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Abstract

We characterise those Banach spaces X which satisfy that L(Y, X) is octahedral for every
non-zero Banach space Y. They are those satisfying that, for every finite dimensional subspace
Z, € can be finitely-representable in a part of X kind of £1-orthogonal to Z. We also prove
that L(Y, X) is octahedral for every Y if, and only if, L(Z';,, X) is octahedral for every n € N
and 1 < p < oo. Finally, we find examples of Banach spaces satisfying the above conditions
like Lip, (M) spaces with octahedral norms or L;-preduals with the Daugavet property.
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1 Introduction

According to [10, Remark II.5.2], the norm of a Banach space X is octahedral if, for every
finite dimensional subspace E of X and every ¢ > 0, there exists y € Sy such that

lx + Ayl = (1 —&)(|lx]| 4+ |A]) for every x € E and every A € R.

Octahedral norms were studied at the end of the eighties in succesive papers [10, 11]
because it turns out that such norms characterise the containment of £;. Indeed, in [10,
Theorem I1.4] it is proved that a Banach space X contains an isomorphic copy of ¢; if, and
only if, X can be equivalently renormed with an octahedral norm.

However, octahedral norms have received much more attention in the recent years because
in [6, Theorem 2.1] it is proved that X is octahedral if, and only if, every convex combination
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of w*-slices of By+ has diameter two. Since then, octahedral norms and variations of such
norms have been studied in many different contexts (see. e.g. [4, 8, 12, 18, 21]).

One of the areas where octahedrality has been intensively studied is in spaces of operators,
that is, it has been analysed when the space of bounded operators L(X, Y) between two
Banach spaces X and Y is octahedral. The motivation for this interest comes from [ 1, Question
(b)], where the authors asked when the projective tensor product X®, Y satisfies that all
the convex combination of slices of its unit ball have diameter two. Thanks to the duality
(X®,Y)* = L(X,Y*) and the above mentioned [6, Theorem 2.1], the above question is
equivalent to determining when the norm of the space of operators is octahedral.

In [7, Theorem 3.5] it is proved that if Y* and X are octahedral then H is octahedral for
any subspace H C L(Y, X) containing finite-rank operators F (Y, X). More examples of
octahedral spaces of operators were given in [14]. It was shown, however, that the above
is not the case if we remove octahedrality on Y*, and in fact octahedrality of L(Y, X) is
connected with finite-representability of ¥ in X. Indeed, in [17, Lemma 3.7] it is proved that
if some subspace H of L(Y, X) is octahedral and Y is uniformly convex then Y is finitely
representable in X.

The connection between finite-representability and octahedrality of spaces of operators
have shown to be much deeper. Indeed, a kind of converse is established in [19, Theorem
3.2] where it is proved that if X is a Banach space which is finitely representable in £; and
with the metric approximation property, then L (X, Y) is octahedral if Y is octahedral.

In this note we will focus on the following problem: which Banach spaces X satisfies
that L(Y, X) is octahedral for every Banach space Y? We will refer to these spaces as
universally octahedral (see Definition 3.1). Observe that, in order to solve a problem about
octahedrality of spaces of vector-valued Lipschitz functions, it is proved in [19, Theorem 3.1]
that Lip, (M), the space of Lipschitz functions over M, is universally octahedral whenever
Lipo (M) is octahedral.

Anyway, in view of [17, Lemma 3.7] one should think that if X is universally octahedral
then it should be an octahedral space such that every uniformly convex Banach space is
finitely representable in it. This intuition is confirmed in Lemma 3.2, where we observe
that a necessary condition for universal octahedrality is that, roughly speaking, given any
finite dimensional subspace Z of X and any ¢ > 0, then any finite dimensional uniformly
convex Banach space can be (1 4 ¢)-embedded in the space of “c-orthogonal vectors to Z”.
In a further step, making use of approximations in Banach-Mazur distance, we obtain in
Theorem 3.4 that we can replace in the above statement uniformly convex Banach spaces
with €7 for every n. More precisely, we prove that if X is universally octahedral then, given
any finite dimensional subspace Z of X, any n € N and any ¢ > 0, we can find a norm-one
operator @ : £2 —> X such that

lz4+ eI = A —=e)lzll + llylD

holds for every z € Z and every y € {.

The converse, making use of the finite-representability of every Banach space in cg together
with the celebrated characterisation of L-preduals due to J. Lindenstrauss [20, Theorem 6.1],
is proved in Theorem 3.6. As a consequence we obtain, in Theorem 3.7, that a Banach space
X is universally octahedral if, and only if, L(Z’Z,, X) is octahedral for every 1 < p < oo and
every n € N, which is in turn equivalent to the condition that, given any finite dimensional
subspace Z of X, any n € N and any ¢ > 0, we can find a norm-one operator ® : £%, — X
such that

lz+ @MWl = A =)zl + Iyl
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holds for every z € Z and every y € £ .

Observe that the above condition is strictly stronger than the mere finite-representability
of ¢~ in X. Indeed, in Example 3.8 we construct an example of a octahedral Banach space
which contains an isomorphic copy of £, but failing the universal octahedrality. This shows
that, in order to obtain universal octahedrality, the requierement that the copies of £ can be
found in the orthogonal part of any finite dimensional subspace can not be relaxed.

Another relevant example is given in Example 3.9, where it is shown that a universally
octahedral space does not have to contain ¢ isomorphically.

In Sect.4 we aim to find new examples of Banach spaces X which are universally octa-
hedral. We begin by observing that a sufficient condition for universal octahedrality of a X
is the following: for every finite dimensional subspace Z of X and every ¢ > 0, there exists
a subspace Y of X which is isometrically isomorphic to cg and such that

lz+yll = A=)zl + lyl)

holds for every z € Z and every y € Y (we define this property in Definition 4.1 as co-
octahedral). The reason to introduce this definition is double. The first one is to recover
the technique followed in [19, Theorem 3.1], where it is proved that Lipy (M) is universally
octahedral when it is octahedral, but whose proof is based on [19, Lemma 3.3], where it
is preciselly proved that Lipy(M) is co-octahedral. On the other hand, in spite of the fact
that Example 3.9 shows that universal octahedrality does not imply cp-octahedrality, there
is a strong connection through ultrapower spaces. In fact, in Proposition 4.4 it is proved that
X is universally octahedral if, and only if, Xz, is cp-octahedral for every free ultrafilter ¢/
over N. We end the paper with Theorem 4.6, where we prove that every L-predual which is
octahedral is indeed universally octahedral, using recent tools developed in [22].

2 Notation and preliminary results

We will consider real Banach spaces. Given a Banach space X, we will denote the closed
unit ball and the unit sphere of X by By and Sx respectively. We will also denote by X* the
topological dual of X. Given two Banach spaces X and Y denote by L(X, Y) (respectively
F(X,Y)) the space of linear bounded operators (respectively the finite-rank operators) from
XtoY.

According to [2, Definition 11.1.1], given two Banach spaces X and Y, we say that X is
finitely representable in Y if, given any finite dimensional subspace E of X and any ¢ > 0,
there exist a subspace F of Y and a linear continuous bijection 7 : E —> F such that
ITIIT =Y < 1+ e. This notion encodes the idea that ¥ contains all the finite dimensional
structure of X. Observe that every Banach space is finitely-representable in ¢ [2, Example
11.1.2]. Moreover, as a consequence of the Principle of Local Reflexivity (c.f. e.g. [9, Lemma
9.15]), for every Banach space X it follows that X** is finitely representable in X. We refer
the interested reader to [2, Chapter 11] and references therein for background about finite
representability of Banach spaces.

Let us include here, for easy reference, the following lemma, which is extracted from [2,
Lemma 11.1.11].

Lemma 2.1 Let E be a finite dimensional Banach space and let {xj : 1 < j < N} C Sx be
ane-netof Sg. LetT : E —> X be a linear mapping such that (1—¢) < |T(x;)|| < (1+¢)
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holds for every 1 < j < N. Then, for every e € E, we have

1-3 1
(71 8) llell < 1T ()l < (74_8) llell.
—¢€ 1—¢

Given a sequence of Banach spaces {X,, : n € N} we denote

loo(N, X)) = :f: N — 1_[ X, f(n) e X, Vnand sup || f(n)| < oo} .
neN neN

Given a non-principal ultrafilter ¢/ over N, consider cp (N, X,) = {f € Looc(N, X,)) :
limyy || f (n)|| = 0}. The ultrapower of {X, : n € N} with respect to U is the Banach space

(Xn)u = Loo(N, Xn)/CO,Z/{(N’ Xn).

We will naturally identify a bounded function f: N — [] X, with the element (f (1n)),eN.
neN
In this way, we denote by (x,)z; or simply by (x,), if no confusion is possible, the coset in

(Xn)u given by (xp)nen + co,u (N, (Xn)).

From the definition of the quotient norm, it is not difficult to prove that ||(x,)y| =
limgs ||x, || holds for every (x,) € (X,)u.

When X,, = X holds forevery n € N, the definition of the norm on X;, yields a canonical
inclusion j : X —> X, given by the equation

J(x) = )y

This inclusion is an into linear isometry, so X can be isometrically embedded in X7,. More-
over, Xy, is finitely representable in X [2, Proposition 11.1.12].

Given a Banach space X we say that X is an Li-predual if X* = L (w) isometrically for
some measure (. Let us include here for easy reference in the text the following result.

Theorem 2.2 [20, Theorem 6.1] Let X be a Banach space. The following assertions are
equivalent:

(1) X isan Li-predual.
(2) Every compact operator T : Y —> X has, for every & > 0 and every Banach space Z
containing Y, an extension T : Z —> X such that |T|| < (1 4+ ¢&)||T|.

Strongly related to L1 (u)-spaces are the L-summands. A projection P: X — X ona
Banach space X is said to be an L-projection if ||x|| = | Px|| + ||x — Px]|| for every x € X.
The range of an L-projection is called an L-summand. We refer the reader to [15] for a vast
background about L-summands.

3 Characterisation of universally octahedral spaces

Let us start with the main definition of the paper.

Definition 3.1 Let X be a Banach space. We will say that X is universally octahedral if
L(Y, X) is octahedral for every non-zero Banach space Y.

The aim of this section is to provide a characterisation of universally octahedral Banach
spaces. In order to do so, let us start with the following preliminary lemma, which is a
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strengthening of [17, Lemma 3.7]. Recall that a Banach space X is said to be uniformly
convex if, for every ¢ > 0, there exists () > 0 such that

X,y € By

lx+ >2—5(5)}:> lx =yl <e.

Examples of uniformly convex Banach spaces are L, () for 1 < p < oo thanks to Clarkson
inequality (see [9, Chapter 9] for background about uniform convexity).

Lemma 3.2 Let X be a Banach space and Y be a finite dimensional uniformly convex Banach
space. Assume that L(Y, X) is octahedral. Then, for every ¢ > 0 and for every finite dimen-
sional subspace Z of X, there exists an element T € By x) such that

lz+ Tl = A =&zl + Iyl

holds for every y € Y and every z € Z.
Observe that the mapping 7 is a (1+¢)-isometry (just take z = 0) and that X is octahedral.

Proof Since Y is uniformly convex there exists a mapping § : R* — R™ such that
limg_,068(e) = 0 and with the property that, given n > 0, if x, y € By satisfy ||x + y| >
2 —3(n) then |lx — y|| < n.

Take ¢ > 0 and n > 0 small enough such that §(n) + 4n < ¢. Pick a finite dimensional
subspace Z of X. Take {y1, ..., y,} a n-net of Sy and take {zi, ..., z,} a n-net of Sz. For
every i € {1,...,n}take f; € Sy+ such that f;(y;) = 1.

Define T;; := fi ® z; € L(Y, X) by T;;(x) := f;(x)z}, and note that T;; is a norm-one
element. By the assumption that L(Y, X) is octahedral we can find an operator T € Sy (v, x)
such that

ITij + Tl >2—38(n)

holds forevery 1 <i <mand1 < j < p.

Fix 1 <i <mnand1 < j < p. By the definition of the operator norm we can find
vij € Sy such that 2 —6(n) < [|T;;(yij) + T (yij)ll. By the Hahn-Banach theorem we can
find x;“j € Sx+ such that

2 =38 < xj(fivipzj + T ij))-

Up to a change of sign we can assume with no loss of generality that f;(y;;) > 0. Since all
the elements in the above inequality are norm-one elements we get that f;(y;;) > 1 —38(n).
Moreover, since f;(y;) = 1 we get that ||y; + y;;[| > 2 — 8(n), and the uniform convexity
implies that ||y; — y;;|l < n. This implies that
280 < xji(fiipzj + T i) < x;(fivdz; + T i) + 20y — yijl
<llzj + Tl + 2n.
Since {y1, ..., ya}isan-netin Sy and {z1, ..., z,} is a n-net in Sz we conclude that

lz+TWI>2-8(m) —4n>2—¢

holds for every z € Sz and every y € Sy.
Let us conclude from here the desired result. To this end, take arbitrary z € Sz and y € Sy,
and take t1, > € [0, 1] such that r; 4+ t, = 1. Let us estimate ||t1z + ©27T (y)||. Assume with
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no loss of generality that #; > f, (the other case runs similar). Then
Itiz+ T =ln@+TO) + @ —)TWI = a0llz+TWI — 2 —allT M)
>HR2—-e)+h—t1=t1+tHh—tHe>1—e.
Observe that this proves in particular that |7 (y)|| > 1 — ¢ holds for every y € Sy and, in

consequence, |7 (y)| = (1 — ¢)||y|| for every y # O.
Now, givenz € Z \ {0} and y € Y \ {0}, we get that

e+ TWI _ ‘ llzll S T T(y)
izl + 1T )l Izl += 10Tzl Nzl -+ 1T OO Ol

from where [z + TV > (1 — &)zl + ITWI) > A =& dlzll + A = &a)lylD) >
(1 —&)2(llzll + Iy, and the lemma is proved. ]

H>1—£,

Remark 3.3 Observe that, from the last part of the above proof, the following holds true:
Given two Banach spaces X and Y with Y finite dimensional, the following assertions are
equivalent:

(1) For every finite dimensional subspace Z of X and every ¢ > 0 we can find a norm-one
operator T : Y — X such that

lz+TWI = A =e)lzll + llylD

holds for every y € Y and every z € Z.
(2) For every finite subsets {z1, ..., 2.} € Sx and {y1, ..., ym} € Sy and every ¢ > O there
exists a norm-one operator 7 : Y — X such that

lzi + TPl >2—e¢
holds forevery 1 <i <nand1 < j <m.
We will use this remark throughout the text.

Now we are ready to prove the following necessary condition for a Banach space being
universally octahedral.

Theorem 3.4 Let X be a universally octahedral Banach space. Then, for every ¢ > 0, for
every finite dimensional subspace Z of X and for every n € N, there exists an operator
T : €, —> X such that ||T|| < 1 and such that

lz+TWI = A =)zl + IlylD

holds for every y € L2 and every z € Z.

Proof Observe that, given x € R”, we have that ||x]c < ||lx]l, < n% Ix |00, sO €2 is, for
every ¢ > 0, (1 4 ¢)-isometric to a uniformly convex Banach space.

The proof is simple from now. Take ¢ > 0 and n € N, and take p € N such that a suitable
scalling of the formal identity ¢ : €2 —> E’; satisfies

Vi—elx|| = [l < [lx|| Vx € X.

Now set Z C X be afinite dimensional subspace. Applying Lemma 3.2 we can find a bounded
operator T : E’; —> X with ||T|| < 1 and such that

lz+ T =1 —e(lzll + llylD

holds for every z € Z and every y € Y. Now T o ¢ is the desired operator. O
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Remark 3.5 A couple of remarks are pertinent.

(1) In the above proof we have only used that L(¢”, X) is octahedral for every n € N and
every | < p < oo.

(2) Observe that this in particular implies that ¢ is finitely representable in X [2, Lemma
11.1.6], which implies that every Banach space is finitely representable in X . In particular
{~o is finitely representable in X, which implies that X has a trivial cotype [2, Theorem
11.1.14].

Now it is time to prove that the converse holds true.

Theorem 3.6 Let X be a Banach space. Assume that, for every ¢ > 0, for every finite
dimensional subspace Z of X and for every n € N, there exists an operator T : {3, — X
such that ||T || < 1 and such that

lz+ T = A =&zl + Iy

holds for every y € L% and every z € Z.
Then, for every Banach space Y and for every subspace H of L(Y, X) containing the
finite rank operators, the norm of H is octahedral.

Proof Let Y be a non-zero Banach space and H C L(Y, X) as in the hypothesis. In order
to prove that H is octahedral pick 71,..., T, € Sy and ¢ > 0, and let us find an element
W e Sy such that | 7; + V|| > 2 — ¢ holds for every 1 < i < n. This is enough by [13,
Proposition 2.1]. In order to do so find, for every i € {1, ..., n}, an element y; € Sy such
that ||7; ()|l > 1 —¢e. Set Z := span{T (y;) : 1 <i < n}.

Set also V := span{yy, ..., y,} € Y. Since every Banach space is finitely representable
in cg we can find an operator ¢ : V. — ¢g with ||¢(y;)|| > 1 — ¢ for every i and such that
ll¢|l < 1. This operator can be extended by Theorem 2.2 to an operator Q : ¥ —> ¢o which
satisfies that || Q(y;)|| > 1 — ¢ forevery i and still || Q| < 1. By the definition of the ¢ norm
we can find n large enough such that, if we define P : ¢¢ — £ the natural projection, we
get [P(Q(yi)|l > 1 —eforeveryi.

Now, by the hypothesis, we can find an operator T : £, —> X such that ||7|| < I and
such that

lz+TWI = A =e)lzll + IlylD

holds for every y € £ and every z € Z.
Now the desired operatoris W := ToPo Q : Y — X, which belongsto F(Y, X) € H.
Observe that ||| < 1. Moreover, given 1 <i < n, we get

1T + Wi = 1T (i) + T(QP NI = (1 =e)UITi ()l + 1P (yi)ID
>(l—e)(l—e+1—e) =2(1—-e
Since ¢ was arbitrary we conclude the result. O

As a consequence we get the following result.

Theorem 3.7 Let X be a Banach space. The following are equivalent:

(1) Forevery Banach space Y and every H C L(Y, X) containing the finite-rank operators,
the space H is octahedral.
(2) X is universally octahedral.
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(3) For every finite dimensional Banach space Y, the space L(Y, X) is octahedral.

(4) For every finite dimensional uniformly convex Banach space Y, the space L(Y, X) is
octahedral.

(5) Forevery 1 < p < oo and every n € N the space L(€7,, X) is octahedral.

(6) Forevery e > 0, for every finite dimensional subspace Z of X and for everyn € N, there
exists an element T : £} — X with ||T|| < 1 and such that

lz+TWI = A =e)lzll + llylD

holds for every y € L% and every z € Z.

Proof (1)=(2)=(3)=(4)=(5) are immediate, and (5)=>(6) follows by Remark 3.5. Finally,
(6)=(1) is Theorem 3.6. O

Observe that condition (6) requires not only that £, is finitely representable in X, but also
that £, must be finitely representable in a part of X which kind of ¢;-orthogonal to Z for
any finite-dimensional subspace Z of X. This fact will become more clear in the following
example.

Example 3.8 Let X := £+, @1 £;. X is octahedral [13, Proposition 3.10] and clearly contains
£~ isometrically. However, we claim that X is not universally octahedral.

Indeed, assume by contradiction that X is universally octahedral. Let Z := span{(e;, 0)} €
X = Loo®141.Fixn € Nande > 0. By the above characterisation we canfind ¢ : £}, — X
with ||¢|| < 1 and such that

(1, 0) £ S > (1 — &)L+ [lylD

holds for every y € £7_.
Take Q : X = €oo®1¢1 —> ¢ the natural projection. Let us prove that Qo¢ : €2, —> £
satisfies that

A =28)llyll = 1@ = Iyl

from where the arbitrariness of n and ¢ will imply that £, is finitely-representable in ¢,
which is a contradiction because ¢1 has cotype 2 and the finite representability of £, in a
Banach space Z implies that Z fails to have cotype g for every ¢ < oo [2, Theorem 11.1.14].

So take x € Sgn_, call ¢ (x) := (a, b) € €oo ©1 £1 and notice that ||lalleo + [Ib]l1 < 1. Note
that

2(1—¢) < [l(e1,0) ()| = ll(e1 £ a)llo + [ID]]1-

It is direct computation that either ||e; + aloc < 1 or |le] — a@|lcc < 1. Assume without loss
of generality that ||e] + a|lsc < 1. Now

2(1—¢) < llet +alloo + 1bllt = 1+ [I&]l1,

which implies |||l > 1 — 2e.

This implies that |Q(¢(x))|| = 1 — 2¢. The arbitrariness of x € S forces that
Q@) = 1 —2¢ holds for every x € Sz , and a homogeneity argument yields that, for
every x € {5, we get

(I =28)[lx]l = QNI = QNN PNlIx]l < [l

as desired.
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Another exotic example is the following.

Example 3.9 Let X = (@?ilﬁioo)l. It is immediate by the main characterisation that X is
universally octahedral. Indeed, given n € N, ¢ > 0 and {z1, ..., zx} € Sy, it is enough by

Remark 3.3 to find an operator T : £5, — X with
lzi + TN > (1 —&)(d+ Iyl

for every I < i < k and every y € Sy . Up to a density argument we can assume that
7 € (59?21520) have finite support (say contained in @lekéo). Take ¢ > max{p, n}. Now
take the canonical inclusion operator ¢ : €7 < €%, Take the canonical inclusion operator
jied — @;’ilﬁfw by j(x)(q) = x ifi = g and O otherwise. Now I' = jo¢ : L2 — X
satisfies the desired requirement. In fact, given any y € €7 observe that, since the support
of z; and T'(y) are disjoint by construction, we obtain that

lzi + T = llzill + 1T I =14 [I¥ll

since 7 is an isometry. This proves that X is universally octahedral.

However X does not contain ¢o isomorphically. Indeed, X = (co(N, £7))* is a dual
space, so if X contained cg then it would indeed contain £, by [9, Theorem 6.39], which is
impossible since X is clearly separable.

Let us end with an observation concerning the existence of L-orthogonal elements.

Remark 3.10 Let X be a Banach space. Following the notation of [21], we say that an element
u € X** is an L-orthogonal element if it satisfies

o+ ull = llxll + fluell

holds for every x € X.

The existence of non-zero L-orthogonal elements is strongly connected with octahedral
norms. It is a consequence of the Principle of Local Reflexivity (and explicitly mentioned
in [11, Lemma 9.1]) that if X has a non-zero L-orthogonal element then the norm of X is
octahedral. Moreover, the converse is true if X is separable [11, Lemma 9.1]. The question
whether octahedrality implies the existence of non-zero L-orthogonals has remained open
until the recent work [21], where many examples of octahedral spaces without any non-zero
L-orthogonal element is exhibited.

A natural question at this point is whether or not there exists a Banach space X satisfying
that, for every non-zero Banach space Y and for every H € L(Y, X) containing F (Y, X),
the space H has non-zero L-orthogonal elements.

The answer is no. Indeed, given any Banach space X, taking ¥ = ¢>(/) and H to be
the space of compact operators from Y to X (denoted by K (Y, X)), if H has a non-zero L-
orthogonal element, then Y is isometrically isomorphic to a subspace of X** by [21, Lemma
3.1], so it remains to take / big enough so that there is no injective mapping ¢ : I —> X**
to conclude that K (¢2(1), X) does not have any non-zero L-orthogonal element.

4 Examples

In this section we will analyse examples of universally octahedral Banach spaces. Observe
that the condition in Theorem 3.6 is very difficult to check in a particular example. So, in
order to provide examples where universal octahedrality holds, we give a criterion which
implies it. In order to save notation, let us make the following definition.
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Definition 4.1 Let X be a Banach space. We say that X is co-octahedral if, for every
X1,...,Xp € Sy and every ¢ > 0, there exists a subspace ¥ C X such that

(1) [lxi +yll > (1 —&)(1 4 |l¥|) holds for every y € Y and;
(2) Y is isometric to cg.

Remark 4.2 1tis quite easy to prove (up to applying Remark 3.3) that co-octahedrality implies
universal octahedrality. Moreover, a homogeneity argument similar to that of the end of
Lemma 3.2 allows to show that a Banach space X is cp-octahedral if, and only if, for every
finite dimensional subspace Z € X and every ¢ > 0, there exists a subspace ¥ € X such
that

D Nz+yll = @ —=e)(lzll + lIy]l) holds for every y € Y and z € Z and;
(2) Y is isometric to cg.

Example 4.3 By [19, Proposition 3.3] we have that if Lipy(M) is octahedral (observe that
Lipy (M) is octahedral if, and only if, the predual F (M) has the strong diameter two property
[6, Corollary 2.2], which is in turn equivalent to the fact that M is length [3, Theorem 1.5],
which is the assumption of the above mentioned [19, Proposition 3.3]) then Lipy(M) is
co-octahedral (and consequently universally octahedral).

In general, there are Banach spaces which are universally octahedral but not cy-octahedral,
and one example is given in Example 3.9. Consequently, if X is universally octahedral it does
not imply that X is cp-octahedral. However, we can guarantee that all its ultrapowers are co-
octahedral.

Proposition 4.4 Let X be a Banach space and let U be a free ultrafilter over N. Then X is
universally octahedral if, and only if, Xy, is co-octahedral.

Proof Let us start assuming that X is universally octahedral and let us prove that Xy, is
co-octahedral. To prove cp-octahedrality, pick (1,11), (@) e Sx;,- We can assume, up to
changing of representative, that ||z,|| = 1 holds for every 1 <i < p and n € N. Since X is
universally octahedral then, for every n € N we can find an operator 7, : £, — X with
1T, |l < 1 such that

i 1
Izl + T (o)l = (1 _ 7) 1+ Ix)

n

holds for every x € £ . Now define T : (¢2,)yy —> Xy by the equation

T ((xn)) := (Ty(xn)) ¥Y(xn) € (€3 )u-

It is clear that ||T'|| < 1. Moreover, given 1 <i < p and (x,) € (£%))u, we get
; . ; . 1
I1(z) + T () llee = 115{“ 2 + Tu )l > 1101}1 (1 - ;) (I + llxalD
=1 +lig{n lxnll = 14 1) et
from where ||(z£,) + T ((xp)) e = 14+ 1(xp)lee- In particular, 7 is an isometry so, in order to

finish the proof, it remains to show that (€] );s contains an isometric copy of co. Take k € N
and define (x¥) e (¢%,)y by

k. ek ifn >k,
“ 10 otherwise.
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Itis notdifficult to prove that, given A1, ..., Ax € R,forn > k we obtain that || Zi‘{:l )L,-xfl | =
max ||, SO
1<i<k

k

D hix,

i=1

= lim
u
u

= max %],
1<i<k

k
D hitxh)
i=1

which proves that (x,’§ ) is isometric to the cg-basis. It remains to take Y := spW{T(x,li ): ke
N} to get the desired subspace.

For the converse, let z1, ...,z € Sx, e >0andn € N,and letus find T : £, — X
with ||T|| < 1 + ¢ and such that

lzi + T = A —e)(d+ Iyl

holds for every 1 < i < ¢g. Call j : X —> X/ the natural embedding by j(x) := (x)y-
Take v € R™ small enough such that (1 +v)(1 — 3v)~! < 14+ ¢andsuchthat v(l+¢) < e.
Since X4 is cg-octahedral we can find Y € X;, such that Y is isometric to ¢o and such that

v

17 G+l > (1= 3) @+ 10l = (1= 3) (1 +lim lx)

holds for every (x,) € Y. Since Y is isometric to cq there exists an isometry ¢ : £, —> Y.
Take I C Byr a v-net and observe that

v

lim [z + ¢ @01 = (1= 3) (1 + 112D

holds for every z € F. Since F is finite we can find A € U such that
A =v)@+zl) = llzi + @@ E) [ < T+ )L+ 1zl
and

A =wlzll = lle@ & = (L +v)lzll

holds for every z € F and every k € A.

Now select any k € A and define a linear operator T' : £}, —> X by T'(x) := ¢(x)(k)
for every x € €.

Observe, on the one hand, that given z € F, we get

A=)zl = IT@I = A+ )zl
and, since F' is a v-net of Bpr_and (1+v)(1 — 3v)~! < 1+¢, we get from Lemma 2.1 that
A=zl = IT@I = A+ &)zl
holds for every z € S¢n . Now, given x € Byn_, take z € F such that [|x — z|| < v.
lzi + TN = llzi + T @I = IT(x =2 > 1 =)+ iz]) — (I + &)z — x|
=1 =v)A+xll = llx—zl) = T +e)v
> =v)d+lxlf—v) = A +e)p
=@ =v)A+xl = A+ llxDv) —e
= (1= >0+ fxl) = (1 + [IxlDe
= (1= = &)+ [lxlD.
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Now given x € £ with ||x|| > 1 we finally get

lzi + Tl = | llx]] (z, +T (ll ”>) — (lxll = Dz

> x|z +T <—)H = (lxl = Dzl
x|l
> [xf2((1 = v)* — &) — [Ix]| + 1
= |lx|2 = 4v +2v% — 2¢) — ||x| + 1
= |Ix|I(1 —4v + 20> —2¢) + 1
> (1 —4v+2v =2e)(||Ix|| + 1),
and the proof is finished. O

Remark 4.5 Observe that in the above proof we have obtained in X4 cp-octahedrality with the
constante = 0. This is not surprising because J. D. Hardtke proved [ 16, Proposition 2.10] that,
given any free ultrafilter ¢/ over N, a Banach space X is octahedral if, and only if, X, satisfies
that for every (z)), ..., (zX) € Sx,, there exists (z,) € Sx,, such that [|(zX) + (za)|| = 2.

We end the paper by proving that L-preduals with octahedral norms are actually univer-
sally octahedral, which enlarges our class of Banach spaces which are universally octahedral.

Theorem 4.6 Let X be an Li-predual. If X is octahedral then X is universally octahedral.

For the proof we will need the following lemma which says that octahedral L-preduals
are close to be cp-octahedral when we look at the bidual space.

Lemma4.7 Let X be an Ly predual. If X is octahedral then, for every x1, ..., xx € Sx and
every ¢ > 0 there exists a sequence {x;*} C Sx= such that

(1) {x*} is isometric to the usual basis of co and,
(2) llxi +vll > 1 =&+ |lv|| holds for every 1 <i < k and v € span{x,* : n € N}.

Proof Since X is octahedral then clearly X does not have any point of Fréchet differentiability.
Since X is an L-predual we get that X has the Daugavet property [5, Theorem 2.4].
By [22, Theorem 3.2] we conclude that, for every ¢ > 0, the set

= {e* eext(By+):e"(£x;)) > 1—¢}

is infinite for every i € {1, ..., k}, where ext (Bx+) stands for the set of extreme points of
Byx.

Consequently we can construct, by an inductive argument, sequences {e “Inen of elements
such that e *e V foreveryn e Nand 1 <i <k and such that e and ejE are linearly

1ndependent if (i, n) # (j, m) and, moreover, e;;

everyi, j.
Since X* = L1 (w) for certain w it follows that, forevery 1 < i < kandeveryn € N, there
exists an L-projection Pif : X* — X* such that X* := Reil;* D1 ker(Pf;). Now set, for

everyn € N, P, := Zf-{zl(P+ + P.). By [22, Lemma 2.2] we get that P, : X* —>

and e;; j are hnearly 1ndependent too for

X* is an L-projection with Bp,(x+) = aconv{efn*, .. e,i*} (consequently P,(X*) =
span{eln - ekn *1is isometrically ZZk) and such that ker(P ) = ﬂ 1ker(P*)ﬁker(P ).
Consequently X* = P,(X*) @ ker(P,) = span{eln - ekn 1 @1 ker(P,).
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Given n € N define x;* : X* — R by the equation

k k
- (Z(}Ljelfn* +A7e ) + z) =Y AT +a;
i=1 i=1
for all Y-5_ (et 4 aTer®) + z € spanfeit, ..., e} @1 ker(P,) = X*. We claim that

) < 1. Indeed, given Zi:l(A;L p —I—k_e_*) +z e spanfei”, ..., e} @ ker(P,) =
X*, we have that

k
- (Z(k?e;* +ATe) + z)
i=1

k
- + 5
=Y a4
i=1

k
<Y I+
i=1
k

o g =k
Z)‘i e, TAie,
i=1

k
+ +
Z)‘i tn*+}‘ e

k
= > Afelr e 42
i=1

IA

IA

+ llzl

which proves that [lx*|| < 1. Let us prove that {x,"*} has the desired properties.

Now it is time to prove that {x,*} is isometric to the cg basis. To thisend pick A1, ... 4, € R
and let us estimate the norm of Z?:] A,-xl.**. On the one hand, given 1 < i < n such that
maxi<j<u |Aj| = |A;], set o; := sign(A;) (with the convention sign(0) = 1). Moreover,
given 1 <i <n,definet; :=+ifo; = land 7; := — if (i) = —1. Then

n
Kok
DX,
i=1

because clearly ¢;,, € ﬂj#i ker(Pj).

For the inequality from above, we can apply again [22, Lemma 2.2] to derive that P
Z?:l P = Z’J’.zl Zi'(:l(Pij‘_ + Pi;) is an L-projection, that Bp(x+) = aconv{eij;* 01
i <k,1 < j <n}and such that ker(P) = ﬂ] ! ﬂl_l P . Now

n
Z)‘ij* = sup ZA X7 (")
j=1

X EBX* .

> ZA X (oier,") = hioi = il

A i

The decomposition X* = P(X*) @; ker(P) implies that Bx+ = co(Bpx*) U Bker(p)) =
{Au + (1 = 2)v :u € Bp(xr), v € Brer(py, A € [0, 1]}. Since by construction Z?:l ijj*
vanishes on ker(P) we get that

sup Zk x**(x )= sup Zk x**(x )

X EBX* . X EBP(X*)] 1

Moreover, since Bp(x+) = aconv({eﬁ* 11 <i<k,1<j<n}) we getthat

sup ijx**(x)— max ijx**(ei* ,

X*eBpx) = I<i<k,l1<p=n
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and since x;‘* (eif,*) = §;, we concluce that the above maximum coincides with lmax A1,
’ <j<n

as desired.

In order to finish the proof, take v € span{x/*}, so v = Y i ,;x/* with |Jv]| =
1mAax [Ail = |Aj| for some j. Let us prove that ||x; + v|| > 1 — & + |A;| and the proof
<i<n

will be finished. To this end, let 1 < p < k.If »; > O then

n n
x,,—f—Z)L,-xi** pr(e:]fk)—l—ZAix;"*(e;j*) >1—e+ij=1—c+]Ajl

i=1 i=1

On the other hand if 1; < 0 we get

n
xperr) +Z,\ix;**(e;;) <—l4+et+rj=—l+e—ajl=—1—e+IA],
i=1

from where |lx, + Y/ 4;x/*|| = 1 — & + || too, and the proof is finished. O

Proof of Theorem 4.6 Let x|, ..., x; € Sx and ¢ > 0. By Lemma 4.7 there exists a sequence
{x}*} € Sxw= such that |x; + v|| > 1 — ¢ + ||v]| holds for every 1 < i < k and any
v € span{x,;”* : n € N}, and such that {x*} is isometric to the cg basis.

Now let n € N and take ¢ : ¢, —> span{x}k* : j € N} the canonical inclusion
dlej) = x;‘f* forl <j <n.

Now set E := span{xi,...,x;, x{*, ..., x3*} € X** and ¢ > 0. By the Principle of
Local Reflexivity we can find an operator P : E —> X such that P(e¢) = efore € EN X
and

A =a)lxll = 1P = llx]
holds for every x € E. Nowset T := Po¢ : £ —> X.Given y € £ we have

Ixi + Tl = I1P(xi) + P@O)I = IPGxi + oIl = (1 —e)(Ilxi + ¢
>(1 -1 —e+ oM
= (-1 +lyl)

The arbitrariness of ¢ and y yields the desired conclusion. O

Observe that we have proved that, given an Li-predual X, we have that X is universally
octahedral if, and only if, X is octahedral and if, and only if, X has the Daugavet property.
See [22] for examples of L-preduals with the Daugavet property.
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