. Now define T : (�n∞)U −→ XU by the equation

T ((xn)) := (Tn(xn)) ∀(xn) ∈ (�n∞)U .

It is clear that ‖T ‖ ≤ 1. Moreover, given 1 ≤ i ≤ p and (xn) ∈ (�n∞)U , we get

‖(zin) + T ((xn))‖U = lim
U

‖zin + Tn(xn)‖ ≥ lim
U

(

1 − 1

n

)

(1 + ‖xn‖)
= 1 + lim

U
‖xn‖ = 1 + ‖(xn)‖U ,

from where ‖(zin)+ T ((xn))‖U = 1+‖(xn)‖U . In particular, T is an isometry so, in order to
finish the proof, it remains to show that (�n∞)U contains an isometric copy of c0. Take k ∈ N

and define (xkn ) ∈ (�n∞)U by

xkn :=
{

ek if n ≥ k,
0 otherwise.
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It is not difficult to prove that, givenλ1, . . . , λk ∈ R, for n ≥ kweobtain that ‖ ∑k
i=1 λi x in‖ =

max
1≤i≤k

|λi |, so
∥

∥

∥

∥

∥

k
∑

i=1

λi (x
i
n)

∥

∥

∥

∥

∥

U
= lim

U

∥

∥

∥

∥

∥

k
∑

i=1

λi x
i
n

∥

∥

∥

∥

∥

= max
1≤i≤k

|λi |,

which proves that (xkn ) is isometric to the c0-basis. It remains to take Y := span{T (xkn ) : k ∈
N} to get the desired subspace.

For the converse, let z1, . . . , zq ∈ SX , ε > 0 and n ∈ N, and let us find T : �n∞ −→ X
with ‖T ‖ ≤ 1 + ε and such that

‖zi + T (y)‖ ≥ (1 − ε)(1 + ‖y‖)
holds for every 1 ≤ i ≤ q . Call j : X −→ XU the natural embedding by j(x) := (x)U .
Take ν ∈ R

+ small enough such that (1+ ν)(1− 3ν)−1 < 1+ ε and such that ν(1+ ε) < ε.
Since XU is c0-octahedral we can find Y ⊆ XU such that Y is isometric to c0 and such that

‖ j(zi ) + xk‖U >
(

1 − ν

2

)

(1 + ‖(xk)‖U ) =
(

1 − ν

2

)

(1 + lim
U

‖xk‖)

holds for every (xn) ∈ Y . Since Y is isometric to c0 there exists an isometry φ : �n∞ −→ Y .
Take F ⊆ B�n∞ a ν-net and observe that

lim
U

‖zi + φ(z)(k)‖ ≥
(

1 − ν

2

)

(1 + ‖z‖)

holds for every z ∈ F . Since F is finite we can find A ∈ U such that

(1 − ν)(1 + ‖z‖) ≤ ‖zi + φ(z)(k)‖ ≤ (1 + ν)(1 + ‖z‖)
and

(1 − ν)‖z‖ ≤ ‖φ(z)(k)‖ ≤ (1 + ν)‖z‖
holds for every z ∈ F and every k ∈ A.

Now select any k ∈ A and define a linear operator T : �n∞ −→ X by T (x) := φ(x)(k)
for every x ∈ �n∞.

Observe, on the one hand, that given z ∈ F , we get

(1 − ν)‖z‖ ≤ ‖T (z)‖ ≤ (1 + ν)‖z‖
and, since F is a ν-net of B�n∞ and (1+ ν)(1− 3ν)−1 < 1+ ε, we get from Lemma 2.1 that

(1 − ε)‖z‖ ≤ ‖T (z)‖ ≤ (1 + ε)‖z‖
holds for every z ∈ S�n∞ . Now, given x ∈ B�n∞ , take z ∈ F such that ‖x − z‖ < ν.

‖zi + T (x)‖ ≥ ‖zi + T (z)‖ − ‖T (x − z)‖ > (1 − ν)(1 + ‖z‖) − (1 + ε)‖z − x‖
≥ (1 − ν)(1 + ‖x‖ − ‖x − z‖) − (1 + ε)ν

> (1 − ν)(1 + ‖x‖ − ν) − (1 + ε)ν

≥ (1 − ν)(1 + ‖x‖ − (1 + ‖x‖)ν) − ε

≥ (1 − ν)2(1 + ‖x‖) − (1 + ‖x‖)ε
= ((1 − ν)2 − ε)(1 + ‖x‖).
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Now given x ∈ �n∞ with ‖x‖ > 1 we finally get

‖zi + T (x)‖ =
∥

∥

∥

∥

‖x‖
(

zi + T

(

x

‖x‖
))

− (‖x‖ − 1)zi

∥

∥

∥

∥

≥ ‖x‖
∥

∥

∥

∥

zi + T

(

x

‖x‖
)∥

∥

∥

∥

− (‖x‖ − 1)‖zi‖
> ‖x‖2((1 − ν)2 − ε) − ‖x‖ + 1

= ‖x‖(2 − 4ν + 2ν2 − 2ε) − ‖x‖ + 1

= ‖x‖(1 − 4ν + 2ν2 − 2ε) + 1

> (1 − 4ν + 2ν2 − 2ε)(‖x‖ + 1),

and the proof is finished. ��
Remark 4.5 Observe that in the above proof we have obtained in XU c0-octahedrality with the
constant ε = 0. This is not surprising because J.D.Hardtke proved [16, Proposition 2.10] that,
given any free ultrafilter U overN, a Banach space X is octahedral if, and only if, XU satisfies
that for every (z1n), . . . , (z

k
n) ∈ SXU there exists (zn) ∈ SXU such that ‖(zkn) + (zn)‖ = 2.

We end the paper by proving that L1-preduals with octahedral norms are actually univer-
sally octahedral, which enlarges our class of Banach spaces which are universally octahedral.

Theorem 4.6 Let X be an L1-predual. If X is octahedral then X is universally octahedral.

For the proof we will need the following lemma which says that octahedral L1-preduals
are close to be c0-octahedral when we look at the bidual space.

Lemma 4.7 Let X be an L1 predual. If X is octahedral then, for every x1, . . . , xk ∈ SX and
every ε > 0 there exists a sequence {x∗∗

n } ⊆ SX∗∗ such that

(1) {x∗∗
n } is isometric to the usual basis of c0 and,

(2) ‖xi + v‖ > 1 − ε + ‖v‖ holds for every 1 ≤ i ≤ k and v ∈ span{x∗∗
n : n ∈ N}.

Proof Since X is octahedral then clearly X does not have any point of Fréchet differentiability.
Since X is an L1-predual we get that X has the Daugavet property [5, Theorem 2.4].

By [22, Theorem 3.2] we conclude that, for every ε > 0, the set

V±
i := {e∗ ∈ ext (BX∗) : e∗(±xi ) > 1 − ε}

is infinite for every i ∈ {1, . . . , k}, where ext (BX∗) stands for the set of extreme points of
BX∗ .

Consequentlywecan construct, by an inductive argument, sequences {e±∗
in }n∈N of elements

such that e±∗
in ∈ V±

i for every n ∈ N and 1 ≤ i ≤ k and such that e±∗
in and e±∗

jm are linearly

independent if (i, n) = ( j,m) and, moreover, e+∗
i j and e−∗

i j are linearly independent too for
every i, j .

Since X∗ = L1(μ) for certainμ it follows that, for every 1 ≤ i ≤ k and every n ∈ N, there
exists an L-projection P±

in : X∗ −→ X∗ such that X∗ := Re±∗
in ⊕1 ker(P

±
in ). Now set, for

every n ∈ N, Pn := ∑k
i=1(P

+
in + P−

in ). By [22, Lemma 2.2] we get that Pn : X∗ −→
X∗ is an L-projection with BPn(X∗) = aconv{e±∗

1n , . . . , e±∗
kn } (consequently Pn(X∗) =

span{e±∗
1n , . . . , e±∗

kn } is isometrically �2k1 ) and such that ker(Pn) = ⋂k
i=1 ker(P

+
in )∩ker(P−

in ).
Consequently X∗ := Pn(X∗) ⊕1 ker(Pn) = span{e±∗

1n , . . . , e±∗
kn } ⊕1 ker(Pn).
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Given n ∈ N define x∗∗
n : X∗ −→ R by the equation

x∗∗
n

(

k
∑

i=1

(λ+
i e

+∗
in + λ−

i e
−∗
in ) + z

)

=
k

∑

i=1

λ+
i + λ−

i

for all
∑k

i=1(λ
+
i e

+∗
in + λ−

i e
−∗
in ) + z ∈ span{e±∗

1n , . . . , e±∗
kn } ⊕1 ker(Pn) = X∗. We claim that

‖x∗∗
n ‖ ≤ 1. Indeed, given

∑k
i=1(λ

+
i e

+∗
in + λ−

i e
−∗
in ) + z ∈ span{e±∗

1n , . . . , e±∗
kn } ⊕1 ker(Pn) =

X∗, we have that
∣

∣

∣

∣

∣

x∗∗
n

(

k
∑

i=1

(λ+
i e

+∗
in + λ−

i e
−∗
in ) + z

)∣

∣

∣

∣

∣

=
∣

∣

∣

∣

∣

k
∑

i=1

λ+
i + λ−

i

∣

∣

∣

∣

∣

≤
k

∑

i=1

|λ+
i | + |λ−

i |

≤
∥

∥

∥

∥

∥

k
∑

i=1

λ+
i e

+∗
in + λ−

i e
−∗
in

∥

∥

∥

∥

∥

≤
∥

∥

∥

∥

∥

k
∑

i=1

λ+
i e

+∗
in + λ−

i e
−∗
in

∥

∥

∥

∥

∥

+ ‖z‖

=
∥

∥

∥

∥

∥

k
∑

i=1

λ+
i e

+∗
in + λ−

i e
−∗
in + z

∥

∥

∥

∥

∥

,

which proves that ‖x∗∗
n ‖ ≤ 1. Let us prove that {x∗∗

n } has the desired properties.
Now it is time to prove that {x∗∗

n } is isometric to the c0 basis. To this end pickλ1, . . . λn ∈ R

and let us estimate the norm of
∑n

i=1 λi x∗∗
i . On the one hand, given 1 ≤ i ≤ n such that

max1≤ j≤n |λ j | = |λi |, set σi := sign(λi ) (with the convention sign(0) = 1). Moreover,
given 1 ≤ i ≤ n, define τi := + if σi = 1 and τi := − if σ(i) = −1. Then

∥

∥

∥

∥

∥

n
∑

i=1

λi x
∗∗
i

∥

∥

∥

∥

∥

≥
n

∑

i=1

λi x
∗∗
i (σi e

τi∗
in ) = λiσi = |λi |,

because clearly ein ∈ ⋂

j =i ker(Pj ).
For the inequality from above, we can apply again [22, Lemma 2.2] to derive that P :=

∑n
j=1 Pj = ∑n

j=1
∑k

i=1(P
+
i j + P−

i j ) is an L-projection, that BP(X∗) = aconv{e±∗
i j : 1 ≤

i ≤ k, 1 ≤ j ≤ n} and such that ker(P) = ⋂n
j=1

⋂k
i=1 P

±
i j . Now

∥

∥

∥

∥

∥

∥

n
∑

j=1

λ j x
∗∗
j

∥

∥

∥

∥

∥

∥

= sup
x∗∈BX∗

n
∑

j=1

λ j x
∗∗
j (x∗).

The decomposition X∗ = P(X∗) ⊕1 ker(P) implies that BX∗ = co(BP(X∗) ∪ Bker(P)) =
{λu + (1 − λ)v : u ∈ BP(X∗), v ∈ Bker(P), λ ∈ [0, 1]}. Since by construction

∑n
j=1 λ j x∗∗

j
vanishes on ker(P) we get that

sup
x∗∈BX∗

n
∑

j=1

λ j x
∗∗
j (x∗) = sup

x∗∈BP(X∗)

n
∑

j=1

λ j x
∗∗
j (x∗)

Moreover, since BP(X∗) = aconv({e±∗
i j : 1 ≤ i ≤ k, 1 ≤ j ≤ n}) we get that

sup
x∗∈BP(X∗)

n
∑

j=1

λ j x
∗∗
j (x∗) = max

1≤i≤k,1≤p≤n

∣

∣

∣

∣

∣

∣

n
∑

j=1

λ j x
∗∗
j (e±∗

i p )

∣

∣

∣

∣

∣

∣

,
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and since x∗∗
j (e±∗

i p ) = δ j p we concluce that the above maximum coincides with max
1≤ j≤n

|λ j |,
as desired.

In order to finish the proof, take v ∈ span{x∗∗
i }, so v = ∑n

i=1 λi x∗∗
i with ‖v‖ =

max
1≤i≤n

|λi | = |λ j | for some j . Let us prove that ‖xi + v‖ > 1 − ε + |λ j | and the proof

will be finished. To this end, let 1 ≤ p ≤ k. If λ j ≥ 0 then
∥

∥

∥

∥

∥

xp +
n

∑

i=1

λi x
∗∗
i

∥

∥

∥

∥

∥

≥ xp(e
+∗
pj ) +

n
∑

i=1

λi x
∗∗
i (e+∗

pj ) > 1 − ε + λ j = 1 − ε + |λ j |.

On the other hand if λ j < 0 we get

xp(e
−∗
pj ) +

n
∑

i=1

λi x
∗∗
i (e−∗

pj ) < −1 + ε + λ j = −1 + ε − |λ j | = −(1 − ε + |λ j |),

from where ‖xp + ∑n
i=1 λi x∗∗

i ‖ ≥ 1 − ε + |λ j | too, and the proof is finished. ��
Proof of Theorem 4.6 Let x1, . . . , xk ∈ SX and ε > 0. By Lemma 4.7 there exists a sequence
{x∗∗

n } ⊆ SX∗∗ such that ‖xi + v‖ > 1 − ε + ‖v‖ holds for every 1 ≤ i ≤ k and any
v ∈ span{x∗∗

n : n ∈ N}, and such that {x∗∗
n } is isometric to the c0 basis.

Now let n ∈ N and take φ : �n∞ −→ span{x∗∗
j : j ∈ N} the canonical inclusion

φ(e j ) := x∗∗
j for 1 ≤ j ≤ n.

Now set E := span{x1, . . . , xk, x∗∗
1 , . . . , x∗∗

n } ⊆ X∗∗ and ε > 0. By the Principle of
Local Reflexivity we can find an operator P : E −→ X such that P(e) = e for e ∈ E ∩ X
and

(1 − ε)‖x‖ ≤ ‖P(x)‖ ≤ ‖x‖
holds for every x ∈ E . Now set T := P ◦ φ : �n∞ −→ X . Given y ∈ �n∞ we have

‖xi + T (y)‖ = ‖P(xi ) + P(φ(y))‖ = ‖P(xi + φ(y))‖ ≥ (1 − ε)(‖xi + φ(y)‖)
≥ (1 − ε)(1 − ε + ‖φ(y)‖)
= (1 − ε)2(1 + ‖y‖)

The arbitrariness of ε and y yields the desired conclusion. ��
Observe that we have proved that, given an L1-predual X , we have that X is universally

octahedral if, and only if, X is octahedral and if, and only if, X has the Daugavet property.
See [22] for examples of L1-preduals with the Daugavet property.
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