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Abstract

We define a harmonic functions called Archimedean spirallike and hyperbolic spiral-
like functions. We investigate their geometric and analytic properties. Some examples
are provided.

Keywords Harmonic Archimedean spirallike functions - Harmonic hyperbolic
spirallike functions - Univalent - Harmonic spirallike functions - Jacobian

Mathematics Subject Classification 30C55 - 31A05 - 30C45

1 Introduction

Let D, = {z € C : |z] < r} be the open disc of the radius r of the complex plane,
T, ={z € C: |z] = r} and let D; = D be the unit disk. Also, we denote by A the
class of analytic functions on D with standard normalization f(0) = f’(0) — 1 = 0.

A harmonic mapping f of the simply connected region €2 is a complex-valued
function of the form

f=h+73, (1.1)

where / and g are analytic in €2, with g(zo) = 0 for some prescribed point zg € €.
We call h and g analytic and co-analytic parts of f, respectively. If f is (locally)
injective, then f is called (locally) univalent. The Jacobian and the second complex
dilatation of f are given by J(z) = |f:1* — | fz1* = [N (@)> — |g'(2)|* and 0 (z) =
g (2)/h (2) (z € ), respectively. A result of Lewy [5] states that f is locally univalent
if and only if its Jacobian is never zero, and is sense-preserving if the Jacobian is
positive. By H = H(ID) we denote the class of complex valued, sense-preserving
harmonic mappings in D. We note that each f of the form (1.1) is uniquely determined
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by coefficients of the power series expansions [3]

h(z)=ao+zanz”, g(z)=bo+zbnzn (z e D), (1.2)

n=1 n=1

wherea, € C,n=0,1,2,...and b, € C,n = 1,2, 3, .... By H a subclass of H with
the normalization #(0) = g(0) = 0, h/(0) = 1. Following Clunie and Sheil-Small
notation [3], we denote by Sy the subclass of Hy, consisting of all sense-preserving
univalent harmonic mappings of ID. Several fundamental information about harmonic
mappings in the plane can also be found in [4].

2 Differential operators

For f € C' (D), let the differential operators D and © be defined as follows

pf=:2_3% _ o —wo. @1
dz 07
and
of=: Y 7% _ v+, 22)
0z 07

where 0 f /dz and 0 f /07 are the formal derivatives of the function f

(20 g B (00
az 2 '

ax oy 0z 2\ax oy

Moreover, we define n-th order differential operator by the recurrence relation

D*f = D(Df) = zh' — 28’ + 22h" — 22¢"
= Df +Z2]’l// _ Z2g//7 an — D(anlf)’
D =DDS) = zh' + 28 + 220 + 28"
=Df + 220" +2%", D"f =D@" ).

We note that in the case when f is an analytic function (i.e. g(z) = 0), then both
D and D reduce to the Alexander differential operator zf”.

Now, we present several properties of the differential operators Df and © f. Most
of them follow from the usual rules of differential calculus therefore the proofs will
be omitted.
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Proposition 2.1 Let ¢, ¥ € C'(D) and let the linear differential operators D and D
be defined by (2.1) and (2.2). Then:

(@) D(p¥) =Dy + vy Do, D(py) = DY + ¥y Do,
(i) D (g) _ YDy —2¢>Dw’ D (g) _¥9¢ —zww’
v v v v
i) Do) = 2Dy + 22 Dy, Dgov) = Loy + Loy,
v aw oy Y oy oy

Proposition 2.2 Let f € C'(D) and let D and ® be defined by (2.1) and (2.2). Then

(a) Df = —Df, D f=2/.
(b) DRe f =ilm Df, ©Ref =RedDf,
(¢) DImf=—iReDf, DIm f =ImDf,

D D
(d) DIf|=i|fIIm7f, @IfIZIfIRCTf (f () #0),

(e) Dargf=—ReD7f, @arglemi% (f(z) #0),
(f) Re[DfDf1= Iz .

Proposition 23 Let f € CY(D), and let D, © be defined by (2.1) and (2.2). Also, let
z =reé'?. Then

%me’ r?a_{:@f’ ’aa—er=sz, 2.3)
0 D 9 D
a|£| = —|/lm ff’ % = |,ﬂR67f (f(2) #0), (2.4)
9 Df W (z) — 28/ (z)
90 Re —- =Re ————=—— 0), 25
a6 8/ =Re = ore VOO 2.5)
9 L Of 1 @ +8@
20 = = —Im —————— 0). 2.6
g ief = M= = Im = P == (@ #0. 26

Remark2.4 1If G € H, then DG(zz) = 0 and DG (arg z) = 0. Therefore the constant
functions for the operators D and ® are the functions of the form G(|z|?) and G (arg z),
respectively.

Remark 2.5 We note also that, if f(z) =az+Bza, € C,then® f(z) = az+ 7 =
f(@).

3 Starlikeness and spirallikenes of analytic functions

A domain D C C is said to be starlike w.r.t. origin if each point w € D may be
connected with origin by a segment that lies entirely in D. Geometrically, this means
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that the linear segment joining the origin to every other point w lies entirely in D.
An analytic function f that maps the unit disk ID onto starlike domain is called star-
like function [9]. Every starlike function in 4 is necessarily univalent. An analytic
necessary and sufficient condition for starlikeness of univalent functions is:

zf'(2)
f@

N

>0 (zeD).

Modifying the starlikeness condition by inserting a factor e” (|y| < m/2) we
obtain

mGW%%?>>0 (z € D), 3.1

that is the condition of y-spirallikeness of analytic functions f in D. The notion of
y-spirallikeness of f (D) geometrically means that the arc of the logarithmic spiral
(0;) = te'” (¢t € [0,00)) joining the origin to every other point w lies entirely
in f (D). It was shown by Spacek [8] that spirallike functions are univalent. Gamma
spirallike functions gained recognition of many researchers, their generalizations were
introduced and many properties were studied (see, for example [2, 6, 10]).

In 1981 Al-Amiri and Mocanu [1] proved a sufficient condition for a function
f € C1(D) to be univalent and to map I onto a spirallike domain.

Theorem 3.1 ([1])Suppose that a function f € C' (D) that vanishes only at the origin,
and let y be a given real number such that |y| < /2. If J; > 0 on D, and

2)%{ i, Df (@)

e f&)}>o (zeD\ {0} (3.2)

then f is univalent in D and f (D) is y- spirallike domain.

It is noteworthy that (3.2) reduces then to (3.1) in the case of f € A. The properties
of harmonic starlike and spirallike functions were considered in [7].

4 Harmonic Archimedean and hyperbolic spirallikeness

Al-Amiri and Mocanu in their paper [1] stated that the same method of proof for
y-spirallikeness can be used to show a sufficient conditions for Archimedean and
hyperbolic starlikeness.

Definition 4.1 Let (o) be the parametric family of Archimedean spiral arcs defined
by 0p 1 w = wy(t) = te! TP 1 € (0,00), ¢ € [0,27). It is clear that through
each point w € C\ {0} passes only one spiral of the family (o). We say that D is an
Archimedean spirallike domain if for each w € D, w # 0, the part of the spiral arc
0 joining the origin to the point w lies entirely in D.
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Definition 4.2 Let the family (o) of hyperbolic spiral be defined by oy : w =
we(t) = Tt t € (0, 00), ¢ € [0,27). We say that D is a hyperbolic spirallike
domain if for each point w € D, w # 0, the part of the spiral arc oy, joining the
origin to the point w, lies entirely in D.

Definition 4.3 Let G be differentiable function in the interval (0, co). We say that D
is a generalized spiral-shaped domain, if for each point w € D, w # 0, the part of
the spiral arc wy (1) = 1e!(CO+9) € (0, 00), ¢ € [0, 27r), joining the origin to the
point w, lies entirely in D.

Remark 4.4 We remark that the Definition 4.3 reduces to the definition of:
(i) starlikeness, if G = 0; _
(ii) spirallikeness, if G(w) = €7, |y| < %;
(iii) Archimedean spirallikenes, if G(w) = w.
Now, we define harmonic Archimedean, hyperbolic and generalized spirallikeness.

Definition 4.5 A harmonic function f € H is called Archimedean spirallike function
if f is orientation-preserving and univalent on D and if f(ID) is Archimedean spirallike

domain. The class of such functions will be denoted by ’H(;‘ §. Similarly, a harmonic
function f € Hy is called hyperbolic spirallike if it is orientation-preserving and
univalent on D and if f(ID) is a hyperbolic spirallike domain. We denote by HZ){ §
the class of such functions. Generally, a harmonic function f € Hy will be called
generalized spiral-shaped function, if it is orientation-preserving and univalent on D
and if f(DD) is a generalized spiral-shaped domain. This class of functions will be

denoted by ’Hg 5.
Theorem 4.6 Suppose that a function f € Ho be such that f(z) = 0iffz = 0, and
that Jy > 0 onD. Then f € H645 if and only if the following inequality

Df (2)
f(@

E)’t{(l—ilf(Z)l) }>0 (zeD\ {0} 4.1)

is satisfied.

Proof The proof will be a modification and supplement to that from [1], which con-
cerned the y-spirallikeness conditions of f € C!(I)), and contained only necessary
condition for y-spirallikeness.

Assume first that (4.1) is satisfied. For 0 < r < 1 we denote C, = f(T,). We
note that 0 ¢ C, for 0 < r < 1. We now prove that the function f is univalent in D.
To do this we will show that (C,) contains only non-intersecting Jordan curves. Let
(o) be the family of spirals such that o4 has the parametric representation oy : w =
we (1), t € R,and wy = te!"*+9) Ttis clear that through each point z € C \ {0} passes
only one spiral of the family (o). Hence, for z = re? (0 <r <1, 0<6 < 2n),the
equation f(z) = wy(t) determines a unique ¢ = ¢(r, 0) € [0, 27). We first prove
that C, is a Jordan curve for each 0 < r < 1. It can be achieved by showing that

d¢

55 =0 (@ el0.2m) 4.2)
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and that the total variation of ¢ (r, #) on a segment [0, 277) is equal 2. From the
representation of wy we get

If@I =1 Argfz)=1+0¢, (4.3)

and from this

¢ =Arg f(z) — |f ()] = Arg f(z) — 1. 4.4

Differentiating with respect to 6 and using (2.4) and (2.5) we obtain from (4.4)

= =ReD7f+|f<z>|1mD7f —Re {(1—i|f(z>|>07f}. 4.5)

Hence, by (4.1) the condition (4.2) is satisfied.

Furthermore, condition f(z) = 0 for z € D \ {0} implies that the curves C,,r €
(0, 1), are homotopic in the domain C \ {0}. Thus they have the same index with
respect to the origin, i.e., indyC, = const for all r € (0, 1). By condition J > 0 the
function f is univalent and preserves the orientation in a neighborhood of the origin.
This implies the existence of rg € (0, 1) such that indyC, = 1 for r < ro. Hence the
total variation of the argument along C, is 2, that is,

Varg<g-ax Arg f(re') =27 (r € (0, 1)). (4.6)
Now (4.4) and (4.6) yield
Varg<g<a2¢(r,0) = Varg<g<ox Arg f(re'?) = 27, 4.7)

which gives that for each r € (0, 1), C, is a simple Archimedean spirallike.
To complete the proof of the theorem we need only show that C, N C, = #,
whenever r # p, r, p € (0, 1). Fix a value ¢ € [0, 27). The system

f@=we(®) (zl=7r,0<r<1)

yields a unique z = re’?, § = 6(r), and a unique ¢ = 1(r, 8) = t(r). It follows that
our assertion is equivalent to showing

dt
— >0 for re(,1). 4.8)
dr

Differentiating (4.3) with respect to r, and applying (2.4) and (2.5) we obtain

lde _ 1. ©f do  Df

— —_Re 2L — ZZim =L

tdr r  f dr  f°
d

de 1\, ©f db Df
dr r f dr f
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Multiplying the first equality by Re 2L f and the second by Im 2 7 and summing up
we get

<Re7+1 )dr_r<R fRef—i—ImfI f)
DfDf 1r2Jf(z)

_R —

r fr roIfI?

rJr(2)

| f1?

Hence

D D d
12 ( Re 7f+1 ff)d—i=r1f(z),

that is, applying (4.3)

Df Df\ dr
[f] (ReT-HflImT)d—r—fo(Z), 4.9)
which is equivalent to
Df | dt
|fIRe {(1 —ilfD Tf} o rJr(2). (4.10)

By the assumpion f is orientation preserving, so that J; > 0 in D and therefore, by
(4.10), the condition (4.8) holds, Hence f is univalentinID. Moreover f(ID,) C f(ID,)
for0 <r < p < 1. Thus f(ID,) and hence f (D) are Archimedean spirallike.
Assume now that f is univalent on D, orientation preserving and that f(D,) is
Archimedean spirallike. Then the intersection of C, with wg(t) is connected for each
0 <r < 1land ¢ € R. Hence ¢(f) and = t(r), given by (4.3) are nondecreasing in
0,and 0 < r < 1, respectively. The identities (4.10) and (4.5) yields then (4.1). O

Reasoning along the same line, we obtain

Theorem 4.7 Suppose that a function f € Ho vanishes only for z = 0, and be such
that Jy > 0 onD. Then f € HZ){S if and only if the following inequality

Df (z)
f(@

E}i{(lf(z)l—}-i) } >0 (zeD\{0}) (4.11)

is satisfied.



133 Page8of12 S.Kanas

Theorem 4.8 Suppose that a function f € Hy satisfies the conditions that f(z) = 0
for z =0 and that Jy > 0 on D. Moreover, let G be a differentiable function in the

interval (0, 00). Then f € 'Hgs if and only if the following inequality

Df (2)
f(@)

R {(1 —ilf@IG(f@)D) } >0 (zeD\ {0} (4.12)

is satisfied.

Remark 4.9 We note that the condition (4.12) can be rewritten as

zh'(2) — 28’ (2)

RNyd—i =
{( if @D "D 130

} >0 (zeD\({0}. (4.13)

5 Examples

The introduced function classes are not empty, even though it is not easy to determine
the appropriate examples. Below we present some examples of the functions of the
considered classes.

Example 5.1 We note that the harmonic Koebe function does not satisfy the condition
(4.1), that is the harmonic Koebe function is not Archimedean spirallike. Also, har-
monic Koebe function is not hyperbolic spirallike. Indeed, for k3 (z) = h(z) + g(2),
where

_2—2%/2+2°/6
(=23 7

_22423/6

h(z) 8(2) = 1= 23

we have

2(l+2) 22(1+72)
I—2% (A—-2*

D ky(z) =
and for Archimedean case we obtain (using Wolfram Mathematica, ver. 8.0)

L
~~7.8026 for 29 =—3+ L

Dk
Re {(1 — i [y zo)) ”(ZO)} .

kw(z0)

and for zg = % - ZZ in the hyperbolic case we have

Dk1(z0)

Re {(|kH(ZO)| +1) W

} ~ —0.2847.
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—2.0 —1.5 —1.0 —0.5 0.0 0.5 1.0
Fig.1 The domain £(D) for £(2) = —— + —=
' ’ T 44z 44z
But for G(w) = log w and zg = —3 + § we obtain
- Dky((zo0)
Re {(1 — i kp(z0)| G (kp(z0)])) =2 b~ 0.6655,
kr(zo)

which means, that generalized spirallikeness is possible, for some G.

4z 27

Example 5.2 Let = + —
P f@ 447 447

regular and a disk-like as seen in the attached figure (Fig. 1)
This function satisfy the normalized condition f(0) = 0, h’(0) = 1. The analytic

= h + g. The image of the unit disk is very

4
part of f thatis h(z) = 4_5 is Archimedean spirallike, since
z

. zh'(2) } zh'(2) zh'(2)
R 1—ilh =R + |h I
e{( ilh(2)) e e e |2 (z)| Im e,
4 4z 4 4 4
= Re Im > - — - — ~ (04863 > 0.
44z 44z 44z 5 31
Also
16z 87

PIO=ary @ o
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ost A .

0.0

—0s5 N\ .

T S B S S S S S S B
—0.5 0.0 0.5 1.0 1.5

z

Fig.2 The domain f(D) for f(z) = m

hence

g (@) 2

h'(z)

1
< - <1.
2

8 l4+z
T 16447

Therefore J¢(z) > 0 in D and then f is sense-preserving. However f is not
Archimedean spirallike, since

Df (@) + | f(2)|Im 22i<) ~ —1.1766 for z = —é - %i,

@) @

and, for the same z

Re

Re {(If(z)l +i) M} ~ _8.4093,

@)
which means that f is not hyperbolic spirallike.
Example 5.3 Consider now the function mapping the unit disk to a domain similar in
shape to the mapping from the previous example (Fig. 2)

Z

IO =a=5a==5"

Then

1 Lo on z
A=z —z5 "O=bL ¢@=G5"30 357

h(z) =
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hence |g'(z)/h'(z)| < 1, so that f is orientation-preserving mapping. Moreover

Dfz) S z Df(x) Df 5

— then Re 1, Im— > ——

fz) 5-z 5-% fl@ f 12

Also | f(z)| < 25/16. Hence

5 125
f(Z)+|f<>| BIQ 2> 1-22 20 e,

>
f (2) f@ 12 192

so that f is Archimedean spirallike in D.
Consider now hyperbolic spirallikeness of f. We have

f(z)}z R 2f@ | DG _ 2@
{(|f<)|+ /) o |f(z)Re o "M |f (@)l m—
(5.1
Since
()] = 25]|z| Df(2) _ 10Im z Df(z)
15 —z> @ Bz f@

then (5.1) holds if, and only if 25|z] — 10 Im z > 0, which is satisfied for z € D. Thus
f is also hyperbolic spirallike.
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