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Abstract
We study symmetries, invariant solutions, and conservation laws for the dispersionless
Veselov–Novikov equation. The emphasis is placed on caseswhen theodes involved in
description of the invariant solutions are integrable by quadratures. Then we find some
non-invariant solutions, in particular, solutions that are polynomials of an arbitrary
degree N ≥ 3with respect to the spatial variables. Finallywe compute all conservation
laws that are associated to cosymmetries of second order.

Keywords Dispersionless Veselov–Novikov equation · Symmetry · Exact solution ·
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1 Introduction

We consider the dispersionless Veselov-Novikov equation (dVN) [11] written in the
form

utxy = (uxxuxy)x + (uxyuyy)y . (1)

This equation describes the propagation of the high frequency electromagnetic waves
in certain nonlinear media, see [12] and references therein. Nontrivial t-independent
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solutions of dVN are related to the problem of existence of the first integrals for
the geodesic or magnetic geodesic flows on a two-torus, [23]. Equation (1) is the
dispersionless reduction of the Nizhnik–Veselov–Novikov equation [17,24]. The Lax
representation [21]

⎧
⎪⎪⎨

⎪⎪⎩

qt = 1

3

(

q3x − u3xy
q3x

)

+ uxx qx − uxy uyy

qx
,

qy = −uxy
qx

.

(2)

of dVN is the dispersionless reduction of the Lax representation of the Nizhnik–
Veselov–Novikov equation. In [2] the Lax representation (2) was used to construct
two-dimensional reductions of dVN.

In the present paper we study exact solutions and conservation laws of dVN. We
find the contact symmetry algebra and the explicit form for the transformations from
the contact symmetry pseudogroup of dVN. Then we employ the pseudogroup to
find the optimal system of one-dimensional subalgebras of the symmetry algebra. We
factorize dVN with respect to the symmetries from the optimal system and obtain
two-dimensional partial differential equations (pdes) (8) and (50) for the invariant
solutions as well as their Lax representations. Then we find the symmetry algebras
and their optimal systems of one-dimensional subalgebras for equations (8) and (50).
The factorization with respect to the subalgebras provide the collection of ordinary
differential equations (odes) that describe invariant solutions to (8) and (50). We find
some cases when the obtained odes are integrable by quadratures, thus providing
exact solutions for dVN. Further, we study solutions that are not invariant with respect
to contact symmetries. In particular, we find a class of solutions to dVN that are
polynomials in x and y of arbitrary degree. Finallywefind thewhole set of conservation
laws that are associated to cosymmetries defined on the second order jets.

2 Preliminaries

The presentation in this section closely follows [13,15,25]. Let π : Rn × R → R
n ,

π : (x1, . . . , xn, u) �→ (x1, . . . , xn), be a trivial bundle, and J∞(π) be the bundle
of its jets of infinite order. The local coordinates on J∞(π) are (xi , u, uI ), where
I = (i1, . . . , in) are multi-indices, and for every local section f : Rn → R

n × R

of π the corresponding infinite jet j∞( f ) is a section j∞( f ) : Rn → J∞(π) such

that uI ( j∞( f )) = ∂#I f

∂x I
= ∂ i1+···+in f

(∂x1)i1 . . . (∂xn)in
. We put u = u(0,...,0). Also, we will

simplify notation in the following way, e.g., in the case of n = 3: we denote x1 = t ,
x2 = x , x3 = y, and u(i, j,k) = ut ...t x ...x y...y with i times t , j times x , and k times y.

The vector fields

Dxk = ∂

∂xk
+

∑

#I≥0

uI+1k
∂

∂uI
, k ∈ {1, . . . , n},
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(i1, . . . , ik, . . . , in) + 1k = (i1, . . . , ik + 1, . . . , in), are called total derivatives. They
commute everywhere on J∞(π) and are annihilated by the ideal of contact forms
〈duI − ∑n

k=1 uI+1k dx
k | #I ≥ 0〉.

The evolutionary vector field associated to an arbitrary smooth function ϕ : J∞(π)

→ R is defined as

Eϕ =
∑

#I≥0

DI (ϕ)
∂

∂uI

with DI = D(i1,... in) = Di1
x1

◦ · · · ◦ Din
xn .

A pde F(xi , uI ) = 0 of order s ≥ 1 with #I ≤ s defines the submanifold E =
{(xi , uI ) ∈ J∞(π) | DK (F(xi , uI )) = 0, #K ≥ 0} in J∞(π).

A function ϕ : J∞(π) → R is called a (generator of an infinitesimal) symmetry
of equation E when Eϕ(F) = 0 on E. The symmetry ϕ is a solution to the defining
system

�E(ϕ) = 0, (3)

where �E = �F |E with the differential operator

�F =
∑

#I≥0

∂F

∂uI
DI .

The symmetry algebra Sym(E) of equation E is the linear space of solutions to (3)
endowed with the structure of a Lie algebra over R by the Jacobi bracket {ϕ,ψ} =
Eϕ(ψ) − Eψ(ϕ). The algebra of contact symmetries Sym0(E) is the Lie subalgebra
of Sym(E) defined as Sym(E) ∩ C∞(J 1(π)). The point symmetries are the contact
symmetries whose generators are polynomials in uxi of degree 1.

The contact symmetry pseudogroup of a pde E ⊂ J∞(π) is the collection of all
the local diffeomorphisms Γ∞ : J∞(π) → J∞(π) that preserve the submanifold E

as well as the ideal of contact forms.
Let φ be a symmetry of E, then the φ–invariant solution of E is the solution of the

compatible system F = 0, φ = 0.
For a pde E in three independent variables t , x , y a conservation law, [18, § 4.3],

[25, Ch. 5], is a horizontal two-form

Ω = P1 dx ∧ dy + P2 dy ∧ dt + P3 dt ∧ dx,

closed with respect to the horizontal differential dh , which means that

dhΩ = (
Dt (P1) + Dx (P2) + Dy(P3)

)
dt ∧ dx ∧ dy = 0

on E. Functions Pi are smooth functions on E. The conservation law is referred to
as a trivial conservation law when there exists a horizontal one-form ω such that
Ω = dhω. Nontrivial conservation laws are associated with cosymmetries of equation



126 Page 4 of 26 O. I. Morozov, J.-H. Chang

E, see discussion in [14, Ch. 1]. Let P̃i be arbitrary extensions of Pi on J∞(π), then
for Ω̃ = P̃1 dx ∧dy+ P̃2 dy∧dt + P̃3 dt ∧dx there holds dhΩ̃ = ψ · F dt ∧dx ∧dy
for some function ψ on J∞(π). The restriction ψ |E depends on Ω only and is called
the generating function or characteristic of the conservation law Ω . The conservation
law is trivial if and only if its generating function vanishes. Generating functions are
solutions to equation

�∗
E(ψ) = 0 (4)

with �∗
E = �∗

F |E, where the adjoint operator to �F is

�∗
F =

∑

#I≥0

(−1)|I | DI ◦ ∂F

∂uI
.

A solution of (4) is referred to as a cosymmerty of equation E.

3 Symmetries of dVN

3.1 The symmetry algebra

Direct computations1 show that the contact symmetry algebra Sym0(dVN) is gener-
ated by functions

φ0(A) = −A ut − 1
3 A′ (x ux + y uy) − 1

18 A′′ (x3 + y3),

φ1,1(A) = −A ux − 1
2 A′ x2,

φ2,1(A) = −A uy − 1
2 A′ y2,

φ1,2(A) = −A x,

φ2,2(A) = −A y,

φ3(A) = A,

ψ = 3 u − x ux − y uy,

where A = A(t) and B = B(t) below are arbitrary smooth functions of t . Actually,
all the contact symmetries of (1) turn out to be point symmetries. The structure of the
Lie algebra Sym0(dVN) is defined by the commutator table

{φ0(A), φ0(B)} = φ0(A B ′ − B A′),
{φ0(A) φi, j (B)} = φi, j

(
A B ′ − (

1 − 2
3 j

)
B A′) , i, j ∈ {1, 2},

{φ0(A), φ3(B)} = φ3(A B ′),
{φi,1(A), φ j,1(B)} = δi j φi,2(A B ′ − B A′),

1 Computations of symmetries, their commutators, cosymmetries, and conservation laws were supported
by the Jets software [1].
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{φi,1(A), φ j,2(B)} = δi j φ3(A B ′),
{φi,1(A), φ3(B)} = 0,

{φi,2(A), φ j,2(B)} = 0,

{φi,2(A), φ3(B)} = 0,

{φ3(A), φ3(B)} = 0,

{ψ, φ0(A)} = 0,

{ψ, φi, j (A)} = − j φi, j (A),

{ψ, φ3(A)} = −3φ3(A).

Direct computations show that the contact symmetry pseudogroup of equation
(1) is generated by the infinite prolongations of the (local) diffeomorphisms
Γ0 : (t, x, y, u) �→ (t̃, x̃, ỹ, ũ) of the form

⎧
⎪⎪⎨

⎪⎪⎩

t̃ = B0, x̃ = ε
(
B ′
0 x + B1

)
, ỹ = ε

(
B ′
0 y + B2

)
,

ũ = ε3
(

u − B ′′
0

18B ′
0

(x3 + y3) − 1

2(B ′
0)

1/3 (B ′
1 x

2 + B ′
2 y

2)

+B3 x + B4 y + B5),

(5)

where ε �= 0, Bi = Bi (t) are arbitrary functions, B ′
i = dBi

dt
, and B ′

0(t) �= 0. In other

words, substitution for (5) into dVN written in the tilded variables yields (1).

3.2 The optimal system of one-dimensional subalgebras

Since the symmetry algebra of dVN is infinite-dimensional and depends on 6 arbitra-
ry functions of one variable, the problem of examining all invariant solutions is very
complicated. To overcome the difficulty, we use the following observation: transfor-
mations from the symmetry pseudogroup (5) preserve equation (1), while changing the
symmetry generators. Therefore we can classify the orbits of the action of (5) on the
Sym0(dVN). In order to use symmetries for computing invariant solutionswe consider
symmetries whose generators depend explicitly on at least one of the variables u, ut ,
ux , or uy .

Proposition 1 Each symmetry

Φ = φ0(A0) + φ1,1(A1,1) + φ2,1(A2,1) + φ2,1(A2,1) + φ2,2(A2,2) + φ3(A3) + μψ

from Sym0(dVN) with A2
0 + μ2 + A2

1,1 + A2
2,1 �≡ 0 is equivalent with respect to the

action of the pseudogroup (5) to one of symmetries

χ1 = φ0(1) + μψ = −ut + μ (3 u − x ux − y uy),

χ2 = ψ = 3 u − x ux − y uy,

χ3 = φ1,1(1) + φ2,1(A) = −ux − A uy − 1
2 A′ y2,
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χ4 = φ2,1(1) + φ1,2(A) = −uy − A x .

Proof Let A0(t) �= 0. Put ε = 1 and consider solutions B0(t), ... , B5(t) to the system
of odes

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

B ′
0 = A−1

0 ,

B ′
1 = μ A−1

0 B1 − A−4/3
0 A1,1,

B ′
2 = μ A−1

0 B2 − A−4/3
0 A2,1,

B ′
3 = 1

3 A−1
0 (6μ − A′

0) B3 + μ A−5/3
0 A1,1 B1 − A−2

0 (A0 A1,2 + A2
1,1),

B ′
4 = 1

3 A−1
0 (6μ − A′

0) B4 + μ A−5/3
0 A2,1 B2 − A−2

0 (A0 A2,2 + A2
2,1),

B ′
5 = A−1

0 (3μ B5 − A1,1 B3 − A2,1 B4 − A3).

Direct computations show that for χ̃1 = −ũt̃ + μ (3 ũ − x̃ ũ x̃ − ỹ ũ ỹ) there holds
Γ ∗
1 (χ̃1) = Φ, where Γ1 is the first prolongation of (5). Therefore the inverse diffeo-

morphism maps Φ to χ̃1.
When A0(t) ≡ 0 and μ �= 0, put ε = μ1/3 and define (5) by B0 = t , B1 =

μ−1 A1,1, B2 = μ−1 A2,1, B3 = 1
2 μ−2 (μ A1,2 − A1,1 A′

1,1), B4 = 1
2 μ−2 (μ A2,2 −

A2,1 A′
2,1), B5 = 1

6 μ−3 (2μ2 A3+μ (A1,1 A1,2+A2,1 A2,2)−A2
1,1 A

′
1,1−A2

2,1 A
′
2,1).

Then we have Γ ∗
1 (χ̃2) = Φ|A0=0.

Suppose now that A0(t) ≡ 0, μ = 0, A1,1(t) �= 0, and A2,1(t) �= 0. Put ε = 1
and define functions Bi , A(t̃) by equations B ′

0 = A−3
1,1, B

′
1 = A1,2A

−2
1,1, B

′
2 = (A2,2 +

(A1,1A′
2,1 − A2,1A′

1,1) B2) A
−1
1,1A

−1
2,1, B3 = 1

2 (A1,1A′
2,1 − A2,1A′

1,1) B
2
2 − A3 A

−1
1,1,

B4 = 0, and A(B0(t)) = A2,1(t)/A1,1(t). Then Γ ∗
1 (χ̃3) = Φ|A0=0,μ=0.

Finally,when A0(t) ≡ 0,μ = 0, A1,1(t) ≡ 0, and A2,1(t) �= 0, put ε = 1 anddefine
functions Bi , A(t̃) by equations B ′

0 = A−3
2,1, B1 ≡ 0, B2 = A2,2A

−2
2,1, B3 ≡ 0, B4 =

−A3 A
−1
2,1, and A(B0(t)) = A1,2(t) A2,1(t). Then Γ ∗

1 (χ̃4) = Φ|A0=0,μ=0,A1,1=0. ��

4 Invariant solutions

In this section we analyze reductions of dVN with respect to the symmetries χ1, ... ,
χ4.

4.1 Reduction w.r.t. �1

The χ1–invariant solutions of dVN satisfy equation (1) and

χ1 = −ut + μ (3 u − x ux − y uy) = 0,

so they are of the form

u = e3μt Û (s, w), s = x e−μt , w = y e−μt . (6)
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Table 1 Commutator table of
the Lie algebra Sym0(Eμ)

η2 η3 η4 η5 η6

η1 −η2 −η3 −2 η4 −2 η5 −3 η6

η2 0 η6 0 0

η3 0 η6 0

η4 0 0

η5 0

We introduce function

Û = U − μ

6
(s3 + w3) (7)

for convenience of the further computations. Substitution for (6), (7) into (1) shows
that U (z, w) is a solution to equation Eμ defined by

Uwww = −Usss − UssUssw +UwwUsww

Usw
+ 3μ. (8)

This equation admits a Lax representation. Indeed, symmetry χ1 has the lift (χ1, χ̂1)

with χ̂1 = −qt + μ
( 3
2 q − x qx − y qy

)
to the Lax representation (2). Solutions to

equation χ̂1 = 0 are of the form q = e
3
2 μ t Q(s, w). Substituting this into (2) yields

the Lax representation

⎧
⎪⎨

⎪⎩

Q6
s = −3Uss Q

4
s + 9

2
μ Q Q3

s + 3Usw Uww Q2
s +U 3

sw,

Qw = −Usw

Qs

for equation (8). We put Qs = S and obtain another Lax representation for (8):

⎧
⎪⎪⎨

⎪⎪⎩

Ss = − S

2

(3μ + 2Usss) S4 − 2 (UwwUssw +UswUsww) S2 − 2U 2
swUssw

S6 +Uss S4 +UswUww S2 +U 3
sw

,

Sw = − S

2

2UsswS4 + (2UssUssw +Usw (2Usss + 3μ) S2 − 2UswUsww

S6 +Uss S4 +UswUww S2 +U 3
sw

.

Now we analyze invariant solutions to equation (8). We consider cases μ �= 0 and
μ = 0 separately.

4.1.1 Case� �= 0.

When μ �= 0, the symmetry algebra Sym0(Eμ) of equation (8) is generated by func-
tions η1 = 3U − s Us − wUw, η2 = −Us , η3 = −Uw, η4 = s, η5 = w, η6 = 1. The
structure of this Lie algebra is defined by the commutators in Table 1.
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Table 2 The adjoint reperesentation of the Lie group Gμ

η1 η2 η3 η4 η5 η6

η1 η1 e−τ η2 e−τ η3 e−2τ η4 e−2τ η5 e−3τ η6

η2 η1 + τ η2 η2 η3 η4 + τ η6 η5 η6

η3 η1 + τ η3 η2 η3 η4 η5 + τ η6 η6

η4 η1 + 2 τ η4 η2 − τ η6 η3 η4 η5 η6

η5 η1 + 2 τ η5 η2 η3 − τ η6 η4 η5 η6

η6 η1 + 3 τ η6 η2 η3 η4 η5 η6

The adjoint representation of the Lie group Gμ associated with the finite-
dimensional Lie algebra Sym0(Eμ) is defined by the Lie series

Adτ ηi (η j ) = exp(τ ad ηi )(η j ) =
∑

k≥0

τ k

k! (ad ηi )
k(η j ),

where ad ηi (η j ) = {ηi , η j }. This representation is given by Table 2. In this table the
(i, j)-th entry is the expression for Adτηi (η j ). Using this table one can classify the
orbits of action of the adjoint representation of the Lie group Gμ on its Lie algebra
Sym0(Eμ):

Proposition 2 Each symmetry of equation Eμ with μ �= 0 is equivalent under the
action of the adjoint representation of Gμ to one of the symmetries

ζ1 = η1 = 3U − s Us − wUw,

ζ2 = η3 + α η2 + β η4 + γ η5 = −Uw − αUs + β s + γ w,

ζ3 = η2 + β η4 + γ η5 = −Us + β s + γ w,

where α, β, γ ∈ R.

Proof is obtained by the standard computation, see, e.g., [18, § 3.3]. ��
Thus each invariant solution to equation (8) can be obtained by an action of appro-

priate superposition of transformations Adτ ηi (η j ) from ζk–invariant solutions. Below
we examine such solutions.

4.1.1.1. Solutions invariant w.r.t. ζ1.
The ζ1–invariant solutions satisfy (8) and ζ1 = 0, therefore they are of the form

U = s3 W (z), z = w s−1, (9)

where W is a solution to the ode

Wzzz = (5 z3 − 1)W 2
zz − z (22 z Wz − 18W + 3μ)Wzz

2
(
(z3 − 1)Wzz − (3 z3 − 1)Wz + 3 z2 W

)



The dVN equation: symmetries, exact solutions, and conservation laws Page 9 of 26 126

+ 20 z W 2
z − 6 (4W − μ)Wz

2
(
(z3 − 1)Wzz − (3 z3 − 1)Wz + 3 z2 W

) . (10)

We could not obtain the general solution to this ode. Instead, we find a family of
particular solutions given by

W = 1

18 a1 a2

(
(3μ a1a2 − 4 a31 + 2 a32) z

3 + 3μ a1a2 − 4 a32 + 2 a31
)

+ a2 z
2 + a1 z,

where a1a2 �= 0. Then (6), (7), (9) give the t-independent solution

u = x y (a1 x + a2 y) + 1

9 a1a2

(
(a31 − 2 a32) x

3 + (a32 − 2 a31) y
3
)

(11)

to dVN.

4.1.1.2. Solutions invariant w.r.t. ζ2.
For ζ2–invariant solutions there holds ζ2 = 0, or

Uw + αUs − β s − γ w = 0.

When α �= 0, this equation gives

U = V (z) + β

2 α
s2 + γ

2
w2, z = s − α w. (12)

Substituting for (12) into (8) yields

Vzzz = − 3α μ Vzz
2α (α3 − 1) Vzz − β + α2 γ

. (13)

This equation is integrable by quadratures. When β = α2 γ , α �= −1, the general
solution to (13) is

V = − μ

4 (α3 − 1)
z3 + c2 z

2 + c1 z + c0,

where c0, c1, c2 are arbitrary constants. This function produces solution

u = μ

12 (α3 − 1)

(
(α3 + 2) y3 − (2 α3 + 1) x3

)
+ 3α μ

4 (α3 − 1)
x y (x − α y)

+1

2
eμ t

(
(α γ + 2 c2) x

2 + (γ + 2 c2 α2) y2 − 4 c2 α x y
)

+c1 e
2μ t (x − α y) + c0 e

3μ t (14)

of dVN.
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Remark 1 If u is a solution to (1), then for arbitrary functions b0(t), b1(t), b2(t) the
linear combination u + b0(t) + b1(t) x + b2(t) y is a solution to dVN as well. So we
can put c0 = c1 = 0 in (14) without loss of generality. In what follows we will ignore
the linear in x and y terms in solutions of dVN. ��

When β �= α2 γ , α �= −1, equation (13) has the first integral

2α (α3 − 1) Vzz + (α2 γ − β) ln Vzz = −3α μ z + c0, c0 ∈ R.

hence the general solution in this case is of form

V =
∫ (∫

H(−3α μ z + c0) dz

)

dz, (15)

where function H(τ ) is defined by formula

2 α (α3 − 1) H(τ ) + (α2 γ − β) ln H(τ ) ≡ τ. (16)

This function can be expressed in terms of the Lambert W function, [6], while the
expression is too complicated to be written here.

When α = −1, β �= γ , the general solution of (13) reads

V = c2 exp

(
3μ z

β − γ

)

+ c1 z + c0, ci ∈ R,

to dVN of the form

u = c2 exp

(

3μ

(

t + e−μ t x − y

β − γ

))

− μ

6
(x3 + y3) + 1

2
eμ t (β x2 + γ y2),

(17)

cf. Remark 1.
Finally, when α = 0 we have solution

U = μ

2
s3 + γ

2
w2 + β s w + c2 z

2 + c1 z + c0

of equation (8). This produces the following solution to dVN:

u = μ

6
(2 x3 − y3) + eμ t (β x y + c2 x

2 + γ y2). (18)

4.1.1.3. Solutions invariant w.r.t. ζ3
The ζ3–invariant solution of equation (8) has the form

U = β

2
s2 + γ s w + c0 + c1 w + c2 w3 + μ

2
w3, ci ∈ R,

the corresponding solution of dVN is obtained from (18) by renaming x ↔ y, β ↔ γ .
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Table 3 Commutator table of
the Lie algebra Sym0(E0)

ξ2 ξ3 ξ4 ξ5 ξ6 ξ7

ξ1 −ξ2 −ξ3 ξ4 ξ5 0 0

ξ2 0 ξ6 0 0 0

ξ3 0 ξ6 0 0

ξ4 0 0 ξ4

ξ5 0 ξ5

ξ6 ξ6

Table 4 The adjoint action of the Lie group G0

ξ1 ξ2 ξ3 ξ4 ξ5 ξ6 ξ7

ξ1 ξ1 e−τ ξ2 e−τ ξ3 eτ ξ4 eτ ξ5 ξ6 ξ7

ξ2 ξ1 + τ ξ2 ξ2 ξ3 ξ4 + τ ξ6 ξ5 ξ6 ξ7

ξ3 ξ1 + τ ξ3 ξ2 ξ3 ξ4 ξ5 + τ ξ6 ξ6 ξ7

ξ4 ξ1 − τ ξ4 ξ2 − τ ξ6 ξ3 ξ4 ξ5 ξ6 ξ7 − τ ξ4

ξ5 ξ1 − τ ξ5 ξ2 ξ3 − τ ξ6 ξ4 ξ5 ξ6 ξ7 − τ ξ5

ξ6 ξ1 ξ2 ξ3 ξ4 ξ5 ξ6 ξ7 − τ ξ6

ξ6 ξ1 ξ2 ξ3 e−τ ξ4 e−τ ξ5 e−τ ξ6 ξ7

Remark 2 For each solution u = f (t, x, y) of dVN expression u = f (t, y, x) defines
a solution as well. ��

4.1.2 Case� = 0

Now consider equation E0 obtained by putting μ = 0 in (8). Notice that solutions of
this equation produce t-independent solutions to dVN, and t-independent solutions
are defined up to a nonzero constant multiple. The symmetry algebra Sym0(E0) of
this equation has generators ξ1 = −s Us − wUw, ξ2 = −Us , ξ3 = −Uw, ξ4 = s,
ξ5 = w, ξ6 = 1, and ξ7 = U , with the commutators given in Table 3.

The adjoint action of the symmetry groupG0 of equationE0 on Sym0(E0) is defined
by the Table 4. Then direct computations give the optimal system of one-dimensional
subalgebras of Sym0(E0):

Proposition 3 Each symmetry of equation E0 is equivalent under the action of the
adjoint representation of G0 to one of the following symmetries:

σ1 = ξ1 + α ξ7 = −s Us − wUw + αU ,

σ2 = ξ1 + α ξ6 = −s Us − wUw + α,

σ3 = ξ1 + ξ7 + ξ4 + α ξ5 = −s Us − wUw +U + s + α w,

σ4 = ξ1 + ξ7 + ξ5 = −s Us − wUw +U + w,

σ5 = ξ2 + α ξ3 + β ξ7 = −Us − αUw + β U , α �= 0

σ6 = ξ2 + α ξ3 + ξ4 + β ξ5 = −Us − αUw + s + β w,
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σ7 = ξ2 + α ξ3 + ξ5 = −Us − αUw + w,

σ8 = ξ2 + α ξ3 = −Us − αUw,

σ9 = ξ3 + α ξ7 = −Uw + αU ,

σ10 = ξ3 + α ξ4 + β ξ5 = −Uw + α s + β w.

4.1.2.1. Solutions invariant w.r.t. σ1.
The σ1–invariant solutions to E0 have the form

U = sα W (z), z = w s−1.

Substituting this into (8) gives the ode

Wzzz = (α − 2)
F(z,W ,Wz,Wzz)

G(z,W ,Wz,Wzz)
, (19)

where

F(z,W ,Wz,Wzz) = (5 z3 − 1)W 2
zz − (α − 1) z (11 z Wz − 3α W )Wzz

+(α − 1)2 (5 z Wz − 2 α W )Wz

and

G(z,W ,Wz,Wzz) = 2 z (z3 − 1)Wzz − (α − 1) (3 z3 − 1)Wz + α (α − 1) z2 W .

We did not find the general solution to this equation for any α. For each α equation
(19) admits solutions of the form

W = (z + z0)
α, (20)

where z0 is a root of equation z0 (z30 + 1) = 0. Thus we get solution

u = (y + z0 x)
α (21)

of equation (1). We found some other solutions of (19) for α ∈ {1, 2, 3, 4}.
Equation (19) with α = 1

Wzzz = −1

2

5 z3 − 1

z (z3 − 1)
Wzz .

is integrable by quadratures, its general solution

W (z) = c0 + c1 z +
∫ (∫

z−1/2 (z3 − 1)−2/3 dz

)

dz (22)
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produces solution to dVN of the form

u = x4 W (y x−1). (23)

Notice that integral in (22) can not be expressed in elementary functions, [3, § VIII],
[22, Ch. 3, § 14].

When α = 2, equation (19) reduces to Wzzz = 0, its general solution W =
c0 + c1 z + c2 z2, ci ∈ R, gives solution of dVN

u = c0 x
2 + c1 x y + c2 y

2.

Remark 3 Expression u = b1(t) x2 + c x y + b2(t) y2 with arbitrary functions b1(t),
b2(t) and constant c defines a trivial solution to dVN. We will ignore such solutions
below. ��

For α = 3 we obtain two algebraic solutions

W = z
3
2 (24)

and

W = (c32 − 2 c31) z
3 + 9 c1 c2 z (c2 z + c1) + c31 − 2 c32. (25)

of (19). They give solutions

u = x
3
2 y

3
2 (26)

and

u = (c32 − 2 c31) y
3 + 9 c1 c

2
2 x y (c2 y + c1 x) + (c31 − 2 c32) x

3 (27)

of dVN.
When α = 4, equation (19) admits the polynomial solution W = 17 z4 − 36 z3 −

90 z2 − 36 z + 17. This corresponds to solution of dVN of the form

u = 17 x4 − 36 x3y − 90 x2y2 − 36 x y3 + 17 y4. (28)

4.1.2.2. Solutions invariant w.r.t. σ2.
For σ2–invariant solutions of E0 there holds σ2 = −Uw + αU = 0, therefore these
solutions have the form

U = eα w V (s). (29)

Substituting this into E0 gives the reduced equation Vs Vsss + V 2
ss + 2α3 V Vs = 0.

Integrating this twice, we obtain the first order ode

V 3
s + α3 (V 3 + γ V + δ) = 0 (30)
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with arbitrary constants γ and δ. This equation is integrable by quadratures, and the
general solution can be expressed in elliptic functions, [10, Ch. V, § 21]. To prove this
claim, consider transformation

⎧
⎪⎪⎨

⎪⎪⎩

P = γ 1/2 (3 p2 + r − 1)

6 p
,

R = −γ 1/2 (3 p2 − r + 1)

6 p
,

that maps the curve R3 = P3 + γ P + δ onto the curve

r2 = 1 − 2 β p − 6 p2 − 3 p4 (31)

with β = 6 δ γ −3/2. We have 2 r dr = −2 (β + 6 p + 6 p3) dp, hence

dP

R
= 1

2p

(
3 p2 + 1

r
− 1

)

dp.

Then (29), (6), (7), and μ = 0 give solution

u = eα y V (x), (32)

where function V is defined implicitly by equations

V =
√

γ

6 p

(

3 p2 − 1 +
√

1 − 2 β p − 6 p2 − 3 p4
)

, (33)

∫
1

2 p

(

1 − 3 p2 + 1
√
1 − 2 β p − 6 p2 − 3 p4

)

dp = α3 x + C . (34)

The integral in (34) includes Legendre’s integrals, therefore x can be expressed as an
elliptic function of p.

When polynomial V 3+γ V +δ has multiple roots, the general solution to equation
(30) can be expressed in elementary functions. Indeed, the presence of the triple root
implies γ = δ = 0, and then solution to (30) is V = c e−α s , c ∈ R. This corresponds
to solution

u = eα (y−x) (35)

of dVN. For a double root we have V 3 + γ V + δ = (V + 2 ε) (V − ε)2 for some
ε �= 0. Then we obtain solution to dVN of the form (32), where function V is defined
in the implicit form by equations

V = ε (τ 3 + 2)

t3 − 1
, (36)
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1

2
ln

τ 2 + τ + 1

τ − 1
+ √

3 arctan

(√
3

3
(2 τ + 1)

)

= −α3 x + c (37)

with c ∈ R.
There are some other values of parameters γ and δ when integral

∫
(V 3 + γ V +

δ)− 1
3 dV can be expressed by elementary functions. From the results of [4] (see also

[9]) we obtain three following cases when function V (x) in (32) admits elementary
expressions in implicit form:
(i) for γ = 0, δ �= 0 there holds

3 + i
√
3

6

(
ln(V − (V 3 + δ)

1
3 ) + e

π i
3 ln(V − e

2π i
3 (V 3 + δ)

1
3 )

)
= α3 x + c,

(38)

(ii) when γ �= 0, δ = 0, we get

3 + i
√
3

4

(
ln(V

2
3 − (V 2 + γ )

1
3 ) + e

π i
3 ln(V

2
3 − e

2π i
3 (V 2 + γ )

1
3 )

)
= α3 x + c,

(39)

(iii) conditions γ 3 = −6 δ2 �= 0 imply

ln H(V , 1) + e
2π i
3 ln H(V , e

2π i
3 ) + e

4π i
3 ln H(V , e

4π i
3 ) = 6α3 x + c, (40)

where

H(τ, ω) = 3 δ τ − γ (τ + γ ) − ω (γ τ + 3 δ) T + 2 γ ω2 T 2

2 γ
· (τ − ω T ) (41)

with T = (τ 2 + γ τ + δ)
1
3 .

4.1.2.3. Solutions invariant w.r.t. σ3, σ4, σ5, and σ6.
For symmetries σ3, σ4, σ5, and σ6 the reduced odes are of the form Wzzz = 0. This
gives only trivial solutions to dVN, cf. Remark 3.
4.1.2.4. Solutions invariant w.r.t. σ7, σ8, σ9, and σ10.
For symmetries σ7, ..., σ10 we found neither general nor particular solutions of the
reduced equations. Below we write the forms of the invariant solutions of dVN that
include functions W and reduced odes that define these functions.

For σ7 we have

u = α ln x + W (y x−1), (42)

where W (z) satisfies

Wzzz = −2
(5 z3 − 1)W 2

zz + z (11 z Wz − 3α)Wzz + (5 z Wz − 2α)Wz

2 z (z3 − 1)Wzz + (3 z3 − 1)Wz − α z2
. (43)
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The σ8–invariant solutions are

u = (x + α y) ln x + x W (y x−1), (44)

where for W (z) there holds

Wzzz = − (5 z3 − 1)W 2
zz − z (8 z − 3α)Wzz + 3 z − 2 α

2 z (z3 − 1)Wzz − 2 z3 + α z2 + 1
. (45)

Symmetry σ9 produces the invariant solution

u = y (ln y + W (y x−1)) (46)

with the reduced ode

Wzzz = − z2(11z3 − 7)W 2
zz + (16 z (2z3 − 1)Wz − 3)Wzz + 4 (5z3 − 1)Wz

2 z3 (z3 − 1)Wzz + 4 z2 (z3 − 1)Wz − z
.

(47)

Finally, for σ10 we get

u = eβ x W (y − α x). (48)

with the defining equation for W (z) of the form

Wzzz = β
(5α3 − 1)W 2

zz − α β (11α Wz − 3β W )Wzz

2α (α3 − 1)Wzz − β (3α3 − 1)Wz + α2 β2 W

+β3 5α W 2
z − 4 β W Wz

2α (α3 − 1)Wzz − β (3α3 − 1)Wz + α2 β2 W
. (49)

4.2 Reduction of dVNw.r.t. �2

The χ2–invariant solutions of dVN satisfy χ2 = 3 u− x ux − y uy = 0, therefore they
have the form u = x3U (t, z), z = y x−1, where U is a solution to

Utzz = 1

z
(2Utz − 2 (z (z3 − 1)Uzz − (3 z3 − 1)Uz + 3 z2U )Uzzz

+(5 z3 − 1)U 2
zz − 2 z (11 z Uz − 9U )Uzz + 4Uz (5 z Uz − 6U )). (50)

This equation admits a Lax representation. To show this, consider the lift (χ2, χ̂2) of
χ2 to the Lax representation (2) with χ̂2 = 3

2 q − x qx − y qy . Solutions to χ̂2 = 0
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have the form q = x
3
2 Q(t, z). Substituting this into (2) yields

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Qt = 2

3
(z3 − 1) Q3

z − 3 (z3 − 1)

2 z
Q Q2

z + 2

z
((z3 + 1)Uz − 3 z2U ) Qz

+9

8
Q3 − 3 (3 z Uz − 3U ) Q,

Q2
z = 1

2 z
(3 Q Qz − 2 (z Uzz − 2Uz)).

For S = Qz we obtain another Lax representation

⎧
⎪⎪⎨

⎪⎪⎩

St = S6 + 3Uzz S4 + F(z,U ,Uz,Uzz,Uzzz) S2 + G(z,U ,Uz,Uzz)

S (z S2 + 2Uz −Uzz)
,

Sz = S (S2 + 2Uzz − 2 z Uzzz)

2 (z S2 + 2Uz −Uzz)
,

where

F(z,U ,Uz,Uzz,Uzzz) = 4 (z (z3 − 1)Uzz − (3 z3 − 1)Uz + 3 z2U )Uzzz

−(7 z2 − 2)U 2
zz + 2 z (13Uz − 9U )Uzz − 16 z U 2

z + 12U Uz,

G(z,U ,Uz,Uzz) = z3U 3
zz − 6 z Uz Uzz (z Uzz − 2Uz) − 8U 3

z .

The symmetry algebra of equation (50) is generated by the family A(t)Ut + A′(t)U +
1
18 A′′(t) (z3+1)with arbitrary function A(t). This symmetry provides invariant solu-
tions to (50) of the formU = 1

18 (W (z)−A′(t) (z3+1)) A(t)−1, whereW is a solution
to ode (19) with α = 3. Hence solutions (20), (24), (25) of (19) generate the following
solutions of dVN:

u = 1

A(t)

(

(y + z0 x)
3 − A′(t)

18
(x3 + y3)

)

, z0 (z30 + 1) = 0, (51)

u = 1

A(t)

(

x
3
2 y

3
2 − A′(t)

18
(x3 + y3)

)

, (52)

and

u = (c32 − 2 c31) y
3 + 9 c1c22 x y (c2y + c1x) + (c31 − 2c32) x

3 − A′(t)(x3 + y3)

A(t)
(53)

with c1 c2 �= 0.
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4.3 Reduction of dVNw.r.t. �3

For χ3–invariant solutions we have ux + A uy + 1
2 A′ y2 = 0, thus such solutions have

the form

u = W (t, z) − A′(t) y3

6 A(t)
, z = y − A(t) x . (54)

Substituting this into (1) and denoting V = Wzz , we get the nonlinear pde of first
order

Vt +
(

2 (A3 − 1) V + A′

A
z

)

Vz + 2 A′

A
V = 0. (55)

We did not find the general solution to (55), instead we obtain three families of par-
ticular solutions for this pde.

First, we note that substitution V = − 1
2 A′A−1 (A3 − 1)−1 z reduces (55) to the

ode A′′ = (2 A3 + 1) (A′)2 A−1 (A3 − 1)−1 for function A. Integrating this when
A �= const, we get solution of dVN of the form

u = − 1

12

A′

A (A3 − 1)
(y − A x)3 − 1

6

A′

A
y3, (56)

where function A(t) is defined implicitly by equation

ln
(A − 1)2

A2 + A + 1
+ 2

√
3 arctan

(√
3

3
(2 A + 1)

)

= c1 t + c0, (57)

and c0, c1 �= are constants.
When A(t) ≡ ε ∈ R\{1}, equation (55) gets the form Vt +2 (ε3−1) V Vz = 0. The

(multi-valued) solutions of this equation have the form 2 (ε3 − 1) t V + G(V ) = z,
where G is an arbitrary function of one variable. They produce the family of solutions

u = W (t, z), z = y − ε x, (58)

where function W is defined implicitly by ode

2 (ε3 − 1) t Wzz + G(Wzz) = z. (59)

When A(t) ≡ 1, we have Wtzz = 0, and hence

u = H(y − x) + p1(t)(y − x) + p0(t) (60)

with arbitrary functions H , p0, p1 of one variable. We can put p0 ≡ p1 ≡ 0 without
loss generality in accordance with Remark 3.
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4.4 Reduction of dVNw.r.t. �4

Solutions of dVN that are invariant with respect to χ4 satisfy equation uy = A(t) x
and therefore they have the form u = A(t) x y + W (t, x). When A �= 0, substituting
this into (1) gives Wxxx = A′A−1, so we have solutions of dVN in the form

u = 1

6

A′(t)
A(t)

x3 + A(t) x y + p2(t) x
2 (61)

with arbitrary function p2.
Finally, for A ≡ 0, equation dVN is satisfied identically, so

u = W (t, x) (62)

is a solution to dVN for arbitrary function W of two variables.

5 Non-invariant solutions

Some of the solutions obtained in Sect. 4 admit natural generalizations that are not
invariant with respect to symmetries from Sym0(dVN).

For example, solution (62) is a particular case of the family of solutions u =
f (t, x) + g(t, y) with arbitrary functions f and g. The σ2– invariant solutions from
subsection 4.1.2.2 are included is the set of separable solutions of the form u =
Xα(x) Y−α(y), where Xα and Yα are independently defined by either one of systems
(33)–(34), (36)–(37), (40)–(41), or equation (38), or (39).

Nontrivial polynomial solutions (11), (14), (18), (27), (28), (51), (53), (56)–(57),
(61) lead to idea to consider solutions of the form

u =
∑

1≤i+ j≤N

Ti j (t) x
i y j . (63)

Below we present such solutions for N ≥ 3.

5.1 N = 3

Substituting (63) into (1) yields system of odes

⎧
⎨

⎩

T ′
21 = 6 (2 T30 + T03) T21 + 2 T 2

12,

T ′
12 = 6 (T30 + 2 T03) T12 + 2 T 2

21,

T ′
11 = 6 (T30 + T03) T11 + 4 (T20T21 + T02T12).

(64)

for unknown functions T21, T12, T11 and arbitrary functions T30, T03, T20, T02 of t .
Solutions (11), (14), (18), (27), (51), (53), (56)–(57), (61) are particular cases of

solutions given by system (63)–(64) for appropriate choices of functions T30, T03, T20,
T02.
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Analysis of system (64) gives two families of solutions to dVN. The first one reads

u = − 1

18

(
T ′
21

T21

(

y3 − 2 x3 + 3

2

T11
T21

x2
)

+ T ′
12

T12

(

x3 − 2 y3 + 3

2

T11
T21

x2
))

+1

4

T ′
11

T11
x2 + T02 y

2 + 1

9 T21T12

(
(T 3

21 − 2 T 3
12) x

3 + (T 3
12 − 2 T 3

21) y
3
)

+x y (T21 x + T12 y + T11), (65)

where T21, T12, T11, and T02 are arbitrary functions of t such that T21 �= 0 and T12 �= 0.
When T21 ≡ T12 ≡ 0, we obtain solution

u = T30 (x3 − y3) + 1

6

T ′
11

T11
y3 + T20 x

2 + T11 x y + T02 y
2 (66)

with arbitrary functions T11, T30, T20, T02 of t such that T11 �= 0.

5.2 N = 4

Substituting (63) with N = 4 into (1) and analyzing the resulting system we get four
families of solutions of dVN:

u = T1
(
4 x3 y − 3 y4

)
+ T ′

1

6 T1
y3 + T2 y

2, T1 �= 0, (67)

u = T
(
17 x4 − 36 x3 y − 90 x2 y2 − 36 x y3 + 17 y4

)
+ 1

6

T ′

T
(x3 + y3),

T �= 0, (68)

u = T
(
17 x4 − 36 x3 y − 90 x2 y2 − 36 x y3 + 17 y4

)
+ 1

6

T ′

T
(x3 + y3),

T �= 0, c ∈ R, (69)

u = 4 T 2 T ′ T ′′′ − 8 T 2 (T ′′)2 + 3 (T ′)4

1728 T 2 (T ′)16/3
(
2 T T ′′ (x2 + y2) − 3 (T ′)2 y2

)

+(T ′)4/3 (x − y)4 − 1

18

T ′′

T ′ y (3 x2 − 3 x y + 2 y2)

+ 1

12

T ′

T
y (3 x2 + y2), T �= 0, T ′ �= 0. (70)

Solution (68) with T ≡ 1 coincides with solution (28).

5.3 N = 5

For N = 5 we obtain the family of solutions

u = T50 (x − y)5 + T30 x (x2 + 3 y2) + T03 y (y2 + 3 x2)
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+ 1

30

T ′
50

T50
y2 (y − 3 x) + T11 x y, (71)

where T50 is an arbitrary nonzero function of t , while T30, T03, and T11 satisfy the
following system of odes:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T ′
30 = 1

150

(
5 T ′′

50

T50
− 7 (T ′

50)
2

T 2
50

+ 30 T ′
50

T50

)

(T30 − 2 T03)

+6 (T30 + T03)
2,

T ′
03 = (T ′

50)
2

150 T50
+ T ′

50

5 T50
(T03 − 2 T30) + 6 (T30 + T03)

2,

T ′
11 =

(
T ′
50

5 T50
+ 6 (T30 + T03)

)

T11.

(72)

5.4 N ≥ 6

For each N ≥ 6 we find the family of solutions

u =
N∑

k=4

Tk (x − y)k + T30 (x3 + 3 x2 y) + T03 (y3 + 3 x y2)

+ 1

2 N 2

T ′
N

TN
y ((N − 1) TN−1 y − N TN x (x + y))

− 1

2 N

T ′
N−1

TN
y2 + T20 (x2 + y2) + T11 x y,

(73)

where TN , TN−1, and T20 are arbitrary functions of t such that TN �= 0, TN−1 �= 0,
while functions Tk with k ∈ {4, . . . N−2}, T30, T03, and T11 obey the following system
of odes:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T ′
k = 1

N 2 T 2
N

((k N Tk TN − (k + 1) (N − 1) Tk+1 TN−1) T
′
N

+(k + 1) N Tk+1TN T ′
N−1), k ∈ {4, . . . , N − 2},

T ′
30 = 1

6 N 2 T 2
N

(N TN T ′′
N − (N − 1) (T ′

N )2

−24 T4 ((N − 1) TN−1T
′
N − N TN T ′

N−1)

+36 N 2 T 2
N (T30 + T03)

2 − 6 N (T30 + 4 T03) TN T ′
N ),

T ′
03 = 1

6 N 2 T 2
N

(N TN T ′′
N − (N − 1) (T ′

N )2

−24 T4 ((N − 1) TN−1T ′
N − N TN T ′

N−1)

+36 N 2 T 2
N (T30 + T03)

2 − 6 N (4 T30 + T03) TN T ′
N ),

T ′
11 = 1

N 3 T 3
N

(
(N TN T ′

N−1 − (N − 1) TN−1 T
′
N ) T ′

N

+6 N 3 T 3
N (T30 + T03) (T11 + 2 T20) − 6 N 2 T 2

N T30T
′
N−1

+6 N

(

(N − 1) TN T30 − 2

3
N TN T20

)

TN T
′
N

)

.

(74)
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6 Cosymmetries and conservation laws

Cosymmetries of equation (1) are solutions ψ to equation (4), which is of the form

Dt Dx Dy(ψ) = uxy (D3
x (ψ) + D3

y(ψ)) + uxx D
2
x Dy(ψ) + uyyDx D

2
y(ψ)

+3 uxxy D
2
x (ψ) + (uxxx + uyyy) Dx Dy(ψ) + 3 uxyy D

2
y(ψ)

+2 uxxxy Dx (ψ) + 2 uxyyy Dy(ψ). (75)

Direct computations show that each solution ψ ∈ C∞(J 2(π)) of equation (75) is a
linear combination of the following cosymmetries:

ψ1 = ln uxy,

ψ2 = A,

ψ3 = 2 A uxx + A′ x,
ψ4 = 2 A uyy + A′ y,
ψ5 = 4 A (2 (utx − uxy uyy) + u2xx ) + 2 A′ (2 x uxx + ux ) + A′′ x2,
ψ6 = 4 A (2 (uty − uxy uxx ) + u2yy) + 2 A′ (2 y uyy + uy) + A′′ y2,
ψ7 = 12 A (3 utt + 6 (utx uxx + uty uyy) − 18 uxx uxy uyy − 2 u3xy)

−6 A′ (3 ut + 4 (x (utx − uxy uyy) + y (uty − uxy uxx ))

+2 (uxx (x uxx + ux ) + uyy (y uyy + uy))) − A′′′ (x3 + y3)

−6 A′′ ((x ux + y uy + y2 uyy + x2 uxx ).

Here A = A(t) are arbitrary (smooth) functions.
The conservation laws Ω1, ... , Ω7 associated to cosymmetries ψ1, ... , ψ7 are given

by the formulas

Ω1 = uxy (ln uxy − 1) dx ∧ dy +
(
1

2
u2yy − uxx uxy ln uxy

)

dy ∧ dt

+
(
1

2
u2xx − uxy uyy ln uxy

)

dt ∧ dx,

Ω2 = 2 A uxy (dx ∧ dy − uxx dy ∧ dt − uyy dx ∧ dt) − A′(uy dy − ux dx) ∧ dt,

Ω3 = A (3 uxx uxy dx ∧ dy − 3 uxy (utx + u2xx + uxy uyy) dy ∧ dt

+(3 uxx (utx − 2 uxy uyy) + u3xx + u3xy) dt ∧ dx)

−3 A′ x (uxx uxy dy + (utx − uxy uyy) dx) ∧ dt,

Ω4 = A (3 uyy uxy dx ∧ dy − 3 uxy (uty + u2yy + uxy uxx ) dx ∧ dy

+(3 uyy (uty − 2 uxy uxx ) + u3yy + u3xy) dy ∧ dt)

+3 A′ y (uyy uxy dx + (uty − uxy uxx ) dy) ∧ dt,

Ω5 = uxy (4 A u2xx + 2 A′ x uxx + A′′ x2) dx ∧ dy
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+
(
A (8 uxy uxx (uyy uxy − utx ) − 2

3 uxy (u3xx − u3xy))

+2 A′ (x uxy(uxyuyy − utx − u2xx ) − uxuxxuxy) − A′′ x2 uxxuxy
)
dy ∧ dt

+
(
A (4 ((utx − uyy uxy)

2 − uxy uyy u
2
xx ) − 2

3 uxx (4 u3xy + u3xx )

+A′ (2 utx (x uxx + ux ) − 2 uyy uxy (2 x uxx + ux ) − 2
3 x (u3xy + u3xx ))

−A′′ x2 uxy uyy − A′′′ x2 ux
)
dt ∧ dx,

Ω6 = uxy (4 A u2yy + 2 A′ y uyy + A′′ y2) dx ∧ dy

+
(
A (4 ((uty − uxx uxy)

2 − uxx uxy u
2
yy) − 2

3 uyy (4 u3xy + u3yy)

+A′ (2 uty (y uyy + uy) − 2 uxx uxy (2 y uyy + uy) − 2
3 y (u3xy + u3yy))

−A′′ y2 uxx uxy − A′′′ y2 uy

)
dy ∧ dt

+
(
A (8 uxy uyy (uxx uxy − uty) − 2

3 uxy (u3yy − u3xy))

+2 A′ (y uxy (uxx uxy − uty − u2yy) − uy uxy uyy) − A′′ y2 uxy uyy

)
dt ∧ dx,

Ω7 =
3∑

k=0

dk A

dtk
(Pk dx ∧ dy + Qk dy ∧ dt + Rk dt ∧ dx),

where

P0 = 1

12
(2 uxy (6 (utx uxx + uty uyy) + u3xx − 3 uxx uxy uyy + u3yy) − 3 utx uty),

P1 = 1

12
uxy (ux uxx + uy uyy + 3 (y uty + ut ) + 2 (x u2xx + y u2yy) − 3 y utx uyy),

P2 = 1

24
(6 t ((x uxy + y uyy) utx + uxy (x2 uxx + y2 uyy + 2 (x ux + y uy)))

−(x uxx + y uxy) uty),

Q0 = 1

12
(3 u2t y uyy + uxy (6 uxy uyy (6 utx + 3 u2xx − uxy uyy) − utx (utx + 6 u2xx ))

+(3 utt − 12 uxx uxy uyy − 2 u3yy − 2 u3xy) uty + 2 uxy (2 u3xy − 3 utt ) uxx ),

Q1 = 1

36
(u3xy (x uxy − uy) − 3 uxy (4 x uxx + 3 ux ) utx − 3 y u2t y − 2 x u3xx uxy

−3 (4 y uxx uxy − uy uyy) uty + 3 uxy (2 y uxy − ux ) u
2
xx − u3yy (y uyy + uy)

−3 uxy (3 ut + 2 y u2yy − 2 (2 x uxy − uy) uyy) uxx

+(3 ux u
2
xy + 9 y utt − 4 y u3xy) uyy),

Q2 = 1

72
(3 (y2 uty uyy + 6 t (y u2t y + x utt uxy) − (x2 uxy + 6 t x uty) utx )

−3 (x2 uxyu
2
xx + 2 uxy(x ux + y uy + y2 uyy) uxx + (6 t y utt − x2 u2xy) uyy)

−y2 (u3xy + u3yy) − 18 x ut uxy),
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Q3 = 1

72
((18 t (x ux + y uy − u) + y3) uty − (x3 + y3) uxx uxx − 3 y u2y),

R0 = 1

12
(3 (u2t x uxx − uxy u

2
t y) + (3 utt − 12 uxx uxy uyy − 2 (u3xx + u3xy)) utx

−6 (u2xx u
3
xy − uxy (uxx uxy − u2yy) uty − 3 uxx u

2
xy u

2
yy)

+2 uxy (4 u4xy − 3 utt ) uyy),

R1 = 1

36
(3 (2 x u2t x + (3 y uty − 4 x uxy uyy + 2 ux uxx ) utx ) − u3xx (x uxx + ux )

−3 uxy ((4 y uyy + 3 uy) uty − (2 x uxy − uy) u
2
yy + 3 (y utt − ut uyy))

+2 uxy uyy ((2 y uxy − ux ) − 3 x u2xx uyy − y u2yy) + u3xy (y uxy − ux )

+uxx u
2
xy (3 uy − 4 x uxy)),

R2 = 1

72
(18 t (y utt uxy − x u2t x ) + (3 x2 uxx − 18 t y uty) utx − x2 (u3xx + u3xy)

−3 (y2 uxy (uty + u2yy) − (6 x (t utt + ut ) − uxy (2 x2 uyy + y2 uxy)) uxx )

−6 uxy (x ux + y uy) uyy),

R3 = 1

72
(18 t (u − x ux − y uy) + x3) utx − (x3 + y3) uxy uyy − 3 x u2x ).

7 Concluding remarks

The results of the paper can be summarized as follows. Employing the methods of the
Lie symmetry group analysis we have found a number of exact solutions for the dis-
persionless Veselov–Novikov equation, including solutions in elementary or elliptic
functions (17), (33)–(34), (36)–(37), (38), (39), (40)–(41), (52), or functions repre-
sented by quadratures (15)–(16), (22)–(23), (58)–(59). We have indicated ordinary
differential equations (10), (19), (43), (45), (47), (49) that describe all other invariant
solutions.We have studied some non-invariant solutions and found a broad set of poly-
nomial solutions (65)—(74). Furthermore,we have presented all the local conservation
laws of order up to two.

Whileodes (10), (19), (43), (45), (47), (49) are not integrable by quadratures in gen-
eral, their origin as reductions of Lax-integrable pdes (8) and (50) allows one to hope
that the method of prolongation structures in the version implemented in [16] could be
applicable to examine these odes. Likewise, the methods of weak symmetries [19,20],
nonclassical symmetry reductions, see [5] and references therein, conditional symme-
tries [7,8], or stable-range approach [26], can be useful to generate new non-invariant
solutions of the dispersionless Veselov–Novikov equation. We intend to address these
issues in our future work.
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