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Abstract

We prove weighted norm inequalities with Muckenhoupt’s A ,-weights, for a wide
class of oscillatory integral operators. As a consequence, one also obtains the bound-
edness of commutators of the aforementioned operators with functions in BMO.
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1 Introduction

In this paper we are concerned with global weighted norm inequalities for oscil-
latory integral operators, where the phase functions satisfy suitable growth and
non-degeneracy conditions, the amplitudes have certain decay, and the weights are
in the A -class of Muckemnhoupt, with 1 < p < oo.

More precisely, we are interested in estimates of the form
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withw € A, 1 < p < oo, where

T £ (x) = /R a(x, £) €909 Fe) de, ?)

1/p
and & := (27) " d&. Morcover || f|p = (fR,, £ ()P w(x)dx)
The main assumption on the amplitude a is usually that it belongs to a Hormander
class S/’ﬁ s (see [7]), which are defined as follows:

Definition 1.1 Letm € Rand 0 < p, § < 1. An amplitude a(x, &) in the class S;",S is
a function a € C*°(R" x R") that verifies the estimate

“8fatx, £)] = Co gy PP,

for all multi-indices @ and S and (x, &) € R" x R”". One refers to m as the order of
the amplitude, and to p, § as its type.

A wider class of amplitudes used are those which are merely bounded in the x-
variable and were first introduced by Kenig and Staubach in [9].

Definition 1.2 For p € [0, 1], an amplitude a(x, &) is in the class LOOSZ’ if it is
essentially bounded in the x variable, C*° (R") in the £ variable and verifies the estimate

for all multi-indices « and all £ € R". Clearly S:f’ 5 C LZSH.

“a(&)| = Cole)"

Lo (R")

As far as the phase function ¢ is concerned, when it is linear, i.e. p(x, &) = x - &
(which is the so-called pseudodifferential case), the problem of establishing (1) was
completely solved by Miller in [12], for a(x,£&) € S?f0~ For amplitudes in more
general Hormander classes, Chanillo and Torchinsky [4] considered symbols in the

class Sj(p_l) and showed estimate (1) for2 < p < ocoand w € Ap Fora(x,§) €

Sz(g_l) with0 <8 < p < 2, Alvarez and Hounie [2] showed Welghted boundedness
of pseudodifferential operators for all weights w € A,, 1 < p < 00. The result of
Alvarez and Hounie was extended to the case of 0 < p<land0 <6 < 1by
Michalowski, Rule and Staubach in [10] and an extension of Chanillo—Torchinsky’s
result to the class of rough amplitudes (in x) was obtained by Michalowski, Rule and
Staubach in [11].

For non-linear phases, a suitable class of phase functions is given by the following:

Definition 1.3 Fors > 0, we say that a real-valued phase function ¢ is a phase function
of order s if p(x, £) € C*°(R" x R"\{0}),

absdf (p(x. &) —x &) < cal&l*7, Ja| =0 3)
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for all x € R" and & # 0, and there is a constant C > 0 such that

IVep(x,§) = Vep(y, §)| = Clx — yl, “)

for all x, y € R" and all £ € R"\{0}.

Having the phase functions and the amplitudes in suitable classes, any expression of
the form (2) is referred to as an oscillatory integral operator (abbreviated as OIO).

When the phase functions ¢(x, &) are positively homogeneous of degree one in
& (i.e. the case of the so-called Fourier integral operators), Dos Santos Ferreira and
Staubach proved in [5] the following result:

Theorem 1.4 Let ¢(x, &) € C®°(R" x R™"\{0}) be a phase function of order 1 that is
positively homogeneous of degree one in & and satisfying the condition

|dety—1 079 (x, &1, = C > 0,

for some constant C and for all x € R" and all € = (£1,&") € (R x R"~1)\ {0}.

Then, given a(x,&) € LS, (n1)/ 2, the Fourier integral operator T satisfies the
weighted norm inequality (1) for all 1 < p < oo and and all w € A . This result is
sharp as far as the order of the amplitude is concerned.

One of the goals of our investigation here is to extend this theorem to the case of
more general OIOs by suitably adapting the conditions on the phase function above.
The main inspiration for this task came from the following striking result of Chanillo
and Torchinsky [4].

Theorem 1.5 If p(x, §) = x - £ + |§* with0 <5 < 1, and a(x,§) € S, "

is valid for all 1 < p < oo and all w € A . This result is sharp.

then (1)

The proof of this theorem was based on the sharp-function estimate

(TY ) (x) S My f(x),

(whichis stronger than (1)) established by Chanillo and Torchinsky forall 1 < p < oo,
where the sharp-function f* of f is defined by

F500) 1= sup — / 1FO) = 3l dy,

B>x |]§|

with fp = | }BI /, 5 J(¥)dy, and the supremum is taken over balls B in R" containing

x. Furthermore for f € L? . the LP maximal function M p(u) is defined by

loc’
M,(f)(x) = Sup< / NACILS dy) ; Q)
Bax \|B|

where the supremum is taken over balls B in R” containing x.
The main result of this paper is the following extension of Theorems 1.4 and 1.5.
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Theorem 1.6 Given s > 0, let ¢(x,&) € C®(R" x R"\{0}) be a phase function of
order s that satisfies the condition

|det 2, ¢ (x, §)| = CI€|

for some g < n(s —2), and some C = C(q, s) > Q0andforall (x,&) € R" x R"\ {0}.

Then, given a € L°°S;"(S’q) with

—nQ3s —4)+2¢q
m(s,q) = - 5

the oscillatory integral operator T\ satisfies (1) for all 1 < p < oo and all w € Ap,

We note that for p(x, £) = x-& + |£|*, withs > 0, s # 1, which is the phase function
associated to the semigroup e’ A" and dispersive partial differential equations, all
the conditions on the phase function in Theorem 1.6 are satisfied and the largest

value of ¢ is in fact n(s — 2), and therefore m(s, q) = —”—ZS. Furthermore since,
Sy SS/ 2 c L>*S, ns/ 2, this recovers Theorem 1.5, and in fact extends it to the case

of all s # 1 and rough amplitudes. We also note that for s = 1, Theorem 1.6 is not
applicable, since for the phase function of the wave equation, ¢ (x, §) = x -& 4 |£|, the
condition on the determinant of the Hessian in £ variables is not satisfied. However in
this case one has the result of Theorem 1.4 that saves the day.

Thus the main point of our investigation here is to extend weighted norm inequalities
to a class of operators that go beyond the scope of Fourier integral operators.

To prove Theorem 1.6 we rely on a pointwise estimate for oscillatory integral
operators involving the Hardy-Littlewood’s maximal function, L boundedness of
oscillatory integral operators and extrapolation. As such, our proofis different from that
of Chanillo-Torchinsky, and applies to a wider range of oscillatory integral operators.

As consequence of a general result of Alvarez, Bagby, Kurtz and C. Perez [1] and
Theorem 1.6 we obtain

Corollary 1.7 Given b € BMO and k a positive integer, the k-th commutator defined
by
T, u(x) == T ((b(x) — b())u) (x)

is bounded on LY, for alll 1 < p < oo and all w € Ap.

The paper is organised as follows. In Sect.2 we recall some basic definitions
and results regarding weights and weighted norm inequalities. In Sect.3 we prove
pointwise estimates for oscillatory integral operators via a refined frequency-space
decomposition which is continuous and not discrete, as opposed to common prac-
tice. In Sect. 4 we prove Theorem 1.6, using extrapolation and some other geometric
considerations.
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2 Preliminaries

We shall briefly recall some definitions, facts and results regarding weighted norm
inequalities that are needed in our investigation. Our main references for this material
are [6] and [13].

The Hardy-Littlewood maximal function is given by

M(f) = Mi(f),

where M), was defined in (5). An immediate consequence of Holder’s inequality is
that M(f)(x) < M (f)(x) for p = 1.
One can then define the class of Muckenhoupt A, weights as follows.

Definition 2.1 Let w € L}

loc D€ @ positive function. One says that w € Ay if,

) —1
[wla, ;== sup  wpllw™ L= < +00,
B balls in R”

andw € A, forl < p < oc0if

__1 Pl
[wla, :=  sup wp (w l’-l) < +o00.
Bballs in R” B
Example 2.2 The function |x|* isin Aj if and only if —n < o < O and is in A, with
l<p<ooiff -n <a <n(p—1).Alsou(x) = logli—‘ when |x| < éandu(x) =1

otherwise, is an A weight.

The following four theorems are basic in proving weighted norm inequalities for
linear operators on weighted L” spaces with Muckenhoupt weights. All the proofs
can be found in [6] or [13].

Theorem 2.3 Suppose p > 1 and w € A,. There exists an exponent g < p, which
depends only on p and [w]a,,, such that w € Aq. There exists ¢ > 0, which depends

only on p and [w]Ap, such that w'*e ¢ Ap.

Theorem 2.4 For 1 < g < o9, the Hardy-Littlewood maximal operator is bounded
on LY, ifand only if w € Ay. Consequently, for 1 < p < oo, M, is bounded on LY if
and only if w € Ay/p

Theorem 2.5 Suppose that K : R" — R is integrable non-increasing and radial. Then
for one has for all x € R".

‘/K(x —f) dy| = [IKIIpM(f)(x)

The following result of Rubio de Francia [6] is also basic in the context of weighted
norm inequalities.
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Theorem 2.6 (Extrapolation theorem) If || Tu|| Lo = Cllul| LP0 for some fixed py €
(1, 00) and all w € A, then one has in fact ||Tu||L5) < C||u||L5) forall p € (1, 00)
andw € Ap.

Additional conventions As is common practice, we will denote constants which can
be determined by known parameters in a given situation, but whose value is not crucial
to the problem at hand, by C. Such parameters in this paper would be, for example, m,
p, n, [w]a - and the constants C,, in Definition 1.2. The value of C may differ from
line to line, but in each instance could be estimated if necessary. We sometimes write

a < b as shorthand for a < Cb. When C1b < a < Cyb then we write a ~ b. Also
we will use (D)* to denote the Fourier multiplier (1 — A)2.

3 Pointwise estimates for OlOs

Using suitable frequency-space decompositions we will demonstrate that the OIOs
considered here can be poitwise bounded from above by operator involving the Hardy—
Littlewood maximal function. First we consider the low frequency portion of the OIOs
for which we have

Lemma3.1 Let s > 0, a(x,&) € L®S{" be a symbol that is compactly supported

in the &-variable and ¢(x,&) € C*(R" x R™\{0}) be a phase function satisfying
condition (3) for all x and &. Then for all x € R" one has that

I fO S M) (6)
Proof Assumption (3) implies that
00 §) —x 6| = ColgP T, Jal 20

on the support of a. This in turn implies that the conditions of Lemma 4.3 in [3] are
satisfied and therefore the modulus of the integral kernel

K(x,y):= /R a(x, €) P ) —iyE i
is bounded by (x —y)~""* forany 0 < ¢ < 1. Hence

T3 f (ol SfIK(x,y)IIf(y)IdySf(x—y>_"_”|f(y)ldy,

and therefore Theorem 2.5 yields the pointwise estimate (6). O

The main device to show any sort of estimate for oscillatory integral operators is
the Littlewood—Paley decomposition, whose definition we now recall.
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Definition 3.2 Let ¥ € C°(R") be equal to 1 on B(0, 1) and have its support in
B(0, 2). Then let

V() =0 (2778) = o (279 08)

where j > 1 is an integer and ¥ (§) := ¥1(§). Then ¥;(§) = v (2~V~V¢&) and one
has the following Littlewood—Paley partition of unity

ij(g):l forall & e R, (7

Jj=0
Now we are ready to state and prove our main result concerning the pointwise

estimate for OIOs.

Theorem 3.3 Assume that s > 0, a(x,£) € LSy, ¢(x,&) € CR" x R"\{0}) is
a phase function of order s (strictly speaking only the estimate (3) is required) that
satisfies the condition

|det 87, ¢ (x, £)] 2 |£19, (8)
forall & # 0 and some g < n(s — 2), uniformly in x. Then if

—n(3s —4)+2¢q
D

one has the following pointwise estimate for T,

1T fOl S M(f)(x) + MM[)(x). ©)

Proof We start by splitting the operator into low- and high frequency portions. Indeed,
using the Littlewood-Paley decomposition (7), we can write

T2 f) =TLfx) + Tuf(x) =TLf(x) + Z Tj f(x), (10)
j=1

where the amplitude of 71, is a(x, &) ¥o(€), and is smooth compactly supported (in
&).

Using this decomposition, we can use Lemma 3.1 to reduce matters to the analysis
of the high frequency portion of the operator, and we therefore need only to show that

[T f ()l S MM[)(x). (1)

To this end, given a Littlewood—Paley partition of unity as in (7), for j > 1 we consider
the operator

T f(x) = / Kijx,y)f(ydy = / ( / a(x, )Y (§)e VETPES as) F() dy,
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in the decomposition of Ty in (refdecompositionofT). The analysis then hinges on
a continuous partition of unity. Let A > —1 to be fixed later, and take a radially
symmetric 0 € CZ°(R") supported in a ball of small radius and positive in the interior
of the ball. Let O; = supp(¥j—1 + ¥; + ¥;+1). We then have for & € suppys; that

1=f 9(2*f<s—n>>dn// 02 (¢ — ) do
0; 0j

=/ (9(2”<s—n>>/f 9(2“'(§—w>)dw> dn =:f p; (&, n)dn.
0; 0; 0j

For these cut-off functions one has that for all £ € suppy;
10¢ pj (&, m)| < Co2" I HIM, (12)

This is so because when & € suppy; and the support of 6 is sufficiently small, then
the extra margins in O; ensure that for all j > 0,

/0]_ 6 (27— ) dn = /R 6 (27— n) dn = 2*“”'/9«0) do.

With the partition of unity introduced above, define the kernels

KjCe.y.m) = / a(x,§)pj (€ My (E)eVEHED g,

With these the kernel of 7; can be written as
Ki(x,y)= / Kj(x,y,n)dn,
J

and therefore at least formally (subject to convergence issues that will be resolved
momentarily)

T, () Sf()./lKj(x,ym)f(y)ldydn. (13)

Our goal now is to obtain a pointwise estimate for the operator 7, by estimating its
kernel K (x, y) in a certain way. To achieve this, we rewrite the phase function of
Kj(x,y,n) as

—y-E+9,8) = (—y+ Veplx.m) - &+ hj(x, & 1),
with n € R" and hj(x,&,n) = @(x,§) — Vep(x, n) -,

which in turn yields

Kj(x,y,n) = / bj(x, &, n)e YTV m)E g
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where b (x, &, 1) := a(x, §)p; (€, myr; (€)ei &0,

Now, the mean-value theorem yields that on the support of b;, dzh;(x,&,1n) =
(Vg ¢)(x, n) - (§ —n) for some n on the line segment between & and v. Therefore on
supp b;, (3) yields that

26=4=2J | =1
ay . <
|a§hj(x7$5 IS 2(s—lal)j lo| > 1.

Setting
S
A=—-—1,
2
we have that for all o
|3geih_;(x,§,n)| < Helj, (14)

Leibniz’ formula, the assumption on the amplitude and estimates (12) and (14) yield
that, on the support of b}f,

0gbj(x, &) < Co Y
S ap=a
< C, Z o (mni—lai+as|+rlex+aal)j

S op=a

05 alx, §)3° pj (5. MU (§)35" (M5

Thus we have that for all o

8¢b; (x, &, ,7)‘ < ¢, 2mitHntla] — ¢ omi+s/2=Do+a) (15)

Using integration by parts and estimate (15), we have for any nonnegative integer
N that

K (x, Veg(x,m) + y, p)| = 274"

/”j(x, 27tig, ek 35‘

. 1—A N .
/8_12 My.g (7E> bj(x,Z‘“S.n)dé‘

=2 Hin -
142724 |y P2

27" supp b (x, 27 (), )| ;
< el : l0gbj(x, 27 g, )]
(1272 |y )N ‘QKZQN £
< 2_2;‘ 3 o HlalgmiH /2D D]
a+2 IOY SN
omj . .
I — LV S IS R AT
S Ty 52 IyD)
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Hence, returning to (13), the previous estimate yields that

[IKj(x,y,n)f(y)Idy=/IKj(x,ng(x,n)+y,n)llf(y+Vg<p(x,n))Idy
< omi [ 1f(Veox.m) + )|
~ (14272 [y

< omj+nij |f My + Vep(x,n) q
h (I+1y)2N

o0
SamtnA Y omENk / o @My + Vep(x, m)ldy
k=0 =

o0
52’"’22’”"/ 1f G+ Veo(x, m)l dy
k=0 |y|<27i2k

5 2mj+n)anf(ng0(x, n))
_ 2mj+nAjMf (x + (ngﬂ(x» n — x)) :

Now the change of variables w := Vg@(x, n) — x, condition (8), and estimate (3)
imply that

IT; £ ()] S 2mf+"<f/2—1>f'/ Mf (x + (Vep(x,n) —x)) dn
In|~2J

_ 2mj+n(s/271)j*51j / Mf(x + w)dw
lo] S276-D
< 2(m—q+n(s—l)+l’l(5/2—l))./MMf(x)

< 2(qu+ns/2+n(372))j MMf(x)

Therefore summing in j and takingm < g —ns/2—n(s —2) = (—n(3s—4)+2q)/2
we obtain (11). O

Remark 3.4 A calculation shows that if the phase function is of the form ¢(x, &) =
x - &+ ¥(|&]), for a function ¥ € C*°(R),

Y (§]) !

2] (IR

|det 9% x, 6] = |

Now if we take ¥ (r) = r*, then this yields that
| det agg(x CE+ |é:|5)| =s(s — l)Sn71|§'|n(S72)_

If we instead take ¥ (r) = (1 + rz)% then

n—1
|det 02 (x - & + (€)1 = (s(6)°72) (&) A+ s = DIgP).
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For s # 1 and || large, we have (similar to the previous case) that
|det 82, (x - & + (£))] 2 |£1"072.

This means that for both phase functions, as long as s # 1 all the assumptions of

the theorem are satisfied for the phase and one obtains a pointwise estimate for the

corresponding OIOs when the order of amplitudes is strictly less than — 7.
However for s = 1, the phase function x - £ 4+ |£|° does not satisfy condition (8)

and for the phase function x - & 4+ (£)* one has for |£] large enough
|det 82, (x - & + (E))| 2 |52,

This means that one can deduce a pointwise estimate for the Klein—-Gordon operator
V1A of the form

(DY VIZA F ()| S M(F) () + M(M[)(x), (16)

provided that m < — w, but this estimate is not optimal. Indeed for both the wave

¢V 4 and the Klein-Gordon operators, it is }?ossible to use Theorem 1.4 to improve
the decay in the estimate above to m < —("%).

4 Weighted estimates for OlOs

Note that, (9) jointly with the boundedness of the Hardy-Littlewood maximal operator
M yields that, under the assumptions of Theorem 3.3, the operator 7, is automatically
bounded on any space where M? is bounded. In particular, it satisfies (1) for all
1 < p <oocand w € Ap. So the remaining difficulty in proving Theorem 1.6 is
to obtain the result for amplitudes where the decay m is equal to the critical index
m(s, q).

The following theorem establishes the L? boundedness of OIOs with phase func-
tions that satisfy a certain weak non-degeneracy condition.

Theorem 4.1 Assume that a(x, &) € LS, and ¢(x, ) is a phase function of order
s > 0. Then for m < 0 the OIO T is bounded on L*(R").

Proof We start by splitting the operator into low- and high frequency portions as in (10).
In light of Lemma 3.1, we have that |7y f (x)| < M(f)(x) and the L2-boundedness
of the Hardy-Littlewood maximal function (which is also a consequence of Theorem
2.4), we can confine ourselves to deal with the high frequency components 7'; of 17,
hence we can assume that & is large on the support of the amplitude a;(x, §) :=
a(x,&)y(277§). Here we shall use a T TJTk argument. The kernel of the operator
S;=T, TJ?“ reads

Kj(x,y) =2/" / (OO0 Y02 (£)q(x, 2 EYa(y, 2E) d.
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Now assumption (4) on the phase yields that there is a constant C > 0 such that
Velp(x, 276) — p(3, 2791 = C2|x - yl,

for j > 0,x,y € R" and £ € R"\{0}. This enables us to use the non-stationary phase
estimate (e. g. Theorem 7.7.1 in [8]), and the smoothness of the phase function ¢ (x, &)
in the spatial variable, yield that for all integers N

1K (x, y)| < Cn27%mm 20 (x — y)) =N,

for some constant Cy > 0.
This implies

sup f IK;(x, y)| dy < Cy2*™ (17)
X

forall N > n, and by symmetry we also have that sup,, JIKj(x,y)|dx <C N2

Therefore Schur’s lemma yields the L2-boundedness of § ; and summing in j and
using the fact that m < 0 we have that S and therefore T are L>-bounded. O

The following interpolation lemma is the main tool in proving the endpoint weighted
boundedness of OIOs.

Lemma4.2 Let1 < p < oo and my < my. Suppose that

(a) the OIO T, with amplitude a € L""Sf11 and the phase ¢ are bounded on LY, for
afixedw € Ay, and

(b) the OIO T with amplitude a(x, &) € LC’OS;"2 and the same type of phases as in
(a) are bounded on L,

where the bounds depend only on a finite number of seminorms in Definition 1.2. Then,
for each m € (my, m), operators with amplitudes in L>°S{" are bounded on Li)v,
where

my—m
V= —.
my — mj
Proof The proof is the same as Lemma 3.1 in [5]. O

Now we are ready to prove our main result concerning weighted boundedness of
OIOs. This is done by combining our previous results with a method based on the
properties of the A, weights and interpolation.

Proof of Theorem 1.6

First we note that the assumptions in the statement of the theorem and Theorem 3.3
guarantee the weighted boundedness for amplitudes of order m < m(s, g). Next by
the extrapolation Theorem 2.6, it is enough to show the boundedness of 7,/ in sz with
w € Az.
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my m(s,q) my

mpy—m(s,q) =1

Fig.1 We can choose m arbitrarily close to m(s, ¢). This shows that (1 + &) T

Letus fix mj such thatm(s, g) < my < 0. By Theorem 2.3, given w € A; choose ¢
such that w!*® € A,. For this ¢ take m| < m(s, q) in such a way that the line that joins
the points with coordinates (m1, 1 4 ¢) and (m3, 0) intersects the line x = m(s, g) in
the (x, y) plane in a point with coordinates (m(s, g), 1). Clearly this procedure could
be carried out, since Theorem 3.3 ensures that we can choose the point m; on the
negative x axis as close as we like to the point m (s, ¢). This is depicted in Fig. 1.

Using Theorem 3.3, given ¢ € C*°(R” x R"\{0}) satisfying the conditions of the
theorem and a € LOOST', the OIO T, is bounded on Li}l e

for w € A3, and by Theorem 4.1 the OIOs with amplitudes in LC’OS;"2 and phases
satisfying (4) are bounded on L2. Therefore, we can use Lemma 4.2 on w'** and
conclude that the OIOs T,/ with phases and amplitudes as in the statement of the
theorem are bounded operators on L2 . This concludes the proof of the theorem.

The result above also implies the extension of Theorem 1.5 in the introduction, namely.

Corollary4.3 For s > 0, s # 1 one has the following two sharp weighted norm
inequalities: For 1 < p < oo and all w € A, one has

_ns iAs/2
D)~ 2™ fllr SUfle, (18)

w w

and .
KDY~ 2 P flln SN F e (19)

Proof As was shown in Remark 3.4, the conditions on the phase functions x - & + |£]°
and x -£ 4 (£)® are satisfied with ¢ = n(s —2). Therefore Theorem 1.6 yields estimates
(18) and (19). O
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