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Abstract
In this paper we prove weighted �p-inequalities for variation and oscillation operators
defined by semigroups of operators associated with discrete Jacobi operators. Also,
we establish that certain maximal operators involving sums of differences of discrete
Jacobi semigroups are bounded onweighted �p-spaces. �p-boundedness properties for
the considered operators provide information about the convergence of the semigroup
of operators defining them.

Mathematics Subject Classification 42B25 · 42B30

1 Introduction

The ρ-variational inequalities for bounded martingales were first studied by Lépingle
in [24]. These properties can be seen as extensions of Doob’s maximal inequality and
they give quantitative versions of themartingale convergence theorem.Generalizations
of Lépingle’s results can be found in [10, 27, 28].

Bourgain ([10]) was the first in studying variational inequalities in ergodic theory.
He rediscovered Lépingle’s inequality and used it to establish pointwise convergence
of ergodic averages involving polynomial orbits. The seminal paper [10] opened the
study of variational inequalities in harmonic analysis and ergodic theory ([11, 12, 18,
19, 21, 22, 25–27]). Oscillation and variation estimates for semigroups of operators
can be found, for instance, in [9, 16, 22, 30, 36].
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Let ρ > 0 and {at }t>0 ⊂ C. We define the ρ-variation of {at }t>0, Vρ({at }t>0), by

Vρ({at }t>0) = sup
0<tn<tn−1<···<t1

n∈N

⎛
⎝

n−1∑
j=1

|at j − at j+1 |ρ
⎞
⎠

1/ρ

.

Let {t j } j∈N ⊂ (0,∞) be a decreasing sequence such that t j → 0, as j → ∞. The
oscillation of {at }t>0, O({at }t>0, {t j } j∈N), is defined by

O({at }t>0, {t j } j∈N) =
⎛
⎝

∞∑
j=1

sup
t j+1≤ε j+1<ε j≤t j

|aε j − aε j+1 |2
⎞
⎠

1/2

.

Let λ > 0. We define the λ-jump of {at }t>0, �({at }t>0, λ) by

�({at }t>0, λ) = sup{n ∈ N : ∃ s1 < t1 ≤ s2 < t2 ≤ · · · ≤ sn < tn, such that

|ati − asi | > λ, i = 1, . . . , n}.

Variations, oscillation and jumps provide us information about convergence properties
for {at }t>0.

Suppose that {Tt }t>0 is a family of operators in L p(X , μ) with 1 ≤ p < ∞, where
(X , μ) is a measure space. We define, for every f ∈ L p(X , μ),

Vρ({Tt }t>0)( f )(x) := Vρ({Tt ( f )(x)}t>0),

O({Tt }t>0, {t j } j∈N)( f )(x) := O({Tt ( f )(x)}t>0, {t j } j∈N)

and

�({Tt }t>0, λ)( f )(x) := �({Tt ( f )(x)}t>0, λ).

An important issue in this point is themeasurability of these new functions. Comments
about this property can be encountered after [11, Theorem 1.2]. Our objective is to
get L p-boundedness properties for the variations, oscillation and jump operators. As
usual, in order to obtain L p-boundedness for the ρ-variation operator, we need to
consider ρ > 2. This is the case when we work with martingales, see [22, 29]. The
oscillation operator, which has exponent 2, can be a good substitute of the 2-variation
operator. According to [25, (1.15)], we can see uniform λ-jump estimates as endpoint
estimates for ρ-variations, ρ > 2. Moreover, it is proved in [25, Theorem 1.9] that
the oscillation operator cannot be interpreted as an endpoint in the sense of inequality
[25, (1.15)] for ρ-variations, ρ > 2.

Let {a j } j∈Z be an increasing sequence in (0,∞) and {b j } j∈Z a bounded real
sequence. According to [7, 20], we define, for every N = (N1, N2) with N1, N2 ∈ Z,
N1 < N2, the operator SN by

S
{b j } j∈Z
{a j } j∈Z,N ({Tt }t>0)( f ) =

N2∑
j=N1

b j (Ta j+1 f − Ta j f ),
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and the corresponding maximal operator, S∗, by

S
{b j } j∈Z
{a j } j∈Z,∗({Tt }t>0)( f ) = sup

N=(N1,N2)
N1,N2∈Z, N1<N2

∣∣∣S{b j } j∈Z
{a j } j∈Z,N

({Tt }t>0)( f )
∣∣∣ .

These operators can help us to complete the picture of the convergence properties of
{Tt }t>0. By [20, Remark 1], we need to assume that the sequence {a j } j∈Z satisfies
some extra condition (lacunarity, for instance) in order to obtain L p-boundedness
properties for the operator S∗.

Our objective is to establish L p-inequalities for all above operators when {Tt }t>0
is the discrete Jacobi heat semigroup.

We now recall some definitions and properties about Jacobi polynomials that we
will use along the paper.

Let α, β > −1. For every n ∈ N0 := N ∪ {0}, we define the n−th Jacobi polyno-
mial P(α,β)

n by

P(α,β)
n (x) = (−1)n

2nn! (1 − x)−α(1 + x)−β dn

dxn
((1 − x)α+n(1 + x)β+n), x ∈ (−1, 1),

see [35, p.67, formula (4.3.1)].
We also consider p(α,β)

n = w
(α,β)
n P(α,β)

n , n ∈ N0, where

w(α,β)
n =

√
(2n + α + β + 1)	(n + 1)	(n + α + β + 1)

2α+β+1	(n + α + 1)	(n + β + 1)
, n ∈ N0.

The sequence {p(α,β)
n }n∈N0 is an orthonormal basis in L2((−1, 1), μα,β), where

dμα,β(x) = (1 − x)α(1 + x)β dx .
We define the difference operator J (α,β) as follows,

J (α,β)( f )(n) = a(α,β)
n−1 f (n − 1) + b(α,β)

n f (n) + a(α,β)
n f (n + 1), n ∈ N,

and

J (α,β)( f )(0) = b(α,β)
0 f (0) + a(α,β)

0 f (1),

where

a(α,β)
n = 2

2n + α + β + 2

√
(n + 1)(n + α + 1)(n + β + 1)(n + α + β + 1)

(2n + α + β + 1)(2n + α + β + 3)
, n ∈ N0,

b(α,β)
n = β2 − α2

(2n + α + β)(2n + α + β + 2)
− 1, n ∈ N0.

The spectrum of the operator J (α,β) is [−2, 0] and, for every x ∈ [−1, 1],

J (α,β) p(α,β)
n (x) = (x − 1)p(α,β)

n (x), n ∈ N0.
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As usual, for every 1 ≤ p ≤ ∞, we will denote by �p(N0) the p-th Lebesgue space
on (N0,P(N0), μd), where P(N0) represents the σ -algebra on N0 that consists of all
subsets of N0 and μd is the counting measure on N0. By �1,∞(N0) we denote the
(1,∞)-Lorentz space on (N0,P(N0), μd).

The operator J (α,β) is bounded from �p(N0) into itself, for every 1 ≤ p ≤ ∞.
Furthermore, the operator J (α,β) is selfadjoint on �2(N0) and −J (α,β) is a positive
operator in �2(N0). We denote by {W (α,β)

t }t>0 := {et J (α,β)}t>0 the semigroup of oper-
ators generated by J (α,β).

We define the (α, β)-Fourier transform as follows

F (α,β)( f ) =
∞∑
n=0

f (n)p(α,β)
n , f ∈ �2(N0).

Thus, F (α,β) is an isometry from �2(N0) into L2((−1, 1), μα,β).
We can write, for every t > 0,

W (α,β)
t ( f )(n) =

∫ 1

−1
e−t(1−x)F (α,β)( f )(x)p(α,β)

n (x)dμα,β(x), n ∈ N0.

We can see that, for every t > 0,

W (α,β)
t ( f )(n) =

∞∑
m=0

f (m)K (α,β)
t (n,m), n ∈ N0,

where

K (α,β)
t (n,m) =

∫ 1

−1
e−t(1−x) p(α,β)

n (x)p(α,β)
m (x)dμα,β(x), n,m ∈ N0. (1)

Gasper [6, 14, 15] established the linearisation property for the product of Jacobi
polynomials and his results can be transfered to the polynomials {p(α,β)

n }n∈N0 . Then, a

convolution operator can be defined in the {p(α,β)
n }n∈N0 that is transformed byF (α,β) in

the pointwise product. For every t > 0, W (α,β)
t can be seen as a convolution operator.

Askey ([5]) proved a power weighted transplantation theorem for Jacobi coef-
ficients. Recently, Arenas, Ciaurri and Labarga ([1]) extended Askey’s result by
considering the transplantation operator as a singular integral and weights in the
Muckenhoupt class for (N0,P(N0), μd). By taking as inspiration point the study of
Ciaurri, Gillespie, Roncal, Torrea andVarona ([13]) about harmonic analysis operators
associated with the discrete Laplacian, Betancor, Castro, Fariña and Rodríguez-Mesa
([8]) established weighted L p-inequalities for harmonic analysis operators in the dis-
crete ultraspherical setting. They took advantage of the discrete convolution operator
associated with the ultraspherical polynomials in the discrete context ([17]). Jacobi
polynomials reduce to ultraspherical polynomials when α = β. Arenas, Ciaurri and
Labarga ([2–4]) extended the results in [8] to the Jacobi context. They needed to use a
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different procedure from the one employed in [8] for the ultraspherical setting because
they can not use the convolution operator. Also, as in [8, 13], scalar and vector-valued
Calderón-Zygmund theory for singular integrals was a main tool. Maximal opera-
tors and Littlewood-Paley functions defined for the heat semigroup {W (α,β)

t }t>0 were
studied in [2] and [4], respectively.

Riesz transforms associated with the discrete Jacobi operator J (α,β) were consid-
ered in [3].

We now state our results. A real sequence {vn}n∈N0 is said to be a weight when
vn > 0, n ∈ N0. If 1 < p < ∞, we say that a weight {vn}n∈N0 is in Ap(N0) when

sup
0≤n≤m
n,m∈N0

1

(m − n + 1)p

m∑
k=n

vk

(
m∑

k=n

v
−1
p−1
k

)p−1

< ∞.

A weight {vn}n∈N0 belongs to the class A1(N0) when

sup
0≤n≤m
n,m∈N0

1

m − n + 1

(
m∑

k=n

vk

)
max

n≤k≤m

1

vk
< ∞.

For every weight w on N0 and 1 ≤ p < ∞, we denote by �p(N0, w) the weighted p-
Lebesgue space on (N0,P(N0), μd) and by �1,∞(N0, w) the (1,∞)-weightedLorentz
space on (N0,P(N0), μd).

Theorem 1.1 Let α≥β ≥ − 1
2 , ρ > 2 and {t j } j∈N be a decreasing sequence in (0,∞)

that converges to 0.

(a) The variation operator Vρ({W (α,β)
t }t>0) and the oscillation operator

O({W (α,β)
t }t>0, {t j } j∈N) are bounded from �p(N0, v) into itself, for every 1 < p <

∞ and v ∈ Ap(N0), and from �1(N0, v) into �1,∞(N0, v), for every v ∈ A1(N0).

(b) The family {λ(�({W (α,β)
t }t>0, λ))1/ρ}λ>0 is uniformly bounded from �p(N0, v)

into itself, for every 1 < p < ∞ and v ∈ Ap(N0), and from �1(N0, v) into
�1,∞(N0, v), for every v ∈ A1(N0).

Results in Theorem 1.1 had not been established for the semigroups generated by
the discrete Laplacian and the ultraspherical operators. Now the results in the ultras-
pherical setting can be deduced from Theorem 1.1 when α = β. Moreover, it will be
explained in Sect. 2 that our procedure in the proof of Theorem 1.1 allows us to prove
the corresponding results for the semigroup generated by the discrete Laplacian.

Calderón-Zygmund theory for vector-valued singular integrals ([31, 32]) will be a
main tool in our proof of Theorem 1.1.We can not use the transplantation theorem as in
[4] because, in contrast with the Littlewood-Paley functions, variation and oscillation
operators are not relatedwithHilbert norms.Weneed to refine the arguments developed
in [2] by using asymptotics for Jacobi polynomials and Bessel functions.
We denote by C0(N) the space of complex sequences f such that f (n) = 0,whenever
n ≥ n0, for certain n0 ∈ N. For every f ∈ C0(N), it is clear that lim

t→0+ W (α,β)
t ( f )(n) =
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f (n), n ∈ N0. Since C0(N) is a dense subspace of �p(N0, v), for every 1 ≤ p < ∞
and v ∈ Ap(N0), in virtue of Theorem 1.1 we can immediately deduce the following
convergence property.

Corollary 1.1 Let α ≥ β ≥ − 1
2 and v ∈ Ap(N0). Then, for every f ∈ �p(N0, v), it

holds that

lim
t→0+ W (α,β)

t ( f )(n) = f (n), n ∈ N0.

Note that Theorem 1.1 allows us to conclude the existence of the limit limt→0+ W (α,β)
t

( f )(n), for every n ∈ N0 and f ∈ �p(N0, v), with 1 ≤ p < ∞ and v ∈ Ap(N0).

Theorem 1.2 Let α, β ≥ − 1
2 . Assume that {a j } j∈Z is a ρ-lacunary sequence in (0,∞)

with ρ > 1 and {b j } j∈Z is a bounded sequence of real numbers. The maximal operator

S
{b j } j∈Z
{a j } j∈Z,∗({W (α,β)

t }t>0) is bounded from �p(N0, w) into itself, for every 1 < p < ∞
and w ∈ Ap(N0), and from �1(N0, w) into �1,∞(N0, w), for every w ∈ A1(N0).

Ben Salem ([33]) solved an initial value problem associated with a fractional diffusion
equation involving fractional powers of the Jacobi operator, (J (α,β))γ , and Caputo
fractional derivatives in time. By using subordination, from Theorems 1.1 and 1.2 we
can deduce the corresponding results when {W (α,β)

t }t>0 is replaced by the semigroup
of operators generated by (J (α,β))γ , γ > 0.

This paper is devoted to prove Theorems 1.1 and 1.2. In Sect. 2 we will prove
Theorem 1.1 and in Section 3 we will prove Theorem 1.2. Throughout this paper, we
will always denote by C and c positive constants that can change in each occurrence.

2 Proof of Theorem 1.1

2.1 Proof of Theorem 1.1 forV�({W(˛,ˇ)

t }t>0)

First, we shall prove that Vρ({W (α,β)
t }t>0) is bounded from �2(N0) into itself.

We have that J (α,β) p(α,β)
n (x) = (x − 1)p(α,β)

n (x), x ∈ (−1, 1) and n ∈ N0. Hence,
J (α,β) p(α,β)

n (1) = 0, n ∈ N0. We consider the operator J̃ (α,β) defined by

J̃ (α,β)( f )(n) = 1

p(α,β)
n (1)

J (α,β)(p(α,β)· (1) f )(n), n ∈ N0,

and the weight v(α,β) = {(p(α,β)
n (1))2}n∈N0 .

Let t > 0. We define the operator W̃ (α,β)
t on �p(N0, v

(α,β)), 1 ≤ p ≤ ∞ by

W̃ (α,β)
t ( f )(n) = 1

p(α,β)
n (1)

W (α,β)
t (p(α,β)· (1) f )(n), n ∈ N0.
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We can write, for every f ∈ �p(N0, v
(α,β)), 1 ≤ p < ∞,

W̃ (α,β)
t ( f )(n) =

∞∑
m=0

f (m)K̃ (α,β)
t (n,m)(p(α,β)

m (1))2, n ∈ N0,

where

K̃ (α,β)
t (n,m) = K (α,β)

t (n,m)

p(α,β)
n (1)p(α,β)

m (1)
, n,m ∈ N0.

Since α ≥ β ≥ −1/2, see [15, Theorem 1], according to [2, Theorem 3.2], we have
that K (α,β)

t (n,m) ≥ 0 and therefore K̃ (α,β)
t (n,m) ≥ 0, n,m ∈ N0.

The family {W̃ (α,β)
s }s>0 is the semigroup of operators generated by J̃ (α,β) in

�p(N0, v
(α,β)), 1 ≤ p<∞. Since J (α,β) p(α,β)

n (1) = 0, n ∈ N0, we deduce that
W̃ (α,β)

s (1)(n) = 1, n ∈ N0, that is, the semigroup {W̃ (α,β)
s }s>0 is Markovian. Further-

more, by using Jensen inequality we deduce that

|W̃ (α,β)
t ( f )(n)|p ≤

∞∑
m=0

K̃ (α,β)
t (n,m)(p(α,β)

m (1))2| f (m)|p, n ∈ N0 and t > 0,

for every 1 ≤ p < ∞. Since K̃ (α,β)
t (n,m) = K̃ (α,β)

t (m, n), n,m ∈ N0, it follows that
W̃ (α,β)

t is a contraction in �p(N0, v
(α,β)), for every 1 ≤ p ≤ ∞, and it is selfadjoint

on �2(N0, v
(α,β)).

We have proved that {W̃ (α,β)
t }t>0 is a diffusion semigroup in the Stein’s sense ([34]).

According to [23, Corollary 4.5] (see also [19, Theorem 3.3]) we have that the ρ-
variation operator Vρ({W̃ (α,β)

t }t>0) is bounded from �p(N0, v
(α,β)) into itself, for

every 1 < p < ∞. By taking into account that

Vρ({W̃ (α,β)
t }t>0)( f )(n) = 1

p(α,β)
n (1)

Vρ({W (α,β)
t }t>0)(p

(α,β)· (1)( f ))(n), n ∈ N0,

we deduce that Vρ({W (α,β)
t }t>0) is bounded from �2(N0) into itself.

Now we shall use Calderón-Zygmund theory for vector-valued singular integrals
(see [8, Theorem 2.1]). If g is a complex-valued function defined on (0,∞), we define

‖g‖ρ = sup
0<tn<tn−1<···<t1

n∈N

⎛
⎝

n−1∑
j=1

|g(t j ) − g(t j+1)|ρ
⎞
⎠

1/ρ

,

and the linear space Eρ that consists of all those g : (0,∞) → C such that ‖g‖ρ < ∞.

It is clear that ‖g‖ρ = 0 if, and only if, g is constant. By identifying those functions
that differ in a constant, ‖ · ‖ρ is a norm in Eρ and (Eρ, ‖ · ‖ρ) is a Banach space.
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We can write

Vρ({W (α,β)
t }t>0)( f )(n) = ‖W (α,β)

t ( f )(n)‖ρ, n ∈ N0.

‖ · ‖ρ is not a Hilbert norm. Then, a transplantation theorem can not be applied, in
contrast with the case of Littlewood-Paley functions considered in [4].

We are going to see that

‖K (α,β)
t (n,m)‖ρ ≤ C

|n − m| , n,m ∈ N0, n �= m, (2)

and

‖K (α,β)
t (n,m)−K (α,β)

t (l,m)‖ρ ≤ C
|n − l|

|n − m|2 , |n−m| > 2|n−l|, m
2

≤ n, l ≤ 3m

2
.

(3)
First, we prove (2). According to [2, Lemma 5.1], we have that

K (α,β)
t (n,m) = w(α,β)

n w(α,β)
m

(n + α + β + 1)(m + α + β + 1)

2(n − m)(n + m + α + β + 1)
t

(
1

m + α + β + 1
H (α,β)
t (n,m)

− 1

n + α + β + 1
H (α,β)
t (m, n)

)
, n,m ∈ N, n �= m and t > 0,

where, for k, l ∈ N, k ≥ 1 and t > 0,

H (α,β)
t (k, l) =

∫ 1

−1
e−t(1−x)P(α+1,β+1)

k−1 (x)P(α,β)
l (x)(1 − x)α+1(1 + x)β+1 dx .

Sincew
(α,β)
n ∼ √

n, n ∈ N, in order to prove (2) when n,m ∈ N, n �= m, it is sufficient
to see that

‖t H (α,β)
t (n,m)‖ρ ≤ C√

nm
, n,m ∈ N, n �= m.

Let n,m ∈ N, n �= m. We decompose

H (α,β)
t (n,m) = H (α,β)

t,1 (n,m) + H (α,β)
t,2 (n,m), t > 0,

where

H (α,β)
t,1 (n,m) =

∫ 1

0
e−t(1−x)P(α+1,β+1)

n−1 (x)P(α,β)
m (x)(1 − x)α+1(1 + x)β+1 dx, t > 0.
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Suppose that g : (0,∞) → C is a differentiable function. We can write

‖g‖ρ = sup
0<tn<tn−1<···<t1

n∈N

⎛
⎝

n−1∑
j=1

|g(t j ) − g(t j+1)|ρ
⎞
⎠

1/ρ

≤ sup
0<tn<tn−1<···<t1

n∈N

⎛
⎝

n−1∑
j=1

∣∣∣∣∣
∫ t j

t j+1

g′(t) dt
∣∣∣∣∣
ρ
⎞
⎠

1/ρ

≤ sup
0<tn<tn−1<···<t1

n∈N

n−1∑
j=1

∣∣∣∣∣
∫ t j

t j+1

g′(t) dt
∣∣∣∣∣ ≤

∫ ∞

0
|g′(t)| dt . (4)

We will use (4) several times in the sequel.
According to [35, (7.32.6)], we have that

|P(α,β)
k (x)| ≤ C√

k
(1 − x)−α/2−1/4(1 + x)−β/2−1/4, x ∈ (−1, 1) and k ∈ N. (5)

By using (4) and (5), we get

‖t H (α,β)
t,2 (n,m)‖ρ ≤

∫ ∞

0

∣∣∣∣
d

dt

(
t H (α,β)

t,2 (n,m)
)∣∣∣∣ dt

≤ C√
nm

∫ ∞

0

∫ 0

−1
e−t(1−x)(t(1 − x) + 1) dx dt ≤ C√

nm
. (6)

On the other hand, since P(α+1,β+1)
0 (x) = 1, x ∈ (−1, 1), it follows that

H (α,β)
t,1 (1,m) =

∫ 1

0
e−t(1−x)P(α,β)

m (x)(1 − x)α+1(1 + x)β+1 dx, t > 0.

Then, (5) leads to

‖t H (α,β)
t,1 (1,m)‖ρ ≤ C√

m

∫ ∞

0

∫ 1

0
e−t(1−x)(t(1 − x) + 1)(1 − x)α/2+3/4(1 + x)β/2+3/4 dx dt

≤ C√
m

.

In [35, Theorem 8.21.12], it was established that

(
sin

θ

2

)α (
cos

θ

2

)β

P(α,β)
l (cos θ) = γ −α

l
	(l + α + 1)

	(l + 1)

(
θ

sin θ

)1/2

Jα(γlθ)

+
{

θ1/2O(l−3/2), c
l ≤ θ ≤ n − ε,

θα+2O(lα), 0 < θ < c
l ,

l ∈ N,

(7)
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where γl = l + α+β+1
2 . Here, c and ε are fixed positive numbers. By [24, (5.16.1)] we

have that

Jα(z) ≤ C

{
zα, 0 < z < 1,
z−1/2, z ≥ 1.

(8)

We define

F (α,β)
l (θ) = P(α,β)

l (cos θ) − γ −α
l

	(l + α + 1)

	(l + 1)

(
sin

θ

2

)−α (
cos

θ

2

)−β (
θ

sin θ

)1/2

Jα(γlθ),

θ ∈
(
0,

π

2

)
and l ∈ N.

Assume now that n > 1. By performing the change of variables x = cos θ , we can
write

H (α,β)
t,1 (n,m) = 2α+β+3

∫ π
2

0
e−t(1−cos θ)P(α+1,β+1)

n−1 (cos θ)P(α,β)
m (cos θ)

×
(
sin

θ

2

)2α+3 (
cos

θ

2

)2β+3

dθ

= 2α+β+3
[ ∫ π

2

0
e−t(1−cos θ)F (α+1,β+1)

n−1 (θ)F (α,β)
m (θ)

(
sin

θ

2

)2α+3 (
cos

θ

2

)2β+3

dθ

+ γ −α
m

	(m + α + 1)

	(m + 1)

∫ π
2

0
e−t(1−cos θ)F (α+1,β+1)

n−1 (θ)

(
θ

sin θ

)1/2

Jα(γmθ)

×
(
sin

θ

2

)α+3 (
cos

θ

2

)β+3

dθ

+ γ −α−1
n

	(n + α)

	(n)

∫ π
2

0
e−t(1−cos θ)F (α,β)

m (θ)

(
θ

sin θ

)1/2

Jα+1(γnθ)

×
(
sin

θ

2

)α+2 (
cos

θ

2

)β+2

dθ

+ γ −α−1
n γ −α

m 	(n + α)	(m + α + 1)

2	(n)	(m + 1)

×
∫ π

2

0
e−t(1−cos θ)θ Jα+1(γnθ)Jα(γmθ) sin

θ

2
cos

θ

2
dθ

]

:=
4∑
j=1

H (α,β)
t,1, j (n,m), t > 0.

Suppose that m > n. By (7) we get that
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|∂t (t H (α,β)
t,1,1 (n,m))| ≤ Cnα+1mα

∫ 1
m

0
e−ctθ2(1 + tθ2)θ2α+7 dθ

+ Cnα+1m−3/2
∫ 1

n

1
m

e−ctθ2(1 + tθ2)θα+ 11
2 dθ

+ C(nm)−3/2
∫ π

2

1
n

e−ctθ2(1 + tθ2)θ3 dθ, t > 0.

Then,

∫ ∞

0
|∂t (t H (α,β)

t,1,1 (n,m))|dt ≤ Cnα+1mα

∫ 1
m

0
θ2α+5 dθ + Cnα+1m−3/2

∫ 1
n

1
m

θα+ 7
2 dθ

+ C(nm)−3/2
∫ π

2

1
n

θ dθ

≤ C

(nm)3/2
.

Since γk ∼ k, k ∈ N, (7) and (8) lead to

|∂t (t H (α,β)
t,1,2 (n,m))| ≤ Cnα+1mα

∫ 1
m

0
e−ctθ2(1 + tθ2)θ2α+5 dθ

+ Cnα+1m−1/2
∫ 1

n

1
m

e−ctθ2(1 + tθ2)θα+ 9
2 dθ

+ Cn−3/2m−1/2
∫ π

2

1
n

e−ctθ2(1 + tθ2)θ2 dθ, t > 0.

It follows that

∫ ∞

0
|∂t (t H (α,β)

t,1,2 (n,m))|dt ≤ Cnα+1mα

∫ 1
m

0
θ2α+3 dθ + Cnα+1m−1/2

∫ 1
n

1
m

θα+ 5
2 dθ

+ Cn−3/2m−1/2
∫ π

2

1
n

dθ

≤ C

n3/2m1/2 .

Similarly, we obtain that

∫ ∞

0
|∂t (t H (α,β)

t,1,3 (n,m))|dt ≤ C

n1/2m3/2 .
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Thus, we conclude that

3∑
j=1

∫ ∞

0
|∂t (t H (α,β)

t,1, j (n,m))|dt ≤ C√
nm

.

We are going to see that

∫ ∞

0
|∂t (t Zα

t (n,m))|dt ≤ C√
nm

,

where

Zα
t (n,m) =

∫ π
2

0
e−t(1−cos θ)θ Jα+1(γnθ)Jα(γmθ) sin

θ

2
cos

θ

2
dθ, t > 0.

Again, since γk ∼ k, k ∈ N, by using (8) we get

∣∣∣∣∣∂t
(
t Zα

t (n,m) − t
∫ π

2

1
n

e−t(1−cos θ)θ Jα+1(γnθ)Jα(γmθ) sin
θ

2
cos

θ

2
dθ

)∣∣∣∣∣

=
∣∣∣∣∣∂t

(
t
∫ 1

n

0
e−t(1−cos θ)θ Jα+1(γnθ)Jα(γmθ) sin

θ

2
cos

θ

2
dθ

)∣∣∣∣∣

≤ C

(
nα+1mα

∫ 1
m

0
e−cθ2tθ2α+3 dθ + nα+1m−1/2

∫ 1
n

1
m

e−cθ2tθα+5/2 dθ

)
, t > 0.

Then,

∫ ∞

0

∣∣∣∣∣∂t
(
t Zα

t (n,m) − t
∫ π

2

1
n

e−t(1−cos θ)θ Jα+1(γnθ)Jα(γmθ) sin
θ

2
cos

θ

2
dθ

)∣∣∣∣∣ dt

≤ C

(
nα+1mα

∫ 1
m

0
θ2α+1 dθ + nα+1m−1/2

∫ 1
n

1
m

θα+1/2 dθ

)

≤ C

(
nα+1mα

m2α+2 + nα+1m−1/2

nα+3/2

)
≤ C

(
1

m
+ 1√

nm

)
≤ C√

nm
.

According to [24, (5.11.6)], we have that

Jα(z) =
√

2

π z
cos

(
z − απ

2
− π

4

)
+ gα(z), z > 0, (9)

where |gα(z)| ≤ Cz−3/2, z ≥ 1.
We define,

Qα
t (n,m) =

∫ π
2

1
n

e−t(1−cos θ)θ Jα+1(γnθ)Jα(γmθ) sin
θ

2
cos

θ

2
dθ, t > 0.
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We can write

Qα
t (n,m) = 1

π
√
nm

∫ π
2

1
n

e−t(1−cos θ) cos

(
γnθ − (α + 1)π

2
− π

4

)
cos

(
γmθ − απ

2
− π

4

)

× sin θ dθ

+ 1√
2πn

∫ π
2

1
n

e−t(1−cos θ) cos

(
γnθ − (α + 1)π

2
− π

4

)
gα(γmθ)

√
θ sin θ dθ

+ 1√
2πm

∫ π
2

1
n

e−t(1−cos θ)gα+1(γnθ) cos
(
γmθ − απ

2
− π

4

) √
θ sin θ dθ

+ 1

2

∫ π
2

1
n

e−t(1−cos θ)gα+1(γnθ)gα(γmθ)θ sin θ dθ

=
4∑
j=1

Qα
t, j (n,m), t > 0.

By using (9), we get

4∑
j=2

∫ ∞

0
|∂t (t Qα

t, j (n,m))|dt ≤ C

(
1

n1/2m3/2 + 1

n3/2m1/2

) ∫ ∞

0

∫ π
2

1
n

e−ctθ2 dθdt

+ C

(nm)3/2

∫ ∞

0

∫ π
2

1
n

e−ctθ2 dθ

θ3
dt

≤ C

( √
n

m3/2 + 1√
nm

)
≤ C√

nm
.

Our next objective is to see that

∫ ∞

0
|∂t (t Qα

t,1(n,m))|dt ≤ C√
nm

.

A straightforward manipulation leads to

2 cos

(
γnθ − (α + 1)π

2
− π

4

)
cos

(
γmθ − απ

2
− π

4

)
= 2 sin (γnθ − η) cos (γmθ − η)

= sin ((γn + γm)θ − 2η) + sin ((γn − γm)θ)

= cos(2η)(sin((n + m)θ)(cos(ρθ) − 1) + sin((n + m)θ) + sin(ρθ) cos((n + m)θ))

− sin(2η)(cos((n + m)θ)(cos(ρθ) − 1) + cos((n + m)θ)− sin(ρθ) sin((n + m)θ))

+ sin((n − m)θ), (10)

where η = απ
2 + π

4 and ρ = α + β + 1.
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We consider

Rt (n,m) = t
∫ π

2

1
n

e−t(1−cos θ) sin((n − m)θ) sin θ dθ, t > 0.

We shall prove that ∫ ∞

0
|∂t Rt (n,m)|dt ≤ C . (11)

By partial integration we obtain that

Rt (n,m) = −t
∫ π

2

1
n

e−t(1−cos θ) d

dθ

(
cos((n − m)θ)

n − m

)
sin θ dθ

= t(Sn,m(t, π/2) − Sn,m(t, 1/n) − Rt (n,m)), t > 0,

where

Sn,m(t, θ) = e−t(1−cos θ) cos((n − m)θ)

m − n
sin θ, θ ∈

(
0,

π

2

)
and t > 0,

and

Rt (n,m) =
∫ π

2

1
n

e−t(1−cos θ) cos((n − m)θ)

m − n
(−t sin2 θ + cos θ) dθ, t > 0.

We have that
∫ ∞

0
|∂t [t Sn,m(t, π/2)]|dt ≤ C

m − n

∫ ∞

0
(1 + t)e−t dt ≤ C

m − n

and
∫ ∞

0
|∂t [t Sn,m(t, 1/n)]|dt ≤ C

m − n

∫ ∞

0

(
1 + t

(
1 − cos

1

n

))
e
−t

(
1−cos 1

n

)
sin

1

n
dt

≤ C

n(m − n)

∫ ∞

0
e

−ct
n2 dt ≤ C

n

m − n
.

We also get

∫ ∞
0

|∂t (tRt (n,m))|dt ≤ C

m − n

∫ ∞
0

∫ π
2

1
n

e−ctθ2 (tθ2 + 1 + t2θ4) dθ dt ≤ C

m − n

∫ π
2

1
n

dθ

θ2

= C
n

m − n
.

We conclude that ∫ ∞

0
|∂t Rt (n,m)|dt ≤ C

n

m − n
≤ C,
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provided that m > 2n.
By proceeding in a similar way we can see that

∫ ∞
0

∣∣∣∂t
[
t
∫ π

2

1
n

e−t(1−cos θ) sin θ
(
cos(2η)[sin((n + m)θ)(cos(ρθ) − 1) + sin((n + m)θ)

+ sin(ρθ) cos((n + m)θ)] − sin(2η)[cos((n + m)θ)(cos(ρθ) − 1)

+ cos((n + m)θ)− sin(ρθ) sin((n + m)θ)]) dθ

]∣∣∣dt ≤ C .

Note that the last inequality holds for every n,m ∈ N.
Suppose that 1 < m − n < n. We decompose Rt (n,m) as follows

Rt (n,m) = t
∫ 1

m−n

1
n

e−t(1−cos θ) sin((n − m)θ) sin θ dθ

+ t
∫ π

2

1
m−n

e−t(1−cos θ) sin((n − m)θ) sin θ dθ

= R1
t (n,m) + R2

t (n,m), t > 0.

We get

∫ ∞

0
|∂t R1

t (n,m)|dt ≤ C
∫ ∞

0

∫ 1
m−n

1
n

e−ctθ2(1 + tθ2)(m − n)θ2 dθdt

≤ C(m − n)

∫ 1
m−n

1
n

dθ ≤ C .

On the other hand, by proceeding as in the proof of (11), we can see that

∫ ∞

0
|∂t R2

t (n,m)|dt ≤ C .

We conclude that
∫ ∞

0
|∂t Rt (n,m)|dt ≤ C .

By combining all above estimates we prove that

‖t H (α,β)
t (n,m)‖ρ ≤ C√

nm
, n,m ∈ N, m > n.

Also, the same arguments allow us to obtain that

‖t H (α,β)
t (n,m)‖ρ ≤ C√

nm
, n,m ∈ N, n > m.
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Thus, we have proved that

‖K (α,β)
t (n,m)‖ρ ≤ C

|n − m| , n,m ∈ N, m �= n.

Let now m ∈ N. According to [2, Lemma 5.1], we have that

K (α,β)
t (0,m) = w

(α,β)
0 w(α,β)

m
t

2m
H(α,β)

t (m), t > 0,

where

H(α,β)
t (m) =

∫ 1

−1
e−t(1−x)P(α+1,β+1)

m−1 (x)(1 − x)α+1(1 + x)β+1 dx, t > 0.

By using (5), we get

|∂t [tH(α,β)
t (m)]| ≤ C√

m

∫ 1

−1
e−t(1−x)((1 − x)t + 1)(1 − x)

α
2 + 1

4 (1 + x)
β
2 + 1

4 dx, t > 0.

Then, since w
(α,β)
k ∼ √

k, k ∈ N, we obtain

‖K (α,β)
t (0,m)‖ρ ≤

∫ ∞

0
|∂t [tH(α,β)

t (m)]|dt ≤ C

m
.

Similarly, we get

‖K (α,β)
t (m, 0)‖ρ ≤ C

m
.

Therefore, the proof of (2) is finished.
By proceeding as in [2, pp. 13–14], we can see that in order to prove (3), it is

sufficient to establish that

‖K (α,β)
t (n + 1,m) − K (α,β)

t (n,m)‖ρ ≤ C

|n − m|2 , (12)

for every n,m ∈ N, n �= m, m/2 ≤ n ≤ 3m/2.
Suppose that n,m ∈ N0, n �= m, m/2 ≤ n ≤ 3m/2. Then, n �= 0 �= m and m = 2

when n = 1. Assume also that (n,m) �= (1, 2).
By using (4) and the arguments in [2, pp. 18–19] we can deduce that (12) holds

once we will prove that

∫ ∞

0
|∂t D(α,β)

t (n,m)|dt ≤ C√
nm |n − m|2 , (13)
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where

D(α,β)
t (n,m) =

∫ 1

−1
e−t(1−x)P(α+1,β)

n (x)P(α,β)
m (x)(1 − x)α+1(1 + x)β dx, t > 0.

According to [2, Lemma 5.1 (a)], we get

D(α,β)
t (n,m) = (n + α + β + 2)(m + α + β + 1)

2(n(n + α + β + 2) − m(m + α + β + 1))

×
(

t

m + α + β + 1
I (α+2,β+1,α,β,α+2,β+1)
t (n − 1,m)

− t

n + α + β + 2
I (α+1,β,α+1,β+1,α+2,β+1)
t (n,m − 1)

+ 1

n + α + β + 2
I (α+1,β,α+1,β+1,α+1,β+1)
t (n,m − 1)

)
, t > 0,

where, as in [2],

I (a,b,A,B,c,d)
t (k, l) =

∫ 1

−1
e−t(1−x)P(a,b)

k (x)P(A,B)
l (x)(1 − x)c(1 + x)d dx,

k, l ∈ N and t > 0.

We have that

n(n + α + β + 2) − m(m + α + β + 1) = (n − m)(n + m + α + β + 1) + n.

Then,

|n(n + α + β + 2) − m(m + α + β + 1)| =
{

(n − m)(n + m + α + β + 1) + n, n > m
(m − n)(n + m + α + β + 1) − n, n < m

≥
{

(n − m)(n + m + α + β + 1) + n, n > m
(m − n)(m + α + β + 1), n < m

It follows that, for k = n,m,

k + α + β + 2

|n(n + α + β + 2) − m(m + α + β + 1)| ≤ C

|n − m| .

Then,

D(α,β)
t (n,m) = r1n,mt I

(α+2,β+1,α,β,α+2,β+1)
t (n − 1,m)

− r2n,mt I
(α+1,β,α+1,β+1,α+2,β+1)
t (n,m − 1) + r3n,m I (α+1,β,α+1,β+1,α+1,β+1)

t (n,m − 1),
(14)

where t > 0 and |r j
n,m | ≤ C

|n−m| , j = 1, 2, 3.
We have the following properties
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(a) Suppose that n = m + k, k ∈ N. It follows that

(n + α + β + 3)(n − 1) − m(m + α + β + 1) = (k+α + β + 3)(m + k − 1)

+ (m + α + β + 3)(m + k − 1) − m(m + α + β + 1)

≥ km,

and

n(n + α + β + 2) − (m − 1)(m + α + β + 2) = (k + m)(k + m + α + β + 2)

− (m − 1)(m + α + β + 2) ≥ km,

(b) Suppose that m = n + k, k ∈ N. We get

(n + α + β + 3)(n − 1) − m(m + α + β + 1) = (n + α + β + 3)(n − 1)

− (n + k)(n + k + α + β + 1)

= n − (α + β + 3) − k(2n + k + α + β + 1)

≤ −kn,

and

n(n + α + β + 2) − (m − 1)(m + α + β + 2) = n(n + α + β + 2)

− (n + k − 1)(n + k + α + β + 2)

= −nk − (k − 1)(n+k + α + β + 2) ≤ −kn.

By using again [2, Lemma 5.1 (a)], since n ∼ m, (a) y (b) lead to

|∂t D(α,β)
t (n,m)| ≤ C

|n − m|2
(
t2[|I (α+3,β+2,α,β,α+4,β+2)

t (n − 2,m)|

+ |I (α+2,β+1,α+1,β+1,α+4,β+2)
t (n − 1,m − 1)| + |I (α+1,β,α+2,β+2,α+4,β+2)

t (n,m − 2)|]
+ t[|I (α+3,β+2,α,β,α+3,β+2)

t (n − 2,m)| + |I (α+2,β+1,α+1,β+1,α+3,β+2)
t (n − 1,m − 1)|

+ |I (α+1,β,α+2,β+2,α+3,β+2)
t (n,m − 2)| + |I (α+2,β+1,α+1,β+1,α+4,β+1)

t (n − 1,m − 1)|
+ |I (α+2,β+1,α+1,β+1,α+3,β+1)

t (n − 1,m − 1)|]
+ |I (α+2,β+1,α+1,β+1,α+2,β+2)

t (n − 1,m − 1)|
+ |I (α+2,β+1,α+1,β+1,α+3,β+1)

t (n − 1,m − 1)|
+ |I (α+1,β,α+2,β+2,α+2,β+2)

t (n,m − 2)| + |I (α+2,β+1,α+1,β+1,α+2,β+1)
t (n − 1,m − 1)|

)
.

By using (7) and (8) and by proceeding as in the first part of the proof we can see that

∫ ∞

0
|∂t D(α,β)

t (n,m)|dt ≤ C√
nm|n − m|2 .
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On the other hand, as in (14), we obtain

D(α,β)
t (1, 2) = r11,2t I

(α+2,β+1,α,β,α+2,β+1)
t (0, 2)

− r21,2t I
(α+1,β,α+1,β+1,α+2,β+1)
t (1, 1) + r31,2 I

(α+1,β,α+1,β+1,α+1,β+1)
t (1, 1), t > 0,

where |r j
1,2| ≤ C , j = 1, 2, 3. Then, by using [2, Lemma 5.1 (a) y (b)] and proceeding

as above, we conclude that

∫ ∞

0
|∂t D(α,β)

t (1, 2)|dt ≤ C .

Thus (3) is proved.
According to [8, Theorem 2.1], we conclude that the operator Vρ({W (α,β)

t }t>0) can
be extended from �p(N0, w) ∩ �2(N0) to �p(N0, w) as a bounded operator

(i) from �p(N0, w) into itself, for every 1 < p < ∞ and w ∈ Ap(N0),
(ii) from �1(N0, w) into �1,∞(N, w), for every w ∈ A1(N0).

��

2.2 Proof of Theorem (1.1) for jump operators

According to [21, p. 6712], we have that

λ(�({W (α,β)
t }t>0, λ)( f ))1/ρ ≤ 21+

1
ρ Vρ({W (α,β)

t }t>0)( f ), λ > 0.

Therefore, properties for λ-jump operators stated in Theorem (1.1) are consequences
of the corresponding ones for the variation operators. ��

Now we will make a comment about the endpoint jump inequalities, that is, when
ρ = 2.

Remark 2.1 Recall that {W̃ (α,β)
t }t>0 (see Sect. 2.1) is a diffusion semigroup on

�p(N0, (p
(α,β)
n (1))2μd), where μd is the counting measure in N0. By using [27,

Theorem 1.5], we deduce that the family {λ(�({W̃ (α,β)
t }t>0, λ))1/2}t>0 is uniformly

bounded from �p(N0, (p
(α,β)
n (1))2μd) into itself, for every 1 < p < ∞. Then, the

family {λ(�({W (α,β)
t }t>0, λ))1/2}t>0 is uniformly bounded from �2(N0) into itself.

Since {W (α,β)
t }t>0 is not Markovian, we can not apply [27, Theorem 1.5] to the family

{λ(�({W (α,β)
t }t>0, λ))1/2}t>0. In order to see that {λ(�({W (α,β)

t }t>0, λ))1/2}t>0 is
uniformly bounded from �p(N0) into itself, 1 < p < ∞ and p �= 2, we need to
introduce new ideas. This problem will be considered in a forthcoming paper.

2.3 Proof of Theorem (1.1) for oscillation operators

By keeping the notation from subsection 2.1, for every n ∈ N0, we have that
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O({W̃ (α,β)
t }t>0, {t j } j∈N)( f )(n) = 1

p(α,β)
n (1)

(O({W (α,β)
t }t>0, {t j } j∈N)(p(α,β)· (1) f )(n),

According to [23, p. 20] (see also [19, Theorem 3.3]), the oscillation operator
O({W̃ (α,β)

t }t>0, {t j } j∈N) is bounded from �2(N0, v
(α,β)) into itself. Then, the operator

O({W (α,β)
t }t>0, {t j } j∈N) is bounded from �2(N0) into itself.

Suppose that g is a complex-valued function defined in (0,∞). We defime

‖g‖O({t j } j∈N) =
⎛
⎝

∞∑
j=1

sup
t j+1≤ε j+1<ε j≤t j

|g(ε j ) − g(ε j+1)|2
⎞
⎠

1/2

.

By identifying each pair of functions g1 and g2 such that g1 − g2 is a constant,
‖ · ‖O({t j } j∈N) is a norm in th space FO({t j } j∈N) of all complex functions g defined on
(0,∞) such that ‖g‖O({t j } j∈N) < ∞.

Thus, (FO({t j } j∈N), ‖ · ‖O({t j } j∈N)) is a Banach space.
If g is a complex function which is differentiable in (0,∞), we have that

‖g‖O({t j } j∈N) =
⎛
⎝

∞∑
j=1

sup
t j+1≤ε j+1<ε j≤t j

∣∣∣∣∣
∫ ε j

ε j+1

g′(s)ds
∣∣∣∣∣
2
⎞
⎠

1/2

≤
⎛
⎝

∞∑
j=1

sup
t j+1≤ε j+1<ε j≤t j

(∫ ε j

ε j+1

∣∣g′(s)
∣∣ ds

)2
⎞
⎠

1/2

≤
∫ ∞

0

∣∣g′(s)
∣∣ ds.

From the established estimates in subsection 2.1, we deduce that

‖K (α,β)
t (n,m)‖O({t j } j∈N) ≤ C

|n − m| , n,m ∈ N0, n �= m,

and

‖K (α,β)
t (n,m) − K (α,β)

t (l,m)‖O({t j } j∈N) ≤ C
|n − l|

|n − m|2 , |n − m| > 2|n − l|, m

2
≤ n, l ≤ 3m

2
.

By using [8, Theorem 1.1], we conclude that the oscillation operator O({W̃ (α,β)
t }t>0,

{t j } j∈N) can be extended from �p(N0, w)∩�2(N0) to �p(N0, w) as a bounded operator

(i) from �p(N0, w) into itself, for every 1 < p < ∞ and w ∈ Ap(N0),
(ii) from �1(N0, w) into �1,∞(N0, w), for every w ∈ A1(N0).

��
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3 Proof of Theorem 1.2

3.1 The operators S
{bj}j∈Z
{aj}j∈Z,N({W

(˛,ˇ)

t }t>0)

In this section we shall prove the following result.

Theorem 3.1 Let α, β ≥ −1/2. Assume that {a j } j∈Z is a ρ-lacunary sequence in
(0,∞) with ρ > 1 and {b j } j∈Z is a bounded sequence of real numbers. For every

N = (N1, N2) ∈ Z
2, N1 < N2, the operator S

{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0) is bounded from

�p(N0, w) into itself, for every 1 < p < ∞ and w ∈ Ap(N0), and from �1(N0, w)

into �1,∞(N0, w), for every w ∈ A1(N0). Furthermore, for every 1 < p < ∞ and
w ∈ Ap(N0),

sup
N=(N1,N2)∈Z2

N1<N2

∥∥∥S{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)
∥∥∥
�p(N0,w)→�p(N0,w)

< ∞,

and, for every w ∈ A1(N0),

sup
N=(N1,N2)∈Z2

N1<N2

∥∥∥S{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)

∥∥∥
�1(N0,w)→�1,∞(N0,w)

< ∞.

Proof Let N = (N1, N2) ∈ Z
2 with N1 < N2. By proceeding as in the proof of [30,

Theorem 2.1, p. 627] and by using the (α, β)-Fourier transform we can see that

∥∥∥∥S
{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)( f )

∥∥∥∥
�2(N0)

≤ C‖ f ‖�2(N0)
, f ∈ �2(N0),

where C > 0 does not depend on N .
We have that, for every f ∈ �2(N0),

S
{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)( f )(n) =
∑
m∈N0

f (m)Q(α,β)
N (n,m), n ∈ N0,

where

Q(α,β)
N (n,m) =

N2∑
j=N1

b j (K
(α,β)
a j+1

(n,m) − K (α,β)
a j

(n,m)), n,m ∈ N0.

According to (4), we obtain

|Q(α,β)
N (n,m)| ≤ ‖b j‖�∞(Z)

∫ ∞

0
|∂t K (α,β)

t (n,m)|dt, n,m ∈ N0.
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In the proof of (2) we established that

∫ ∞

0
|∂t K (α,β)

t (n,m)|dt ≤ C

|n − m| , n,m ∈ N0, n �= m.

Then

|Q(α,β)
N (n,m)| ≤ C

|n − m| , n,m ∈ N0, n �= m, (15)

where C > 0 does not depend on N .
Also, by proceeding as in the proof of (3), we can see that

|Q(α,β)
N (n,m) − Q(α,β)

N (l,m)| ≤ C
|n − l|

|n − m|2 , |n − m| > 2|n − l|, m

2
≤ n, l ≤ 3m

2
,

(16)

being C independent of N .
The proof can be finished by using [8, Theorem 2.1]. ��

For every N = (N1, N2) ∈ Z
2 with N1 < N2, we define

S
{b j } j∈Z
{a j } j∈Z,N ,loc({W (α,β)

t }t>0)( f )(n) = S
{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)( f χ n
2≤m≤ 3n

2
)(n), n ∈ N0,

and

S
{b j } j∈Z
{a j } j∈Z,N ,glob({W (α,β)

t }t>0)( f ) = S
{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)( f )

− S
{b j } j∈Z
{a j } j∈Z,N ,loc({W (α,β)

t }t>0)( f ).

Corollary 3.1 Properties in Theorem 3.1 hold for S
{b j } j∈Z
{a j } j∈Z,N ,loc({W (α,β)

t }t>0) and

S
{b j } j∈Z
{a j } j∈Z,N ,glob({W (α,β)

t }t>0).

Proof Let N ∈ Z. According to (15), we have that

|S{b j } j∈Z
{a j } j∈Z,N ,glob({W (α,β)

t }t>0)( f )(n)| ≤ C

⎛
⎝ 1

n

n−1∑
m=0

| f (m)| +
∞∑

m=n+1

| f (m)|
m

⎞
⎠ , n ∈ N0,

where C > 0 does not depend on N . The first term in the right hand side does not
appear when n = 0. By using �p-boundedness properties of discrete Hardy operators

we can deduce that the corresponding properties for S
{b j } j∈Z
{a j } j∈Z,N ,glob({W (α,β)

t }t>0). The
proof can be finished by using Theorem 3.1. ��

3.2 Some auxiliary results

In order to prove a Cotlar inequality for S
{b j } j∈Z
{a j } j∈Z,∗({W (α,β)

t }t>0), we need the following
results.
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Proposition 3.1 Let α, β ≥ −1/2. Then,

sup
t>0

|∂t K (α,β)
t (n,m)| ≤ C

|n − m|3 , n,m ∈ N0, n �= m.

Proof We will use [2, Lemma 5.1] several times. Let n,m ∈ N, n,m ≥ 3, n �= m.
According to [2, Lemma 5.1 (a)], we get
(i)

I (α,β,α,β,α,β)
t (n,m) = (n + α + β + 1)(m + α + β + 1)

2(n − m)(n + m + α + β + 1)
t

(
1

m + α + β + 1

×I (α+1,β+1,α,β,α+1,β+1)
t (n − 1,m)

− 1

n + α + β + 1
I (α,β,α+1,β+1,α+1,β+1)
t (n,m − 1)

)
.

(ii)

I (α+1,β+1,α,β,α+1,β+1)
t (n − 1,m) = (n + α + β + 2)(m + α + β + 1)

2((n − m)(n + m + α + β + 1) − (α + β + 2))

×
(

t

m + α + β + 1
I (α+2,β+2,α,β,α+2,β+2)
t (n − 2,m)

− t

n + α + β + 2
I (α+1,β+1,α+1,β+1,α+2,β+2)
t (n − 1,m − 1)

+ 1

n + α + β + 2
I (α+1,β+1,α+1,β+1,α+1,β+2)
t (n − 1,m − 1)

− 1

n + α + β + 2
I (α+1,β+1,α+1,β+1,α+2,β+1)
t (n − 1,m − 1)

)
.

(iii)

I (α,β,α+1,β+1,α+1,β+1)
t (n,m − 1) = (n + α + β + 1)(m + α + β + 2)

2((n − m)(n + m + α + β + 1) + (α + β + 2))

×
(

t

m + α + β + 2
I (α+1,β+1,α+1,β+1,α+2,β+2)
t (n − 1,m − 1)

− 1

m + α + β + 2
I (α+1,β+1,α+1,β+1,α+1,β+2)
t (n − 1,m − 1)

+ 1

m + α + β + 2
I (α+1,β+1,α+1,β+1,α+2,β+1)
t (n − 1,m − 1)

− t

n + α + β + 1
I (α,β,α+2,β+2,α+2,β+2)
t (n,m − 2)

)
.

We apply again [2, Lemma 5.1 (a)] to each of the four terms in the right hand side in
(ii) and (iii). We obtain that

I (α,β,α,β,α,β)
t (n,m) = t3

∑
j∈J1

c j1(n,m)I
(a j1,b j1,A j1,Bj1,η j1,γ j1)

t (l j1, k j1)

+ t2
∑
j∈J2

c j2(n,m)I
(a j2,b j2,A j2,Bj2,η j2,γ j2)

t (l j2, k j2)

+ t
∑
j∈J3

c j3(n,m)I
(a j3,b j3,A j3,Bj3,η j3,γ j3)

t (l j3, k j3), t > 0.
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Here, J1 = J3 = {n ∈ N : 1 ≤ n ≤ 8} and J2 = {n ∈ N : 1 ≤ n ≤ 20}, being
• |c ji (n,m)| ≤ C

|n−m|3 , j ∈ Ji , i = 1, 2, 3.
• (l j i , k ji ) ∈ {(l, k) : l, k ∈ N0, n − 3 ≤ l ≤ n, m − 3 ≤ k ≤ m}, j ∈ Ji ,
i = 1, 2, 3.

• η j1 = α + 3, γ j1 = β + 3, j ∈ J1.
• η j3 = α + 2, γ j3 = β + 2, j ∈ J3.
• (η j2, γ j2) ∈ {(α + 2, β + 3), (α + 3, β + 2)}, j ∈ J2.
• a ji + A ji = 2α + 3, b ji + Bji = 2β + 3, j ∈ Ji , i = 1, 2, 3.

According to (5), we obtain

|∂t I (α,β,α,β,α,β)
t (n,m)| ≤ C

|n − m|3
(
t2

∫ 1

−1
e−t(1−x)(1 − x)(1 + x) dx

+ t
∫ 1

−1
e−t(1−x)(1 + x) dx + t

∫ 1

−1
e−t(1−x)(1 − x) dx +

∫ 1

−1
e−t(1−x) dx

)

≤ C

|n − m|3
( ∫ 2t

0
e−uu du +

∫ 2t

0
e−udu + 1

t

∫ 2t

0
e−uu du + 1

t

∫ 2t

0
e−u du

)

≤ C

|n − m|3 , t > 0.

When n,m ∈ N0, n < 3 or m < 3, we can proceed in a similar way by using [2,
Lemma 5.1 (a), (b) and (c)]. ��

We say that a positive sequence is (λ, λ2)-lacunary with λ > 1 when λ ≤ a j+1
a j

≤ λ2,
j ∈ Z.

Proposition 3.2 Suppose that {a j } j∈Z is a (λ, λ2)-lacunary sequence and {v j } j∈Z is
a bounded complex sequence. Then,

(i)

∣∣∣∣∣∣
M∑
j=k

v j (K
(α,β)
a j+1

(n,m) − K (α,β)
a j

(n,m))

∣∣∣∣∣∣
≤ C√

ak
, k, M ∈ Z, k < M n,m ∈

N0,

(ii)

∣∣∣∣∣∣
l−1∑

j=−M

v j (K
(α,β)
a j+1

(n,m) − K (α,β)
a j

(n,m))

∣∣∣∣∣∣
≤ C√

ak
λ−(k−l+1), when k, M, l ∈ Z,

k > l > −M, C > 0 and n,m ∈ N0, |n − m| ≥ C
√
ak.

Proof (i) Let j ∈ Z. By using the mean value theorem, we obtain

K (α,β)
a j+1

(n,m) − K (α,β)
a j

(n,m) = (a j+1 − a j )∂t K
(α,β)
t (n,m)|t=c j ,
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for a certain c j ∈ (a j , a j+1). According to (1), since w
(α,β)
k ∼ √

k + 1, k ∈ N0, we
get

|∂t K (α,β)
t (n,m)| ≤ C

∫ 1

−1
e−t(1−x)

√
1 − x

1 + x
dx

≤ C

(
e−t +

∫ 1

0
e−t z√zdz

)

≤ C(e−t + t−3/2) ≤ C

t3/2
, n,m ∈ N0 and t > 0.

Then,

|K (α,β)
a j+1

(n,m) − K (α,β)
a j

(n,m)| ≤ C
|a j+1 − a j |

a3/2j

≤ C
λ2 − 1√

a j
, n,m ∈ N0.

It follows that, for every k, M ∈ Z, k < M , n,m ∈ N0,

∣∣∣∣∣∣
M∑
j=k

v j (K
(α,β)
a j+1

(n,m) − K (α,β)
a j

(n,m))

∣∣∣∣∣∣
≤ C

M∑
j=k

1√
ak

≤ C√
ak

M∑
j=k

√
ak
a j

≤ C√
ak

.

(i i) Let j ∈ Z. By using Proposition 3.1 and again the mean value theorem, we obtain

|K (α,β)
a j+1

(n,m) − K (α,β)
a j

(n,m)| ≤ C
|a j+1 − a j |
|n − m|3 ≤ C

a j

|n − m|3 , n,m ∈ N0.

Then,
∣∣∣∣∣∣

l−1∑
j=−M

v j (K
(α,β)
a j+1

(n,m) − K (α,β)
a j

(n,m))

∣∣∣∣∣∣
≤ C

l−1∑
j=−M

a j

|n − m|3 ≤ C
l−1∑

j=−M

a j

a3/2k

≤ C√
ak

λ−(k−l+1),

provided that k, M, l ∈ Z, k ≥ l > −M , n,m ∈ N0, |n − m| > C
√
ak ,

with C > 0. ��
ByM we denote the centered Hardy-Littlewood maximal function, given by

M( f )(n) = sup
r>0

1

μd(BN0(n, r))

∑
m∈BN0 (n,r)

| f (m)|, n ∈ N0.
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Here, BN0(n, r) = {m ∈ N0 : |m−n| < r}, n ∈ N0 and r > 0. For every 1 < q < ∞
we consider Mq , defined by

Mq( f ) = (M(| f |q))1/q .

We now prove a Cotlar type inequality for the local maximal operator

S
{b j } j∈Z
{a j } j∈Z,∗,M,loc({W (α,β)

t }t>0)( f )(n)

:= sup
N=(N1,N2)

N1,N2∈Z, −M≤N1<N2≤M

|S{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)( f χ n
2≤m≤ 3n

2
)(n)|

for every M ∈ N.

Proposition 3.3 Suppose that {a j } j∈Z is a (λ, λ2)-lacunary sequence {v j } j∈Z is a
bounded complex sequence and 1 < q < ∞. Then, there exists C > 0 such that, for
every M ∈ N,

S
{b j } j∈Z
{a j } j∈Z,∗,M,loc({W (α,β)

t }t>0)( f ) ≤ C

(
M(S

{b j } j∈Z
{a j } j∈Z,(−M,M),loc({W (α,β)

t }t>0)( f ))

+ Mq( f )

)
.

Proof In order to prove this property we can proceed adapting to our context the
proof of [36, Theorem 3.11]. The properties that we need have been established in
Proposition 3.2, (15), (16) and Theorem 3.1. We now sketch the proof.

Let M ∈ N. For every N = (N1, N2) with −M < N1 < N2 < M , we can write

S
{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)( f χ n
2≤m≤ 3n

2
)(n)

= S
{b j } j∈Z
{a j } j∈Z,(N1,M)({W (α,β)

t }t>0)( f χ n
2≤m≤ 3n

2
)(n)

− S
{b j } j∈Z
{a j } j∈Z,(N2+1,M)({W (α,β)

t }t>0)( f χ n
2≤m≤ 3n

2
)(n), n ∈ N0.

We are going to see that there exists C > 0 such that

|S{b j } j∈Z
{a j } j∈Z,(l,M)({W (α,β)

t }t>0)( f χ n
2≤m≤ 3n

2
)(n)|

≤ C
(
M(S

{b j } j∈Z
{a j } j∈Z,(−M,M),loc({W (α,β)

t }t>0)( f ))(n) + Mq( f )(n)
)

,

for every l ∈ Z, −M < l < M and n ∈ N. Here, C does not depend on n ∈ N0,
M ∈ N and l ∈ Z, −M < l < M .

Assume that n ∈ N0 and l ∈ Z, −M < l < M . We decompose f as follows

f = f χBN0 (n,
√
al ) + f χBN0 (n,

√
al )c =: f1 + f2.
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We have that

|S{b j } j∈Z
{a j } j∈Z,(l,M)({W (α,β)

t }t>0)( f χ n
2≤m≤ 3n

2
)(n)|

≤ |S{b j } j∈Z
{a j } j∈Z,(l,M)({W (α,β)

t }t>0)( f1χ n
2≤m≤ 3n

2
)(n)|

+ |S{b j } j∈Z
{a j } j∈Z,(l,M)({W (α,β)

t }t>0)( f2χ n
2≤m≤ 3n

2
)(n)| =: A(l, M, n) + B(l, M, n).

According to Proposition 3.2 (i), we obtain

A(l, M, n) ≤ C√
al

∑
k∈Bl

| f1(k)| ≤ CM( f )(n).

On the other hand, we can write

B(l, M, n) ≤ C√
al−1

∑

|k−n|≤ 1
2
√
al−1

(
|S{b j } j∈Z

{a j } j∈Z,(−M,M)
({W (α,β)

t }t>0)( f χ k
2≤m≤ 3k

2
)(k)|

+ |S{b j } j∈Z
{a j } j∈Z,(−M,M)

({W (α,β)
t }t>0)( f1χ k

2≤m≤ 3k
2

)(k)|

+ |S{b j } j∈Z
{a j } j∈Z,(l,M)

({W (α,β)
t }t>0)( f2χ k

2≤m≤ 3k
2

)(k)

− S
{b j } j∈Z
{a j } j∈Z,(l,M)

({W (α,β)
t }t>0)( f2χ n

2≤m≤ 3n
2

)(n)|

+ |S{b j } j∈Z
{a j } j∈Z,(−M,l−1)({W

(α,β)
t }t>0)( f2χ k

2≤m≤ 3k
2

)(k)|
)

=:
4∑

i=1

Bi (l, M, n),

with the obvious understanding for the four sums when l = −M .
We now estimate Bi (l, M, n), i = 1, 2, 3, 4.

(i) It is clear that

B1(l, M, n) ≤ CM(S
{b j } j∈Z
{a j } j∈Z,(−M,M),loc({W (α,β)

t }t>0)( f ))(n).

(ii) Since the family
{
S

{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)
}
N=(N1,N2)∈Z2

N1<N2

of operators is uni-

formlybounded from Lq(N0) into itself,
{
S

{b j } j∈Z
{a j } j∈Z,N ,loc({W (α,β)

t }t>0)
}
N=(N1,N2)∈Z2

N1<N2
is also uniformly bounded from Lq(N0) into itself. Then, by using Hölder
inequality and by taking into account that is a (λ, λ2)-lacunary sequence, we
obtain that

B2(l, M, n) ≤ CMq( f )(n).
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(iii) By using (15) and (16), we can prove, by proceeding as in the proof of [8, (18)]
that

B3(l, M, n) ≤ CM( f )(n).

(iv) By Proposition 3.2 (ii), we deduce that

B4(l, M, n) ≤ CM( f )(n).

By combining (i)-(iv), it follows that

B(l, M, n) ≤ C
(
M(S

{b j } j∈Z
{a j } j∈Z,(−M,M),loc({W (α,β)

t }t>0)( f ))(n) + Mq( f )(n)
)

.

Thus, we conclude that

|S{b j } j∈Z
{a j } j∈Z,(l,M),loc({W (α,β)

t }t>0)( f )(n)|
≤ C

(
M(S

{b j } j∈Z
{a j } j∈Z,(−M,M),loc({W (α,β)

t }t>0)( f ))(n) + Mq( f )(n)
)

.

��

3.3 Proof of Theorem 1.2

According to [36, Lemma 2.3], without loss of generality we can assume that {a j } j∈N
is a (λ, λ2)-lacunary sequence.

Let M ∈ N. For every n ∈ N0, we can write

S
{b j } j∈Z
{a j } j∈Z,∗,M ({W (α,β)

t }t>0)( f )(n) ≤ S
{b j } j∈Z
{a j } j∈Z,∗,M,loc({W (α,β)

t }t>0)( f )(n)

+ S
{b j } j∈Z
{a j } j∈Z,∗,M,glob({W (α,β)

t }t>0)( f )(n),

where

S
{b j } j∈Z
{a j } j∈Z,∗,M,loc({W (α,β)

t }t>0)( f )(n) = sup
N=(N1,N2)
N1,N2∈Z,

−M≤N1<N2≤M

|S{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)( f χ[ n2 , 3n2 ])(n)|,

and

S
{b j } j∈Z
{a j } j∈Z,∗,M,glob({W (α,β)

t }t>0)( f )(n) = sup
N=(N1,N2)
N1,N2∈Z,

−M≤N1<N2≤M

|S{b j } j∈Z
{a j } j∈Z,N

({W (α,β)
t }t>0)

( f (1 − χ[ n2 , 3n2 ]))(n)|.
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According to (15), there exists C > 0 such that

|S{b j } j∈Z
{a j } j∈Z,∗,M,glob({W (α,β)

t }t>0)( f )(n)| ≤ C
∑

m /∈[n/2,3n/2]

| f (m)|
|n − m|

≤ C

⎛
⎝ 1

n

n−1∑
m=0

| f (m)| +
∞∑

m=n+1

| f (m)|
m

⎞
⎠ , n ∈ N0.

Here, when n = 0, the first term in the last sum does not appear. Here, C does not
depend on M . By using �p-boundedness properties of discrete Hardy operators, we

deduce that the operator S
{b j } j∈Z
{a j } j∈Z,∗,M,glob({W (α,β)

t }t>0) is bounded from �p(N0) into
itself, for every 1 < p < ∞. Furthermore, we have that

sup
M∈N

‖S{b j } j∈Z
{a j } j∈Z,∗,M,glob({W (α,β)

t }t>0)‖�p(N0)→�p(N0) < ∞,

for every 1 < p < ∞.
Let 1 < p < ∞. We choose 1 < q < p. Mq defines a bounded operator from

�p(N0) into itself.

According to Theorem 3.1, the operator S
{b j } j∈Z
{a j } j∈Z,(−M,M)({W (α,β)

t }t>0) is bounded

from �p(N0) into itself. Moreover, we have that

sup
M∈N

‖S{b j } j∈Z
{a j } j∈Z,(−M,M)({W (α,β)

t }t>0)‖�p(N0)→�p(N0) < ∞.

As above, by using (15) and the �p-boundedness properties of discrete Hardy oper-

ators, we can deduce that the operator S
{b j } j∈Z
{a j } j∈Z,(−M,M),glob({W (α,β)

t }t>0) is bounded

from �p(N0) into itself and

sup
M∈N

‖S{b j } j∈Z
{a j } j∈Z,(−M,M),glob({W (α,β)

t }t>0)‖�p(N0)→�p(N0) < ∞.

Then, S
{b j } j∈Z
{a j } j∈Z,(−M,M),loc({W (α,β)

t }t>0) is bounded from �p(N0) into itself and

sup
M∈N

‖S{b j } j∈Z
{a j } j∈Z,(−M,M),loc({W (α,β)

t }t>0)‖�p(N0)→�p(N0) < ∞.

According to Proposition 3.3, S
{b j } j∈Z
{a j } j∈Z,M,∗,loc({W (α,β)

t }t>0) is bounded from �p(N0)

into itself and

sup
M∈N

‖S{b j } j∈Z
{a j } j∈Z,M,∗,loc({W (α,β)

t }t>0)‖�p(N0)→�p(N0) < ∞.
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We conclude that S
{b j } j∈Z
{a j } j∈Z,M,∗({W (α,β)

t }t>0) is bounded from �p(N0) into itself and

sup
M∈N

‖S{b j } j∈Z
{a j } j∈Z,M,∗({W (α,β)

t }t>0)‖�p(N0)→�p(N0) < ∞.

By taking M → +∞, it follows that the operator S
{b j } j∈Z
{a j } j∈Z,∗({W (α,β)

t }t>0) is bounded
from �p(N0) into itself.

We now apply vector-valued Calderón-Zygmund theory for singular integrals (see
[31] and [32]).

We can write

S
{b j } j∈Z
{a j } j∈Z,∗({W (α,β)

t }t>0)( f ) =
∥∥∥S{b j } j∈Z

{a j } j∈Z,N ({W (α,β)
t }t>0)( f )

∥∥∥
�∞(Z×Z)

.

For every N = (N1, N2), where N1, N2 ∈ Z and N1 < N2 and f ∈ C0(Z) (the space
of sequences indexed by of sequences indexed by Z with a finite number of non-zero
terms), we have that

S
{b j } j∈Z
{a j } j∈Z,N ({W (α,β)

t }t>0)( f )(n) =
∑
m∈N0

Q(α,β)
N (n,m) f (m), n ∈ N0,

where

Q(α,β)
N (n,m) =

N2∑
j=N1

b j

(
K (α,β)
a j+1

(n,m) − K (α,β)
a j

(n,m)
)

, n,m ∈ N0.

According to (15) and (16), by using [8, Theorem2.1]we can prove that the operator

S
{b j } j∈Z
{a j } j∈Z,∗({W (α,β)

t }t>0) is bounded from �p(N0, w) into itself, for every 1 < p < ∞
and w ∈ Ap(N0), and from �1(N0, w) into �1,∞(N0, w), for every w ∈ A1(N0). ��
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