Analysis and Mathematical Physics (2022) 12:140
https://doi.org/10.1007/s13324-022-00753-y

®

Check for
updates

Normalized solutions to fractional mass supercritical NLS
systems with Sobolev critical nonlinearities

Jiabin Zuo'? . Vicentiu D. Radulescu34>

Received: 3 September 2022 / Revised: 25 September 2022 / Accepted: 11 October 2022 /
Published online: 26 October 2022
© The Author(s) 2022

Abstract
In this paper, we investigate the following fractional Sobolev critical Nonlinear
Schrddinger coupled systems:

(=AY u = pyu + w2+ n|u)?2u + yolul®2ulv)? in RV,

(=A)v = pov + [ "2v + 1 fvl? 20 + yBlul* 0P e inRY,

lul2, = m? and o2, = m3,
where (—A)* is the fractional Laplacian, N > 2s,s € (0, 1), i1, 2 € Rare unknown
constants, which will appear as Lagrange multipliers, 27 is the fractional Sobolev
critical index, n1, m2, y,mi,my > 0, > 1,8 > 1, p,q, 0 + B € (2+4s/N, 2%].
Firstly, if p, g, o« + B < 2%, we obtain the existence of positive normalized solution
when y is big enough. Secondly, if p = g = « + B = 2}, we show that nonexistence
of positive normalized solution. The main ideas and methods of this paper are scaling
transformation, classification discussion and concentration-compactness principle.
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1 Introduction and main result

The motivation for the problem studied in this article arises from finding stationary
waves solutions of the following physical model:

(—A)'¢1 = —lﬂ + 10115 21 + o1 1P 21 + yalei|C 2 pi1hal?,

(=AY ¢y = _,ﬁ T 16217 2 + malald 2 + yBIb1 [ |21P 2.

¢j(x,t) = 0 as |x| —o00,j=1,2,

(1.1

where 7 represents the imaginary unit and ¢; = ¢;(x, 1) : RN x Rt — C is the
wave function of the jth (j = 1,2) component, the mass of them represents the
number of particles of each component in the mean-field models for binary mixtures
of Bose-Einstein condensation, see [1-3] and references therein, n; and y denote
the intraspecies and interspecies scattering lengths. The sign case for y determines
whether the interaction between the states is attractive or repulsive, i.e. the interaction
is attractive if y is positive, the interaction is repulsive if y is negative.

An important solution, known as travelling or standing wave, is characterized
by ansatz

p1(x, 1) = e™u(x), ¢o(x,1)=e" v(x) (1.2)

for two unknown functions u, v : RN — R, where u;, uo € R. Because these
solutions are very similar to each other and retain their mass over time, it makes sense
to seek prescribed L?-norm solutions (normalized solutions). Therefore, combining
(1.1) and (1.2), we arrive at the following fractional single or double Sobolev critical
Schrodinger system:

(=A)’u = pu + )%~ 2u + mlulP2u + yo|u|®2ulv|f in RN,
(—A)v = pov + 1520 + vl 20 + yBlul¥v[f~2v in RN, (1.3)

2
lull7, = m7 and |[v]17, = m3,

where N > 2s,s € (0, 1), u1, 2 € R are unknown constants, which will appear as
Lagrange multipliers, 2 is the fractional Sobolev critical index, 171, 12, ¥, m1, ma > 0,
a>1,>1,p,g,a+p e (2+4s/N,2;], and (—A)* is the fractional Laplacican
defined by

u(x) —u(y)

(=AY u(x) = C(N,s) lim y|N+2s

dxdy,
e—071 RN\ B, (x) [x —
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where

-1
C(N,s) = </ de> )
RN w

For more information about this type of operator we refer to [4].

With regard to the double Sobolev critical Schrodinger coupled systems, many
experts and scholars have conducted extensive and in-depth research on this whether
it is integer order or fractional order with fixed | and . When s — 1, Zou et al. [5]
considered the existence and symmetry of positive ground states for a double critical
coupled systems. Moreover, they studied the limit behavior of positive ground states
for another kind of double critical Schrédinger system when the interaction is repulsive
in [6]. In the case of 0 < s < 1, Zou and Yin [7] proved the asymptotic behaviour and
existence of the positive least energy solutions for k-coupled double critical systems
driven by a fractional Laplace operator by means of the idea of induction. Yang [8]
dealt with a class of fractional Laplacian doubly critical coupled systems, they gave
sufficient conditions for the existence of weak solutions by establishing an embedding
theorem. He et al. [9] investigated the existence of least energy solution with the help
of the Nehari manifold.

However, as far as we know, few papers treat parameters 1 and @, as Lagrange
multipliers to study the normalized solution of double Sobolev critical problems.

In particular, when s — 1, problem (1.3) becomes the form:

—Au = pyu+ ul® 20 4 91 |ulP2u + yolul*2ulv]f in RV,

—Av = pov + 52 + ma vl 20 + yBlulv|f~2v in RN, (1.4)
lull?, = m?and [[v]?, = m3.

Liu and Fang [10] studied the existence and nonexistence of positive normalized
solution for equation (1.4) in the case of p, g, 0 + B <2fandp =g =a + =2}
respectively.

Furthermore, if let N = 4, p = g, « = B = 2, the above problem reduces to the
classical elliptic system:

—Au = pyu+ w4+ 91 ulP2u + 2puv® in R4,

—Av = v 4+ v3 + o |v|P2v + 2yButv in R, (1.5)
lull?, = m? and [[v]7, = m3,

which was investigated by Zou et al. [11], they obtained the existence, nonexistence
and asymptotic behavior of normalized ground state solutions for system (1.5) in
different cases.

Of course, a great deal of work has focused on the normalized solution of integer-
order nonlinear Schrodinger systems [12—18] or fractional-order single Schrodinger
equations [19-26]. In particular, we highlight that Jeanjean and Lu [21] obtained the
existence and multiplicity of normalized solutions and the asymptotic behavior of the
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ground state solution for a class of mass supercritical problems. The method developed
in the present paper is inspired by the techniques introduced in [21]. We also point
out that Soave [27] established existence and stability properties of ground state solu-
tions for a Schrodinger equation with Sobolev critical exponent under three different
assumptions, respectively mass subcritical, mass critical and mass supercritical.

So far, we have found only one paper [28] dealing with normalized solution of
fractional Schrodinger coupled systems but only the subcritical case is considered.
Hence it is natural to inquire what difficulties will appear if we consider single critical
nonlinearity or even double critical nonlinearities.

Motivated by the work above, we will consider the existence for single critical
fractional Schrodinger coupled systems and the nonexistence of normalized solutions
for double critical fractional Schrodinger coupled systems. The main features of this
paper is the existence of nonlocal operator and Sobolev critical nonlinearities, which
makes dealing with compactness conditions more complicated. Our main methods and
tools for solving these problems are scaling transformation, classification discussion
and concentration-compactness principle.

A classical method for studying the normalized solution of system (1.3) is to look
for critical points of the following C! functional

1
%

n2
—— vl - y[ |u|* ]
q RN

constrained to the set

1 2 2% 1
H ) = (e + D01 ) = 5 (el + 1013 ) = =l

Smy X Sy = {(u, v) € HXRY) x H'RY) : ||ull3 = m], |v]5 = m%}
where H*(RV) is the fractional Sobolev space defined by

u(x) —u(y)

s mNy _ 2N 2 =
H*(R )—{MEL R )|[M]HS_A;N |x—y|%+s

dxdy < oo} ,

whose norm is
2 2 1
lull = (llully2 + [ulgs)2.

For convenience, we use ||lu], to represent the norm of Lebesgue space L” (RM)
for p € [1, 00). We write

0 =a+p, L>-critical exponent p =2 +4s/N,
W RY) = (e HY®Y) suo) = ullx)), Sy = {ue H'®RY) : uld =m?},

rad

Smyr = Smy 0 HrAa
Wonr = Smyr X Smyrn We = HY yRY) x HS,  (RY).

JRYY S = S, N HS(RY),

a
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We now present our main results:

Theorem 1.1 Assume that N > 2s, « > 1,8 > 1, p,q,0 € (p,2}), and
N1, n2, ¥, mi,my > 0. Then there exists y* = y*(mi,my) > 0 such that for any
y > y*, problem (1.3) admits a radial normalized solution (if, V). Moreover, (i, V)
is a positive solution whose associated Lagrange multipliers (11 and iy are negative.

Remark 1.1 The proof of Theorem 1.1 faces some difficulties and challenges. Firstly,
strong convergence of sequences in L>(RY) space is difficult to obtain because the
embeddings HS(RY) < L*@RY) and HS ,RY) = {u € H'RY) : u(x) =
u(|x])} = L*(RY) are not compact. Secondly, the lack of compactness caused by
Sobolev critical index makes verifying the Palais-Smale condition more complicated.
Thirdly, the idea of classification discussion is going to be used since we don’t infer

which of the three indices p, ¢, 6 is big and which is small.

Remark 1.2 This result extends the partial result in [29] in some aspects. Compared
with the local case of our result, this kind of system is studied by Mederski and Schino
[29] under more generalized assumptions on the nonlinear terms.

Theorem 1.2 Assume that N > 2s, o > 1,8 > 1, p = q = 0 = 2%, and
N1, M2, ¥, mi, my > 0. Then problem (1.3) has no positive normalized solution.

Remark 1.3 Theorems 1.1 and 1.2 seem to be the first results of the normalized solution
for fractional Sobolev critical Schrédinger coupling systems.

The paper is organized as follows. Section 2 introduces relative results of scalar
equations and some preliminaries, which play an important role in the proof of Palais-
Smale condition. Section 3 proves Theorem 1.1 by using the methods of scaling
transformation, classification discussion and concentration-compactness principle.
Section 4 gives the proof of Theorem 1.2 with the help of Pohozaev identity.

2 Relevant results for scalar equations and preliminaries

In order to study the fractional critical Schrodinger coupling system, we first need
to review related results of following scalar equations, i.e. y = 0 in (1.3):

(=AY u = oy —+ [u|>"2u + n|ul?2u in RV,
HS (RN 2_ .2 2.1
u € H'(R™), [lully = my,
which has been investigated in [25] by constraining on the Pohozaev manifold
2%
Pongo = {u € Sy = [ulgys — llullys = migpllull, = 0},
where
Np —2N
£, = L= forany p € (2.2]. 2.2)

2ps
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A standard way to get normalized solutions of (2.1) is to look for critical points for
C! functional

1 1 2 m
I @)ls,,, = Sluljys = - lullys - ;nuuz,
s

As we all know, Py, 5, contains every critical point of I, (u)ls,, , due to the
Pohozaev identity (see [30, Proposition 4.1]).

It follows from [31] that there exists a best fractional critical Sobolev constant
S > 0 such that

Sllull3e < [ulfys, forall u € Sy, (2.3)

which is famous fractional Sobolev inequality.
In order to prove our result in Sect. 3, we need to obtain the following monotonicity
result of scalar equations, which is necessary in the proof of Lemma 3.7.

Lemma 2.1 Assume that N > 2s, m1,n1 > O and p € (p, 2%). Then, m| — E,r,'qlI =

N
inf I, (u) € (0, ‘Y‘i\,zx ) is non-increasing in (0, +00). where S is given in (2.3).
my,ny

N
Proof According to [25, Theorem 1.3], we obtain that E ,'Z,'l € (0, S‘ﬁvﬁ ), Similar to the
proof of [19, Lemma 9] or [10, Lemma 2.1], we only need to make a small change to
get non-increasing property of the function E,, with respect to m1, so we omit it. O

Lemma 2.2 [22, Lemma 1.1] There exists an optimal constant C(N, p, s) such that
for p € (2,2)),

1_
M} < CP(N. p. )l )25 vu e HY@RY), 2.4)

where & is defined by (2.2).

The above fractional Gagliardo-Nirenberg inequality plays an key role in the next
series of proofs.

Lemma23 Let N > 2s, ¢ > 1,8 > L ni,m,y > 0, p,q,0 € (2,2}), and
(u, v) € W, is a nonnegative solution of system (1.3). Then, it follows from u Z 0 that
w1 < 0y it follows from v 2 0 that uy < 0.

Proof On account of # £ 0 and fulfills
(= A u = g+ |l 2w+ mlul?u + yolul® 2ulvl? in RV,
thus we infer that (—A)*u > 0 if w; > 0. It follows from [32, Proposition 2.17] that

u = 0. This contradicts to the condition u i 0, which means that ;7 < 0. Similarly,
we also can get uy < 0 fromv 2 0. O
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Lemma24 Let N > 2s,a > 1,8 > 1,0 € [2,2}], (uy, vy)—(u, v) in W,.. Then, up
to a subsequence

lim |t [0n]? =l — ul*vy — vl — [u*[v]? = 0.
n—oo RN

Remark 2.1 Since the proof of Brézis-Lieb Lemma 2.4 is standard and classical, we
would like to omit it, please refer to the literature [5, Lemma 2.3] for interested readers.
3 Proof of theorem 1.1

We will do a scaling transformation make the functional / (pxu, pxv) satisfy the moun-
tain pass geometry. For (4, v) € W and p € R, we let

(pxut, pxv) = ( ¥u(e/’x) eTpv(epx)) forae. x € RV,

which comes from the inspiration of Jeanjean [33]. The results show that the original
functional 7 (u, v) and the transformed functional I = I (p*u, pxv) have the same
mountain pass geometry and mountain pass level.

Lemma 3.1 Suppose that (u, v) € Sy, X Sp, is arbitrary but fixed. Then we have the
following conclusions:

(1) [pxul%s + [pxv]%s — 0and I(pxu, pxv) — 0 as p — —o0;

(2) [,0*14]2 s + [,O*U]2 s = +ooand I(p*xu, pxv) - —o0 as p — +oo.

Proof Through simple calculations, we have

2 2 2ps [ (x) —14()’)|2
[,O*M]Hs + [,O*U]Hs =e pY//lAQZN dedy

2
s @ =P,
e //RN =y

= ezf”[u] + 25 [W]5s, (3.1)

3

€=
lpsully = e

lowollf = (3.2)

O—-2)N
y/ lpwul®|pwv]f = ye 2 / ul®[v)?. (3.3)
RN RN
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From (3.1)-(3.3), ¢ > 2, and 6 > 2, we get

[p*u]%ls — 0, [,o*v]%p — 0, as p —> —o0,

lpsully = 0. loxvllf — 0 as p — —oo,

y/ loxu|®|pxv]f — 0 as p - —oo.
RN

Thus, we have

1

1 2 2
1pw, pxv) =3 (Iosulyys +Lowoliys ) = 55 (losulz: + llpwvl3:)
s

m Uy
— Dypwullf ~ —||p*v||3—y/ loxul|pxvlf =0 as p— oo,
p q RN

which implies that (1) holds.
Again by (3.1), we obtain that [pxul%, + [pxv]3;, — +oo as p — +oo.
Furthermore,

! 2 2 1 2 2
Hpw, prv) =3 (Losullys + [pwvly ) = 57 (Ilosullyt + lowolly:)

11 n2
= lloxully = —llpxvllg - y/ losul“]pxvlf — —00 as p — +oc
p q RN

4s ~x%

since p, q,0 € (2 + 3, 27), which also means that (2) holds. O

Lemma 3.2 There exists A(m1, ma) > 0 small enough such that

0 < sup I(u,v) < inf I(u, v),
ueX ueY

with

X = {(M, l)) S Sml X sz . [u]%{s + [v]%{s S A(mlamz)} )

Y = {(u, V) € Sy X Sy [l + V13 = 2A(m1,m2)] .

Proof According to Lemma 2.2 and the Holder inequality, for any (i, v) € Sy, X Sp,
we get that
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rép

771 2 e
;Ilullﬁ < CP(N, p,s.my.q)lully? < CP(N. p.os,my.ny) (s + 1) 2

(3.4)
n, q q 94 q 2 2 @
; lulld < CIN, g, s,ma, m)uly! < CI(N, q,s,ma, m) ([ulfys + [v]7s) 2,
3.5)
B 2 2 %
V/RN 10l <yl ol < yCN. o, Bos,my.ma) ([l + 1) © .
(3.6)

On the one hand, if let b = [u]%p + [v]%p and A > 0 be arbitrary but fixed, then for
any (u, v) € X such that b < A, it follows from (3.4)—(3.6) and (2.3) that

1
2%

2587

pép

%
b2 — CP(N, p,s,my,n)b2

1
I(u,v) > =b—

[ [27)
—C9(N,q,s,ma,m)b 2 —yC(N,a, B,s,my, mp)b2
1
>-b>0
8
for A small enough, the scaling of inequality above takes advantage of this fact that

DP&p. q&4, 0869 > 2. On the other hand, for any (u1,v1) € Y and (42, v2) € X such
that by = [u11%;, + [v113s = 24 and by = (121 + [v2]%, < A, we obtain

HS f—
1 By Pép.
I(uy, v1) — I(uz,v2) = §(b1 —by) — b = CP(N, p,s,my,n)b,°
* s
2583
fg. L)
—CY(N,q,s,my,m)b;> —yC(N,a,B,s,my,ma)b*
1 1 2% Pép
2 A= = (2A)2 — CP(N, p.s,my, 1) (24) 2
287
9éq )
—CI1(N,q,s,mp,12)(2A) 2 = yC(N,a, B, 5,my,my)(2A) 2
> lb
-8

for A sufficiently small. So, we can pick A small enough for the inequality in Lemma
3.2 to be true. O

Now we have obtained that the geometry of mountain pass, then we give the min-
imax picture: Because Zhang [25] had proved the u := u,,, 5, is a ground state of
(2.1) involving parameters p, 01, m1 and also U := uy, ;, is a ground state of (2.1)
involving parameters p, 12, ma. Therefore, we fix (i, v) € W, ,, according to Lemma
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3.1 and Lemma 3.2, there exist two numbers p; < —1 < 0 < 1 <« p2 such that

A(my, _
e’ [ﬁ]%.]s + ezpls[ﬂ%{s < —(m12 mz)’ I (p1*u, p1*xv) > 0,
AP, + [0l > 2A0m1,m),  1(pait, paxd) < 0.
We define the path

I'={x € C(0, 1], Wyr) : x(0) = (p1*ut, p1#0), x (1) = (p2*ut, p2xv)},

then I' is not empty. In fact, let xo(¢) := ([(1 — 1) p1 + tpa]*u, [(1 — 1) p1 + tp2]%V),
obviously, xo(¢) € Wy, and xo(t) € I'.
Letting

cy(my, my) := inf max I(x (1)),
xelte(0,1]

clearly, ¢, (m1, mz) > 0, then we have the following asymptotic behavior of critical
values:

Lemma3.3 lim c¢,(my,mp) =0.
y—>+00

Proof Fix (ug,v9) € Wy, and it follows from the path xo(¢) = ([(1 —t)p1 +
tpalxug, [(1 —1)p1 + 1 p2]%vp) that

c,(myp,my) < max [ t
y (m1 2)_16[0’1] (xo())

1o 2 2 N6-2N o P
= f}lzaéi {El ([MO]HJ + [vO]HS> —yl > AN luo|®lvol? b .

LetCy = [uo]ip + [UO]%-]S and Cp = fRN |u0|°‘|vo|ﬂ, we discuss the maximum value
of the following function

L., N6—2N
g) = Ecll —yCyl =, forany ! > 0.

Letting

/ NO — 2N NO—2N—2s
di=c— (22— :

Cyl 2 =0,
2s ve2

we can obtain the maximum point of g(/), that is

l 25Cy NI
e ((Ne - 2N)VC2) '
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Thus,

NO-2N

1
max{glz([uo]%,sﬂvo]%p)—yl 8 f |uo|“‘|vo|ﬂ}
RN
1 02N
2

25Cy NI c 25Cy P rd c
N <<N0 - 2N)7C2> Y ((Ne - 2N)J/C2) ?

4s

1 2sC NO—2N—4s

< = # C1~
2 \(No —2N)y G,

As a result, there exists C > 0 that don’t depend on y > 0 such that

1\ No—2N—Zs
Cy(ml,mz)fC’(;) —0asy — oo

thanks to 6 > 2 + 4s5/N. We complete the proof of Lemma 3.3 now. O

To further prove our main results, we need to define Pohozaev manifold
Pt ,ma, 1., Of vector equations (1.3) in the same way as scalar equations (2.1).

,Pml,mg,ul,ug = {(’/h v) € Sm1 X sz : P(u,v) = 0} s
where
112 2 28 28 p
P(u,v) i= [ulys +[gs — lluly: — iy —mépllully

—m&g vl —yesef |u|* vl
RN

Notice that I (Ju|, |[v|) = I(u, v) and P (|u|, |v]) = P(u, v) for any (u, v) € Wy, ,.
Similar to the argument in [33, Proposition 2.2] with minor changes, replace (0, x,) €
I" with (0, | x,|) € T if necessary, where

T = {X € ([0, 1], Wy, : X(0) = (0, (p1%i, p1%0)), X (1) = (0, (p2%it, p2xv))} .

Then {(uy, v,)} C Wy, is a Palais-Smale sequence for I (u, v) atlevel ¢y, (m1, m3),
i.e.

!
I(uy, vy)) — ¢y(my,my) asn — ooand I (uy,v,) — 0 asn — oo.
Moreover,
u, -0, v, -0 ae. inRY asn — oo.

Lemma 3.4 Suppose that {(u,, v,)} C Wy, is a Palais-Smale sequence for I (u, v).
Then lim P (u,,v,) = 0.
n—oo
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Proof Let

(on*tp, Puxvp) = (Xn, Yn)-

By direct calculations, we claim that

dp I((=pp)*xn, (—pu)*yn) = =S P((—pp)*Xp, (—pu)*yn) = =S P (uy, vy).

Since [ /(un, v,) — 0 asn — o0, again from [22, Proposition 5.4(2)], we get that
lim P(uy,v,) =0. |

n—o0

Lemma3.5 If {(un,vn)} C Wpy, is a Palais-Smale sequence for I(u,v), then
{(un, vy)} is bounded in Wy, ,.

Proof Observing that &, p, £,q, &6 > 2 due to the fact that p,q,6 > 24+ 4s/N. It
follows from Lemma 3.4 that

m p, M g,V o (B
I(uy,, = — -2 — -2 — (&g — 2
(un, vp) 2p Epp — Dllunlly + 2% (qq — Dllvnllg + 2(59 )/RN lu|™ vl
s 2% s 2F
+N”“n”2§f + N”vnnzj +o(1).

Since I(up,v,) is bounded, thus we conclude that sequences {lu, b}, {lvalld},
{fRN |un|“|vn|ﬂ}, {llus ||§;§}, and {||v, ||§;} are all bounded. Again by Lemma 3.4, we
infer that {[u,,]%ix} and {[v,]%,} are also bounded, as claimed. m]

In view of Lemma 3.5, there exists a nonnegative (i, 7) € W, such that, up to a
subsequence,

(un, vp)— (U, V) in W;;
(tn, V)=, D) in L= (RY) x L= RY);
(U, vp) — (@, D) in LP(RY) x LY(RN); (3.7)
(i, vp) — (@, D) in LY RN) x LY@®RN);
(i, vp) — (i, D) ae. in RN
as n — 00. Since {(uy, v,)} C Sy, X Si, is a Palais-Smale sequence for I (u, v), on

basis of the Lagrange multipliers rule, there exists a sequence {(u}, u5)} C R x R
such that

I (s Vi) + 1 (n, 0) + p2(0, v,) — 0 in W, asn — oo. (3.8)

Next, we take (u,, 0) and (0, v,) as test functions in (3.7), it follows from the proof of
[25, Proposition 2.2] that {(u7, 13)} is bounded in R. Therefore up to a subsequence
(], 1) = (w1, 1) € R xR,
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Lemma 3.6 There exists y* = y*(m1, my) > 0 big enough, such that foranyy > y*,
(U, vn) = (@, D) in L% RY) x L% (RY) and 7, T # 0.

Proof We first claim that u,, — 4 in L% (RM). In fact, according to the concentration-
compactness principle in [34], we know that there exist two nonnegative measures
w, v and a (at most countable) index set J such that |(—A)%u,,|2—\a) in M(RVM),
ltn | —v in M(RV) and

o> (=02 + Y sy, o) >0,

jeJ
— 72 , ,
v= Ul + 30 iy, vj >0, (3.9)
jeJ
o
v, <S7Tw!, Vjeld,

where x; is the different point in RV, 5x,- denotes the Dirac measure at x;, S is best
Sobolev constant in (2.3). Furthermore, it is possible to lose mass at infinity. i.e.,

lim sup [pn (=A)Zuy,|2dx = Jrn do + woo,

n—0oo «
limsup [pn lun|*dx = [pn dv + Voo, (3.10)
n—oo
o 2
Voo < STCUO% s

where

Woo

lim lim sup/ [(—A)2u,|?dx,
|x|>R

—X n—o00

. . *
Voo = lim hmsup/ |t dx.
R—00 pn—o0 |x|>R

Case I Take ¥¢(x) € C(‘)>O (RM) be a cut-off function such that

Ve(x) =1 in Be(x)),
Ve(x) =0 in B5 (x;), (3.11)
0<vex) =1,

where B (x;) represents the small ball with radius € and center x;. By Lemma 3.5,
we note that {1/ (x)u,} is bounded in H*(R"). Next, again take {(/c(x)u,, 0)} as a
test function in (3.8) and letting € — 0, we obtain that

lim 1im (1 (i, vn) — 12} (. 0) — 50, vy). (Ve (¥t 0)) = 0. (3.12)

e—>0n—00
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From (3.7), the Holder inequality and the absolute continuity of the Lebesgue integral,

we have

lim lim whuedx =0,

e—>0n—>00 JpN

lim lim tn|P Yredx = lim/ [P Yedx =0,
e—~0 JrN

e—>0n—00 JpN

lim lim ltn % |vn|PWedx = lim/ 7% |01 Yedx = 0.
RN e—0 JrN

e—>0n—o0

According to (3.12) and (3.13), we deduce that

lim lim I(=A)Zuy [*edx = lim lim ltn | X Yedx,

e—>0n—00 JpN €—>0n—>0 JpN

which means that

lim Yedw = 11m/ Yedv.
N

e—0 JrN e—0

Therefore it follows from (3.9) and (3.14) that v; > wj, thereby

N
either w; =0 or w; > S for jeJ,

which means that J is a finite set.
Case 2 Take ¢ € C§° (R™) be another cut-off function with

0<gp<l,
=01 nB1(0)
p=1 mRN\Bl(O)

(3.13)

(3.14)

(3.15)

(3.16)

For any R, let pr(x) = (p(%), by Lemma 3.5, we also have that {¢g (x)u, } is bounded
in H*(RY). Similarly, take {(¢g (x)u,, 0)} as a test function in (3.8) and letting R —

00, we also obtain that

lim lim (I (tn, vp) — (] T(un, 0) — MS(O, V), (pr(X)uty, 0)) =0

R—oon—>o0

Similarly to the proof of [35, Lemma 3.3], we can also get

lim lim uﬁ‘uﬁ(dex =0,

R—oon—>0 [pN

R—oon—00

lim lim lun|P prdx = lim/ [|? prdx = 0,
RN R—o0 JrN

lim lim un|*vn|Pordx = lim/ 7% |91 prdx = 0.
R—o0 JrN

R—oon—>00 JpN

(3.17)

(3.18)
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By (3.17) and (3.18), we also have

S
lim lim (=A)Zup|®prdx = lim lim |tn|® prdx,
R—oon—00 JpN R—oon—>00 JpN

that is
Woo = Voo- (3.19)

Again by (3.10), we have
either weo = 0 OF wog > S7. (3.20)

For the rest of the proof, we will only prove Case 1, because Case 2 and Case 1
are almost exactly the same.

If for any j € J, w; = 0, then we have that v; = 0 since (3.9), thereby |u,1|2? —
i1|%. By the Brézis-Lieb lemma [36], we conclude that u, — @ in L% (R", as
claimed. N

If instead w; > S?2s for some j € J. In view of I (u,, v,) — ¢, (my, m2), Lemma
3.4 and (3.11), we adopt the method of categorical discussion:

(1) If0 = min{p, g, 6}. It follows from Lemma 3.3 that there exists a positive constant

y! big enough, such that cy(my, my) < (% - %S%) for any y > y/_ By (3.9),

we have

1 1 1
(E - @) S% > ¢y(my,mp) = nlin;o (I(Mns V) — @P(uns Un))

1 1 s
>(=-——)limsu —A)2uy | Yedx
_(2 959) HOOP/RN'( ) un e

(11 4
—(z‘@ oy ¥4

1 1 1 1 N
>lz——=—)oj=|z—— )57,
2 0% 2 0%
which is a contradiction.

(2) If p = min{p, ¢, 6}. Similar to (1), there is also a constant y// big enough, such
that ¢, (m, my) < (% - p—ép8%> for any y > J///. We also obtain

cy(my, my) = lim <I(um Vp) — p%P(una vn))

n—00
p

><1_L>w.><l_;>55
“\2 pg,) 7 T\2 pg ’

which contradicts our hypothesis.
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(3) If ¢ = min{p, ¢, 0}. Analogously as (1) and (2), we can also get our conclusion,
which we omit here.

To sum up, there exists abigger positive constant y *(m 1, m2) suchthatw; = 0 = v;
forany j € J andy > y*. Therefore, for y > y*, we have u, — # in L% (R"). The
proof for v, — ¥'in L% (RV) is similar.

Finally, we claim that u, ¥ # 0. In fact, if not, we have (&, v) = (0, 0). According
to (3.6), (3.7), up — @, vy, — vin L% (RY) and Lemma 3.4, we have

Lim ([uaJgys + [oaTgys) = 0. (3.21)

It follows from (3.21) that ¢, (m1, m2) = lim I(u,, v,) = 0, which is impossible
n—oo

since ¢y, (m1, mz) > 0. As a result, we end the proof. O
Set co(my, 0) := E,} and co(0, m2) := E,3.

Remark 3.1 For any m1, my > 0, according to Lemma 3.3, if necessary, to choose a
bigger y* such that ¢, (m1, m2) < min{co(m1, 0), co(0, m2)} for any y > y*.

Lemma 3.7 Assume that ¢, (m1, m2) < min{co(m1, 0), co(0, m)}, then (u,, vy) —
(i, v) in W,.. Moreover, (il, V) € W, is a positive normalized solution for system (1.3)
associated with (1, oy < 0.

Proof From Lemma 3.6, we know that &7, v # 0. Next, we are going to classify it into
two cases and prove by contradiction:

Case 1 2 0,7 = 0. From the strong maximum principle for fractional Laplace
operators [32, Proposition 2.17], we have that u > 0. It follows from Lemma 2.1 and
[25, Theorem 1.3] that i is a positive radial symmetric solution for problem (2.1) with
parameters p, 11, ml1 where m/l = |lu|| < m% and co(m1, 0) < co(m,l, 0) < I(u,0).

In view of (3.7), Lemmas 2.4, 3.6, and two kinds of Brézis-Lieb Lemmas [36-38],
we obtain that

0= lim P(u,,v,) = lim P(u, —u,v,) + P, 0)
n—0o0 n—od

. ~12 2
= ni)ngo[un - M]Hs + [Un]Hs»

and

cy(my,mp) = nlingol(un, vy) = nlingol(un — 1, vp) + 1 (1, 0)

v

[ 2 2

5 nlgléo[un - ’IZ]HS + [Un]Hs + Co(mlv 0)
= co(m1, 0).

This contradicts our hypothesis.

Case 21U = 0,7 2 0. Similarly to Case 1, ¥ is a positive radial symmetric solution
for problem (2.1) with parameters ¢, 12, m/2 where m,2 =||7|| < m%, and co (0, mp) <
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co(0, m,z) < I1(0, 7). We also have that
cy(my,mp) = lim I(u,,v,) = lim I(u,,v, —v) + 1(0,7)
n—0o0 n—0o0
> co(my, 0),
which is still a contradiction. So, we obtain that# 2 0 and ¥ 2 0. Therefore, i1, ua <
0 follows from Lemma 2.3 and (3.7) and (3.8).

Onbasis of (3.7) and (3.8), Lemma 3.4 and the boundedness of sequence { (], i)},
we have

2 2 1 n 2 n 2
pimy + pomsy; = nll)moo(lll ||'4n||2 + 1y llvn ||2)

= lim_ ((sp —-1)n1nunn£-+(sq——1)nznvnn3-+(sg——1>y9‘A;N nun“|vn|ﬂ)

(%—dmmm$+w%—IMNm@+@e—Dy@éNWWmﬁ
= i@l + p2lI313,
which means that
(715 = m3) + p2(I9)5 — m3) = 0.
Thus,
@13 = m?, |915 =m3, ie., (un,vy) — @, 7) inL? x L2

The proof is now complete. O

Again by (3.7) and (3.8) and Lemma 3.4, we have

. . 2%
tim_ ([T + prlla13) = lim <||un||2i+m||un||§+ya/ |un|“|vn|ﬁ)
— 00 n— 00 s RN

n

~ 2¥ ~ ~y  ~
||u||2‘i+771||u||§+7/a/ | 9
s RN
2 ~2
= [@1%s + I3,

which implies that ||u,|lw, — ||4llw, as n — oo. Similar to the above argument, we
also obtain

Tim (1o + i lnl3) = (90 + 1 1915,

which also means that ||v,||lw, — [|V]lw, as n — oo. Therefore, we conclude that
(y, vy) — (4, V) in W, x W,.. The proof of Lemma 3.7 is complete.

Proof of Theorem 1.1 It follows from Lemmas 3.5-3.7 that the proof of Theorem 1.1
is complete. o
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4 Proof of theorem 1.2

Lemma4.1 Assume that N > 25, > 1,8 > 1, p=q=a+p+60 =2} and
N, N2, ¥, mi, my > 0. Then the following system

(—=A)’u = pu + |u|2§’2u + m|u|2§*2u + ya|ul®2ulvf in RV,
(A v = pav + 5 2o+ mfv|= 2v + yBlul® P2y in RN, (4.1)
lull7, = mi and |v]|7, = m3, u,ve H'RN)

has no positive normalized solution.

Proof We will use the proof by contradiction. If (u, v) is a positive solution for the
system (4.1) with some u1, 2 € R. According to Lemma 2.3, we know that t1, oy <
0. Then, it follows from (4.1) and the Pohozaev identity that

2 2 2 2 2 2
Pu, v) = [ulfys + [0l — llullys = Iollp: = mallullyt = mallvliy
—yzz‘/ ul|v|? = 0.
RN

Again by the definition of weak solution for the above system (4.1), we have

2 2 2 2 25 27 23 25
[ulys + [vlgs + mallulls + p2llvll; = ||M||2§1 + |U||2§§ + mllullzg + ﬂzllvllzgﬁ

+y2;"fN Jul v}
R

The proof is now complete. O

Thus, we obtain
2 2 2 2
willullz + p2llvll; = wimy + poms = 0.

This is clearly a contradiction. The proof of Lemma 4.1 is complete.

Proof of Theorem 1.2 1t follows from Lemma 4.1 that the proof of Theorem 1.2 is
complete. O
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