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Abstract

Rollings of reductive homogeneous spaces are investigated. More precisely, for a
reductive homogeneous space G/ H with reductive decomposition g = h@Hm, we con-
sider rollings of m over G/H without slip and without twist, where G/H is equipped
with an invariant covariant derivative. To this end, an intrinsic point of view is taken,
meaning that a rolling is a curve in the configuration space Q which is tangent to a
certain distribution. By considering an H-principal fiber bundle 7: Q — Q over the
configuration space equipped with a suitable principal connection, rollings of m over
G/H can be expressed in terms of horizontally lifted curves on Q. The total space of
7: Q — Qisaproduct of Lie groups. In particular, for a given control curve, this point
of view allows for characterizing rollings of m over G/H as solutions of an explicit,
time-variant ordinary differential equation (ODE) on Q, the so-called kinematic equa-
tion. An explicit solution for the associated initial value problem is obtained for rollings
with respect to the canonical invariant covariant derivative of first and second kind if
the development curve in G/H is the projection of a one-parameter subgroup in G.
Lie groups and Stiefel manifolds are discussed as examples.
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1 Introduction

Meanwhile, there is a vast literature on rolling manifolds without slip and without
twist. First, we mention some works, where concrete expressions for extrinsic rollings
of certain submanifolds of (pseudo-)Euclidean vector spaces over their affine tangent
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spaces are derived. Using the definition from [1, Ap. B] as starting point, extrinsic
rollings of spheres $” € R"*!, real Grassmann manifolds Gr,x C R;’yan’ and spe-
cial orthogonal groups SO(n) € R"*" over their affine tangent spaces are studied
in [2]. In a similar context, the Stiefel manifold St, ; R">*  endowed with the
Euclidean metric, is investigated in [3] while rollings of pseudo-orthogonal groups
are considered in [4]. For these works, the need to solve interpolation problems on
these submanifolds in various applications seems to serve as a motivation. Indeed,
the rolling and unwrapping technique from [2], see also the more recent work [5], is
a method to compute a ¢2-curve connecting a finite number of given points on the
manifolds S”, Gr, x and SO(n), where the velocities at the initial and final point are
prescribed. This algorithm relies on having an explicit expression for the rolling of
the manifold over its affine tangent space along a curve joining the initial point with
the final point.

Beside these works, there is the paper [6], where a notion of intrinsic rolling of
an oriented Riemannian manifold M over another oriented Riemannian manifold M
is introduced assuming dim(M) = dim(ll//} ). In [7], this notion of intrinsic rolling is
generalized to pseudo-Riemannian manifolds. A further generalization can be found in
[8, Sec. 7T and [9, p. 35], where the Levi-Civita covariant derivatives coming from the
pseudo-Riemannian metrics on M and M are replaced by arbitrary covariant deriva-
tives on M and M, respectively.

In this text, we investigate the following situation. Let G be a Lie groupand H € G
aclosed subgroup such that G/ H is areductive homogeneous space with a fixed reduc-
tive decomposition g = h@m. Then G/ H can be equipped with an invariant covariant
derivative corresponding to an invariant affine connection from [10]. Motivated by the
study of rollings of (pseudo-Riemannian) symmetric spaces over flat spaces in [11],
we consider rollings of m over G/H. Here we generalize the above mentioned defi-
nition proposed in [8] and [9, p. 35] slightly in order take additional structures of the
involved manifolds into account. In particular, this definition allows for considering
rollings of not necessarily oriented manifolds.

Moreover, if one is interested in getting rather simple formulas describing the
rollings, it might be convenient to consider rollings of m over G/H with respect to
the canonical covariant derivative of first or second kind on G/H. These covariant
derivatives can be defined independently of a pseudo-Riemannian metric although they
are in some sense similar the Levi-Civita covariant derivatives on naturally reductive
homogeneous spaces or pseudo-Riemannian symmetric spaces, respectively.

We now give an overview of this text. In Sect.2, we start with introducing some
notations and recalling some definitions and well-known facts related to Lie groups
and principal fiber bundles. Moreover, we recall some facts on reductive homogeneous
spaces with an emphasis on invariant covariant derivatives.

In Sect. 3, we briefly recall the notion of rolling intrinsically a manifold M over
another manifold M of equal dimension from the literature. More precisely, as already
announced above, a slightly generalized definition of intrinsic rolling is introduced.

As preparation to determine the configuration space for the intrinsic rollings consid-
ered in Sect. 5, an explicit description of the frame bundle of a reductive homogeneous
space G/ H is needed. Therefore frame bundles of reductive homogeneous spaces are
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investigated in Sect. 4. Here we first consider a more general situation. The frame bun-
dle of a vector bundle associated to an H-principal fiber bundle P — M is identified
with an other fiber bundle associated to P — M. Afterwards, reductive homogeneous
spaces are treated as a special case.

In Sect. 5, we turn our attention to rollings of a reductive homogeneous space G/H
with reductive decomposition g = f @ m. We consider the intrinsic rolling of m over
G/ H withrespect to an invariant covariant derivative V*. To this end, the configuration
space Q — mx G/H isinvestigated in detail. Here we determine an H -principal fiber
bundle 7: Q — Q over Q which is equipped with a suitable principal connection.
Its total space is given by 0 =m x G x G(m), where G(m) € GL(m) is a closed
subgroup, i.e. the manifold Q is a product of Lie groups.

For a fixed invariant covariant derivative V¥ on G/ H defined by an Ad(H )-invariant
billinear map «: m x m — m, we determine a distribution D% on Q that projects to
a distribution D* on Q with the following property. A curve g: I — Q is horizontal
with respect to D¢ iff it is a rolling of m over G/H with respect to V¢. Moreover,
horizontal lifts of curves on Q with respect to the principal connectionon7: Q — Q
mentioned above are horizontal with respect to D iff they are horizontal with respect
to D¥. In particular, this fact allows for characterizing rollings of m over G/ H in terms
of an ODE on Q. More precisely, for a prescribed control curve u: I — m, we obtain
an explicit, time-variant ODE on Q = m x G x G(m) whose solutions projected
to Q are rollings of m over G/H with respect to V¥. This ODE can be seen as a
generalization of the kinematic equation for rollings of oriented pseudo-Riemannian
symmetric spaces over flat spaces from [11, Sec. 4.2].

In Sect. 5.4, we turn our attention to rollings of m over G/H with respect to the
canonical covariant derivative of first and second kind such that the development curve
isof the form 7 > ¢ — pr(exp(t£)) € G/H with some £ € g, i.e. a projection of a not
necessarily horizontal one-parameter subgroup in G. For this special case, an explicit
solution of the kinematic equation is obtained.

We end this text by discussing intrinsic rollings of Lie groups and Stiefel manifolds
as examples.

2 Notations, terminology and background

In this section, we introduce the notation and terminology that is used throughout
this text. Moreover, some facts concerning Lie groups and principal fiber bundles are
recalled. We end this section by discussing reductive homogeneous spaces with an
emphasis on invariant covariant derivatives.

2.1 Notations and terminology

We start with introducing some notations and terminology concerning differential
geometry. This subsection is based on [12, Sec. 2] partially copied word by word.
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Notation 2.1 Throughout this text we follow the convention in [13, Chap. 2]. A scalar
product is defined as a non-degenerated symmetric bilinear form. An inner product is
a positive definite symmetric bilinear form.

Next we introduce some notations concerning differential geometry. Let M be a
smooth (finite-dimensional) manifold. We denote by TM and T*M the tangent and
cotangent bundle of M, respectively. A smooth vector subbundle D of the tangent
bundle TM is called a regular distribution on M. For a smooth map f: M — N
between manifolds M and N, the tangent map of f isdenotedby Tf: TM — TN.
We write €°°(M) for the algebra of smooth real-valued functions on M.

Let E — M be a vector bundle over M with typical fiber V. The smooth sections
of E are denoted by I'*°(E). We write End(E) = E* ® E for the endomorphism
bundle of E. Moreover, we denote by E ®k SkE and AXE the k-th tensor power, the
k-th symmetrized tensor power and the k-th anti-symmetrized tensor power of E. If
wel® (Ak (T*N )) ® V is a differential form taking values in a finite dimensional R-
vector space V, its pull-back by f: M — N is denoted by f*w. Nextlet S1 x - - - x Sk
be a product of sets and leti € {1, ..., k}. Thenpr;: S; x --- x S¢ — S; denotes the
projection onto the i-th factor.

We now recall a well-known fact on surjective submersions. This is the next lemma,
see e.g. [14, Thm. 4.29], which is used frequently without referencing it explicitly.

Lemma 2.2 Letpr: P — M be a surjective submersion and let N be some manifold.
Let f: M — N be amap. Then f is smooth iff f opr: P — N is smooth.

Concerning the regularity of curves on manifolds, we use the following convention.

Notation 2.3 Whenever ¢c: I — M denotes a curve in a manifold M defined on an
interval I C R, we assume for simplicity that c is smooth if not indicated otherwise.
If I is not open, we assume that ¢ can be extended to smooth curve defined on an open
interval J C R containing 1. Moreover, we implicitly assume that 0 is contained in
I if we write 0 € I. Nevertheless, many results can be generalized by requiring less
regularity.

Notation 2.4 [f not indicated otherwise, we use Einstein summation convention.

2.2 Lie groups

Copying and adapting [12, Sec. 3.1], we now introduce some notations and well-known
facts concerning Lie groups and Lie algebras.

Let G be a Lie group and denote its Lie algebra by g. The identity of G is usually
denoted by e. The left translation by an element g € G is denoted by

te: G — G, hi> Ly(h)=gh @2.1)

and we write
rg: G— G, hvr>rg(h) =hg 2.2)
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for the right translation by g € G. The conjugation by an element g € G is given by
Conj,: G - G, h> Conj,(h) = ((goryg-1)(h) = (ry-10Lg)(h) = ghg™! (2.3)
and the adjoint representation of G is defined as
Ad: G — GL(g), gr> Adg = (S = Adg(§) = TeCOng’g‘). 2.4
Moreover, we denote the adjoint representation of g by
ad: g — gl(@), &> (n > adg(n) = [£, n]). 2.5)

For £ € g, we denote by £ € '™°(TG) and £® € I'™°(T G) the corresponding left
and right-invariant vector fields, respectively, which are given by

£l(g) =Tl and &R(g) = TLryé, geG. (2.6)

The exponential map of the Lie group G is denoted by exp: g — G. One has for
Eegandr e R

% exp(t€) = Teeexp(té)éj- = Terexp(té)i: 2.7

by the proof of [15, Prop. 19.5].
Next we recall that the tangent map of the group multiplication m: G x G >
(g, h) — gh € G is given by

Tg.mym(vg, wp) = Terpvg + Tplowy (2.8)

forall (g, h) € G x G and (vg, vy) € T,G x T;,G, see e.g. [16, Lem. 4.2]. The tangent
map of the inversion inv: G 3 g — inv(g) = g~! € G reads

Toinvvg = —(Tely-1 0 Tory—1)vg 2.9)

forall g € G and vy € T, G, see e.g. [16, Cor. 4.3].
We now introduce the notation for some Lie groups that play a crucial role in this
text.

Notation 2.5 Letr V be a finite dimensional R-vector space. We write GL(V) for the
general linear group of V. If V is a pseudo-Euclidean vector space, i.e. V is endowed
with a scalar product (-,-): V x V. — R, we denote the corresponding pseudo-
orthogonal group by O(V, (-, -)). Moreover, we often write O(V) = O(V, (-, -))
for short. Similarly, the special (pseudo-)orthogonal group is denoted by SO(V) =
SO(V, (-, ). More generally, a closed subgroup of GL(V'), which is not further spec-
ified, is often denoted by G(V) and we write g(V) C gl(V) for the corresponding Lie
algebra. Sometimes, the exponential map of G(V) is denoted by

o]

g(V) > G(V), &ref =) feh (2.10)
k=0
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In the sequel, it is often convenient to denote the evaluation of A € GL(V)atv € V
by Av instead of writing A(v).

2.3 Principal fiber bundles

Next we recall some well-known facts on principal fiber bundles and introduce some
notations. For general facts on principal fiber bundles we refer to [16, Sec. 18—19] and
[17, Sec. 1.1—-1.3].

Notation 2.6 Let P — M be an H -principal fiber bundle over M and let by be the Lie
algebra of H. The principal action is usually denoted by

< PxH— P, (p,h)y— p<h (2.11)

and we denote for fixed h € H by (-<h): P > p+ p<h € P the induced
diffeomorphism.

Next, let n € h. Then np € I'*(T P) denotes the fundamental vector field associ-
ated to the principal action. For p € P, itis given by

np(p) = & (p<expn)|,_,. (2.12)

As a consequence of [17, Lem. 1.3.1], see also [16, Sec. 18.18], the vertical bundle
Ver(P) = ker(Tpr) C TP of P — M is fiber-wise given by

Ver(P), = {np(p) | n € b} = {$(p<expm)|,_,In€bh} ST,P, peP.

(2.13)
Recall that a complement of Ver(P), i.e. a subbundle Hor(P) < TP fulfilling
Hor(P) @ Ver(P) = T P is called horizontal bundle. It is well-known that such a com-
plement defines a unique connection on P, i.e. an endomorphism P € '™ (End(T P))
such that P2 = P and im(P) = Ver(P) as well as ker(P) = Hor(P) holds. This fact
can be regarded as a consequence of [16, Sec. 17.3]. Moreover, P corresponds to an
h-valued one-form w € I'*°(T*P) ® h via

-1
|, (wp) = (Te(p<))" P|,(wp), peP, v, eT,P, 2.14)
see e.g. [16, Sec. 19.1, Eq. (1)]. A connection P € I'°(End(T P)) is called principal
connection if
Ty (- <) (P|,(vp) = P|, (T, ab)vy). pe P, v, eT,P (2.15)
holds for all 1 € H, see e.g. [16, Sec. 19.1]. Next we recall how a principal con-
nection P € F°°(End(T P)) is related to the corresponding connection one-form

w € I'°(T P) ® b given by (2.14). This is the next lemma which is taken from [16,
Sec. 19.1]
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Lemma2.7 LetP € Foo(End(T P)) be a principal connection. Then the correspond-
ing connection one-form w € I'*°(T*P) ® b satisfies:

1. For each n € b, one has a)|p(np(p)) =nforall p € P.
2. Foreach h € H one has ((~ <1h)*a))|p(vp) = Adhfl(a)|p(vp))for all p € P and
vy, € T, P.

Conversely, an h-valued one-form w € T°(T* P) ® b fulfilling Claim 1. and Claim 2.
defines a principal connection on P — M via

Pl wp) = (Te(p <))ol ,(0p) = (@], @) p () (2.16)

forp e Pandv, € T,P withthemap (p<-): H> h+ p<h € P forfixedp € P.

Next we recall the notion of reductions of principal fiber bundles, see e.g. [16,
Sec. 18.6]. Let P — M be an H-principal fiber bundle. Then an H;-principal fiber
bundle P, — M is called a reduction of P if there is a morphism of Lie groups
f: Hy — H and amorphism W: P, — P of principal fiber bundles along f covering
idy: M — M. In particular, W (p2 <ho) = W(p2) < f(h2) holds for all 4, € Hp and
p2 € P

Furthermore, we need the notion of an associated bundle which we recall briefly
from [16, Sec. 18.7]. Let F be some manifold and let >: H x F — F be a smooth
action of H on F from the left. Then the corresponding associated bundle is denoted
bym: P xg F — M, whose elements are given by

Pxpy F={[p,sll(p,s)ePxF} (2.17)
Here [p, s] denotes the equivalence class of (p, s) € P x F defined by the H-action
< (PXF)XHB((p,f),h)}—)(p<1h,h_ll>f)€PXF, (2.18)

ie. (p,s) ~ (p,s') iff there exists an & € H such that (p/,s") = (p <h, h™ ' >5) is
fulfilled. The projection 7: P xyg F — M, sometimes denoted by wpy,r: P Xy
F — M to refer to P xp F explicitly, is given by w([p, s]) = prp(p), where
prp: P — M denotes the projection of the principal fiber bundle. Furthermore we
often write

T:PxF—> (PxF)H=PxgF, (p,f)—I[p,f] (2.19)

for the H -principal fiber bundle over the associated bundle P x y F', where the principal
action is given by (2.18). We also denote the projectionin (2.19) by T pxr: P X F —
P xp F toreferto P x F explicitly.

We will use the following identification of the tangent bundle of an associated
bundle P xyg F — M of an H-principal fiber bundle P — M

T(PxyF)ETPxryTF = {[vp, Vsl | (Up, v5) € T(p,s)(PXF), (p,s) € PxF},
(2.20)
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see e.g. [16, Sec. 18.18]. Here T P is considered as a T H-principal fiber bundle over
T M with principal action T<: TP x TH — T P, see e.g. [16, Sec. 18.18],and TH
acts on T F via the tangent map of the H-action on F'.

Finally, we introduce some notations concerning frame bundles of vector bundles.
We refer to [16, Sec. 18.11] for general information on frame bundles.

Notation 2.8 The frame bundle of a vector bundle E — M with typical fiber V
is denoted by GL(V, E) — M. If E is equipped with a not necesarrily positive
definite fiber metric, we denote the corresponding (pseudo-)orthogonal frame bundle
by O(V, E) — M. More generally, let G(V) C GL(V) be a closed subgroup of
the general linear group GL(V). Then a G(V)-reduction of GL(V, E) along the
canonical inclusion G(V) — GL(V) is often denoted by G(V, E) if it exists. We
write prgy gy G(V, E) — M for the bundle projection.

2.4 Reductive homogeneous spaces

In this subsection, we recall some well-known facts on reductive homogeneous spaces
by adapting and copying some parts of [12, Sec. 3.2—3.3]. We refer to [15, Sec. 23.4]
or [13, Chap. 11] for details.

Since reductive homogeneous spaces play a central role in this text, we recall their
definition from [15, Def. 23.8], see also [10, Sec. 7] or [13, Chap. 11, Def. 21].

Definition 2.9 Let G be a Lie group and g be its Lie algebra. Moreover, let H C G
be a closed subgroup and denote its Lie algebra by ) € g. Then the homogeneous
space G/ H is called reductive if there exists a subspace m € gsuchthatg=hHdm
is fulfilled and

Ady(m) Cm (2.21)

holds forall & € H.

In the remainder part of this section, G/H always denotes a reductive homogeneous
space with a fixed reductive decomposition g = ) @ m if not indicated otherwise.

The projection onto m whose kernel is given by § is denoted by pr,: g — m.
Analogously, we write pry: g — b for the projection whose kernel is given by m.
Moreover, we write for§ € g

Em =pry(§) and & = pry(§). (2.22)

The map
1:GxG/H— G/H, (g,8  -H)w~ (gg)-H (2.23)

is a smooth G-action on G/H from the left, where g - H € G/H denotes the coset
defined by g € G. Borrowing the notation from [15, p. 676], for fixed g € G, the
associated diffeomorphism is denote by

t: G/H — G/H, g -Hi>1,(¢'-H) = (gg")-H. (2.24)
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In addition, we write
pr: G- G/H, g—pr(g)=g-H (2.25)

for the canonical projection. It is well-known that pr: G — G/ H carries the structure
of an H -principle fiber bundle, see e.g. [16, Sec. 18.15]. In the sequel, we write

@G xH—>G, (g,h)— gah=ry(g) ="Ly(h)=gh (2.26)

for the H-principal action on G if not indicated otherwise. The reductive decomposi-
tion g = h @ m can be used to define a principal connection on pr: G — G/H, see
e.g. [18, Thm. 11.1]. Since this well-known fact will be used several times below, we
state the next proposition which is copied from [12, Sec. 3.3].

Proposition 2.10 Consider pr: G — G/H as an H-principal fiber bundle, where
G/H is a reductive homogeneous space with reductive decomposition g = h @ m and

define Hor(G) C TG fiber-wise by
Hor(G), = (T lg)m, geG. (2.27)

Then Hor(G) is a subbundle of T G defining a horizontal bundle on T G, i.e. a com-
plement of the vertical bundle Ver(G) = ker(Tpr) € T G which yields a principal
connectiononpr: G — G/H. This principal connection P € F‘X’(End(T G)) corre-
sponding to Hor(G) is given by

P|g(vg) = Telg opry o (Teﬁg)flvg, g€G, v, eT,G. (2.28)
The corresponding connection one-form w € I'*°(T*G) ® h reads
a)|g(vg) =pry o (Teég)_lvg (2.29)

forg € Gandvg € Ty G.

In the next lemma, following [15, Prop. 23.22], we recall a well-known property
of the isotropy representation of a reductive homogeneous space.

Lemma 2.11 The isotropy representation of a reductive homogeneous space G /| H with
reductive decomposition g = h @ m given by H 3 h — Tp(eyTn € GL(Tpr(e)G/H )
is equivalent to the representation H > h +— Adh’m = (X — Adj (X)) € GL(m),
ie.

Tore)Th © Tepr| , = Tepro Ady| (2.30)

is fulfilled for all h € H.

Next we discuss invariant pseudo-Riemannian metrics on G/H briefly. A scalar
product (-, -): m x m — Ris called Ad(H )-invariant if

(Adp(X), Adp(V)) = (X, Y) (2.31)
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holds for all h € H and X,Y € m, see e.g [13, p. 301] or [15, Sec. 23.4] for the
positive definite case. Reformulating and adapting [15, Def. 23.5], we call a pseudo-
Riemannian metric (¢, -)) € F°°(S2T*(G /H )) invariant if

{vp, wphp = (Tptevp, TpTewplr,(p), P € G/H, vp,wp € Tp(G/H) (2.32)
holds for all g € G. By requiring the linear isomorphism
Tepr| : m = T (G/H) (2.33)

to be an isometry, there is a one-to-one correspondence between Ad(H )-invariant
scalar products on m and invariant pseudo-Riemannian metrics on G/H, see e.g. [13,
Chap. 11, Prop. 22] and also [15, Prop. 23.22] for the Riemannian case.

Naturally reductive homogeneous spaces are special reductive homogeneous
spaces. We recall their definition from [13, Chap. 11, Def. 23].

Definition 2.12 Let G/H be a reductive homogeneous space equipped with an invari-
ant pseudo-Riemannian metric and denote by (-, -): m x m — R the corresponding
Ad(H)-invariant scalar product on m. Then G/H is called naturally reductive homo-
geneous space if

([X.YIm, Z) = (X, [Y, Z]m) (2.34)

holds forall X, Y, Z € m.

The following lemma can be considered as a generalization of [ 15, Prop. 23.29 (1)—(2)]
to pseudo-Riemannian metrics and Lie groups which are not necessarily connected.

Lemma 2.13 Let G be a Lie group and denote by g its Lie algebra. Moreover, let G be
equipped with a bi-invariant metric and let (-, -): g x g — R be the corresponding
Ad(G)-invariant scalar product. Moreover, let H C G be a closed subgroup such that
its Lie algebra by C g is non-degenerated with respect to (-, -). Then G/ H is a reductive
homogeneous space with reductive decomposition g = b @ m, where m = bt is the
orthogonal complement of by with respect to (-, -). Moreover, if G/ H is equipped with
the invariant metric corresponding to the scalar product on m that is obtained by
restricting (-, -) to m, the reductive homogeneous space G/ H is naturally reductive.

Proof The claim can be proven analogously to the proof of [15, Prop. 23.29 (1)—(2)]
by taking the assumption h @ h* = h @ m = g into account. O

Remark 2.14 Inspired by the terminology in [15, Sec. 23.6, p. 710], we refer to the
naturally reductive spaces from Lemma 2.13 as normal naturally reductive spaces.

We now consider another special class of reductive homogeneous spaces. To this
end, we state the following definition which can be found in [19, p. 209].

Definition 2.15 Let G be a connected Lie group and let H be a closed subgroup. Then
(G, H) is called a symmetric pair if there exists a smooth involutive automorphism
o: G — G, i.e. an automorphism of Lie groups fulfilling 0> = o, such that (Hy )y <
H C H, holds. Here H,, denotes the set of fixed points of o and (H,)o denotes the
connected component of H,; containing the identity e € G.
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Inspired by the terminology used in [15, Def. 23.13], we refer to the triple (G, H, o)
as symmetric pair, as well, where (G, H) is a symmetric pair with respect to the involu-
tive automorphismo : G — G. These symmetric pairs lead to reductive homogeneous
spaces which are called symmetric homogeneous spaces if a certain “canonical” reduc-
tive decomposition g = h @ m is chosen, see e.g. [10, Sec. 14]. This decomposition
is given by

h={Xecg|ToX=X}Cg and m={Xeg|ToX=-X}Cg. (235

One can show that the decomposition from (2.35) turns G/ H into a reductive homo-
geneous space and fulfills the inclusion [m, m] C b, see e.g. [10, Sec. 14] and also
[15, Prop. 23.33]. Note that the definition in [10, Sec. 14] does not require an invariant
pseudo-Riemannian metric on G/ H. Next we define symmetric homogeneous spaces
and canonical reductive decompositions following [10, Sec. 14].

Definition 2.16 Let (G, H, o) be a symmetric pair. Then the reductive decomposition
g = b @& m from (2.35) is called canonical reductive decomposition. Moreover, the
reductive homogeneous space G /H with the canonical reductive decomposition g =
bh @ m is called symmetric homogeneous space.

2.4.1 Invariant covariant derivatives

We discuss briefly invariant covariant derivatives on the reductive homogeneous space
G/H corresponding to the well-known invariant affine connections from [10, Thm.
8.1]. In this context, we refer to [10, 12] for more details. We define invariant covariant
derivatives and relate them to certain bilinear maps by adapting and copying some parts
of [12, Sec. 4.1].

Definition 2.17 A covariant derivative V: I'*(T(G/H)) x I'*(T(G/H)) —
e (T(G /H )) on G/H is called G-invariant, or invariant for short, if

VxY = (-1 (Vizg), x (Tg)«Y ) (2.36)

holds forallg € Gand X, Y € FOO(T(G/H)). Here (74)+ X denotes the push-forward
of Xbyte: G/H — G/H,ie. (1)« X =Tt30X 07,1

Definition 2.18 A bilinear map «: m x m — m is called Ad(H )-invariant if
Ady, (a(X, Y)) = a(Adh(X), Adh(Y)) (2.37)
holds forall X,Y emand h € H.

Let X € gand let Xg/g € T C>O(T(G /H )) denote the fundamental vector field
associated with the actiont: G x G/H — G/H,i.e

X6/(p) = $Texpax)(P)|,_y» P € G/H. (2.38)
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We denote by V*: I'°(T(G/H)) x T*°(T(G/H)) — T'*°(T(G/H)) the unique
covariant derivative, see [12, Def. 4.16], corresponding to (or associated with) the
Ad(H)-invariant bilinear map o : m X m — m by requiring

Von Y6 ey = Tepr( = X, Ylm + (X, 7)), X,Y em. (2.39)

A characterization of parallel vector fields along curves on G/H with respect to
V¢ is given in next proposition which is a reformulation of [12, Cor. 4.27].

Proposition2.19 Let y: I — G/H be a curve and let g: I — G be a horizontal
lift of y with respect to the principal connection from Proposition 2.10 defined by the
reductive decomposition g = h @ m. Moreover, let Z: I — T (G/H) be a vector field

along y with horizontal lift Z: I > t (Tg(’)pr|Hor(G) ())_12(1) € Hor(G) along
g(t
g: I — G. Define the curves x,z: I — m by

x(1) = (Tolg) ') and z(t) = (Tolgw) ' Z (1) (2.40)

fort € 1. Then Z:1— T(G/H) is parallel along y : 1 — G/H with respect to V*
defined by the Ad(H )-invariant bilinear map o: m x m — m iff the ODE

2(1) = —a(x(1), z(1)) (2.41)

is satisfied for all t € I.

The next Proposition which is copied from [12, Prop. 4.22] characterizes metric
invariant covariant derivatives.

Proposition 2.20 Let o: m x m — m be an Ad(H)-invariant bilinear map defining
the invariant covariant derivative V¢ on G /H. Then V¢ is metric with respect to the
invariant pseudo-Riemannian metric on G/ H defined by the Ad(H )-invariant scalar
product (-, -): m x m — R iff for each X € m the linear map

X, ) m—->m, Y aX,Y) (2.42)
is skew-adjoint with respect to (-, -), i.e.
(X, 1), Z) = —(Y, (X, 2)) (2.43)

holds forall X, Y, Z € m.

Following [12, Sec. 4.6], we introduce the canonical invariant covariant derivatives.
They correspond to the canonical affine connections from [10, Sec. 10].

Definition 2.21 1. The canonical invariant covariant derivative of first kind V¢2"!
corresponds to the Ad(H )-invariant bilinearmapmxm 3> (X, Y) — %[X, Yln €
m.
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2. The canonical invariant covariant derivative of second kind V42 corresponds to
the Ad(H)-invariant bilinear mapm x m > (X, Y) — 0 e m.

The canonical invariant covariant derivatives correspond to the Levi-Civita covariant
derivatives on certain pseudo-Riemannian homogeneous spaces. Following [12, Re.
4.36], we state the next remark.

Remark 2.22 Assume that G/ H is a naturally reductive homogeneous space. Then the
Levi-Civita covariant derivative coincides with the canonical covariant derivative of
first kind, i.e VM€ = vl This has already been proven in [10, Thm. 13.1 and Eq.
(13.2)].

Concerning the canonical covariant derivatives on symmetric homogeneous spaces,
we state the next remark following [10, Thm. 15.1], see also [12, Sec. 4.6].

Remark 2.23 Let (G, H, o) be a symmetric pair and let G/H be the correspond-
ing symmetric homogeneous space. Let g = f @ m denote the canonical reductive
decomposition. Then %[X ,Y]m = 0holds forall X, Y € mdueto[m, m] C §. Hence
yeanl — yean2 s fylfilled. Moreover, if G/H is a pseudo-Riemannian symmetric
space, i.e. G/ H is equipped with an invariant pseudo-Riemannian metric correspond-

ing to an Ad(H )-invariant scalar product on m, then VL€ = veanl — yean2 ho]ds,

3 Intrinsicrolling

In this section, a notion of rolling intrinsically a manifold M over another manifold
M of equal dimension dim(M) = n = dim(l\/] ) is recalled from the literature and
slightly generalized. As preparation to define the configuration space, we state the
following lemma which can be regarded as a slight generalization of the definition of
the configuration space in [6, Sec. 3.1]. In particular, the definition of the map ¥ in
Lemma 3.1, Claim 2., below, is very similar to [6, Eq. (4)].

Lemma3.1 Let E — M and E — M be two vector bundles both having typical fiber
V and let G(V) € GL(V) be a closed subgroup. Assume that the frame bundles of E
and E admit both a G(V)-reduction along the canonical inclusion G(V) — GL(V)
which we denote by G(V, E) — M and G(V, E) — M, respectively. Let

0 = (G(V, E) x G(V, E))/G(V) @3.1)

be defined as the quotient of G(V, E) x G(V, E) by the diagonal action of G(V),
where the action on each component is given by the G(V)-principal action. Moreover,
define R R R

7 Q> Mx M, If, f1 (prew 6 (). o, (). (3.2)

where [ f, f] € Q denotes the equivalence class defined by (f, f) € G(V,E) x
G(V, E). Then the following assertions are fulfilled:

l.T: Q0 = (G(V, E) x G(V, E))/G(V) S MxMisa G(V)-fiber bundle over
M x M.
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2. Let (x,%) € M x M and define

Oum = {7 Ex — Ex | f 'oGof e G(V) forall (f, f) € G(V, E)x xG(V, E3)}.
3.3)
Then the map

V: 0= ((G(V,E) xG(V, E))/G(V)) .3 3 [, f1=> Fof™' € Ou
(3.4)
is bijective.

Proof The action

(G(V, E) x G(V, E)) x G(V) = G(V, E) x G(V, E),
(f, A (faA, [<a)

is free and proper since the action on each component is free and proper. Thus Q =
(G(V, E) x G(V, E))/G(V) is a smooth manifold. Moreover, (f, ) ~ (f', )
holds iff there i isan A € G(V) such that (f’, f) =(f <A, f < A) is fulfilled. Let
(x,X) € M x MandletU € M and U C M be open neighbourhoods of x and x,
respectively, such that

¢:G(V,E)|, > UxG(V) and @: G(V,E)|l7—>z7xG(V)

are local trivializations of G(V, E) — M and G(V, E ) — M as G(V)-principal fiber
bundles, respectively. Locally, one obtains for the principal action for A € G(V)

o(f < A) = (pr;(@()), pralp(f) 0 A), G(f < A) = (pri@(F)). pry@())) 0 A),
3.5)
see e.g. [16, Sec. 18, p. 211]. We now define the local trivialization ¢ : Q’Uxﬁ —

UxﬁxG(V)ofn: Q—>Mx]\//fby
o(Lf. 71) = (pr1 @), pri @), (pra(@(f)) o (pra @) ), [f, Fle 0l p-

Using (3.5), one shows that ¢ is well-defined. Moreover, it is straightforward to verify
that ¢ is a local trivialization of 7: Q — M X M. ThlS shows Claim 1..

It remains to prove Claim 2.. Let (x,X) € M X M and f € G(V, E), as well
as f e G(V, E)X In particular, f: V — Ey and f V —> EA are invertible linear
maps. Hence f f L E - EA is a linear isomorphism.

Moreover, lI/([ s f ]) is independent of the representative of [ f, f] € Q dueto

U(foA foAl)=(foA)o(foA) ™ =Foft=w(f, f)

for all A € G(V).

Next we show that W ([ f, 71) € O x5 holds forall [f, f1 € Q). Let[f, fl €
Qx5 By the fiber-wise transitivity of the principal G(V)-actions on G(V, E) and
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G(V, E ), respectively, we obtain for A, B € G(V)
(foB) Low(If, fl)o(foA) =B lof lo(fof)ofoA=B"oAcG(V)

showing W ([ £, f1) € O 5 forall [ f, f] € Qe Wi Qi — Oud is well-
defined. Moreover, W is injective. Let [ £, f1, [f', f'] € Q.5 with W([f, f]) =
\IJ([f/, f’]) Since the G(V)-principal actions on G(V, E) and G(V, E) are free and
fiber-wise transitive, we can write f' = f o A and f’ = fo B with some uniquely
determined A, B € G(V). By this notation, we obtain

Fof™' =w(if, f1) = W([foA, foB]) = (foB)o(foA) ' = Fo(BoA o f!,

implying Bo A™! =idy <= A = B because f: V — E, and f: V > Ez
are both linear isomorphisms. Thus [ f”, f’] =[foA, fo Al = [f, f] is shown.
It remains to show that W is surjective. To this end, let g € é(x,;) and chose some
feGV,E)ynand f € G(V,E)x5. Then f 1o o f € G(V) holds. We now
compute

Y(Lf. fo(f ogo ) = (fo(FtogoN)of = (fof Hogo(fof™) =7.
i.e. W is surjective. This yields the desired result. O

After this preparation, we consider intrinsic rollings. Let M and M be two manifolds
with dim(M) = n = dim(M). Moreover, let G(R") C GL(R") be a closed Asubgroujg
and assume that the frame bundles GL(R", TM) — M and GLR", TM) — M

admit both a G(R")-reduction along the canonical inclusion G(R") — GL(R").
These reductions are denoted by

G@R",TM) — GL(R",TM) and G(R",TM)— GL(R",TM), (3.6
respectively. In this section, we denote by
7: Q= (GR", TM) x GR", TM))/G[R") — M x M (3.7)
the G(R")-fiber bundle over M x M obtained by applying Lemma 3.1 to the frame
bundles from (3.6).

We now define a notion of rolling of M over AZ intrinsically, where M and M are
both equipped with a covariant derivative V and V, respectively.

Definition 3.2 An intrinsic (G(R")-reduced) rolling of (M, V) over (M, V) is a curve
q: 1 — 0= (GR", TM) x GR", TM))/G(R") (3.8)

with projection (x,X) =mwoq: I —> M X M such that the following conditions are
fulfilled:
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1. No slip condition: x(1) = q(t)x(t) forallr € I.

2. Notwistcondition: Z: I — T M is a parallel vector field along x iff Z:1>TM
defined by Z(t) = q(t)Z (1) for t € I is parallel along X.

Here Lemma 3.1, Claim 2. is used to identify g(#) with the linear isomorphism

qt): Te;yM — Tg(,)l\? which is denoted by g (¢), as well. We call the curve

x: I — M rolling curve. The curve x: I — M is called development curve. The

curve g: I — Q is often called rolling for short.

The next remark yields an other perspective on the intrinsic rollings from Defini-
tion 3.2.

Remark 3.3 Letq: I — Q be a (G(R")-reduced) intrinsic rolling of M over M in the
sense of Definition 3.2 and write (x,X) =mwoqg: I — M x M. Then we can view
this rolling as a triple (x(¢), x(¢), A(#)), where A(t) = q(t): Txy(yM — Ty(,)]l//f is
the linear isomorphism defined by ¢ () as in Lemma 3.1, Claim 2.. This point of view
allows for relating a rolling ¢: I — Q from Definition 3.2 to [11, Def. 1], where a
rolling is defined as a triple (x(¢), X(¢), A(t)) satisfying certain properties.

Definition 3.2 of an intrinsic rolling of M over M generalizes several notions of
intrinsic rolling from the literature.

Remark 3.4 Assume that M and M are both orientible and both equipped with a Rie-
mannian metric. Let SO(R”, T M) and SO(R", ™M ) be the corresponding reductions
of their frame bundles. Moreo&er\, let M and M be endowed with the Levi-Civita
covariant derivatives V€ and VLC corresponding to the Riemannian metrics on M
and M, respectively. Then Definition 3.2 specializes to [6, Def. 3]. Here the no twist
condition is rewritten as in [11, Prop. 2]. More generally, if M and M are oriented
and equipped with a pseudo-Riemannian metric, Definition 3.2 specializes to [7, Def.
4]. If M and M are both equipped with an arbitrary covariant derivative V and v,
respectively, Definition 3.2 yields the definition proposed in [9, p. 35] and [8, Sec. 7]
by setting G(R", TM) = GL(R", T M) and G(R", TM) = GL(R", T M).

Studying properties of rollings in the sense of Definition 3.2 for general manifolds
is out of the scope of this text. However, in Sect. 5 below, we discuss intrinsic rollings
in the context of reductive homogeneous spaces in detail.

4 Frame bundles of associated vector bundles

In this section, we identify (certain reductions of) the frame bundle of a reductive
homogeneous space G/H with certain principal fiber bundles obtained as associated
bundles of the H-principal fiber bundle pr: G — G/H. We point out that the results
of this section might be well-known since the statement of Corollary 4.11 can be found
as an exercise in the German book [20, Ex. 2.7]. However, we were not able to find a
reference including a proof. Hence we provide one in this section in order to keep this
text as self-contained as possible. Here we first start with a more general situation thatis
applied to reductive homogeneous spaces later. We first determine (certain reductions
of) the frame bundles of vector bundles given as associated bundles of some principal
fiber bundle.
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4.1 Frame bundles of associated vector bundles
Let P — M be an H-principal fiber bundle. We describe (reductions of) the frame

bundle of a vector bundle associated to P in terms of another fiber bundle associated
to P. To this end, we state the following lemma as preparation.

Lemma4.1 Let P — M be an H-principal fiber bundle and let p: H — GL(V) be
a smooth representation of H on a finite dimensional R-vector space V. Moreover, let
G(V) € GL(V) be a closed subgroup such that py, € G(V) is fulfilled for all h € H.
Then the following assertions are fulfilled:

1. The Lie group H acts on G(V') via
HxGWV)—> GWV), (h,A)r— ppoA 4.1

smoothly from the left.
2. The map

< (PxgGWV) xGWV)—> PxgGWV) (lg,Al,B) > [g,AoB], 42)

denoted by the same symbol as the principal action <: P x H — P, yields a
well-defined, smooth, free and proper G(V)-right action on the associated bundle

m: PxgGWV)—>M 4.3)

turning
T:PxuyGV)— (PxuG(V))/G(V) (4.4)

into a G(V)-principal fiber bundle, where T denotes the canonical projection.
3. The map
¢: (P xu G(V)/G(V) > 7([p, S]) = pr(p) e M (4.5)

is a diffeomorphism such that ¢ o T = m holds. Moreover,
ideHG(m)5 G xg G(m) - G xg G(m) 4.6)

is an isomorphism of G(V)-principal fiber bundles covering ¢.
Proof Claim 1. is obvious.

We now show Claim 2.. The G(V)-right action < on P x g G(V) is well-defined
due to

[p<h,pp-10Al<«B =[p<h,p,-10AoB]=[g,AoB]l=[g,Al<B
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forall p e P,h € H and A, B € G(V). Next we show that < is smooth. To this end,
we consider the diagram

(P xG(V)) xG(V)

7T x id o<
T X idG(V) ( G(V))

(P xug G(V)) xG(V)

where 7: P X G(V) — (P x G(V))/H = P xy G(V) denotes the canonical
projection and < is given by

(P xG(V) xG(V)—> P xG(V), ((p,A),B)— (p,AoB)

which is clearly a smooth and free G(V)-right action on P x G(V). Moreover, the
action < is proper since the G(V)-action on G(V) by right translations is proper, see
e.g. [21, Prop. 9.29].

The map 7@ x idg(v) is a surjective submersion and (7 X idg(v)) o < is smooth as
the composition of smooth maps. Thus the action < is smooth since the diagram (4.7)
commutes.

Nextlet [p, A] € P xyg G(V) and B € G(V). Then

[p,Al<B =[p,AoB]=[p,A] = B =idy

holds proving that « is free.

We now show that < is proper. To this end, we use the characterization of a proper
Lie group action in terms of sequences, see e.g. [16, Sec. 6.20].

Let ([pi, Ai])ien be a convergent sequence in P x g G(V) with limit [p, A] €
P x g G(V). Next let (B;);en be a sequence in G(V') such that the sequence defined
by [pi, Ail<B; = [pi, A; o B;] converges. Then the action < is proper iff (B;);en has a
convergent subsequence. Lets: U — P x G(V) be alocal section of the H-principal
fiber bundle 7: P x G(V) — P xpg G(V) defined on some open U C P x g G(V)
such that [p, A] € U holds. Then [p;, A;] € U is fulfilled for all i > N with N € N
sufficiently large. We define the sequence (p;, ;\\i),-eN in P x G(V) by setting

(Pi. A) =s(pi. AiD). i=N
and choosing (p;, X,-) € ﬁ_l([pi, A;]) for i < N arbitrarily. By construction, we

have —~ —~
[pi, Ail = (@ o s)([pi, Ail) = T(pi, Ai) = [pi, Ail (4.8)

for all i € N. Moreover, the sequence (p;, Xi),-EN converges to

(7. A) = lim s([pi. AiD) = s([p. A]) € P x G(V)
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by the continuity of the local section s: U — P x G(V) and the convergence of
[pi, Ai]. Moreover, let (B;);en be a sequence in G(V) such that the sequence defined
by

[pi, Ail<B; = [pi, Aio Bi], i €N

is convergent in P x g G(V). We denote its limit by [p, C] = lim; _, o[ pi, A;j 0 Bi] €
P xy G(V). Clearly,
[pi. Ail < Bi = [pi, Ail< B; = [pi, Aio Bi], i €N

holds by (4.8). Next we choose alocal section sy : Uy — PxG(V)ofm: PxG(V) —
P xg G(V) such that [p, C] € Uy € P xg G(V) is fulfilled. Then there exists an
N, € Nwith [p;, Aj o Bij] € U for all i > N,. We define the sequence

(i, Ci) = s2([pi, Ai 0 Bil), i > Ny (4.9)

and select (p;, 51') ex ! Lpi, A\, o Bj]) for i < N, arbitrarily. Recall from [16, Sec.
18, p. 211] that the map

c:P®P—H, (p,.p)r—o(p.p)

is smooth, where o (p, p’) € H is defined by p <o (p, p') = p’ for (p, p') € P ® P.
Next we define the map

O: (P®P)xG(V)— PxG(V), ((p.0).A) = (P ps(p.py-1°A)

which is a smooth map as the composition of smooth maps. The definition of
(Pi, C)ien in (4.9) implies
(Pi. Ci) = s2([pi. A; 0 B;])
= (}’7\[ 40(}’7\1‘, i;i), p(g(i)\ll’a‘l))—l o Ai o Bl) (410)
= (Pi: Pio i iyt © Ai © Bi)

since [, Ci] = [pi. A; o B;] holds iff there exists a h; € H with §; = p; < h; and
Ci = p,-1 0 A; o B;. Next consider the sequence defined for i € N by

O((Bi. Pi). A1) = (Bi 20 (Bis i)+ Piohr.5y-1 © A1) = (Bi Po(5r.5)-1 © A
4.11)
which converges by the continuity of ® as well as the convergence of the sequences
(Pi, Chien and (P;, Ap)ien in P x G(V). By (4.11), we obtain

O((Bi, i), Ai)3Bi = (Bis Po .- © Ai)IB;
= (171', P i, i1 © Ajo B,-)
= (pi, Ci) = (p,C), i— oo,



34 Page 20 of 64 M. Schlarb

where we used (4.10) to obtain last equality. Since the action J: (P x G(V)) x
G(V) — P xG(V) is proper and the sequence (@((1’5}, Di), A\i))ieN definedin (4.11)
is convergent in P x G(V), the sequence (B;);en has a convergent subsequence. Thus
the right action <: (P x g G(V)) x G(V) — P xy G(V) is indeed proper. Therefore
P xg G(V) - (P xg G(V))/G(V) is a principal fiber bundle by [17, Re. 1.1.2].

It remains to prove Caim 3.. We first show that ¢ is a diffeomorphism. The equiv-
alence classes 7T([p, A])) = T([p, Ao B]) € (P X g G(V))/G(V) represented by
[p, Al,[p, Ao B] € P xyg G(V) are equal, where p € P, A, B € G(V). Thus we
have

¢(F((p, Ao B)) = pr(p) = ¢(F([p, AD)

showing that ¢ is well-defined. We now consider the diagrams

.
P sy GV) — 1SV p Gy
7".[‘ T
(P x1 G(V))/G(V) ’ M
H (4.12)
and
.
Py GV) ——Ex#SW) b Gy
;T’ T
o
(P xu G(V))/G(V) M- (4.13)

where ¢! is given by
¢~ M 3 pr(p) = F([p.idv]) € (P xu G(V))/G(V).

Clearly ¢_1 o¢ = idy and ¢ o (]5_1 = id(pxyG(v))/G(v) holds showing that ¢ is
bijective. In addition, ¢ and ¢! are smooth since (4.12) and (4.13) commute and 7 as
well as v are both surjective submersions. Hence the commutativity of (4.12) implies
that id px ,,G(v) is indeed an isomorphism of G(V')-principal fiber bundles over ¢ as
desired. O

Remark 4.2 By Lemma4.1, Claim 3., we view P x gy G(V) — (P xHG(V))/G(V) =

M as an G(V)-principal fiber bundle over M which is denoted by the same symbol as
the associated bundle, i.e. from now on, we write

m:PxyGYV)—=> M, (4.14)

if we view P x gy G(V) as an G(V)-principal fiber bundle over M.
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Under certain conditions on the representation p: H — GL(V), one can determine
a reduction of the GL(V)-principal fiber bundle P xy GL(V) — M obtained by
setting G(V) = GL(V) in Lemma 4.1.

Corollary 4.3 Let P — M be an H-principal fiber bundle and let p: H — GL(V)
be a representation of H on V. Moreover, let G(V) C GL(V) be a closed subgroup
such that pp, € G(V) holds for all h € H. Then

tpxyGvy: P xg G(V) - P xg GL(V), [p, Al [p,A] (4.15)

is a reduction of the GL(V)-principal fiber bundle mwpycrL(vy: P xg GL(V) — M
along the canonical inclusion G(V) — GL(V).

Proof Let tpx,Gv): P x G(V) — P x GL(V) denote the canonical inclusion.
Consider the diagram

LPxyG(V)

P x G(V) P x GL(V)
T PxG(V) T pxGL(V)
L
P xy G(V) PxuSV) | p xy GL(V) 4.16)

which clearly commutes. Since the map 7 pxg(v) is a surjective submersion and
TGL(V) © LpxG(v) 18 smooth as the composition of smooth maps, the map tpx ,G(v)
is smooth, as well, because (4.16) commutes. Clearly, the map ¢p« ,G(v) covers the
map idys: M — M. We now compute for [p, A] € P xg G(V) and B € G(V)

tpxyGv) ([P, Al<B) =[p, Al< B = (tpx 6y (lp. AD) < B

showing that tpx,G(v) is a morphism of principal fiber bundles along the canon-
ical inclusion G(V) — GL(V) covering idy, i.e. tpx,G(v) 1s a reduction of
P xyg GL(V) - M. O

The next proposition shows that 7: P x g GL(V) — M can be identified with the
frame bundle of the associated vector bundle P x g V — M, where H acts on V via
the representation viewed as the left action

p: HxV >V, (hv)+— pp). 4.17)

Proposition4.4 Let pr: P — M be an H-principal fiber bundle and let p: H —
GL(V) be a representation of H. The frame bundle of the associated vector bundle
P xyg V. — M isisomorphicto P x g GL(V) — M as GL(V)-principal fiber bundle
via the isomorphism

W: PxyGL(V) - GL(V,P xg V), [p,Al— Y([p, A]) (4.18)
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covering idy;, where, for fixed [p, A] € P x GL(V), the linear isomorphism
V([p, AD: {pr(p)} x V=V — (P xpg V)p(p) is given by

(W(lp, AD)(v) = [p, Av] (4.19)
forall v € V. Here we view GL(V, P xy V) as an open subset of the morphism

bundle Hom(M x V, P xyg V) — M as in [16, Sec. 18.11]. Moreover, we write

(\Il([p, A])) (v) = (\Il([p, A]))(pr(p), v) for short, i.e. we suppress the first compo-
nent pr(p) € M of (pr(p), v) € M x V in the notation.

Proof We start with showing that W is well-defined. Let 7 € H. Indeed, W is inde-
pendent of the chosen representative of [p, A] € P x gy GL(V) due to

(¥([p <h, pp-10AD) (V) = [p <h, (p-1 0 A)(V)] = [p, Av]
for all v € V. Moreover, for fixed [p, A] € P xy GL(V), the map
Vovi W(p, ADW) € (P Xu V)pr(p)

is clearly linear. In addition, this map is invertible and its inverse is given by
—1 -1 —
(¥(Ap, AD)™ 2 (P X Vg 3 (Lp oD = (¥(Up, A (povD =A v e V.

Indeed, (\IJ([p, A]))_1 is well-defined. Let i, i’ € H. Then one has p < h’' = (p <
(hh=")) <’ = (p <h) < (h~"1'). Thus we obtain

(‘"I’(P <h, py-10 A))_l([P <k, Pp-1(W)]) = (,O(hflh/)fl o A)_I(P(hflh/)fl (v)
=A"ly

= (¥(p. AD) " (p. vD)
forall v € V showing that (¥([p, A])) ™" is well-defined. Moreover, one has
(¥(p. AD o (¥(p, AD) ) (Up. v]) = (¥(p. AD)(A™v) = [p, AA™"v] = [p. v]
as well as
(W(p, AD) o W((p, AD) ) = (W(Ip, AD) ' ([p, Av]) = A (Av) = v
showing that W([p, A]): V — (P X V)pe(p) is a linear isomorphism for all [p, A] €
P xpy GL(V). Thus W: P x g GL(V) — GL(V, P xg V) is well-defined.

Next we show that W is a morphism of principal fiber bundles over id,;. Clearly,
idy 0 TpxyGL(V) = PrGL(V,Pxv) holds, i.e. W covers idy.
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We now show that ¥ is smooth. To this end, let P x g End(V) — M denote the
vector bundle associated to the H-principal fiber bundle pr: P — M with typical
fiber End(V'), where H acts on End(V) via

H x End(V) > (h, A) — pp o A € End(V)
from the left. We now define the map

U: P x g End(V) - Hom(M x V, P xg V),
[p, Al U ([p, AD) = ((x, v) = (U([p, AD)(x, v) = [p, Av]).

An argument analogously to the one at the beginning of this proof, showing that W
is well-defined, proves that the map U is well-defined, i.e. ¥ is independent of the
representative (p, A) € P x End(V) of [p, A] € P xg End(V) and that U takes
values in Hom(M x V, P xg V) — M. Next we show that U is a smooth morphism
of vector bundles. To this end, we prove that

W: (P xy End(V)) — I®°(Hom(M x V, P xy V)), st>Wos (4.20)

is €°°(M)-linear. Then the desired properties of U follow by [14, Lem. 10.29].

We first show that W is well-defined, i.e. that W (s) € FOO(Hom(M xV,Pxpg V))
is a smooth section of Hom(M x V, P xyg V) — M forall s € FOO(P X g End(V)).
In other words, we have to show that for fixed s € I'*°(P xy End(V)) the map
W(s) is a smooth vector bundle morphism W(s): M x V — P xpy V over idy.
Obviously, W (s) is fiber-wise linear and covers id ;. It remains to prove the smoothness
of W(s). To this end, we proceed locally. Let xo € M and let U © M be open with
xo € U. Moreover, after shrinking U if necessary, let UcCPx 1 End(V) be open with
s(x) € U for all x € U such that there is a smooth local section5: U — P x End(V)
of the H-principal fiber bundle 7 pEgnd(vy: P x End(V) — P x g End(V). Then
sos: U — P xEnd(V)issmooth and (sos)(x) = (p(x), A(x)) holds forall x € U
with some smooth maps U > x +— p(x) € Pand U 5 x — A(x) € End(V). Thus
s(x) = (WpxEnd(v) © 5 0 8)(x) = [p(x), A(x)] is fulfilled for all x € U. By this
notation, we obtain for (x,v) e U x V

(W(s))(x, v) =[px), Ax)v] =TT pxy o (idp x e) o ((S§os) x idy)(x,v) (4.21)

with e: End(V) x V 5 (A, v) — Av € V. Hence the map W(s)|UXv is smooth as

the composition of smooth maps by (4.21). Thus W(s) is smooth since xo € M is
arbitrary.

Next we prove the ¢"> (M )-linearity of W. Let sy, sy € ['*(P x 5 End(V)) be two
sections point-wise given by

s1(x) = [p(x), Ai(x)] and s2(x) = [p(x), A2(x)], x € M.

Here we assume without loss of generality that their first component is represented
by the same element p(x) € P for all x € M. Moreover, let f, g € €°°(M). By
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the vector bundle structure on associated vector bundles, see e.g. [17, Re. 1.2.9], we
obtain for (x,v) e M x V

(W o (fs1+gsD))x,v) = (T(fOIpx), A1()] + g0 [p(x), A2(x)]))(x, v)
= [p), (f(D)AI(x) + g(x)Aa(x))v]
= fOIpx), AL(x)v] + g(D)[p(x), Az(x)v]
= (f(Wos1))(x,v) + (8(F 052)(x, v)

showing the €>°(M)-linearity of W by its definition in (4.20). Hence U is indeed a
smooth morphism of vector bundles by [14, Lem. 10.29].
In order to prove the smoothness of W, we consider the map

i: PxygGL(V) > P xg End(V), [p,A]l+— [p,A]

whose smoothness can be proven analogously to the proof of Corollary 4.3 by exploit-
ing the smoothness of the canonical inclusion P x GL(V) — P x End(V). We now
obtain for [p, A] € P xy GL(V) and (x,v) e M x V

(@ oi)(Ip, AD)(x,v) = (¥([p, AD)(x, v) = [p. Av] = (¥([p, AD)(x, ).

Thus ¥ = W o/ is smooth as the composition of smooth maps.

It remains to show that W is an isomorphism of GL(V)-principal fiber bundles. To
this end, we recall that the GL(V)-action on GL(V, P x g V) is given by composition
from the right, see e.g. [16, Sec. 18.11]. Thus we have for [p, A] € P x g GL(V) and
B eGL(V)aswellasv eV

(W(lp, A< B))(v) = (¥([p. Ao BD)(v) = [p, (Ao B)v] = W([p, AD(Bv) = (¥[p, Al o B)(v).

proving that ¥ is a morphism of GL(V)-principal fiber bundles overidy;: M — M.
Therefore it is an isomorphism of principal fiber bundles by [21, Prop. 9.23]. O

Assuming that P x y GL(V) admits a reduction as in Corollary 4.3, we obtain a
reduction of GL(V, P xg V).

Corollary 4.5 Let P — M be an H-principal fiber bundle and let p: H — GL(V)
be a representation of H on V such that p, € G(V) holds for all h € H,
where G(V) C GL(V) is a closed subgroup. Moreover, let V: P xg GL(V) —
GL(V, P x g V) be the isomorphism of principal fiber bundles from Proposition 4.4
and let tpy vy P xug G(V) — P xy GL(V) be the reduction of principal fiber
bundles from Corollary 4.3. Then

PxpyG(V)— GL(V,P xy V), [p, Al (Woipx,cv))(p. A (4.22)

is a G(V)-reduction of the frame bundle GL(V, P x g V) along the canonical inclusion
G(V) - GL(V).
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Proof Obviously, the map W o tpy,G(v) is smooth as the composition of smooth
maps. Moreover, since W is an isomorphism of principal fiber bundles covering id
by Proposition 4.4 and (p«,G(v) is a reduction of principal fiber bundles along the
canonical inclusion G(V) — GL(V) by Corollary 4.3, one verifies by a straight-
forward computation that (4.22) is a reduction of principal fiber bundles along the
canonical inclusion G(V) — GL(V). m|

Corollary 4.6 Let P xg V — M be a vector bundle associated to P — M, where
p: H — GL(V) is a representation. Moreover; let E — N be another vector bun-
dle and let ®: P xyg V — E be an isomorphism of vector bundles covering the
diffeomorphism ¢: M — N. Then

x: P xpgGL(V) - GL(V, E), [p, Al x([p,AD = (®oWV)(p, A]) (4.23)

is an isomorphism of GL(V)-principal fiber bundles over the diffeomorphism ¢ : M —
N, where W: P xyg GL(V) — GL(V, P xg V) denotes the isomorphism from
Proposition 4.4.

Proof Obviously, for fixed [p, A] € P xg GL(V), the map x([p, A]) = (® o
W)([p, AD: V — Eg@r(py is linear and invertible since @ is an isomorphism of
vector bundles. Hence y is well-defined. Moreover, the map x is smooth as the com-
position of the smooth maps W and &. Its inverse is given by the composition of the
smooth maps x '=w"lod1:GL(V,E) > P xyg GL(V),ie. x 'is clearly
smooth, as well. Let B € GL(V) and [p, A] € P x g GL(V). Then

x([p, Al<B)(v) = (PoW)([p, AoB])(v) = (PoW¥)([p, AD)(Bv) = (x([p. AD)oB)(v)

holds for all v € V by the definition of W. Hence x is an isomorphism of GL(V)-
principal fiber bundles which covers the diffeomorphism ¢: M — N. O

4.2 Principal fiber bundles over frame bundles and principal connections

Since the G(V)-principal fiber bundle 7: P xg G(V) — M is obtained as a fiber
bundle associated to the H-principal fiber bundle P — M, we have the H-principal
fiber bundle 7: P x G(V) — P xy G(V) over P xy G(V). Given a principal
connection on P — M, we construct a principal connection on 7: P x G(V) —
P x g G(V). This construction will be applied to the configuration space of an intrinsic
rolling of a reductive homogeneous space in Proposition 5.4 below.

Proposition4.7 Let pr: P — M be an H-principal fiber bundle and let p: H —
GL(V) be a representation of H on the finite dimensional R-vector space V. Assume
that there exists a closed subgroup G(V) € GL(V) with Lie algebra g(V) < gl(V)
such that p, € G(V) holds for all h € H. Moreover; let

p'ih = g(V) Cgl(V), n> (T.p)n=p, €g(V) < gl(V) (4.24)
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denote the induced morphism of Lie algebras. Consider the H -principal fiber bundle
7: PxG(V)—> PxgGV) (4.25)

over the associated bundle m: P x g G(V) — M, where H acts on G(V) via
HxGV)> (h,A)— proAeG(V). (4.26)

Moreover, let P € FOO(End(TP)) be a principal connection on pr: P — M with
corresponding connection one-formw € I'*°(T*M)®W. Then the following assertions
are fulfilled:

1. Thevertical bundle Ver(P xG(V)) C T(P xG(V)) = TP xTG(V) isfiber-wise
given by

Ver(P x G(V))p,a) = {(§ (P <exp(tm)|,_g, —py 0 A) In € b} (427)

where (p, A) € P x G(V).
2. Defining P € Foo(End(T(P X GL(V))))for (p,A) € PxG(V)and (vp,va) €
T(p,A)(P X G(V)) by

7_3|<p,A>(”P’ va) = (7’|p(vp)v A) (4.28)

/
wip(vp)

yields a principal connectiononm: P xG(V) — P x g G(V) with corresponding
connection one-form @ € FOO(T*(P X G(V))) ® b given by

5|(p’A)(v,,, v4) :a)|p(v,,) (4.29)

forall (p, A) € P x G(V) and (vp, va) € T(p,a)(P x G(V)).
3. Letg: I >t q(t) = (p@), A(t)) € P x G(V) be a curve which is horizontal
with respect to the principal connection P. Then the curve p: I — P given by

the first component of q is horizontal with respect to the principal connection P
on P — M.

Proof First we recall that p’: § — g(V) is indeed a morphism of Lie algebras, see
e.g. [16, Lem. 4.13]. Next we prove Claim 1.. To this end, we compute for (p, A) €
P x G(V)

Ver(P x G(V))(p.ay = { &((p, Aexp(tn))|,_, | n € b}
{((f—,(p < (exp(tn)))|t:(), %(pew(—m) o A)|z:0) Ine b}
(& (p < (exp(tm))],_y- —P} © A) | n € b}

showing Claim 1., where < denotes the H-principal action on P x G(V) similar
to (2.18).
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We now prove Claim 2.. Obviously, Pe 1"°°(End(T(P X G(V)))) holds. Next we

show that P is a projection, i.e. 52 = P is fulfilled. By using the correspondence of
P and w from (2.14) as well as P? = P, we calculate for p € P and v, €T,P

ol ,(P| ) = (T(p <) "' P| (P, (v))
= (T.(p <)) "'P| ) (430)

=a)|p(v[,).

Using (4.30) and P2 = P, we have for (p, A) € P x G(V) and (vp,va) € TP x
TAG(V)

7_D|(P,A)(7_)|p,A(UI” UA)) :f|(p,A)(P|p(Up)’ A)

= (P’p(P’p(vp))’

N
pw}p(vl)) °
_ /
pwlp(Plp(v,,» °4)
_ _ /
= (P|p(vp), Pw|p(vp) °© A)

=Pl Wp: A,

proving that 52 =Pe FOO(End(T(P X G(V)))) is a projection.

Moreover, im(P) = Ver(P x G(V)) holds by im(P) = Ver(P) and the character-
ization of the vertical bundle in (4.27).

We now show that P corresponds to @. To this end, let € h and denote by
npxgy) € I'® (T (P x G(V))) the corresponding fundamental vector field associated
to the H-principal action given by

npxG)(p, A) = S((p. AJexpm)|_y.  (p. A) € P x G(V).

By this notation and the definition of @ in (4.29), we obtain

(@] (A (Ups UA))PXG(V) (p, A)

a (0. DFexp (i3], ) (0p. v)))],g
( d

(

$(p<exp (m’|p(vp))) =0 E(pexp<—tw|p(vp)) o A)|,_) (4.31)

= P‘g(vg)’ _,0;)|p(vp) o A)

= f‘(u,A)(vp’ va).
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Moreover, denoting by np € I'°(T P) the fundamental vector field on P defined by
n € b, as usual, we compute

5‘(p,A)(’7PxG(V)(P’ A)) = E’(p,A)(%(p < CXP(’”))‘zzo’ %(peXp(—tn) ° A)‘z:o)
= w|p(77P(P))
=7

(4.32)
since w, being the connection one-form associated to P, fulfills w(np) = n for all
n € b. Thus @ is the connection one-form corresponding to the connection P due
to (4.31) and (4.32). In order to show that P is a principal connection, we show that
w has the desired equivarience-property. By exploiting that w € T'®°(T*G) ® h is a
principal connection one-form, we compute for h € H

(('Zh)*5)|(p,A)(vp, vp) = 5|(p,A)zh (T(p, ) (:Sh) (vp, v4))
= a|(,n<h,ph,1oA)(TP(' <h)vp, Ta(pp-1 0 ('))UA)
= wpan(Tp(- <h)vp)

Adj,-1 (w‘p(vp))

= Ady-1(@] , 4 (Wps v4))

as desired.
It remains to show Claim 3.. Letg: [ 3 1 — q(7) = (p(1), A(1)) € P x G(V) be
horizontal with respect to P. Then

0 =P, @0 = (P| ., (p®)), ~ad,) o A(D)

iy PO)
holds. In particular, this implies P|p(l)(p(t)) = 0. Hence p: I — P is horizontal

with respect to the principal connection P on P — M. O

4.3 Frame bundles of reductive homogeneous spaces

We now consider (certain reductions) of the frame bundle of a reductive homogeneous
space by applying Proposition 4.4 to the H-principal fiber bundle pr: G — G/H.
To this end, we recall that the tangent bundle of a reductive homogeneous space
G/H with reductive decomposition g = h @ m is isomorphic to the vector bundle
G xygm — G/H, where H acts on m via

Hxm> (h,X)—~ Adp(X) e m. (4.33)
This statement as well as the statement of Corollary 4.11 below seem to be well-known

since they can be found in [20, Ex. 2.7]. Moreover, exploiting that the isotropy repre-
sentation H 3> h > Tyr(eyTh € GL(Tpr(e)(G/H)) is equivalent to the representation
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H— Adh|m € GL(m), see Lemma 2.11, one obtains that
Gxgm— T(G/H), [g, X]+> (TgproT.ty)X (4.34)

is an isomorphism of vector bundles over idG,g by adapting the proof in [16, Sec.
18.16].

Corollary 4.8 Let G/ H be a reductive homogeneous space with reductive decompo-
sition g = b & m. Moreover, assume that Ady, |m € G(m) holds for all h € H, where
G(m) is some closed subgroup of GL(m). Then

G xgGm)>s[g, Al— (X — [g,AX]) e GL(m, G xgyg m) (4.35)

is a reduction of the frame bundle of G x y m — G/ H along the canonical inclusion
G(m) — GL(m). Moreover, the map

G xy G(m) - GL(m, T(G/H)), [g, Al (X > (Typro Toly 0 A)X) (4.36)

is a reduction of GL(m, T(G/H)) along the canonical inclusion G(m) — GL(m).

Proof The map defined in (4.35)is areduction of the frame bundle of G x ym — G/H
by Proposition 4.4.
It remains to show that (4.36) is a reduction of principal fiber bundles. In fact,

G x GL(m) — GL(m, T(G/H)), [g, Al (X > (TgproT.L,0 A)X) (4.37)

is an isomorphism of principal fiber bundles covering idg,;g by Corollary 4.6
since (4.34) is an isomorphism of vector bundles covering idg,y . The desired result
follows by exploiting that (4.36) is the composition of the isomorphism (4.37) and the
reduction (4.35). m]

Remark 4.9 In the sequel, under the assumption of Corollary 4.8, we often identify
G x g G(m) with the image of the reduction (4.36) from Corollary 4.8 as in [17, Re.
1.1.8]. This is indicated by the notation G(m, T(G/H)) € GL(m, T(G/H)).

Corollary4.10 Let G/H be a pseudo-Riemannian reductive homogeneous space
whose invariant metric corresponds to the Ad(H )-invariant scalar product (-, -): m x
m — R. Moreover, denote by O(m) the pseudo-orthogonal group of m with respect
to (-,-). Then

G xy O(m) = GL(m, T(G/H)), [g, 81+ (X (TgproT.lyoS)X) (4.38)

is a reduction of the frame bundle of T (G / H) along the canonical inclusion O(m) —
GL(m).

Proof This is a consequence of Corollary 4.8. O
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If G xyg O(m) is identified with the image of (4.38), it is often denoted by
O(m, T(G/H)).

Corollary 4.11 Let G/H be a reductive homogeneous space with reductive decompo-
sition g = hH@m. Then the frame bundle of T (G / H) is isomorphic to G x g GL(m) —
G/H as GL(m)-principal fiber bundle via the isomorphism

G x5y GL(m) — GL(m, T(G/H)), [g, Al+> (X > (TyproTobgoA)X) (4.39)

of GL(m)-principal fiber bundles.
Proof This follows by setting G(m) = GL(m) in Corollary 4.8. m]

Remark 4.12 Corollary 4.11 seems to be well-known since the statement that G x
GL(m) — G/H is isomorphic to the frame bundle of G/H can be found in [20, Ex.
2.7].

5 Intrinsic rollings of reductive homogeneous spaces

Let G/H be areductive homogeneous space with fixed reductive decomposition g =
h @ m. In the sequel, we always endow m with the covariant derivative V™ which is
defined in (5.1) below. Let V. m 3> v > (v, Vo(v)) e mxm = Tmand W: m >
v (v, Wa(v)) € m x m = Tm by vector fields on m, where Vo, Wo: m — m are
smooth maps. Then V™: ' (Tm) x ['**(Tm) — I'*°(Tm) is defined by

VW], = (v (T,W)V2(v)), vem. (5.1)

Clearly, form = R” the covariant derivative V™ coincides with the covariant derivative
from [13, Chap. 3, Def. 8].

In this section, we consider intrinsic (G(m)-reduced) rollings of (m, V™) over G/ H
equipped with an invariant covariant derivative V*. Such intrinsic rollings are called
rollings of m over G/H with respect to V¥, rollings of G/H with respect to V¥, or
simply rollings of G/H, for short.

Notation 5.1 In the sequel, we do not explicitly refer to the G(m)-reduction if this
reduction is clear by the context, for instance by denoting the configuration space by
0 =m x (G x G(m)) as in Lemma 5.2, below.

5.1 Configuration space

The goal of this subsection is to derive an explicit description of the configuration
space for rollings of m over G/H with respect to an invariant covariant derivative
V¢. Moreover, we consider an H -principal fiber bundle over the configuration space
equipped with a suitable principal connection. This allows for lifting rollings, i.e.
certain curves on the configuration space, horizontally to curves on that principal fiber
bundle. We start with investigating the configuration space.
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Lemma5.2 Let G/H be a reductive homogeneous space and let G(m) C GL(m) be
a closed subgroup such that Ady, }m € G(m) holds for all h € H. Then the following
assertions are fulfilled:

1. Let Q = m x (G xy G(m)) and define
7: Q@ —>mxG/H, (v,[g ) 7(,I[g S = (v,pr(g))- (5.2)

Thenm: Q — m x G/H is isomorphic to the configuration space of the intrinsic
rolling of m over G/ H, i.e. to the G(m)-fiber bundle

(G(m, Tm) x G(m, T(G/H)))/G(m)

(5.3)
= ((m x G(m)) x (G xg G(m)))/G(m) —mx G/H
via the isomorphism of G(m)-fiber bundles
v ((m x G(m)) x (G xg G(m)))/G(m) — m x (G xg G(m)), (5.4)

[(v, $1). [g. S21] = (v.[g. S2087'])

covering the identity idmxG/g: m X G/H — m x G/H whose inverse is given
by
Ul mx (G xyg G(m)) — ((m x G(m)) x (G xg G(m)))/G(m),

(5.5)
(U, [g’ S]) e [(Us ldm)v [g$ S]]

2. Let ¢ = (v,[g,S]) € Q with n(q) = (v,pr(g)). Then q defines the linear
isomorphism

Tym=m> Z > (Typro T,y 0S)Z € Tpre)G/H (5.6)

via Lemma 3.1, Claim 2., where q is identified with W~ (q) € ((m x G(m)) x
(G xpy G(m))) /G(m). In the sequel, we often denote this isomorphism by q, as
well, i.e. we write ¢(Z) = qZ = (Tgpr oTplg 0 S)Z.

Proof By Corollary 4.8 we have G(m, T(G/H)) = G xpy G(m). Moreover,
G(m, Tm) = m x G(m) is clearly fulfilled. We first show that W is smooth. Con-
sider

(m x G(m)) x (G xpz G(m))

€|

pr

((m x G(m)) x (G xp G(m)))/G(m) m x (G xg G(m))
5.7
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where Pr is the canonical projection and W is given by

W((v, S1), [g, $21) = (v, [g, S2 0 ST (5.8)

for ((v, S1), [g, $2]) € (m x G(m)) x (G x g G(m)). Clearly, since (5.7) commutes
and the canonical projection pr is a surjective submersion, the map W defined by (5.4)
is smooth by the smoothness of W, In addition, ¥ maps fibers into fibers, i.e. it is a
morphism of G(m)-fiber bundles covering the identity of m x G/H. Therefore W is
an isomorphism of fiber bundles, see e.g. [21, Prop. 9.3]. The formula (5.5) for y-l
is verified by a straightforward calculation.

It remains to show Claim 2.. Let ¢ = (v,[g, S]) € Q and let Z € T,m. Then
U1 ((v,[g. S1) = [(v.idw). [g. S1] holds. Using the bijection from Lemma 3.1,
Claim 2., this element is identified with a linear isomorphism which we denote by the
same symbol. Evaluated at Z € T, m = m, it is given by

W, [g, SON(Z) = (([(v. idwm), [g, S1))(Z)
= ((Tgpr o Tolg 0 S) o (idm) ') (2)
= (Tgpro T.ly 0 S)Z,

where the second equality follows by Lemma 3.1, Claim 2. and Corollary 4.8. O

Remark 5.3 The configuration space 7: Q — m x G/H can be viewed as a G(m)-
principal fiber bundle. Indeed, as a consequence of Lemma 4.1, the G(m)-right action

0 xGm) = 0, ((v,[g, S, $2) > (v,[g, S oS5 (5.9

is a principal action.

Moreover, since the configuration space Q = m x (G x g G(m)) is the product of m
and the associated bundle G x g G(m), we obtain an H -principal fiber bundle over Q.

Proposition 5.4 Let G/H be a reductive homogeneous space and let G(m) C GL(m)
be a closed subgroup such that Ady, |m € G(m) holds forallh € H. Then the following
assertions are fulfilled:

1. Define Q =m x G x G(m). Then
7:03 g S~ (v,[g, S)eQ (5.10)

becomes an H-principal fiber bundle over Q = m x (G xy G(m)) with H-
principal action given by

< 0OxH— 0,
(v, 8,8 (v,8,5) sgh=(v,gh,Adj-108) = (v,g <h, Adj-109),
(5.11)

where <: G X H 3 (g,h) — g <h = gh € G denotes the H-principal action
from (2.26) onpr: G - G/H.
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2. For (v,8,5) € Q =m x G x G(m) the vertical bundle Ver(Q) € T Q is given
by

Ver(@)(v,g,S) = {(0, Tolgn, —ad; 0 S) | ne h} C Tw,g.5(m x G x G(m)).
(5.12)
3. Let P € F‘X’(End(TG)) and let w € T°(T*G) ® b denote the principal con-
nection and connection one-form from Proposition 2.10 on pr: G — G/H,
respectively. Defining for (v, g, §) € Q and (u, vg, vs) € T(v,4.5) O

Pl .05 Vgs v5) = (0, P, (v), —adw|g(vg) 0 S), (5.13)

yields a principal connection on 7 : ‘0 — Q with corresponding connection one-
formw € T®(T*Q) ® h given by

5|(v’g’s)(u, Vg, U§) = w|g(vg), (v, 8. 8) € Q, (u,vg,vs) € Ty,g.5 0.
(5.14)
4. Letq: I >t q(t) = (v(t), g(®), S(t)) € a be a horizontal curve with respect
to the principal connection P. Then the curve g: I — G defined by the second
component of q is horizontal with respect to Hor(G) from Proposition 2.10.

Proof We consider pr: G — G/H as an H-principal fiber bundle. Then m x G >
(v, g) = (v, pr(g)) € m x G/H becomes clearly an H-principal fiber bundle with
principal action

mxG)x H>((v,g8),h)+— (v,g<h)=(v,gh)emx G/H

and Q can be viewed as a G(m)-fiber bundle associated to the H-principal fiber bundle
m x G/H, where H acts on G(m) via

H xG(V) > G(V), (h,S) Ady|_oS.

Thus, by the definition of an associated bundle, 7: Q — Q becomes an H -principal
fiber bundle over Q with principal action given by (5.11), i.e. Claim 1. is shown.

Next, let P € F‘X’(End(T P)) be the principal connection on G from Proposi-
tion 2.10. It is straightforward to verify that Pe FOO(End(T P )) defined by

Pl ve) = (0.P(), (v,8) emx G, (u,v9) €mx TG =Tymx T,G

yields a principal connection on m x G — m x G/H with corresponding connection
one-form given by @ ] .) (u, vg) = w!g (vg). Thus Proposition 4.7 appliedtomx G —
m x G/H equipped with the principal connection P yields Claim 2., Claim 3., and
Claim 4.. O
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5.2 The distribution characterizing intrinsic rollings

Motivated by [6, Sec. 4], we determine a distribution on Q characterizing intrinsic
rollings of m over G/ H. More precisely, acurve g : I — Q is horizontal with respect
to this distributions iff it is a rolling of G /H with respect to V¥.

Applying the description of the tangent bundle of an associated bundle from (2.20)
to the configuration space Q, we obtain for its tangent bundle

TOQ=Tmx(GxgGm)) ETmxT(GxygGm))) =ETmx (TG xry TG(m)).

(5.15)
Before we proceed, we state a simple lemma concerning this identification. We start
with considering a situation which is slightly more general than (5.15).

Lemma5.5 Let V be a finite dimensional R-vector space and let p: H — GL(V)
be a representation. Moreover, let G(V) C GL(V) be a closed subgroup such that
pn € G(V) holds for all h € H and consider the associated bundle G x g G(V) —
G/H, where H acts on G(V) via H x G(V) > (h,S) — pp oS € G(V). Let
(vg,vs) € TG x TG(V) and h € H. Then

[vg, vs] = [Tgrnvg, pp-1 ovs] € TG x7H G(V) (5.16)

holds.

Proof We denote by <: G x H > (g, h) — g <h = gh € G the principal action on
G — G/H. Its tangent map is given by

Tig.ny(- <) (g, vp) = Tplgvp + Tgrpvg, (5.17)
due to (2.8). Moreover, the tangent map of
¢: HxGWV)—GWV), (h,S)r— py-108

reads
T, 5% (i, vs) = T, 5)# (0, vs) + T, 5y (vi, 0), (5.18)

where we identify T(H x G(V)) = TH x TG(V). By setting v, = 0 in (5.17)
and (5.18), respectively, we obtain T(g ) (- < -)(vg, 0) = Tyrjve and

Tin,5)¢ (0n, vs) = Tn,5)9 (0, vs) = Tsp(h, Yvs = Ts(pj-1 0 (-))vs = pj-1 0 vs.
Thus the desired result follows by the definition of the equivalence relationin TG X r g

TG(V), ie. (vg, vs) ~ (vg,, vs) € TG x TG(V) iff there exists an 7 € H and
v, € Ty H such that

Vg = Tg.n)(- <) (vg, vp) and vy = Ty 5)¢ (vp, vs)

holds. o
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Corollary 5.6 Let G/H be a reductive homogeneous space and let G(m) € GL(m)
be a closed subgroup such that Ady }m € G(m) holds for all h € H. Let (vg, vs) €
TG xTG(m)andh € H. Then

[vg, vs] = [Tgruvg, Ady-1 o vs] € TG x75 G(m) (5.19)

is fulfilled.

Proof Applying Lemma 5.5 to the representation H > h +— Ady |m € GL(m) yields
the desired result because of Adj, |m € G(m) forallh € H. O

In order to determine the distribution on Q which characterizes rollings of m over
G/H with respect to V¥, we first define a distribution on Q. Afterwards, this distri-
bution is used to obtain the desired distribution on the configuration space Q.

Lemma5.7 Let G/H be a reductive homogenoues space. Moreover, let G(m) C
GL(m) be a closed subgroup and let g(m) < gl(m) denote its Lie algebra. Assume that
Adh|m € G(m) holds for all h € H and let o: m x m — m be an Ad(H)-invariant
bilinear map such that for each X € m the linear map

aX, ) m—->m, Y aX,)¥)=a(X,Y) (5.20)

is an element in g(m), i.e. 2 (X, -) € g(m). Moreover, let@ =mx G x G(m) as in
Proposition 5.4 and define

Ve Qxm—>T0, @.u)=((vg S8 u)r (u (TelgoSHu,—a(Su,)oS).
_ _ L2y
Then V¢ is a morphism of vector bundles covering idgz QO — Q and D* =

im(W¥) C T Q is a regular distribution on Q given fiber-wise by
D, g5 ={(u, (Tolg o SHu, —a(Su, )0 8) |u € Tym=m} € Ty 50 (5.22)

forall (v,g,S) € Q. Moreover, D¥ is contained in the the horizontal bundle defined
by the principal connection P from Proposition 5.4, i.e.

f|(v,g,S)(M’ vg,v5) =0 forall (v,g,8) € Q, (u,vg,vs) € W(U’g’s) (5.23)

is fulfilled.

Proof The image of W defined by (5.21) is contained in 7'Q. Indeed, by the assump-
tionon o: m X m — m, we have o (Su, -) € g(m) for § € G(m) and u € m. Hence
we obtain

a(Su,-) oS = (Tig,rs)(@(Su, -)) € TsG(m)

proving W% ((v, g, S), u) € Tymx TG x TsG(m) = Ty ,.5)0 forall (v, g, S), u) €
0 x m. Thus W¥ is clearly a smooth vector bundle morphism covering the identity.
Furthermore, the rank of W is obviously constant. Hence its image D% = im(W¥)
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is a vector subbundle of 7'Q by [14, Thm. 10.34]. The fiber-wise description of D%
in (5.22) holds by the definition of U¥ due to D* = im(09).

We now show that D¥ is contained in the horizontal bundle. Obviously, this is equiv-
alent to 73’( S)(u vg, vs) = O forall (v,g,9) € 0 and (u, Vg, Vs) € D“(U 2.5)-

Using the deﬁnmon of P € I'*°(End(T'Q)) from Proposition 5.4 and writing
(u, Vg, vs) € Da(v,g,g) as

(M’ Ugv US) = (u7 (Teeg o S)uv —ot(Su, ) o S)
for some u € m, we obtain
7_7|(v’g’s)(u, Vg, V§) = 5’(1},5’,5)(”’ (Telg 0 SH)u, —a(Su, ) o S)
= (O, P|g(vg)9 _adw|g(vg) o S)

=(0,0,0)

duetovgy = (T€g0S8)u € Hor(G)g because of Su € m, where weusedP‘g(vg) =0as

well as a)|g(vg) = 0 by the definitions of P € ['*® (End(TG)) andw € I'*(T*G)®b
in Proposition 2.10. O

Next we use the distribution D* on Q to construct the desired distribution on Q.
Lemma 5.8 Using the notations and assumptions of Lemma 5.7, we define D* C T Q
by

= (T7)(D*) C TQ. (5.24)
Then the following assertions are fulfilled:

1. Let (v, g, S]) € Q. Then D* is fiber-wise given by

D{, gS])—{(u [(Telg 0 S)u, —a(Su,) o S]) | u € Tym Zm} € Ty (g,5)Q

(5.25)
using the identification (5.15) implicitly.
2. Let (v, g, S) € Q. Then the map
Tw.g.97 | “ g9 $ D%0g.5) = D?v,[g,S]) (5.26)

is a linear isomorphism.

3. Letq: I — Q beacurveandletq: I — Q denote a horizontal lift of g with
respect to the principal connection from Proposition 5.4. Then q is horizontal
with respect to D%, i.e. q(t) € D;‘(t) iff g is horizontal with respect to DY, i.e.
q(t) € DY%p).

4. D% is the image of the morphism of vector bundles

Ve Oxm—TQ, ((v,[g, 8D, u) — (u, [(TlgoS)u, —a(Su, -)oS]) (5.27)
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overidg: Q — Q of constant rank. In particular, D% is a regular distribution on

0.

Proof We start with Eetermining D% point-wise. Let (v, g, S) € @ =mx G xG(m)
and (u, vg,vs) € TO =Tm x TG x TG(m). Then

T(v, g, 8) =(v,[g S) and T7(u,vg, vs) = (u, [vg, vs]) (5.28)
holds by the identification (5.15). Evaluating (5.28) at (u, vg, vs) € W(v,ggg), i.e.
(M’ Ugv US) = (u7 (Teeg o S)l/l, —ot(Su, ) o S)

for some u € m, yields Claim 1. because of D3, , 5 = (T7) (D%w,g.5))-

Next we show Claim 2., i.e. that the restriction

Tow,.97| D%w.g.5) = Dfj .50 (5.29)

DYz "

is bijective. Clearly, the linear map in (5.29) is injective since ﬁ(% a5 C
Hor(@)(v’ ¢.5) holds according to Lemma 5.7. We now show that (5.29) is surjec-
tive. Let h € H. Moreover, let (v, g, S) € Q and (v, gh, Adj-10098) € 0 be two
representatives of

7(v, & 5) = (v, [g, S1) = (v, [gh, Adj-1 0 S]) = T (v, gh, Ad)-1 0 S) € Q

and let (u,vg,v5) € D%q 5. We show that there exists a (. vy, V) €
D (4 gh,Ad, _,05) Such that

Tw,g,57 (1, vg, vs) = T(v,gh,Ad, 105 T (1, v;, vg)
holds. To this end, we define
v; =To(-ah)vg = Tyrpv, and v = TS(Adhfl (~)) ovs = Adj,-1 ovg. (5.30)
By using (u, vg, vs) € W(U,g,s), i.e.

Vg = (T lgoS)u and vg=—a(Su,-)oS (5.31)
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for some u € m, we show that (u, vy, v§) € m(v,gh,Adh,loS) holds. To this end, we
calculate .
v, = Tyrpvg

= Tgrh((Teﬁg o S)u)

=To(rp o ly)Su

=T.(lgorp)Su (5.32)
=Te(lgn o ly—1 0rp)Su

=TelgnhoTe(Ly-1 orp)Su

= (Telgh 0o Adj-1 0 S)u.

Moreover, using the definition of v’S in (5.30) and vg in (5.31), we have by the Ad(H )-
invariance of ¢: m X m — m

v = Adj-1 o vg
=Adj-10 (— o(Su, )) oS (5.33)
— —a(Ad, 1 (Su),-) o Ad, 1 o S.

By (5.32) and (5.33), we obtain
(u, v;,, vg) = (u, (Telgh 0o Ady-1 0 SHu, —a(Ady-1(Su), ) o Ady-108) (5.34)

showing (u, v/g, vg) € W(v,gh,Adhqog) as desired. Equation (5.34) implies

T(w,g.57 (U, vg, vs) = (u, [vg, vs])
= (u, [Tgrpvg, Ady-1 o vg])

= / /
= Tw,gh,Ad,_;08)T (U, Uy, V)

due to Corollary 5.6. Thus the linear map (5.29) is surjective. Hence Claim 2. is proven.

Nextletg: I — Qbeacurveandletg: I — Q be a horizontal lift with respect to
the principal connection P from Proposition 5.4. In particular 77 (g(t)) = g(t) holds.
Assume that g (7) € D%, holds. This assumption yields

§(1) = F@ o)1) = Ty (1) € (Tgy™) (D)) = D)

by the definition of D* since g (7) is horizontal with respect to D*. Conversely, assume
that g (1) € D?m holds. Then g(¢) € T, Q is the unique horizontal tangent vector

which fulfills (75 7)g(t) = ¢(t) or equivalently
- — —1.
qt) = (i@ |Hm@m) q().

Since (5.29) is a linear isomorphism, we obtain (Tg(t)ﬂﬁfm)_l (D% )) = mﬁ(t)'
q

q(
This yields Claim 3. because of ¢(t) € DZ(I) and D% C Hor(Q).
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It remains to proof Claim 4.. To this end, using the identification (5.15), we consider
the diagram

— o —
O xm v TQ
7T X idy Tmw
\I]O{
g xm ro (5.35)

which clearly commutes. Thus W is smooth since 77 o W¥ is smooth and 7 x idy, is
a surjective submersion. In addition, W* is fiber-wise linear, i.e. W is a vector bundle
morphism covering idg : Q — Q. Moreover, Claim 2. implies that the rank of W is
constant. Hence the image of W is a subbundle of 7' Q according to [14, Thm. 10.34].
In addition, we obtain DY = im(¥%) due to

D% = (T7)(D%) = (TToW¥) (0 xm) = (¥¥0 (T x idw))(0 x m) = W*(Q x m)
(5.36)
since (5.35) commutes. This yields the desired result. O

Theorem 5.9 Let G/ H be a reductive homogeneous space with reductive decomposi-
tiong = h®mand let G(m) € GL(m) be a closed subgroup such that Ady, |m e G(m)
holds for all h € H. Moreover, let o: m x m — m be an Ad(H)-invariant bilinear
map defining the invariant covariant derivative V* such that for each X € m the
linear map

aX, ) m—->m, Y aX,Y) (5.37)

belongs to g(m), i.e. to the Lie algebra of G(m). Let DY denote the distribution on
0 =m x G x G(m) from Lemma 5.7 associated to a and let D* = T7w(D%) be the
distribution defined in Lemma 5.8. Then the following assertions are fulfilled:

1. Letq: I — Q and let
(w,y): I > mxG/H, t+— (woq)(t) = (), y@)). (5.38)

Letqg: I >t (v(t), g(),Sk)) € a be a horizontal lift of g with respect to the
principal connection P from Proposition 5.4. Then q is horizontal with respect to
D¢ iff the ODE

S(t) = —a(S(Od@), -) o S(1),

§(1) = (Telg(ry 0 S(1)) ()

is fulfilled. Moreover, the development curve is givenbyy =prog: I — G/H.
2. Letq: 1 — Q beacurveandlet (v,y) = (mogq): I - m x G/H. Then q is
horizontal with respect to D%, i.e. ¢(t) € D;‘m, iff g defines a (G(m)-reduced)
intrinsic rolling of m over G/H with respect to V* with rolling curve v and

development curve y.

(5.39)
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Proof We first show Claim 1.. Let ¢g: I — Q be some curve and let
g: 11— 0, 1t (@),g),S0) (5.40)

be a horizontal lift of ¢ with respect to the principal connection P from Proposition 5.4.
Clearly, the development curve y: I — G/H defined by ¢: I — Q is given by
y = prog. Moreover, by Lemma 5.8, Claim 3., g is horizontal with respect to D¥ iff g
is horizontal with respect to D*. Hence it is sufficient to show that g from (5.40) fulfills
the ODE (5.39) iff 7 is horizontal with respect to D. First we assume c'7(t) € WW
for all ¢+ € I. Writing g(r) = (0(¢), g(1), S(1)) and using the definition of D¥, one
obtains

q(1) € D%y = {(w, (Telyqry o S())u, —a(S(D)u, -) 0 S(1)) | u € Tyym = m}.
. (5.41)
Thus g(¢) and S(¢) are uniquely determined by

g() = (Teﬂg(t) o S(t))l')(t) and S(t) = —oz(S(t)i)(t), ) o S(t)
dueto (5.41). Hencethecurveqg: I — § which is horizontal with respect to D¢ fulfills
the ODE (5.39). Conversely, assume thatg: I — Q givenbyg(¢) = (v(1), g(t), S(1))
fulfills (5.39). Then g(¢) is clearly horizontal with respect to D* by the definition of
D%, Thus Claim 1. is proven.
Next we show Claim 2.. To this end, let g: I — Q be horizontal with respect to

D%. Then a horizontal liftg: I >t — q(¢t) = (v(¢), g(t), S(t)) € @ of g fulfills the
ODE (5.39) by Claim 1.. Moreover, g: I — Q can be represented by

qg() = @oq)(1) = (), [g(®), SO, te€l.
Hence the linear isomorphism associated with g (¢) is given by
Lyym=msZ—qt)Z = (Tg<,)pr o0 Tplg(r) o S(l‘))Z € Tor(gr))(G/H) (5.42)

according to Lemma 5.2, Claim 2.. Using(5.39) and (5.42) we obtain

7(1) = $pr o)1) = Typré () = (Ty(pr) (Tetew 0 SOIM) = g(1)0()
showing the no-slip condition. Next we prove the no-twist condition. Let
Z:1—Tm, t (v(t),Z2(t)) € Tm
be a vector field along v: I — m which we identify withthemap I 5 7 > Z(t) € m
defined by its second component. Then Z is parallel along v iff Z,(¢) = 0 holds, i.e.

Z>(t) = Zg forall t € I and some Zy € m. We need to show that the vector field

Z:1— T(G/H), tr> q)Z({t) = q(t)Zo = (Tgwypr o Telgqr o S(t)) Zo
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is parallel along y : I — G/H with respect to V*. By Proposition 5.4, Claim 4., the
curve g: I — G is a horizontal lift of the curve y: I > t — pr(g(t)) € G/H.In
addition, we have

S@b(1) = (Tolew) ™ 8(0)

by (5.39). Moreover, the horizontal lift of Z along g: I — G is given by

p— - 7] o~

Z:1— Hor(G), 1+ Z(1) = (Te)Pr o)) 20 = (Telgry 0 S1)) Zo
andthecurvez: [ 51— z(t) = (Tgﬁg(,))flf(t) € m fulfills

2(0) = (Toly) " (Tolgw 0 S()) Zo = S(1) Zo.

Thus we obtain by exploiting (5.39)
i) = S(S1Zo) = S Zo = —(a(SOV(®), ) 0 S(1)) Zo = —a(S(D (1), 2(1)).

Hence Z is parallel along y by Proposition 2.19.

Conversely, assume that 7 (t) = q(t)Z(¢) is parallel along y: I — G/H, where
Z: 1>t (v(t), Z2(t)) € Tmis some vector field along along v: I — m which
we identify with the map I > ¢ — Z3(¢) € m. Let {A1,..., Ay} € m be some
basis of m. We define a parallel frame along y: I — G/H by A;(t) = q(t)A; for
ie{l,...,N}andt € I.Then Z:1— T (G/H) is parallel along y iff its coefficient
functions z': I — R defined by f(t) = 7z/(t)A;(¢) are constant, i.e. 7' (f) = zf)
for all t € I with some zf) € R, see e.g. [22, Chap. 4, p. 109]. By the linearity of
q@®): Tysym =m — T,((G/H), we obtain

Z(t) = zhAi (1) = zh(q() A)) = q(1) (zhAi) = q(1) Zo = q(1) Z2 (1)

showing Z»(t) = zf)Ai = Zg fort € I, where Zg = zéAi € m is constant. Hence
Z: 1>t (v(t),Z2(t)) = (v(t), Zp) € m x m = Tm is a parallel vector field
along the curve v: I — m. Thusthe curve g: I — Q which is horizontal with respect
to D* is a rolling.

It remains to prove the converse. Let g: I — Q be a curve defining a rolling. We
show that ¢ is horizontal with respect to D*.

Letg: I — Q be a horizontal lift of ¢ with respect to the principal connection
from Proposition 5.4. By Lemma 5.8, Claim 3. g is horizontal with respect to D“
iff g is horizontal with respect to D®. Writing g () = (v(t), g(t), S(¢)), the linear
isomorphism Tyhym = m — Tpr(g(r)) (G/H) defined by g(¢) = 7 (q(¢)) is given by

qZ = (Teypro Telyy 0o SO)Z, Z € Tyym=m
according to Lemma 5.2, Claim 2.. Hence the no slip condition yields

P (1) = (Toypr o Telgry o S))D(1). (5.43)
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By Proposition 5.4, Claim 3. the curve g: I — G is horizontal with respect to Hor(G)
from Proposition 2.10. In addition, ¥ = pr o g holds, i.e. g: I — G is a horizontal
liftof y: I — G/H. Thus g: I — G fulfills the ODE g(¢) = (Teﬂg(t) o S(t))i)(t)
by (5.43). Moreover, since g: I — G is a horizontal lift of y: I — G/H, the no
twist condition yields

S(t)Zy = —a(S(t)i)(t), S(t)Zo) (5.44)

for all Zyp € m by Proposition 2.19. Clearly, (5.44) is equivalent to the ODE
S(t) = —a(S(Hv@), ) 0 S()

for S: I — G(m). Therefore g: I — Q is horizontal with respect to D* by
Claim 1. O

In particular, Theorem 5.9 applies to (pseudo-)Riemannian reductive homogeneous
spaces. We comment on this particular situation in the next remark.

Remark 5.10 Let G/ H be a reductive homogeneous space equipped with an invariant
pseudo-Riemannian metric and let (-,-): m x m — R denote the corresponding
Ad(H)-invariant scalar product. Moreover, let V¥ be a metric invariant covariant
derivative on G/H. Then Proposition 2.20 yields «(X, ) € so(m) for all X € m.
Thus Theorem 5.9 can be applied to G(m) = O(m), i.e. the configuration space can
be reduced to Q = m x (G x gz O(m)) since Ady, |m € O(m) holds forallh € H.

Remark 5.10 can be specialized further to naturally reductive homogeneous space
equipped with the Levi-Civita covariant derivative.

Remark 5.11 Let G/ H be anaturally reductive homogeneous space. Then Theorem 5.9
can be applied to G/H equipped with V-C, where the configuration space can be
reduced to Q = m X (G xyg O(m)) and : m x m — m is given by a(X,Y) =

%prm oady(Y) for X, Y € m since VEC = V¢l holds by Remark 2.22.

5.3 Kinematic equations and control theoretic perspective

Throughout this section we denote by G/H a reductive homogeneous space and we
assume that G(m) € GL(m) is a closed subgroup such that Adh|m € G(m) holds.
Moreover, we assume that the Ad(H )-invariant bilinear map «: m x m — m fulfills
a(X,-) € g(m) for all X € m. If not indicated otherwise, we consider the “reduced”
configuration space Q = m x (G xg G(m)).

We start with relating rollings of m over G/H to a control system.

Remark 5.12 Let G/ H be a reductive homogeneous space equipped with an invariant
covariant derivative V¢ defined by the Ad(H )-invariant bilinear map & : m x m — m.
Recall the definition of the morphism of vector bundles W“ in Lemma 5.8, Claim 4.,
i.e.

v Oxm—>TQ, (5.45)
(v, [g, S, u) > ¥¥((v, [g, SD), u) = (u, [(Telg 0 S)u, —a(Su,) o S)).
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Then W defines a control system in the sense of [23, p. 21] with state space Q and
control set m. Obviously, for each u € m, the map W¥(-,u): Q — T Q is a section
of D*, where D* C T Q is the distribution characterizing the rolling of m over G/H
with respect to V¢,

Moreover, if G/H is equipped with an invariant pseudo-Riemannian metric and an
invariant metric covariant derivative V%, we can endow Q with an additional structure
which is similar to a sub-Riemannian structure. We refer to [24, Def. 3.2] for a definition
of sub-Riemannian structures.

Remark 5.13 Let G/ H be areductive homogeneous space equipped with a G-invariant
pseudo-Riemannian metric corresponding to the scalar product (-, -): m x m — R.
Moreover, let o : m x m — m be an Ad(H )-invariant bilinear map defining the metric
invariant covariant derivative V¥. As in Remark 5.10, we set Q = m x (G x i O(m)).
Moreover, motivated by [8, Eq. (3)], we equip the trivial vector bundle O x m — Q
with the fiber metric & € FOO(SZ(Q X m)*) defined by 4(X,Y) = (X, Y) forqg € O
and X, Y € m. Then the pair (W%, QO x m) is formally similar to a sub-Riemannian
structure on Q except for the following facts:

1. The fiber metric on @ x m — m is allowed to be indefinite.
2. In general, the manifold Q is not connected.
3. The distribution D* = im(¥) might be not bracket generating.

However, by imposing further restrictions on G/H, Q and (-, -) it might be possible
to obtain a sub-Riemannian structure on Q. In particular, if we assume that G/H
is a Riemannian reductive homogeneous space, the fiber metric 2 on Q is positive
definite. Moreover, if we assume that G is connected and Adh|m: m — mis an
orientation preserving isometry, i.e. Ady |m € SO(m) for all & € H, the configuration
space can be reduced to Q = m x (G x g SO(m)), which is obviously connected.
Under these assumptions, the pair (¥*, Q x m) defines a structure on Q which fulfills
the requirements of a sub-Riemannian structure on Q in the sense of [24, Def. 3.2]
except for the fact that D¥ might be not bracket generating. Investigating conditions
on G/H and « such that D¥ is bracket generating is out of the scope of this text.
Nevertheless, in this context, we refer to [8], where the controllability of rollings of
oriented Riemannian manifolds are considered. Moreover, we mention [25], where
optimal control problems associated to rollings of certain manifolds are considered.

Using terminologies of control theory, we call a curve u: I — m a control curve.
Such a curve can be used to determine a rolling of m over G/H, where the rolling
curve v: I — m satisfies the ODE v(f) = u(t). Inspired by the terminology used in
[2], we introduce a notion of a kinematic equation for rollings of m over G/H with
respect to V¥. To this end, we first state the following proposition.

Proposition5.14 Let u: I — m be a control curve and let «: m x m — m be an
Ad(H)-invariant bilinear map satisfying a(X, -) € g(m). Moreover, letq: I > t >
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gt = (1), g(t), S(t)) € m x G x G(m) = Q be a curve satisfying the ODE

v(t) = u(r),
$(t) = —a(S(u), ) o S@), (5.46)
8(t) = (Telgqy o S))u(t).

Thenq: 1>t (woq)(t) € Q is arolling of m over G/H with respect to V¥.

Proof Thecurveqg: I 2t (Toq)(t) = (v(¢), [g(), S(t)]) € Q is horizontal with
respect to D% C T Q by Theorem 5.9, Claim 1. because of u(t) = v(¢) forall ¢t € I.
Hence g: I — Q is arolling of m over G/H by Theorem 5.9, Claim 2.. O

Definition 5.15 The ODE (5.46) in Proposition 5.14 is called the kinematic equation
for (G(m)-reduced) rollings of m over G /H with respect to V¥. An initial value prob-
lem associated with the ODE (5.46) with some initial condition (v(tp), g(to), S(t0)) €
m x G x G(m) for some 7y € [ is called kinematic equation, as well.

In the sequel, we are mainly interested in the initial value problem associated
with (5.46) defined by the initial condition (v(0), g(0), S(0)) = (0, e,idy) € QO =
mx G x G(m).

Remark 5.16 By specializing V* in Definition 5.15, one obtains:

1. The kinematic equation with respect to V2! reads

v(t) = u(t),
S(t) = —%prm o adg(yu) o S(), (5.47)
8(1) = (Telg(ry o S())u(?).

2. For V@2 one obtains the kinematic equation

v(t) = u(1),
S() =0, (5.48)
g() = (Tegg(t) ° S(O))M(t)

since S(¢) = 0 implies S(t) = S(tp) for all r € I and some #y € I. We point out
that setting S(#) = idy, for all # € [ yields an expression which is similar to the
ODE describing rollings of a symmetric space over a flat space obtained [11, Sec.
4.2].

Next, we state the kinematic equation for a naturally reductive homogeneous space.

Corollary5.17 Let G/H be a naturally reductive homogeneous space and let
(ny:m x m — R be the Ad(H)-invariant scalar product corresponding to the
pseudo-Riemannian metric. Then the kinematic equation for (O(m)-reduced) rollings
of m over G/ H with respect to V'C is given by (5.47) from Remark 5.16, Claim 1.. In
particular, the curve S: I — O(m) takes values in the pseudo-Euclidean group of m
with respect to (-, -) provided that the initial condition lies in O(m).
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Proof Since G/H has an invariant pseudo-Riemannian metric corresponding to the
Ad(H)-invariant scalar product (-, -) on m, one obtains Adj, |m € O(m) forallh € H.
Moreover, Remark 5.16, Claim 1. yields the desired result since VLC is metric and
VLC = yeanl holds for naturally reductive homogeneous spaces by Remark 2.22. 0O

Remark 5.18 In general, it is not clear to us whether the maximal solution of the initial
value problem )
S(t) = —a(S®u(t), ) o S(), SO) =idn (5.49)

associated with the kinematic equation in Proposition 5.14 is defined on the whole
interval /. In principal, it could only be defined on a proper subinterval I} C I.

However, if we assume that G/ H is equipped with an invariant Riemannian metric,
i.e. an invariant positive definite metric, V¢ is metric and the control curve u: R — m
is bounded, we can prove that the time-independent vector field on R x O(m) associated
to (5.49), see e.g. [16, Sec. 3.30], given by

X(t, S) = (1, —a(Su(r),-) 0 S), (,5) € R x O(m) (5.50)

is complete. To this end, we show that this vector field is bounded in a complete Rie-
mannian metric on R x O(m). Then the completeness of X € I‘OO(T(]R X O(m)))
follows by [16, Prop. 23.9]. We view O(m) as subset of End(m) and denote by
(-, -): m x m — m the Ad(H )-invariant inner product corresponding to the Rieman-
nian metric on G/H. The norm on m induced by (-, -) is denoted by || - ||. We denote
an extension of these maps to g by the same symbols. We now endow End(m) with
the Frobenius scalar product given by (S, T)r = tr(ST T), where ST is the adjoint of
S with respect to (-, -). Then (-, -} r induces a bi-invariant and hence a complete Rie-
mannian metric on O(m). Moreover, the norm || - || defined by the Frobenius scalar
product is equivalent to the operator norm || - ||2. In particular, there isa C > 0 such that
ISl < C|IS|l2 holds for all § € End(m). We now endow R x O(m) with the Rieman-
nian metric defined for (s, S) € R x O(m) and (v, V), (w, W) € T(; 5 (R x O(m))
by

(0, V), (w, W)) o =vw+tr(VIW), (5.51)

(5,5)
which is clearly complete. Moreover, o: m x m — m is bounded since m is finite
dimensional. Hence there existsa C’ > Owith |ja(X, V)| < C'|| X||||]Y] for X, Y € m.
Thus, for fixed X € m, the operator norm of the linear map (X, ): m — m is
bounded by

lee(X, )2 < C'1X]. (5.52)

By this notation, we obtain

1X(t, I =1+ |la(Su@), ) o S| %

14 C?|a(Su), ) o |3

< 14 C2||a(Su), ) |31S13 (5.53)
< 1+ CCYISI5Iu@I?

<1+ (CCHJul%, < oo,

IA
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where we exploited ||S|l; = 1 for all S € O(m) and ||u||c denotes the supremum
norm of u: I — m. Equation (5.53) shows that X € I'°(T (R x O(m))) is bounded
in a complete Riemannian metric on R x O(m) as desired. Thus the maximal solution
of the initial value problem

S(t) = —a(S()u(r), ) o S(t), S0) = Sy € O(m) (5.54)

is defined on R.

5.4 Rolling along special curves

Next we consider a rolling of m over G/H along a curve such that the development
curve y: I — G/H is the projection of a not necessarily horizontal one-parameter
subgroup of G, i.e.

y(t) = pr(exp(t§)), 1€l (5.55)

for some £ € g. In this subsection, we focus on the invariant covariant derivatives
veanl and Va2 on G/ H. This discussion is motivated by the rolling and unwrapping
technique for solving interpolation problems, see e.g. [2, 5], for which an explicit
expression for a rolling along a curve connecting two points is desirable. A natural
choice for such a curve would be a projection of a horizontal one-parameter subgroup
in G, i.e. a geodesic with respect to yveanl o yean2 However, even if such a curve
connecting two given points exists, as far as we know, in general, no closed-formula
for such curves are known. In this context, we refer to [26], where the problem of
connecting two points X, X; € St, x € Rk on the Stiefel manifold St,.x by acurve
of the form ¢ > e’81 Xe'82 with some suitable (&1, &) € so(n) x so(k) is addressed.
As a preparation for deriving the desired rollings, we state the following lemma.

Lemma5.19 Let G/H be a reductive homogeneous space with reductive decompo-
sition g = h@dm, let§ € gandlet y: I >t — pr(exp(t§)) € G/H. Then the
curve

g:1— G, tr gt)=exp(t§)exp(—1&p) (5.56)

is the horizontal lift of y through g(0) = e with respect to the principal connection
from Proposition 2.10. Moreover, g is the solution of the initial value problem

§(1) = Tolg(ry (Adexpugy) (6m)), £(0) =e. (5.57)

Proof Obviously, y(t) = pr(exp(t§)) = pr(g(¢)) holds for all + € I due to
exp(—tép) € H forall t € I. Moreover, g(0) = e is fulfilled. It remains to prove that
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g: I — G is horizontal. To this end, we compute by exploiting (2.8) and (2.7)

§(1) = & (exp(t§) exp(—1&y))
= Texp(ré)Texp(—1&y) gy EXP(1E) + Texp(—16y) Lexp) 7 XP(—1€p)
= (Texpius) Fexp(—15y) © Telexp))§ + (Texp(—1gy) Lexpre) © TeTexp(—1ey) ) (—Ep)
= To(rexp(—t&y) © Lexp(re))§ — Te(Lexp(re) © Fexp(—r&y))€h
= To(lexpie) © Vf:Xp(ftéb))(S — &)
=T (Zexp(té}) o VexP(—tEh))gm'

Consequently, we obtain by the chain rule

(Tolow) '8(t) = Telexp(r) exp(— zs.,)) g

1.
Texp(— zsh%exp(rs) o Tolexp(—1gy))  &(1)

(

= (

= (T. Zexp(—zsr,)) o (Texp(—téq) Lexpt6))  &(0)

= (Tebexpigy)) ~ (Texpae) exp(rt) bexp(-1)) (Te(Lexpte) © Texp(—i6y))ém)

= (Tolbexp(—tty)) " Te(Lexp(—i£) © Lexprt) © Texp(—téy))Em
= (Telexp(-i£)) " Te(resp(—ity))Em

= (Texp(—rty) Lexpaty) © TeTexp(—1ty))Em

= To (Cexpirsy) © Texp(—ity))m

= Adexp(igy) (6m)-

Since G/ H is reductive, this implies

(Telg(r)) ™' &(1) = Adexpiigy) (Em) € m (5.58)

due to exp(téy) € H. Thus g is horizontal. Moreover, the curve g: I — G is a
solution of the initial value problem (5.57) by (5.58). O

Remark 5.20 Let G be equipped with a bi-invariant metric which induces a positive
definite fiber metric on Hor(G), i.e. a sub-Riemannian structure on G, andlet H C G
be a closed subgroup such that its Lie algebra h C g is non-degenerated with respect
to the scalar product corresponding to the metric. Then the curve given by g(¢) =
exp(t&) exp(—tép) from Lemma 5.19 is a sub-Riemannian geodesic on G according
to [27, Sec. 11.3.7].

5.4.1 Rolling along special curves with respect to V<"1
We now derive an expression for a rolling of m over G /H with respect to V<! such
that the development curve is given by y: I > t +— pr(exp(t§)) € G/H for some

& € g. To this end, we determine a curve

qg: 1 — @ =mx G x GL(m), ¢+ (v(?), g(t), S()) (5.59)
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which is horizontal with respect to the principal connection P from Proposition 5.4,
Claim 3. such thatg =T o g: I — Q is the desired rolling. In particular,

pr(g(r)) = y () = pr(exp(t§)) (5.60)
has to be fulfilled and ¢ has to be tangent to the distribution D* by Theorem 5.9,
Claim 2.. Thus g: I — Q has to be tangent to D* by Lemma 5.8, Claim 3.. Fur-
thermore, by Proposition 5.4, Claim 4., the curve g: I — G fulfilling y = pro g is
tangent to Hor(G) € T G from Proposition 2.10, i.e. g is a horizontal lift of . Hence

Lemma 5.19 yields
g(t) = exp(t§) exp(—1&p) (5.61)

for all + € I which fulfills the initial value problem
§(1) = Telg(Adexprsy) (6m), 8(0) =e. (5.62)
Next we recall the kinematic equation from Remark 5.16, Claim 1. for convenience

v(r) = u(t),
S(t) = —1pry, o adsue) o S@), (5.63)
§(0) = (Telgw o SO))u(®).

By comparing (5.63) with (5.62), we obtain
S@)u(r) = Adexp(rgy) (§m)- (5.64)
Thus the ODE for S: I — GL(m) in (5.63) becomes
S(t) = —3pry, o ads(yue) o S(t) = —3pry, o adAdeypey ) (6m) © S(0)- (5.65)

In order to obtain the desired rolling, we need to solve the initial value problem
associated with (5.65) explicitly. This is the next lemma.

Lemma 5.21 The solution of the initial value problem
St) = —3pry o 2 Adeypey (6m) © S, S(0) = Sp € GL(m) (5.66)
is given by

S 1 — GL(M), > Adexpus,) © €XP ( —tpryoad, ) oSo  (5.67)
b &ht58m

Proof We make the following Ansatz. We set S(t) = Adexp(tgh) o §(t) forallt € I,
where S: I — GL(m) is given by

§(t) = exp ( — t(adg, + %(me o adém))) 0 8o
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for t € I and some Sy € GL(m). Obviously,
S(1) = —(adg, + 5 (pry, 0 adg,,)) 0 S(1)
holds for all 7 € 1. Using the well-known identity Adexp(iz,) = ey , We compute

d d
%Adexp(tsb) = %eta & — eta &h o adgh = Adexp(té:b) o ad%‘h .

Thus we obtain

50 = $ (Adagiey o 50)
= (& Adexpiey)) © S0) + Adexpiey) © S(0)
= Adexp(rgy) © adg, 0 S(1) — Adexpisy) © (adg, + 3 (pry o adg,)) 0 S(1)
= —$ Adexp(rgy) © Pry 0 adg,, 0 S(1)
= 3Pl © adAdygy ) ) © Adexpirty) © (1)

1
= —2PIm © adAdpug ) Em) © SO),

where we exploited that pry,, and Adj, commutes and that Ady, is a morphism of Lie
algebras for all 1 € H. Moreover, S(0) = S(0) = Sy is clearly fulfilled. Hence

S: 1 — GL(m), > Adexpgy) o exp (— t(adg, + 3 (pry, 0 ade,))) o So

is the unique solution of the initial value problem fulfilling S(0) = Sp. The desired
result follows by

1 _
adgh + 3pry, © adgm‘m =Ppry o adéﬁ%ém)m’

where [, m] C m is exploited. O

We now choose S(0) = idy, in the expression for S(¢) from Lemma 5.21 and obtain
S(1) = Adexpigy) © €XP ( it oad, 1 sm)’ tel. (5.68)
Clearly, the inverse of S(#) is given by
S~ =exp (tprm ) adéﬁ%ém) 0 Adexp(—ttp)- (5.69)
By (5.64), i.e. S()u(r) = Adexp(rg,)(6m), we have

u() = SO (Adexpaey) Em) = exp (1Prm 0ad, 1. Jw).  (5.70)

$b+%§m
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According to (5.63), the rolling curve v: I — mis defined by v(¢) = u(¢). Choosing
v(0) = 0 as initial condition yields

t
(t) = / exp <sprm )(gm)ds tel. (5.71)
Thus the desired rolling is determined. The discussion above is summarized in the
next proposition.

Proposition 5.22 Let G/ H be a reductive homogeneous space with reductive decom-
position g = b @ m and let § € g be arbitrary. Moreover, let q: I >t — q(t) =
(v(), g(t), S()) € m x G x GL(m) = Q be defined by

t
(t) = /O exp (sprm o+ Lo )(gm)ds
g(t) = exp(t&) exp(—1&y) (5.72)

(1) = Adepiey) 0 exp ( = tpr o adsh+%sm)

fortel.Theng: I >t (Woq)(t) = (v(t), [g(t), S®)]) € Q defines a rolling of
m over G/ H with rolling curve v: I — m and development curve

y: I - G/H, t+ pr(g(t)) =pr(exp(t§)). (5.73)

Furthermore, this intrinsic rolling viewed as a triple as in Remark 3.3 is given by
(), y (@), A(t)), where A(t) reads

AW): Tyym Zm — Ty () (G/H), Z > (Teypro Tolyqy o S))Z.  (5.74)

Proof This is a consequent of the above discussion. O

Remark 5.23 Assume that G(m) € GL(m) is a closed subgroup such that Ad, |m €
G(m) holds for all # € H and that pr, o adx‘m € g(m) holds for all X € m. Then
the curve S: I — GL(m) from Proposition 5.22 is actually contained in G(m), i.e.
S(¢) € G(m) forall t € I. In particular, if G/H is a naturally reductive homogeneous
space, one has S(t) € O(m) forall ¢ € I.

Corollary 5.24 Let &y, € m and define the curves
v:I—>m, t— () =1téy
S: 1 —- GL(m), t— S() = exp(—%tprm oadg,) (5.75)
g:1— G, t— g(t) =exp(tém)

Thenqg: 1>t qt) = (v(t),[g(t), S®)]) € Q is an intrinsic rolling with respect
to VO whose development curve is a geodesic with respect to V2™ |

Proof This is an immediate consequence of Proposition 5.22 due to & = 0. O
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5.4.2 Rolling along special curves with respect to V@2

We now consider a rolling of a reductive homogeneous space with respect to the
covariant derivative V"2 such that the development curve is given by y: I 3 t >
pr(exp(¢&€)) for some & € g. This is the next proposition.

Proposition 5.25 Let § € g be arbitrary and defineq: I >t +— (v(t),g(t),Sk)) €
m x G x GL(m) = Q by
t
U(t) = / Adcxp(séb)(gm)ds
0

S(t) = idm
g(t) = exp(t§) exp(—1&y).

(5.76)

Thenq =T oq: I — Q is an intrinsic rolling of m over G | H with respect to V™2
whose development curve is given by y : I > t +— pr(exp(t§)) € G/H. This intrinsic
rolling viewed as a triple as in Remark 3.3 is given by (v(t), y(t), A(t)), where A(t)
reads

AW): Tyym = m — T, (G/H), Z > (Tepro Telew))Z. (5.77)

Proof The curve g: I > t +— exp(t§)exp(—téy) € G is the horizontal lift of y
through g(0) = e by Lemma 5.19. We now show that g: I — 0 defined by (5.76)
fulfills the kinematic equation from Remark 5.16, Claim 2.. Indeed, we have

u(t) = 0(t) = Adexp(rzy) (§m)

and g(1) = exp(t§) exp(—1&y) is the solution of the initial value problem

8(t) = Telg(Adexp(rty) (Em) = Telgyu(t) = (Tolgy 0 idm)u(t), g0) =e

by Lemma 5.19 as desired. Therefore ¢ = T og: I — Q is indeed a rolling of m over
G/ H with respect to V"2 whose developement curve is given by y (r) = pr(exp(t£)).
O

6 Applications and examples

In this section, we consider some examples. Before we study Lie groups and Stiefel
manifolds in detail, we briefly comment on symmetric homogeneous spaces. By recall-
ing Vearl — v¢an2 for symmetric homogeneous space and V€ = veanl — yean2 for
pseudo-Riemannian symmetric homogeneous spaces from Remark 2.23, the kinematic
equation from Remark 5.16, Claim 2. yields the next lemma.

Lemma 6.1 Let (G, H, o) be a symmetric pair and let G/H be the corresponding
symmetric homogeneous space with canonical reductive decomposition g = ) @ m.
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Moreover, letu: I — mbe a curve. Define the curve q: I >t — (v(1), g(1), idm) €
0 = m x G x GL(m) by the initial value problem

0(t) = u(t), v(0) = 0

6.1
8(1) = Telypyu(r), g(0) =e. ©D

Theng =Toq: I >t (v(t),[g(t),idm]) € Q = m x (G xy GL(m)) is a rolling
of m over G/ H with respect V1 = ycan2,

If G/H is a pseudo-Riemannian symmetric space, we can consider an O(m)-reduced
rolling, i.e. we can take Q = m x (G x O(m)) in Lemma 6.1 andg: I — Qisa

rolling of m over G /H with respect to the covariant derivative VI-C = veanl — yecan2,
In this case, Lemma 6.1 is very similar the result obtained in [11, Sec. 4.2].

6.1 Rolling Lie groups

In this subsection, we discuss intrinsic rollings of Lie groups. First we discuss rollings
of g over G, where we view G as the reductive homogeneous space G /{e} equipped
with the covariant derivative V!, Afterwards, we discuss rollings of a connected
Lie group G viewed as the symmetric homogeneous space (G x G)/AG equipped
with Veanl = vean2 1t turns out that both points of view are closely related.

6.1.1 Rollings of Lie groups as reductive homogeneous spaces

We first consider the rolling of a Lie-group G viewed as a reductive homogeneous
space G /{e} equipped with the covariant derivative V°®! Obviously, the reductive
decomposition is given by h = {0} and m = g. Clearly, this implies pr, = idy = idg.
Moreover, the configuration space becomes

Q =g x (G %) GL(g)) = g x G x GL(g). (6.2)

We now determine arolling g: I >t — (v(¢), g(t), S(t)) € Q = g x G x GL(g) of
g over G with respect to V4! = V¢ where

argxg—R, (X,¥) a(X,Y)=1[x, 7] 6.3)

To this end, we solve the following initial value problem associated with the kinematic
equation from Remark 5.16, Claim 1.
v(t) = u(t), v(0) =0,
$(t) = —3adsu@ © S(),  S(0) = idy, (6.4)
g(t) = (Telgry o S(O))u(r), g(0) = go,
where u: I — g denotes a prescribed control curve. Motivated by [2, Sec. 3.2], where

rollings of SO(n) over one if its affine tangent spaces are determined by using an
extrinsic point of view, we make the following Ansatz.
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We define the curves k: I — G and W: I — G by the initial value problems

k(t) = 3Tolryu(r), k() =go and W) = —3TLwayu(r), W) =e.

(6.5)
Moreover, we set
S: 1 — GL(g), t+— S(t)=Adw( (6.6)
as well as
g1 —>G, t—>gt)=k(OW© . (6.7)

Clearly, S(0) = Ad, = idg and g(0) = goe_1 = go holds. Next we show that
S: I — GL(g) defined by (6.6) is a solution of (6.4). To this end, we calculate

W(t) = =5 Telwout) = 5 (bwen (exp(—3su())) | _p» (6.8)

where we used the chain-rule and exploited the definition of W in (6.5). In other words,
the smooth curve

y:R—> G, s> lwe(exp(—isu(r)) = W) exp(—3su(®))  (6.9)

fulfills y (0) = W(¢) and %y(s)h:o = W(t) according to 6.8. Thus we calculate for
Z € g by using the definition of S: I — GL(g) from (6.6) and the chain rule

S1Z = L (Adw)(2))

= TwnAd(y ()W (1)
d
= &Ady (D),
-4
Tds AdW(t)exp(—%su(t))(z)}szo
_d
= —SAdW(l) (Adexp(*%su(t)) (Z)> |s:0 (610)
= 4
= Adwa (ds Adexp(—%su(z))(z)}s=0)

= —%(Adwm o ady())(Z)
= _%adAdwm(u(t)) o Adw ) (Z2)
= —%ads(,)u(t) oSM)Z

as desired, where we exploited that Ad, : g — g is a morphism of Lie algebras for all
g € Gand y: R — G is defined by (6.9).

It remains to show that g: I — G defined in (6.7) fulfills (6.4). To this end, using
the chain-rule several times, we obtain by g(¢) = k(¢) W(¢) and (2.8) as well as (2.9)
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and the definition of k: I — G and W: I — G in (6.5)

g0 =S (kywn™)
= Tkyw )1k (0) + Ty (-1 Lrqry Grinv (W (1))
= Tiyrw-1k @) + Ty -1 Loy (= Telwn-1 © TwanyTwn-1) W @)
7(Tk(t)rw(,) 10T, Zk(,))u(t)
3 (Tway-1Le) © Telyay-1 © Twyrwy-1 © Telw)u(t)
= 3(Te(rw 1 © b)) u(@®)

+

-2

+ 5 (Twey-1 k@ o Te (@W(t)_l o Py -1 © Lw))ult) 6.1D
= IT.(rway-1 o bee)u®) + % (TW(,)_.zkm o TeFw(y-1)u(t)

5Te(rwin-1 0 Leywan )u() + 3 (TW(n—l@g(t)W(r) o Tery(y-1)u(t)

3Te(rwin-1 © Lew © Ewn)u(®) + 3Te(Le) 0 Eway © rwy-1)u(®)
= 3Te(Lgwy 0 Ewny © Twin-1)u() + 3Te(Lery © Lwary © Tyey-1)u(t)
= (Tolg(r) o T.Conjyy ;) u(t)
= Tolyry o Adw) (u(1))
= (Tol gy 0 S(®))u(t)

as desired. Hence
g: 131 (1), g(r), S1t)) € Q (6.12)

is an intrinsic rolling of g over G/ H with respect to V2! where S and g are defined
in (6.6) and (6.7), respectively. Moreover, v: I — g is determined by v(¢) = u(¢) and
the initial value v(0) = 0. We summarize the above discussion in the next proposition.

Proposition 6.2 Let G be a Lie group viewed as reductive homogeneous space G [{e}
equipped with V™! Let u: I — g be some control curve and define k: I — G as
well as W: I — G by the initial value problems

k(1) = 3Tolryu(r), k©)=go and W) = —3TLwayu®), W) =e.
(6.13)
Then

g: 1>t (v(@),g@),S) = (v(t), k(W @)™, AdW(t)) egx G xGL(g) =0

(6.14)
is an intrinsic rolling of g over G, where the development curve v: I — g is defined
by

t
v(t):/ u(s)ds (6.15)
0

and the rolling curve is given by g: I >t — k(t)W(t)~' € G. This rolling can be
viewed as a triple (v(t), g(t), A(t)) as in Remark 3.3, where the linear isomorphism
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AW): Tynyg = g — Tgr)G is given by
A(t)Z = (Tegg(t) o AdW(t))Z = (Tegk(t)w([)—l o AdW(t))Z (616)

forall Z € g.

Remark 6.3 Let u: I — g be a control curve. Then the intrinsic rolling g: I —
m x G x GL(g) of g over G with respect to V! is defined on the whole interval 1
by the form of the initial value problem in (6.13).

Corollary 6.4 Let G be a Lie group equipped with a bi-invariant pseudo-Riemannian
metric. Then rollings of g over G with respect to VC with a prescribed control curve
u: I — g are given by Proposition 6.2.

Proof Let G be equipped with a pseudo-Riemannian bi-invariant metric. Then the
corresponding scalar product (-, -): g x g — R is Ad(G)-invariant, see e.g. [13,
Chap. 11, Prop. 9], i.e. G/{e} is a naturally reductive homogeneous space. Thus we
have V€ = veanl by Remark 2.22. This yields the desired result. O

Remark 6.5 For the special case G = SO(n) € R™"*", equipped with the bi-invariant
metric induced by the Frobenius scalar product on R"*", expressions for extrinsic
rollings considered as curves in the Euclidean group are derived in [2, Thm. 3.2].
Rollings of pseudo-orthogonal groups have been studied in [4]. The tangential part
of these rollings is very similar to the result of Proposition 6.2. Indeed, the linear
isomorphism defined by the rolling from Proposition 6.2 in (6.16) simplifies for a
matrix Lie group to

ADZ = (Tolyiywy-1 © Adw)Z = k(O ZW ()™ (6.17)
forall Z € g.

6.1.2 Rollings of Lie groups as symmetric homogeneous spaces

We now identify G with the symmetric homogeneous spaces (G x G)/AG and study
the rolling of m over (G x G)/AG with respect to V! = Va2 Ty this end, we
state the next lemma as preparation which is an adaption of [15, Sec. 23.9.5], see also
[19, Chap. IV, 6], where it is stated for the Riemannian case.

Lemma 6.6 Let G be a connected Lie group and define
0:GxG—>GxG, (g1,8)— (82, 81). (6.18)

Then o is an involutive automorphism of G x G and AG = {(g,8) | § € G} S Gx G
is the set of fixed points of o. Moreover, (G x G)/AG is a symmetric homogeneous
space and the corresponding canonical reductive decomposition g x g = h @ m is
given by

h={X,X)|Xeg} and m={X,—-X)| X €g}. (6.19)
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In addition, the map

¢: (G xG)/AG — G, (g1.82) AG > g8 (6.20)

is a diffeomorphism and the map

$:GxG—>G, (81.8)F gig; " 6.21)

is a surjective submersion which fulfills ¢ o pr = ¢.

Next we determine the tangent map of ¢ evaluated at elements in Hor(G x G) <
TG x TG. We point out that the identity (T(e,e)¢)(X, X) =2X forall X € gis
well-known, see e.g. [15, Sec. 23.9.5] or [19, Chap. IV, 6].

Lemma 6.7 Let G beaconnected Lie group andlet X € g. Then (Tolg X, —T lg, X) €
Hor(G x G)(g,,g,) holds. Moreover, the tangent map of ¢: G x G > (g1, 82) —

glggl € G fulfills

(Tg1.609) (Telg X, ~Telg, X) = (Tely, -1 0 Ady, ) 2X). (6.22)
In particular T(e,e)a(X, —X) = 2X holds and
— \—1
(Te.0d],,) " (0 = (1X, -1 X) (6.23)

is satisfied for all X € g.

Proof Obviously, (T,£g X, —T,£g, X) € Hor(G X G)(g,,q,) is satisfied by Hor(G x
G)(g1,80) = T(e,e)l(g1,9,)m and the definition of m C g x g in Lemma 6.6. Next we
prove (6.22). To this end, we consider the curve

y:R—> GxG, t (g1exp(tX),grexp(—tX))
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which fulfills y (0) = (g1, g2) and y (0) = (T.€4, X, —TeLg, X). Next we calculate

(T(gl,gz)a)(TEgl X, —Telg, X) = %5()’(1)”,:0
= 46(g1exp(tX), g2(exp(—1X)))],_,
= S g1 exp(tX) (g2(exp(—1X))) | _y
= SerexptX) exp(tX)gy | _,
= Serexp2tX)gy!|,_,
=418 'grexp2tX)gy |,
= %g]gEICOngZ(eprtX)) ’t:O
= $¢18, " exp (Adg, 21 X)), _,
= Toly oo & exp (tAdg, 2X))],_,
= Tl 1 Adg, 2X)

proving (6.22) as desired. Evaluating (6.22) at (g1, g2) = (e, e) € G x G yields
Te,0P(X, —=X) = (ToLe 0 Ade) 2X) = 2X

for all X € g. Now (6.23) is verified by a straightforward calculation. O

Next we consider intrinsic rollings of m over (G x G)/AG with respect to V22
and relate them to the intrinsic rollings of g over G with respect to V3!, This is the
next proposition.

Proposition 6.8 Ler G be a connected Lie group and letu: I — g be a control curve.
Consider the initial value problem
v(t) = u(t), v(0) =0,
§10) = 3 Telgu(),  £1(0) = g, (6.24)
§2() = =3 Telg u(), £0) =e.

Then the following assertions are fulfilled:
1. The curve g: I — m x ((G x G) x ag GL(m)) defined fort € I by

q@) = ((%U(I), —%U(l)), [(g1(2), 82(2)), idm]) (6.25)
is a rolling of m over (G x G)/AG with respect to V"2 with rolling curve

vV:Ist— V= (%v(t), —%v(t)) € m and development curve y: I > t

Y (1) = pr(g1(1), g2(1)) € (G x G)/AG.
2. The curve

g: I3t (v(t), g1(Dg2t) "', Adg,) € g x G x GL(g) (6.26)
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is a rolling of g over G with respect to V™ with rolling curve v: I — g and
development curve g: 1 >t — g(t) = g1 (H)g2(1) "' € G.

3. Let¢: (G x G)/AG — G be the diffeomorphism from Lemma 6.6. Then one has
forallZ e g=Typngandt €1

qZ=ToGt) o (Teo(@opn| ) Z, (6.27)
where q(t) as well as q(t) are identified with the linear isomorphisms given by
qt): Tyng =g — TG, Z+— (Teég(,) o Adgz(,))Z, (6.28)
where g(t) = g1(t)g2(t)™", and

a(l‘)l Ty(,)m E=m— Tpr(gl(t),gz(t))(G X G)/AG,

(6.29)
(Z,=2Z) = (Tig1(t).500nPr © (Telgy (1), Telgy))(Z, =2,

respectively.

Proof Claim 1. follows by Remark 5.16, Claim 2.. Moreover, Claim 2. is a consequence
of Proposition 6.2.
It remains to show Claim 3.. Let Z € g. Then one has

(Te.y(@opn)| )7'Z = Teod| )2 = (2. -12)

according to Lemma 6.7. Moreover ¢ = ¢ o pr holds by Lemma 6.6 implying T¢ =
T ¢ o Tpr. Therefore we obtain by Lemma 6.7

T$poG(t)o (Tee(popn)| ) 'Z=Tpogt)(52.—3Z)
= T¢ o (Tgy),.0200PT © (Teligy 1> Tel 1)) (32 =3 Z)
= Tig11).520) (¢ © P (3 Telgy (0 Z. =5 Telgr) Z)
= (T100.02009) (3 Teles 2. =3 Teliy Z)
= (Tel gy (1201 © Adgy () Z
=q1)Z

for all Z € g as desired. O

6.2 Rolling Stiefel manifolds

Rollings of Stiefel manifolds have been already considered in the literature in [3] and
[11], however not from an intrinsic point of view. In this section we apply the general
theory developed in Sect. 5 to the Stiefel manifold St, x endowed with the Levi-Civita
covariant derivative defined by a so-called «-metric. These metrics have been recently
introduced in [28].
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Remark 6.9 We point out that in contrast to the previous sections, where « denotes
a bilinear map m x m — m defining an invariant covariant derivative, in this sec-
tion o denotes an element in R \ {0}. There is no danger of confusion because in
this section, we consider rollings of Stiefel manifolds exclusively with respect to the
Levi-Civita covariant derivative VI defined by an a-metric. Since the Stiefel mani-
fold St x equipped with an a-metric is a naturally reductive homogeneous space, see
Lemma 6.11 below, the Levi-Civita covariant derivative VC corresponds to the invari-
ant covariant derivative defined by the bilinearmapmxm > (X, Y) %[X ,Ylmem
according to Remark 2.22.

6.2.1 Stiefel manifolds equipped with a-metrics

We start with recalling some results from [28], in particular [28, Sec. 2-3]. The Stiefel
manifold St, ; can be considered as the embedded submanifold of R"** given by

Stux ={X e R | XTX =1L}, 1<k<n. (6.30)
In the sequel, we write O(n) = {R € R"*" | RTR = I,)} for the orthogonal group.
We now identify St, ; with a normal naturally reductive space G/H, where G =
O(n) x O(k) is equipped with a suitable bi-invariant pseudo-Riemannian metric. To

this end, we consider the action of the Lie group G = O(n) x O(k) on R” *k from the
left via

®: (O(n) x O(k)) x R — Rk ((R,0), X) > ®((R,6), X) = RXO.
(6.31)
For fixed (R, 6) € O(n) x O(k), the induced diffeomorphism
droy: R - R>K X s RXOT (6.32)
is clearly linear. Restricting the second argument of ® to St, x yields the action
(O(n) x O(k)) x Sty x = Stpk, ((R,0),X) — <I>((R, 0), X) =RX6", (6.33)
which is known to be transitive. This action is denoted by @, as well.
Let X e St, x be fixed and denote by H = Stab(X) the stabilizer subgroup of X

under the action ®. We identify St, x = (O(n) x O(k))/H via the (O(n) x O(k))-
equivariant diffeomorphism

tx: G/H = Stur, (R,0)-H > ®((R,0),X)=RX6', (6.34)

where (R, 0) - H € (O(n) x O(k))/H denotes the coset defined by (R, ) € O(n) x
O(k). Moreover, the map

pry: O(n) x O(k) = St,x, (R,0) > RXOT (6.35)



34 Page 60 of 64 M. Schlarb

is a surjective submersion. Note that tx: G/H — St, x C R™**k becomes a (O(n) x
O(k))-equivariant embedding and

pry =tx opr (6.36)

holds, where pr: O(n) x O(k) — (O(n) X O(k)) / H denotes the canonical projection.
The Lie algebra of H is given by

b =ker (T(s,.;0prx) € g = s0(n) x so(k). (6.37)

By [28, Eq. (14)], the stabilizer subgroup H € O(n) x O(k) is isomorphic to the Lie
group O(n — k) x O(k).

Next we recall the definition of the so-called a-metrics from [28]. To this end, a
bi-invariant metric on so(n) x so(k) is introduced following [28, Def. 3.1]. Define for
0#aeR

(-, Y¥: (s0(n) x s0(k)) x (so(n) x so(k)) - R,

| (6.38)

((Q1, R22), (11, M) > —tr(Q12) — 2tr(mn2).
By [28, Prop. 2], the subspace ) C so(n) x so(k) defined in (6.37) is non-degenerated
iff o« # —1 holds. In this case, we write m = h' and

m@h=g=s0(n) xsok) (6.39)

is fulfilled. Next we reformulate [28, Def. 3.3].

Definition 6.10 Let « € R \ {0, —1} and let O(n) x O(k) be equipped with the bi-
invariant metric defined by the scalar product (-, -)* from (6.38). The metric on St,
defined by requiring that the map pry : O(n) x O(k) — St  from (6.35) is a pseudo-
Riemannian submersion is called a-metric.

The Stiefel manifold equipped with an a-metric is a naturally reductive homogeneous
space.

Lemma6.11 Leta € R\ {—1, 0}. Then (O(n) x O(k))/H = St, x equipped with an
a-metric from Definition 6.10 is a naturally reductive homogeneous space.

Proof Obviously, the scalar product (-, -)* on so(n) X so(k) from Definition 6.10
is Ad(O(n) x O(k))-invariant for ¢ € R\{0}. In addition, the subspace h =
ker(T(y, 1,)pry) < so(n) x so(k) is non-degenerated for @ € R\{0, —1} by [28,
Prop. 2]. Thus Lemma 2.13 yields the desired result. O

In the sequel, an explicit expression for the orthogonal projection pr, : so(n) x
so(k) — m with respect to the scalar product (-, -)* is needed. Therefore we state the
next lemma which is taken from [28, Lem. 3.2].
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Lemma6.12 Let @ € R\{—1, 0} and let X € St, . The orthogonal projection
pry: s0(n) x so(k) 3 (2, n) — (QLX, n“) emCso(n) x sok) (6.40)
is given by

1x T T 20+1 T T 1 T
o =xx"e+oxx’ - ZHxxToxx" - LoxnxT,

(6.41)
nJ‘X = ao‘?(n - XTQX).
Proof This is just a reformulation of [28, Lem. 3.2]. O

Furthermore, the following lemma is a trivial reformulation of [28, Prop. 3].

Lemma6.13 Leta € R\ {—1, 0} and let X € St,, . The map

(Tt 1) (tx opr)|m)_l: TxStyx 3 V > (Q(V)X, n(V)1) e m C s0(n) x so(k)

(6.42)
is given by
QW) =vXT —xvT 42l xyTxxT
(6.43)
NV =~ x TV
forall V e TxSty .
Proof This is a consequent of [28, Prop. 3]. O

6.2.2 Intrinsic rolling

We now determine intrinsic rollings of the Stiefel manifold equipped with an a-metric
over one of its tangent spaces.

By Lemma 5.2, the configuration space for rolling Tx St, x = m over St, ; intrin-
sically is given by the fiber bundle

71 Q =mx ((0(n) x O(k)) x i O(m)) = m x (O(n) x Ok)/H,  (6.44)

where H = Stab(X) C O(n) x O(k) = G. By identifying Tx St, x = m via the linear
isometry T(y, 1,ym — TxSt, ; from Lemma 6.13 and St, x = (O(n) x O(k))/H via
the (O(n) x O(k))-equivariant isometry tx : (O(n) x O(k))/H — St , we obtain
the following proposition describing intrinsic rollings of Tx St, x over St k.

Proposition 6.14 Let St,, i be equipped with an a-metric for o € R\ {—1, 0} and let
Vil - TxSty, t— V() (6.45)

be a given rolling curve. Denote by v: I — m the corresponding curve in m given by

v(®) = (T, (x o pr| D) V)

=(VOXT—=xv)" + 25 xvi) xxT, -4 XV @)

(6.46)
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fort € 1. Then the kinematic equation for the intrinsic rolling of St, x over m =
Tx Sty x with respect to VLC defined by the a-metric along v: I — m is given by

v(1) = u(1),
S(t) = —Lpry, o ads(ue) o S@), (6.47)
8(t) = (Tolg(ry o S())u(1),
where pry, : s0(n) x so(k) — mis explicitly given by Lemma 6.12. Letq: 1 > t >
(w(), g(),S#) € Q = m x (O(n) x O(k)) x O(m) be a curve satisfying (6.47).

Then
qg:1— Q, t—>q@t)=F@oq)) = w@®),[g®),S®D (6.48)

is an intrinsic rolling of TxSt, y = m over St, y with respect to the given a-metric
along the rolling curve v. The development curve I > t — pr(g(t)) = (R(1),0(t)) €
O(n) x O(k) is mapped by the embedding 1x : (O(n) x O(k))/H — R"* 1o the curve

yil— Star, 1 y(t) = (xopr)(g®) =pry(g(n) = ROXO®)". (6.49)

Proof Since St, x equipped with an o-metric is a naturally reductive homogeneous
space by Lemma 6.11, this is a direct consequence of Corollary 5.17 combined with
Lemma 6.12 and Lemma 6.13. O

Next we consider the intrinsic rolling of the Stiefel manifolds along curves of a
special form by using Sect.5.4.1. This yields the next remark.

Remark 6.15 Let & = (&1, &) € so(n) x so(k). Then
g: I > mx(GxgO@m)), t+ (v(),[g@),S®], (6.50)

where
g(t) = exp(#§) exp(—1&y),

S(t) = Adexp(rgy) © €Xp ( — tpry, o adéﬁ%ém)’ 6.51)

v(t) = /Ot exp (s (prm o adéh+%gm>)(ém)ds

is an intrinsic rolling of m along the rolling curve v: I — m with development curve
y(t) = pr(g(¢)) = pr(exp(t§)). Identifying St, y = (O(n) x O(k))/H with the
embedded submanifold St, ; € R via 1y : (O(n) x O(k))/H — St,; C Rk,
the development curve is given by

y (1) = e Xe '8 (6.52)
and the rolling curve reads

V(t) =Tx(x opr)v(t) = vi(t) X — Xva(2), (6.53)
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where we write v(t) = (v1(t), v2(¢)) € m with vi(t) € so(n) and v2(¢) € so(k) for
allt € 1.

7 Conclusion

In this text, we investigated intrinsic rollings of reductive homogeneous spaces
equipped with invariant covariant derivatives. As preparation, we considered frame
bundles of vector bundles associated to principal fiber bundles in detail. Afterwards,
using an abstract definition of intrinsic rolling as starting point, we investigated rollings
of m over the reductive homogeneous spaces G/ H with respect to an invariant covari-
ant derivative V. For a given control curve, we obtained the so-called kinematic
equation which is a time-variant explicit ODE on a Lie group, whose solutions describe
rollings of m over G/H. Moreover, for the case, where the development curve is
the projection of a one-parameter subgroup, we provided explicit solutions of the
kinematic equation describing intrinsic rollings of m over G/H with respect to the
canonical covariant derivative of first kind and second kind, respectively. As examples,
we discussed intrinsic rollings of Lie groups and Stiefel manifolds.
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