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Abstract

We investigate the boundedness of Fourier multipliers on a compact Lie group when acting
on Triebel-Lizorkin spaces. Criteria are given in terms of the Hormander-Mihlin-Marcink-
iewicz condition. In our analysis, we use the difference structure of the unitary dual of a
compact Lie group. Our results cover the sharp Hormander-Mihlin theorem on Lebesgue
spaces and also other historical results on the subject.
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1 Introduction

Let G be a compact Lie group. In this work we study sufficient conditions for the bound-
edness of Fourier multipliers on the Triebel Lizorkin spaces F;,q(G) in terms of the Hor-
mander-Mihlin condition on their symbols. The Littlewood-Paley theorem states that
LP(G) = F° ,(G), so that in view of the classical results of Hormander-Mihlin type (see
Hoérmander [34] and Mihlin [36] for instance), Triebel-Lizorkin spaces are a good sub-
stitute of LP-spaces, when considering smoothness of distributions in different scales (see
Triebel [50, 51] and [37, 38] for details).
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The problem of finding conditions for the boundedness of Fourier multipliers on com-
pact Lie groups started a long of time ago with the study of the theory of Fourier series of
periodic functions on [0, 1], (functions on the torus T = R/Z). Indeed, when classifying
the boundedness of multipliers of the Fourier series,

1

Af() i= ) @9, fevﬂmﬂa:=/e%”mmw, (1.1)

éeZ 0
it was observed by Marcinkiewicz in his classical 1939’s work [35] that the condition

sup |6(&)| + sup Z o+ 1) —a(§)] < oo, (1.2)

JEN, 2-1<|E|<2

assures the existence of a bounded extension of A on L7(T),1 < p < 0. Denoting the dif-
ference operator on the lattice Z, by Ac :=0o(-+ 1) — 0, and by Ak ke Ny, its successive
iterations, the Marcinkiewicz condition (1.2) is satisfied by any sequence (6(£))zcz» such
that

[A*e@)] S 1675, E#0,k=0,1, (1.3)

which should be, in principle, more easier to verify that (1.2). Another generalisation of
Marcinkiewicz’s criterion for multipliers of the Fourier transform on R”, was done by Mih-
lin [36], who stated that a function ¢ € C®(R" \ {0}), satisfying estimates of the kind

0§(&)] So 1617, lal < [n/2]+1, (1.4)

has a multiplier A (of the Fourier transform! on R”) defined by

Af() = T, f(x) 1= / FTEG(EF(E)dE, f e CRR), (1.5)

R~

admitting a bounded extension on L”(R"), for 1 < p < o0. Subsequent generalisations to
Mihlin’s theorem were done by Hormander [34], Calderén and Torchinsky in [4], Taible-
son and Weiss [49], Baernstein and Sawyer [3], Seeger [45—47] and many others. We refer
the reader to Grafakos’ paper [30] (and reference therein) for a complete historical revision
and for recent developments about Milhin-Hormander and Marcinkiewicz multiplier theo-
rems on R".

Extensions of Marcinkiewicz, and Hérmander-Mihlin criteria have been proved in the
context of Lie groups and several spaces of homogeneous type in the context of spectral
multipliers of self-adjoint operators, e.g., sub-Laplacians, or of other operators with heat
kernels satisfying Gaussian estimates, with general contexts that go beyond of the objec-
tive of this paper. In view of the extensive literature on the field, we will not review it here,
but we refer the reader to [1, 2, 7, 13, 14, 19, 48, 53] and to the extensive list of references
therein.

In the framework of Fourier multipliers on compact Lie groups, by using the Calde-
rén-Zygmund type theory in Coifman and De Guzman [16], the LP-Fourier multipliers for

! Defined for f € Ce(R™), by 7 = [ e f(x)dx.
fn
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SU(2) were investigated by Coifman and Weiss in their classical works [17, 18]. Subel-
liptic Spectral multipliers for L(SU(2)) were also considered in Cowling and Sikora [14].
Later on, criteria for the ZP-boundedness of Fourier multipliers for arbitrary compact Lie
groups G were given in [44], with a generalisation in [10, Section 5] to L-subelliptic Fou-
rier multipliers.

One of the notable questions when studying the qualitative properties for multipliers on
Lie groups is to endow (the spaces of discrete functions on) the unitary dual with a differ-
ence structure. So, fixing the unitary dual G of an arbitrary compact Lie group G, when
generalising the Marcinkiewicz condition on a Fourier multiplier A on G, associated to a
sequence (called the symbol of A) ¢ := {a(f)}[ﬂ 66’2

A = T,f(x) = Y d,TIE®e@F )], f € CZ(G),

A (1.6)
[¢leG

the following questions arise:

(Q1): how to define the difference operators A% on Q, in such a way that they generalise the
usual notion of difference operators on Z =~ T?

(Q2): which is the required order for the differences operators applied to ¢ in order that A
admits a bounded extension on L7(G)?

We note that (Q1) was satisfactorily solved in [44] by introducing a family of difference
operators A% := [Dg, (defined in terms of the Fourier transform on G, as it was done in
[40]) in terms of the unitary representations & : G — End(C’ Y of G. About (Q2), the fol-
lowing Marcinkiewicz type theorem was proved in [44].

Theorem 1.1 Let us assume that G is a compact Lie group of dimension n. Let o € 2(6)4
be a symbol satisfying

1D 0@l < C, ()7, Jal <x = | 5] +1. a7
Then A = T is of weak type (1, 1) and bounded on LP(G) for all1 < p < co. Moreover,
ANl 2y 1Al 2w 601Gy S Max{Cy & |af < i} (1.8)
Remark 1.2 In the symbol condition (1.7),

Spect((1 + L)) := {(€) : [£] € G},

is the system of eigenvalues of the Bessel potential operator (1 + EG)% associated to the
Laplacian on G, which can be defined as follows. Taking an arbitrary orthonormal basis

2 Here, [£] denotes the equivalence class of a unitary, irreducible and continuous representation
G- Hom(C%) on G, d; is the dimension of its representation space, o(§) € Hom(C%), and
f© = = [/ @)EX)*dx, is the Fourier transform on the group G, of f € C*(G) at [£]. For instance, in the
case of the torus G = T", &(x) := €™, x € T",d, = 1,and so G2z,

3 We will always write d; 1= ¢ for the dimension of the representation space C’. Also, I, is the identity
matrix of size £ X Z.

4 2(6;) is the space of functions o : G- Uren, (End(C?)).
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480 D. Cardona, M. Ruzhansky

= {X,,---,X,} of the Lie algebra g of G, with respect to the Killing form on g,
EG == X2 We refer the reader to Remark 2.1 for details about the definition of the
difference operators D* = IDI ... DY, They are compositions of differences operators D; of
first order associated to the entries of the matrix-function &,(:) — Id for any choice of a

unitary representation in every equivalence class [&,] € G.

Remark 1.3 Theorem 1.1 was proved by using the Hormander-Mihlin Theorem in [44,
Page 630], see also Theorem 2.6.

Let us note that for graded Lie groups (e.g. the Heisenberg group, any stratified
group and a wide class of nilpotent Lie groups where Rockland operators exist, see [26]
for details) the Hormander-Mihlin and the Marcinkiewicz conditions for L7, Triebel-
Lizorkin and Hardy spaces have been investigated in [8, 11, 12, 25].

In this work we investigate the Marcinkiewicz condition for multipliers on Triebel-
Lizorkin spaces F; q(G) on G, extending in Theorem 1.4 to the case of compact Lie
groups, the estimate of Seeger [47] for multipliers in Triebel-Lizorkin spaces F " (R”)
on R”. In order to present our main result, let us define the Triebel-Lizorkin spaces
F” (G), as they were introduced by the second author, Nursultanov and Tikhonov in
[38]. So, letus fix g € C(‘;°([R+, [0, 11), 7 # O, so that supp(y) C [1/2,2], and such that

Z n71)=1, 1> 0. (1.9)

Jjez

Fixing w,(4) := ZJ__OO n;(4), and for j > 1,y;(4) 1= n(2 = 1), we have
ZW(A)= 1, >0, (1.10)
£=0

and one can define the family of operators y;(5) using the functional calculus of the elliptic
Bessel potential B := (1 + L;)2. Then, for 0 < g < o0, and 1 < p < oo, the Triebel-Lizor-
kin space F; q(G) consists of the distributions f € Z/(G) such that

”f”F;q(G) <Z 2f’4|wf(8)f|q> < 0.
=0

(G)
The weak-F| q(G) space is defined by the distributions f € Z/(G) such that

0 q
W llveater; ) *= Sugt xeG: (Z Zf"’lu/f(B)f(x)l"> >tel<oo.  (111)
- > 720

Above, for a measurable subset A C G, |Al denotes its Haar measure. The main results of
this work are Theorem 1.4 below and the Hormander-Mihlin Theorem 3.1.

Theorem 1.4 Let us assume that G is a compact Lie group of dimension n. Let o € 2(6‘) be
a symbol satisfying

@ Springer



Fourier multipliers for Triebel-Lizorkin spaces on compact... 481

100y < Co(O), Jal < = 5] +1. (1.12)

Then A = T, extends to a bounded operator from F’ (G) into F’ (G)far alll < p,q < o0,
and all r € R. For p =1, A admits a bounded extenszon from F’ (G) into weak- F’ (G)
Moreover

”A”@(Fr LG ”A”(, (Fr (G), weak-F, (G)) Smax{C, : |a| < x}. (1.13)

Remark 1.5 The Marcinkiewicz Theorem 1.4 will be deduced, from the Héormander-Mihlin
Theorem 3.1 for Triebel-Lizorkin spaces. In particular, in view of the Littlewood-Paley
theorem (see Furioli, Melzi and Veneruso [29]), we have LP(G) = F2’2(G) forl <p < oo,
so that we recover the LP-bound in Theorem 1.1. Because we are not assuming that the
Fourier multipliers are defined by the spectral calculus, Theorem 3.1 extends the main
theorem in Weiss [53] and also the historical 1939’s result due to Marcinkiwicz [35] (see
Remark 4.7 and Corollary 4.8). As before, we refer the reader to Remark 2.1 for details

about the definition of the difference operators D* = ID)':‘1 Dy

2 Preliminaries
2.1 The unitary dual and the Fourier transform

First, let us record the notion of the unitary dual Gofa compact Lie group G. So, let us
assume that £ is a continuous, unitary and irreducible representation of G, this means
that,

e £ € Hom(G, U(Hg)), for some finite-dimensional vector space H, = C%, ie.
E(xy) = E(x)&(y) and for the adjoint of £(x), &(x)* = £(x~!), for every x,y € G.

® The map (x,v) = {(x)v, from G X H, into H, is continuous.

e Forevery x € G,and W, C H,,if §(x)W; C W,,then W, = H, or W; = §.

Let Rep(G) be the set of unitary, continuous and irreducible representations of G. The
relation,

&, ~ &, if and only if, there exists A € End(H‘fl ’Hfz)’ such that A.’,‘l(x)A‘1 =& (%),

for every x € G, is an equivalence relation and the unitary dual of G, denoted by G is
defined via

G :=Rep(G)/~.

By a suitable changes of basis, we always can assume that every & is matrix-valued and that
H, = C% . If a representation £ is unitary, then

§(6) :={é) 1 xe G}

is a subgroup (of the group of matrices C%*%) which is isomorphic to the original group G.
Thus the homomorphism & allows us to represent the compact Lie group G as a group of
matrices. This is the motivation for the term ‘representation’. Here, as usually,
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482 D. Cardona, M. Ruzhansky

7© = () = / fEER)*dx € C%%, [¢£] € G,
G

d;

is the matrix-valued Fourier transform of f € C*(G) até = (éij)i,jzl'

2.2 Difference operators

Difference operators on compact Lie groups were introduced in [40] to endow the uni-

tary dual of a compact Lie group with a difference structure. In terms of them, Hérmander

classes of pseudo-differential operators on a compact Lie group can be characterised, see

[41-43]. Same as in [44], where differences operators were used to study LP-multipliers we

will extend that analysis to the case of Triebel-Lizorkin spaces (see [37, 38] for instance).
We will denote by 2(6) the space of matrix-valued functions,

2G) 1= (o0 € AT (G) = Z([©) |6 1 G — Uy C%).

By following [44], a difference operator Q of order k, can be applied to a symbol
o=feZG),via

0.0(8) = qf©), €] € G, 2.1

where Q is associated with a smooth function ¢ vanishing of order k at the identity e = ¢g.
We will denote by diff*(G) the set of all difference operators of order k. For a fixed smooth
function g, the associated difference operator will be denoted by A, := Q. We will choose
an admissible collection of difference operators (see e.g. [44]),

X AN A% =(a)_::
VAV Aqm Aq([),a (o) 1gjciv

where
rank{Vq(/-)(e) 1 <j<i} =dim(G), and Aqw e diff! (G).

We say that this admissible collection is strongly admissible if

[tx€ G : gy =0} = {eg).
=1

Remark 2.1 A special type of difference operators can be defined by using the unitary rep-
resentations of G. Indeed, if &, is a fixed irreducible and unitary representation of G, con-
sider the matrix

&) — 1y, = 6@y =511, 8€G. 22)

g € G, a difference operator

Then, we associated to the function q,-j(g) = §O(g)ij - 61]-,

via

D, 1= F&(Q)y — 6)F . 2.3)
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If the representation is fixed we omit the index &, so that, from a sequence
. a a,

D, ,\‘I]]>5[)J1 oDy =Dg ; ; of operators of this type we define D = D' --- D,", where

[ AS

Remaik 2.2 (Leibniz rule for difference operators) The difference structure on the unita[\y
dual G, induced by the difference operators acting on the momentum variable [£] € G,
implies the following Leibniz rule

D*(@@)x. &)= Y C (D7a) D ar) (%, €). (. [€]) € GX G,

[rl.lel<lal<]y|+lel

fora;,a, € C*(G, 1% (6)). For details we refer the reader to [44, Page 631].

Remark 2.3 (Difference operators of fractional order and Sobolev spaces on the unitary
dual) In the spirit of the Sobolev spaces on the unitary dual of a graded Lie group [24],
Sobolev spaces also can be defined for the unitary dual of a compact Lie group. They can
be defined as follows: Let A, , be a difference operator of first order associated to a smooth
and non-negative function q1 > 0.For s € R, the Sobolev space L2(G) consists of all distri-
butions ¢ = f € Z/(G) such that

||U||L3(§) = ”f”LZ(G,q?) = g1/l 26y < oo- 24

For s € N, observe that,
oz, < maxl|ALoll s g, = max IDol,s 2.5)
So, for every s € R, the difference operator A; = A 7 of fractional order s, can be defined

in terms of the Fourier transform, via:
N TF=qf. feZO. 2.6)

So, we have ||o-||Lf = ”A;lf”L?(&)' We will denote

@ -

diff*(G) := A, 14, € diff' (G)}. 2.7)

2.3 Calderén-Zygmund type estimates for multipliers

In order to provide LP-estimates for multipliers in the subelliptic context, we will use the
techniques developed by the second author and J. Wirth in [44], where a special case
(compatible with the notion of difference operators and the difference structure that they
provide for the unitary dual) of a statement of Coifman and de Guzméan ([16], Theo-
rem 2) was established. We record it as follows (see [44, p. 630]).

Theorem 2.4 (Hoérmander-Mihlin Theorem for LP(G)) Assume that A : L*(G) — L*(G)is a
left-invariant operator on G satisfying
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1

2

NAY, -l 26 py+oan == / |Ay, - ()2 p(x)" 1 dx | < Cr, (2.8)
G

for some € > 0, uniformly in r > 0. Then A is of weak type (1, 1) and bounded on L?(G), for
alll < p < .

The family {y, },., that appears in Theorem 2.4 is defined by
Y, = ¢r - ¢r/2’ 2.9)

where the functions in the net {¢, } ., satisfy, among other things, the following properties
(see [44, Lemma 3.3]):

o [owdi=1,
o T #wdx= o0,
° g, * P, =¢, * p.,r,5s>0.

The function p : x — p(x), appearing in (2.8), is a suitable pseudo-distance defined on
G. If G is semi-simple (this means that the centre of G, Z(G) is trivial), it is defined by

p(x)? = dim(G) — Tr(AdW)) = Y (d; - Tr(£(x))). x € G,

[4=7AW

(2.10)

where Ad : G — U(g), and A, is the system of positive roots. It can be decomposed into
irreducible representations as,

Ad = [rank(G)es] © (@ é‘),

{=70

where e, is the trivial representation. With the consideration on the centre Z(G) = {es}, it
can be shown (see Lemma 3.1 of [44]) that

o (=0 and p(x) = 0 if and only if x = eg.
o A, €diff(G).

If G is not semi-simple, we refer the reader to [44, Remark 3.2] for the modifications
in the definition of p, in this particular case. The construction of the functions ¢,, is as
follows. By choosing ¢ € CP(R) such that ¢ > 0, $(0) = 1, and 0/ ¢(0) = 0, for £ > 1,
we define

w.(g) = c,np(r‘i p(2)) / v, (g)dg =1, (2.11)
G

with the normalisation condition used to define c,. An equivalent statement to the Horman-
der-Mihlin Theorem 2.4 will be given in terms of the family of functions @,-1 = y,-., ¥ > 0,
(see Theorem 2.6) that provide a continuous dyadic decomposition.
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2.4 LP(G)-boundedness of Fourier multipliers

In this subsection we recall the Hormander-Mihlin theorem and the Marcinkiewicz-
Mihlin theorem for LP-multipliers on compact Lie groups [44].

Remark 2.5 Let A be a Fourier multiplier with symbol o. Let us observe that that Theo-
rem 2.4 can be re-written in terms of the Sobolev spaces Lf(&) on the unitary dual, show-
ing that, (2.8) is indeed, an analogue on compact Lie groups of the Hormander-Mihlin
theorem in [34]. So, with the notation in Theorem 2.4, and making use of the Plancherel
theorem, we have

1491 g vy = [ AW

_ n(l+€)/2 2
- ”Ap(x) G(E)Wr((:)”LZ(G)

= e@F I, -

L2(G)

where s 1= n(1 +¢€)/2 > n/2. Observmg that £ t= —(s —) and that A : L2(G) — L*(G)is
bounded if and only if, ||o|| 1= -= SUPses ||a'(§)||Op < o0, Theorem 2.4 is equivalent to
the following theorem. We set

Gt EWn 1= =Py, >0,

for the continuous dyadic approximation of the identity in (2.9).

Theorem 2.6 (Hormander-Mlhhn Theorem for LP(G)) Let G be a compact Lie group and
lets > " Leto € Z(G) be a symbol satisfying

ol 2@ =lloll@ + sug o § 26 < o0 (2.12)
s > K
Then A = T is of weak type (1, 1) and bounded on LP(G) for all1 < p < oo.
We present Theorem 1.1 in the following form.

Theorem 2.7 (Marcinkiewicz-Mihlin Theorem) Let G be a compact Lie group and let
x € 2N be such that x > g Let 0 € Z(G) be a symbol satisfying

ID“6(E)llop < Co(&) ™ lal < x

Then A = T is of weak type (1, 1) and bounded on LP(G) for all1 < p < oo.

Remark 2.8 Several properties for the Sobolev spaces Lf((/’;‘) on the unitary dual were
established in [23]. In particular, the Héormander-Mihlin Theorem 2.6 was re-obtained, by
observing that the L”(G)-boundedness and the weak (1,1) type of a Fourier multiplier, also
can be obtained if one verifies the following condition:

oI’ = lloll o) + supr o107 (D < o, (2.13)

LZ(G)
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for any n#0, 7 € C8°(R0+), and s > n/2. Both Hormander-Mihlin conditions ((2.12) or
(2.13)) allow us to write Theorem 2.7 in the form of Theorem 1.1.

Remark 2.9 The boundedness of pseudo-differential operators on compact Lie groups,
including oscillating Fourier multipliers, on L”, subelliptic Sobolev and Besov spaces can
be found in [8, 15] and [5, 6, 12]. The boundedness of Fourier multipliers on LP-spaces,
Triebel-Lizorkin spaces and Hardy spaces on graded Lie groups can be found in [8, 25]
and [33], respectively.

2.5 Triebel-Lizorkin spaces on compact Lie groups

In this section, Triebel-Lizorkin spaces on compact Lie groups are introduced. This family
of spaces was introduced by the second author, Nursultanov and Tikhonov in [38] by using
a dyadic partition of the spectral resolution of the Bessel potential B = (1 + L;)>.

As in the introduction, let us fix # € C8°(R+, [0, 11), n # 0, so that supp(n) C [1/2,2],
and such that

Y n@in=1,4>0. 2.14)

jez
Fixing y,(4) := Z)——oo n;(4), and for j > 1,y;(A) :=n(2~ 71), we have

Z w,(A) =1, 1> 0. (2.15)

£=0

Let us define the family of operators y;(B) using the functional calculus. Then, for
0<g<oo,and1 < p < o0, the Triebel-Lizorkin space F 4 (G) consists of the distributions
f € Z/(G) such that

Wiz, ) = (ZZMWK(B)JCV) < oo,
=0

Lr(G)

and for p = 1, the weak-F7] q(G) space is defined by the distributions f € Z/(G) such that

00 q
Wllveascr, o) = supiyx € G : (ZZf’qlwf(B)f(x)l‘f) >t <o, (2.16)
' > £=0

In the following theorem we present some embedding properties for Triebel-Lizorkin
spaces. For the proof of Theorem 2.10 and for a consistent investigation of Triebel-Lizor-
kin spaces on compact Lie groups, we refer the reader to [38].
Theorem 2.10 Let G be a compact Lie group. Then we have the following properties:

+e,L L L L
(1) FH(6) & FrE (6) & Frt (G) < Frh(G).e > 0.0<p < 0,0 < g < g, < oo.

) F;*;IL(G) N F;’gz(G),s >0,0<p<o0,1<q,<q <.
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3) F; NOE L2(G) forallr € R,and alll < p < oo, where L (G) are the standard Sobolev
spaces on G.

Remark 2.11 Let us observe that (3) in Theorem 2.10 is a consequence of the Littlewood-
Paley theorem. For details we refer the reader to Furioli, Melzi and Veneruso [29].

3 Proof of the Marcinkiewicz theorem 1.4

Letus fixy € C(°)°(R+, [0, 11), 1 # 0, so that supp() C [1/2,2], and such that
Y n@in=1,4a>0. 3.1
jez ’

By defining y,(4) := Z]_foo n;(4), and for j > 1, y;(4) 1=n(2 =/ 1), we obviously have

Z w,(A)=1, 1> 0. (3.2)

=0

First, let us deduce the proof of Theorem 1.4 from the following result, which will be
proved in Sect. 4. The distribution 9, := 5(¢t3)5 denotes the right-convolution kernel of the
operator 5(tB3).

Theorem 3.1 (Hormander-Mihlin Theorem for F;q(G)) Let us consider a Fourier multi-
plier A : C*(G) = L*(G) satisfying the symbol condition

lloll? = lloll @, + sup P lo - n ) < 3.3)

LZ(G)

with s > 5 Then A = T, extends to a bounded operator from F " (G) into F " (G) Sor all
1<p,gq<oo,and all r € R. For p =1, A admits a bounded extenszon from F’ (G) into
weak-F| (G) Moreover

p < !
”A'L%’(F;,,,(G))’ “A“%(F{,q(G),weak»Fl’_q(G)) ~ ”a”Lquf(ay (3.4
Remark 3.2 Note that the Fourier transform of the distribution 9, : = n(¢53)é is given by
9,8 :=nw@nt,,, [£1€G, (3.5)

and that A : L*(G) —» L3(G) is bounded if and only if loll @ < oo Let Ay € diff*(G)
be a fractional difference operator of order s := == 2 ,withe >0.If A : LZ(G) — L3(G) is
bounded and it satisfies the (Coifman-Weiss type) condmon

2

1
||A19r—1 ”LZ(G,l]](X)”"dX) = / |A19,_1(x)|2q1(x)£+"dx SE Cr 2 N (36)

uniformly in r > 0, the Plancherel Theorem makes the hypothesis in Theorem 3.1 equiva-
lent to (3.6). Moreover, (3.4) is equivalent to
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s—2
||A||33(F;H(G))’ ”A”.@(F'l"q(G),weak-F]’vq(G)) S ||0'||Loo(a) + Srl:(r)’r 2||A9,- ||L2(G,ql(x)25dx)a
3.7
in view of (3.5).

Four our further analysis we will use the following auxiliary estimate.

Lemma 3.3 Let A be a Fourier multiplier satisfying the hypothesis in Theorem 1.4. Then,
the following estimate holds,

@ (ENlls 6 Sy 27707 sup sup IAZe@XE . £€Z. (3
< a|<s £1eG

provided that s > n/2, s € N. Moreover, the right-convolution kernel x, of Ay, satisfies
the uniform estimate in¢ € Z,

—1 _ < 7~t6=%) '
| (27 %) — Kk, (0)]dx 5 2 2 ”O-”l.uA,le_(a). (3.9)

|x|>4c|z|

Proof That (3.9) is a consequence of (3.8) was proved in [23, Page 38]. So, let us continue
with the first part of the lemma. Let us observe that, (in view of Proposition 4.13 in [23]),
we have the following norm estimates

. a .
||GT||L§((§) Ss Z ”O-llLSml(é)”T”LJZ_Z((A;)’ ”O-”Lf;’(a) - g}gé ”A,;:O-”Loe(c), (310)
Sy +8,=5

in the sense that if the right-hand side is finite then the left-hand side is finite and the
inequality holds. So, applying (3.10) to T = w,(({))], , we have

low, (N S5 Y, max l1Aolle v (a2 6

S1+S,=s lal:&l
Observe that,
14261 @) < 1A26(E o IBE ™ @) < 182640 | o)

Also, in view of Lemma 5.4 of [23], for any positive and smooth function f € C°(R), sup-
ported in [0, a] with a > 0, one has

VT, N2y S5 072 W e ys 8’ > s+ 1/2,0 <1 < 1, G.11)
which applied to f = w and ¢ = 277, gives
Iy (NI iz @) S I (DT i) S5 277l
The analysis above shows that

lo @ (EDNy @) S, sup 1AZG(EN | )2 77,
al|<s

Thus, the proof is complete. O
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Proof of Theorem 1.4 In view of Lemma 3.3, we have that

loll’ = lloll e, + supr® o -1 NN

Sy SUP SUP ||<A"a(¢))<r:>'“'||op S sup C,.

lal<s [£1eG Ja|<s

LZ(G)

In view of the Héormander-Mihlin Theorem 3.1 applied to s := ['2'] +1,A=T,extendstoa
bounded operator from F " (G) into F " (G) foralll < p,g < oo,andallr e R.Forp=1,A
admits a bounded extensmn from Fl " (G) into weak- Fi " (G) O

4 Proof of the Hormander-Mihlin theorem 3.1

Let us define the vector-valued operator W : L2(G, £2(Ny)) — L*(G, £*(N,)) by
W 17 ) 1= UWeg,17.0), Wy 1= Ay, (B). @.1)

Observe that W is well-defined (bounded from L*(G, 7 2(NO)) into L*(G, ¢ 2(N0))), because
A admits a bounded extension on L?(G) and also, in view of the following estimate

W) oy / 3 v, B, P ds= 3! [ v i
=0 f=OG
2 2 2
< I sy 590 1 B Y, [ TP
f:OG
< Wl 0019 e 3 [ tewras
el

[o0]
= 1A s W ey 3, [ TP
=
G

o 2
S et riolli G romg:

So, observe that in order to prove Theorem 3.1 it is enough to prove the following two lem-
mas and the estimate (3.4).

Lemma 4.1 Let G be a compact Lie group and let 1<g<oo. Then,
W L1(G,?1(Ny)) — L1(G, £1(N,y)) admits a bounded extension.

Lemma 4.2 Let G be a compact Lie group and let 1<g<oo. Then,
W i LY(G, £9(Ny)) = LY*(G, ¢9(N,)) admits a bounded extension.

Corollary 4.3 Let G be a compact Lie group and let 1<p,q<oo. Then,
W LP(G,71(Ny)) = LP(G, £9(Ny)) admits a bounded extension.

Proof Indeed, by the Marcinkiewicz interpolation, these two lemmas are enough to
show that W : LP(G,?79(N,)) = LP(G,£9(N,)) admits a bounded extension for all
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1 <p<g<oo. The case 1 < g < p < oo follows from the fact that L' (G, fq'(NO)) is the
dual of LP(G, #9(N;)) and also that Lemma 4.1 and Lemma 4.2 hold if we change A by its
standard L?-adjoint. a

Indeed, we clarify this claim in the following remark.

Remark 44 (Lemma 4.2 and Corollary 4.3 imply Theorem 3.1) By observing that
(1+B): : F (G~ FO ,(G) and (1 + B : F0 ,(G) = F (G) are both isomorphisms,
it is enough to prove that A admits a bounded extens1on from FO (G) into 1’70 (G) By
defining w_; = v, from Corollary 4.3 we have that

1Af Ny, @ = (Z IAl//z(B)flq)
=0

r(G)

IA

(Z |[Ay,(B)w,_(B) + w,(B) + WI+I(B)V|q>

=0

Lr(G)

||W({[l//1,1(B) + W](B) + W[+1(B)]f};20)|ly(f4)
S s B) + wi(B) + wi s (B} 2] o)
S “f”ngq(G)'

Also note that from Lemma 4.2, we have

1A lseatcrt () = (2 IAWI(B)fIq>
=0

L1(G)

IA

( Z Ay (B)lw_(B) + w(B) + lI/z+1(l5’)b’|")
=0
L' (G)

W [y, (B) + yy(B) + WI+1(B)]f}?20)”L1»°°(fKI)
S My B) +wiB) + wi B} Zlieny S Wl (o)

By having observed that Lemmas 4.1 and 4.2 imply Corollary 4.3, and that these lem-
mas are enough for proving Theorem 3.1, we will proceed with their proofs. For this, let us
recall that on any amenable topological group, and also in several spaces of homogeneous
type one has the Calderén-Decomposition lemma.

Remark 4.5 For any non-negative function f € L!(G), one has its Calderén-Zygmund
decomposition. Indeed, by following Hebish [31], (whose construction remains valid for
any amenable group, in particular, compact Lie groups) one can obtain a suitable family of
disjoint open sets {/; }JF’io such that

. f(x)<tf0rae x € G\ Upsol,,

o Yoollil<= |lf||L1(G),and
. t|1| < /[f(x)dx < 2{L]t, for all j.
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Now, for every j € N, let us define R; by

R; :=sup{R>0: B(z;,R) C I;, for some z; € [}, 4.2)

where B( R)={xe I |z] x| < R}. Every I; is bounded, and one can assume that
I, C B(z;, 2R 1), where z; e I;. Let us note that by assuming f(es) > 1, (this can be done, just
by re- deﬁnlng fE LI(G) at the identity element e;; of G) we should have that

e eI 43)
j
because f(x) < t,for a.e. x € G\ Ujygl;.
Let us define, for every x € I .
1 - _
#0 i= g7 / FO)y. b =f() = g(x), @
1

and for x € G\ Ujsolj» 8(x) = f(x), b(x) = 0. Then, one has the decomposition f = g + b,
with b having null average on /.

Proof of Lemma 4.1 Let us fix f € L'(G) to be a non-negative function, and let us consider
its Calder6n-Zygmund decomposition f = g + b as in Remark 4.5. It is enough to demon-
strate that the linear operators Wy, £ € N, are uniformly bounded on LY(G), 1 < g < 0.
This fact is straightforward if ¢ = 2, so it is suffices (by the duality argument) that the oper-

ators W, are uniformly bounded from L!(G) into L"*(G). So, we will prove the existence
of C > 0, independent of f € LY(G),and ¢ € N, such that

[{xeG Wl >1}| < gllfllu@- 4.5)

Let us remark that for every x € I,
1
le@l = |— [ fOdy| <2z
|1 J

By the Minkowski inequality, we have

|{x€ G : |Wfw)| > t}| <

{xe G: |Wg(x)| > %}‘

+

{x €G: Wb > %}‘

In view of the Chebyshev inequality, we get
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|{x €G : W ()] > t}|

< {xeG: |ng(x)|>%}‘+ {xeG: |Wfb(x)|>%}‘

+

rec:wewps 2 {eG-|Wb()|>£}
= D W,g(x > x D W,b(x 5

22 t
< —Z/Ing(x)lzdx+ {xeG: \W,b(x)| > 5}‘

{x €G: Wb > L }‘

22
< ZS up||Wf||,7(L2(G))/ lg(x)|*dx +

{x €G : |Wb()| > 5}‘

s / lg)2dx +
G

in view of the L?>(G)-boundedness of A and the fact that the operators v, (B) are L*(G)
-bounded uniformly in £ € N,). Additionally, note that the estimate

gl = / goPdr =Y / ewia+ [ el

G\Y/;

./

-3 / swiars [ yewPas

G\U;l;

<Z / 20)2dx + / F(x) dx<t22|1|+ / FOOfCo)dx

G\V;l; G\,

2
<t X 7|[f||L1(G) +1 / S&dx S tllfll o)
G\Vy/;

implies that

|{xe G : WG| > t}| < %Ilfllu@ + {xe G : |W,b@)* > %}‘

Taking into account that b = 0 on G \ U;I;, we have that

b= Z b b(x) = b(x) - 1, (x). @.6)
k

Let us assume that Ij* is an open set, such that /; C I* and |I*| = K|[;| for some K > 0, and
dlst(al *, 0l ) > 4c dlst(a ,eg), where ¢ > 0 and e 1s the 1dent1ty element of G. So, by the
Minkowski inequality we have
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{xeG W, b)) > %}'

« 1
{xEUjIj L W,b(x)| > E}‘+

« t
{xe G\ & W, b(x)| > 5}‘

<

+

{xeG:xeujI?"}
J

.. t
{xeG\ujlj Wb > 5}’

Consequently, we deduce the estimates

t .
{xeG: |Wfb(x)|>§}‘32|lj|+
J

=K Y I+
J

CK
< T”f”L‘(G) +

« t
{xe G\ © W, b(x)| > 5}‘

.. t
{xEG\UjIj W, b)| > 5}.

.. t
{xeG\ujIj LW, b()| > 5}‘

Now, using the Chebyshev inequality to estimate the right hand side above we obtain

. 2
{xEG\UJ-Ij Wb > %}' <= / |W,b(x)|dx

G\Ujlj*

2
s;zk‘, / | W, b, (x)|dx.
AUy

From now, let us denote by x, the right convolution kernel of W, := Ay ,(53). Observe that

. t 2
{xEG\UjIj LW, b)| > 5}‘ < ;; / |W, b, ()] dx

G\ujI]Z*

= % Z / |by * K, (x)|dx

k G\UT*

2 _
== Zk: / / by (2)K (27 x)dz|dx.

AU |1,

By using that the average of b, on I is zero, /Ik b (z)dz = 0, we have
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2 —
?Zk: / /bk(Z)Kf(Z 'x)dz|dx
G\Ujll* I
%Z / /bk(z)lcf(z‘lx)dz— Kf(x)/bk(z)dz dx
k AU | A
- % Z / /(Kf(z_lx) — K,(X)b(z)dz|dx.
k G\ujlf* I

Assuming the following uniform estimate

= sup sup Z / |Kf(z_1x) — k(x)]dx < o0, 47
€l p OG\U ]* !

we have

£ t M
{xEG\UjIj D Web()| > 5}‘ Tzk‘,/lbk(z)ldz

k

2M oM
= T”b”L‘(G) < T”f”L‘(G)'

So, if we prove the uniform estimate (4.7), we obtain the weak (1,1) inequality for
f € L'(G), f > 0. For the proof of (4.7) let us use the estimates of the Calderén-Zygmund
kernel of every operator W,. Before continuing with the proof let us use the following geo-
metrical property of the open sets [;, j > 0: a

Lemma 4.6 Let us consider (4.3). Then, with the notation above, for any x € G \ Ujl;“, and
forall z € I, we have |z| < |x|, i.e. for some ¢ > 0, 4c|z| < |x]. '

We will postpone the proof of Lemma 4.6 for a moment to continue with the proof of
Lemma 4.1, in order to use the estimate 4c|z| < |x|, for x € G\ UjIJf", z € I, together with
(3.9) in Lemma 3.3 for # > 0, as follows,

—sup§ / ko (& x)—xf(x)|dx<sup§ / lip (') = Ky ()]
€l o2 0 €l p—
\U I* |x|>4c|z|

[so]

< f(s—f)
S 2 loll, 1)

The estimate above implies that

M, :=sup 2 / i, (27" %) — k() ]dx S ||6”;.u.,L§(6)’ (4.8)

z€l,
‘= 0G\u 1*
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So, we have (4.5) for f € L'(G) with f > 0. Note that if f € LI(G) is real-valued, one
can decompose f =f*—f", as the difference of two non-negative functions, where
fr.f~ € LY(G),and|[f| = f* + f~. Because f*,f~ < |f|, we have

[{xeG: 1wl > 1} <

{xeG W) > %}‘+

{x €G: WL > %}‘

IN

C,. C,.
7|lf+||u(c) + 7|lf_||u(c)

2C
Wl

IA

A similar analysis, by splitting a complex function f € L!(G) into its real and imaginary
parts allows to conclude the weak (1,1) inequality (4.5) to complex functions. Thus, the
proof of Lemma 4.1 would be complete if we prove Lemma 4.6. That lemma was proved
in [8, Page 17] for graded Lie groups and the same proof applies for any amenable group
(see Hebish [31]), we will present the proof here for the case of a compact Lie group G for
completeness.

Proof of Lemma 4.6 In view of the estimate dist(dI}, dl;) > 4cdist(d];, i), we will prove
that for x € G\ Ujlfk, and all z € I, 4c|z| = 4c x dist(z, ) S dist(dIF, d1,) < |x|. Indeed,
fix € > 0, and let us take w € 9, and w' € oI} such that d(w, w') < dist(al,, oI}) + €. Then,
from the triangle inequality, we have

d(z,eq)

< d(z,Gw) +d(w,w') +d(W', es) < diam(ly) + dist(dl;, 91} + dist(dl}', e;) + €

S diam(l}) + dist(9ly, 0I}) + dist(dl}, e) + € (4.9)
< diam(1,) + dist(9l, oI}") + ﬁdist(alk, o) +e

= dist(d], ()I;) +¢,

where in the last line we have assumed that diam(/,) < dist(d/}, d1}), (with constants of
proportionality independent in k) and that dist(dly, dI}) is proportional to Ry in view of the
relation |I7| = K|I,|. Assuming (4.9), one has that for all € > 0, d(z, e;) S dist(dl, 9I}) + €,
which implies that

d(z,eg) S dist(dl}, oI). (4.10)

To show that the proportionality constant in (4.10) is uniform in k, let us recall
the definition of the radii R}s in (4.2), that B(z,R;) C I, C B(z,2R,), and that
B(z, R, /C) C I} C B(z, CRy) for some C > 2 independent of k, where for any k, z; € ;.
From this remark observe that:

e The condition B(z;, R,) C I, C B(z;, 2R,), implies that 2R, < diam(/,) < 4R,.
e That B(z, R,) C I, C I} C B(z, CRy), implies that

dist(a1,, OI) < dist(dB(z;, Ry), 0B(z;, CR)) = (C = DR,

On the other hand, by observing that in every step above we can replace
IZ‘ 1= B(z,, CR,), in view of the inclusion

I, C B(z,2R)) C I} := B(,CR)),
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we have
(C = 2)R; = dist(dl}, 0B(z;, 2Ry)) < dist(dl,, oI).
Consequently,
diam(l}) < R, = dist(0B(z;, 2R;), 0B(z;, CR}))
= dist(al, o).

To show that dist(dI’, 0l;) < |x|, observe that from Remark 4.3, e; € U.I;, and because of

i
x € G\ Uil
dist(I;, 01,) < diam(UT)) S d(x, eq) = |-

So, we have guaranteed the existence of a positive constant, which we again denote by
c¢>0,suchthat,{xe G : x & G\Ujljfk} Cc{xeG: forallz €, 4c|z| < |x]}. |

Proof of Lemma 4.2 Now, we claim that
W i LYG, £ (Ny) = L'"°(G,£"(Ny)), 1 <r < co. 4.11)

extends to a bounded operator. For the proof of (4.11), we need to show that there exists a
constant C > 0 independent of {f, } € L'(G, #"(N,)) and ¢ > 0, such that

x€G: (Z |Wfff(x)|r> >tel < g”{ff}”Ll(Gf’(No)- 4.12)

=0

1
So, fix {f,} € L'(G,#"(N,)) and > 0, and let h(x) := (X7 If,(x)|") . Apply the Cal-
derén-Zygmund decomposition Lemma to & € L'(G) in Remark 4.5 in order to obtain a
disjoint collection {Ij};’io of disjoint open sets such that

. h(x)<tf0rae x € G\ Upyl;,
e X >0, |l <= ”h”L‘(G)’and
o 1< — /1 h(x)dx < 2t, for all j.

Now, we will define a suitable decomposition of f,, for every £ > 0. Recall that every
I; is bounded, and that I C B(z], 2R) where z €1 (see Remark 4.5). Let us define, for
every ,andx €1,

1
00 1= iy [ 00 b =)0 @13)

and for x € G \ Uj5l;,
8,(x) = fy(x), by(x)=0. (4.14)

So, for ae. x€G, f,(x)=g,x)+b,(x). Note that for every 1<r< oo,
{g,HI7, o S <t "YWL Li(¢r)- Indeed, for x € I;, Minkowski integral inequality gives,
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(Z|gf<x>|’) 1 |1—1]_|/ff(y>dy < ﬁ/(Z lff(y)l’) dy
A

=0

Consequently,
X1l < @,
¢=0

and from the fact that h(x) < t,for a.e. x € G\ UjZOIj, we have

g Y15, 0y = / X lg ldx =) / D g dx + / |8, (0"dx
G =0 / I =0 G\yl; r=0
=% [ Tiwrat [ ¥ rora
i 70 o 7=
SZ / Qb dx + / h(x)"dx
I G\

<Y+ / Hor (o
j

G\Yj;
<rxEn = h@de < e R
<X t“ i +1 @dx STl L6
G\YJ;

—1
=11 Hipen-

Now, by using the Minkowski and the Chebyshev inequality, we obtain

x€G: (Z |Wfff(x)|’> >t

=0

r

A~ A A~ , 1
< XGG.(Z|ngf(x)|> >0+ xEG.(;)|Wfbf(x)|> >3

=0

r

2r [os] [oe]
< - r : r
< tr/2|wfgf(x)| dx+3x€G <Z|Wfbf(x)|> >
G =0 =0

N~
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In view of Lemma 4.1, W : L'(G,¢"(N,)) = L'(G, £"(N,)), extends to a bounded operator
and

/ W, ) dx = IWEA ML S A oy < N e @15)
=0
G

Consequently,

x€G: <Z|Wfff(x)|r> >t

=0

1

1 < t
< ?”{ff}”Ll(f’) +yx€G: <;)|Wfbf(x)|r> >3

Now, we only need to prove that

d R 1
x€G: (ZIWfbf(xN) >3 s;II{ff}IIym)- (4.16)

=0

Taking into account that b, = 0 on G \ U;/;, we have that

by =) bso bpy(®) =by(x)- 1, (x). @.17)
k

Let us assume that I]Tk is a open set, such that |I;‘| = K|[;| for some K >0, and
dist(@l/ﬁ*, ol)) > cdist(dl}, ), where e is the identity element of G. So, by the Minkowski
inequality we have,

N~

x€G: <Z|wfbf(x)|r>' >

£=0

1 1

y

3N < r 14 * . < r 4
=[xeyr : (Z|Wfbf(x)| > 1A AT <Z|Wfbf(x)| > >3
=0 £=0

1

+RreG\yr : (Z |Wfbf(x)|f> >
=0

< {xeG:xeujlf}

N~

Taking into account that

{xeG:xeujﬁ}
J

*
< 2l
J
we get
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1

xeG: Wb, ) > L
(Q ”<>|) >

1

oo 2
* . !
< Zuj |+ [{xeG\yr : <;)|Wfbf(x)|2> >3
; -

1
0 2
=K Y I+ {xeG\yl" : <Z|Wfbf(x)|2> >%
j £=0

-

CK . t
< Tﬂf”y(a,m +NXEG\YI: <Z IWfbf(x)|2> >3
7=0

Observe that the Chebyshev inequality implies

r

® . = r !
XEG\UI : (;)wfbf(xn) >1

) 0 T
<2 / <Z|Wfbf(x)|’> dx
v N
2 < \
3 el M)
G\ujl/.*
2
== / ”{(WK(;bf,k)(x)};c=ol|f’(No)dx
G\l
2 w©
-2 / L2 R
G\yIy
2 S "\
S?Zk: / <;}|(Wfbf,k)(x)|> dx.

G\ujl;

Now, if k, is the right convolution Calderén-Zygmund kernel of W,, and by using that
‘/Ik by »(y)dy = 0, we have that
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1 1

<i I(Wfbf,k)(x>|’) - @:g lb, , Kf(x)|r>

=0

<

1
N -
r

= Z /Kt’(y_lx)bf,k(y)dy_Kf(x)/bt’,k(y)dy
i, A

r

~ 1=

=1 X [ o= w000
=0

I

Now, we will proceed as follows. By using that b, ,(0)|" < X% _, |b,()I", by an applica-
tion of the Minkowski integral inequality, we have

(o)

< / (2|r<f(y-1x>—Kf(x>|’|b,»,k(y)|’> dy
A =0

1
~ -
T

| [ 607 - kom0

=0 A

S/(Z |bf’,k(y)|r) <2|Kf(-xy_])_’<f(x)|r> dy.
#1=0 #=0

I

Consequently, we deduce,

2 zk: / (fi |(wfbfgk)(x)|r)'dx

v N0

<2y [/ (2 |bf/,k<y>|’) (me(y-lx)—:«f(x)v) dyds
i o 1, N0 £=0

-2/ / (Zwﬂ,kcwr) (2|xf<y—1x>—z<f<x>|’> dxdy
T I a\ur N0 ¢=0

-2y / (Z |bf,,kcy>|') / <Z|r«f<y-1x>—xf<x>|f) dvdy.
T 5, =0 a\ur N0

Let us recall that for x € G\Ujljf", and y € [;, in view of Lemma 4.6, we have that
4cly| < |x|. So,

{xeG: xEG\UjI;} c{xeG: forallzel,, 4c|z| < |x]|}.
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Now, in view of (3.9) in Lemma 3.3 with £ > 0, we deduce (4.8) and as a consequence we
get

/ <Z|;<f(y x)—ch(x)|’> dx < / Z|Kf(y_1x)—l([(x)|dx
G\U,I* G\U,I*

P £=0
I
[so]
< Z |Kf(y‘1x) - Kf(x)ldx
=07
G\yl;
[So]
< N < ! -
< Z / Ik, (™ %) — Kk, (0)dx S ||‘7”1.u.,L§(G>
=0 eyl

Thus, we have proved the estimate
1

. S r ’ t 2 S r ’
xeG: (Z{)Wfbf(xn ) >3 S ;Z/(%Ibm(y)l) dy

=%/(Z |b,,w(y)|’> a
7'=0

Uidy

1
R [FAI A

<=

Thus, the proof of the weak (1,1) inequality is complete and we have that
W i LG, £"(Ny) = L"°(G, " (Ny)), 1 <1< 0, (4.18)

admits a bounded extension. The proof of Lemma 4.2 is complete. O

Now, having proved Lemma 4.1 and Lemma 4.2, the duality argument in Remark 4.4
proves the Hormander-Mihlin Theorem 3.1.

Remark 4.7 Let us return to the historical Marcinkiewicz condition on the torus T,

suplo(@)|+sup 3 o€+ 1)~ o(2)] < oo, @.19)

J&No 9116 <2

Let s, € N. For a general compact Lie group G of dimension n, one says that a Fourier
multiplier A = T, satisfies the (weak) Marcinkiewicz condition of order s, if its symbol &
satisfies:

j(n—s0)
1ol ey + o - Tyiercgs o ><2,)”U &S 220 (4.20)

uniformly in j, with the Lj_o(a)-norm defined via:
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Ity @ = 3, D, d:TrlALz@), |AfT = |/ TH(ALr(ALe)").

lal=so [£1eG

It was proved in [23], that for 0 < s, < n, a symbol satisfying (4.20) also satisfies the Hor-
mander-Mihlin condition (3.3) for any s > n/2. In view of Theorem 3.1, a Fourier multi-
plier A = T, satisfying (4.20) extends to a bounded operator from F " (G) into F " (G) for
alll < p,g < o0, and all r € R, and for p = 1, A admits a bounded extenswn from Fi (G)
into weak- F’q(G) In the case of the torus G=T,1 <p,g< o0, and n=1 = s, (4 20)
is just (4.19), and A = T, extends to a bounded operator from F " (T) into F " (T) for all
1 <p,q<oo,and all r € R, and for p = 1, A admits a bounded extensmn from F r q(T) into
weak-F| ('[]') In view of the Littlewood-Paley theorem, for1 < p < co,g =2 and r =0, the
prev10us estlmate recovers the classical Marcinkiewicz estimate [35]. We summarise this
discussion in the following corollary.

Corollary 4.8 Let us assume that G is a compact Lie group of dimension n. Let 6 € Z(G) be
a symbol satisfying

R . i(. )
lloll«@ + ”O' Laie: - 1<<5><2}}||L1 © S22V, j 20, 4.21)

uniformly in j, for some 0 < s, <n, s, € N. Then A =T, extends to a bounded opera-
tor from F’ (G) into F’ (G) for all1 < p,q < o, and all r € R. For p=1, A admits a
bounded extenszon from F r (G) into weak-F| (G)

Proof That a symbol satisfying (4.21) for some integer s, with 0 < 5, < n, satisfies also the
Hormander condition (3.3) for all s > = > = was proved in Theorem 6.16 of [23]. In view of
Theorem 3.1 we conclude the proof. a
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