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Abstract

We introduce new classes of meromorphic harmonic univalent functions. Using the
duality principle, we obtain the duals of such classes of functions leading to coefficient
bounds, extreme points and some applications for these functions.
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1 Introduction

A continuous function f = u 4iv is a complex-valued harmonic function in a domain
DcC if both i and v are real harmonic in D. In any simply connected domain D, we
write f = h+g, where h and g are analytic in D. A necessary and sufficient condition
for f to be locally one-to-one and orientation preserving in D is that |g'(z)| < |h'(2)]
for z € D (see Clunie and Sheil-Small [4]). Functions that are harmonic and univalent
inD = {z : |z| > 1} are investigated by Hengartner and Schober [7]. In particular, it
was shown in [7] that a complex-valued, harmonic, orientation preserving univalent
mapping f, defined on D and satisfying f(co) = oo, must admit the representation

f@@) =h(z)+gz) + Alog|z| 1)

where h(z) = az + ) 2ganz™", 8(2) = Bz + 2 ,2gbnz™", 0 < |B] < ||, and
w = fz/ f;is analytic and satisfies | (z)| < 1forz € DD. We remove the logarithmic
singularity in (1) by letting A = O and alsoletoe = 1 and 8 = 0 and focus on the family
37 of meromorphic harmonic orientation preserving univalent mappings of the form

B Jacek Dziok
jdziok@ur.edu.pl

I Institute of Mathematics, University of Rzeszéw, ul. Prof. Pigonia 1, 35-310 Rzeszow, Poland

) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s13324-020-00401-3&domain=pdf
http://orcid.org/0000-0003-1482-1080

55 Page2o0of13 J. Dziok

f@) =h@) +g@)

where

[o9] o0
h@=z+) " az ™, g@ = " bu". @

We say that a function f € ¥4 is harmonic starlike in D if

(o) =0

or

D
Re Prf ) -0
f@
where z = re'feD, 0<t <27, and
- [e )
Dyf() =zh'(x) —28' @ =z— ) n (anz‘” - bnz*”> :
n=1
For ! =1, 2 and functions f; € X, of the form
e —_—
i@ =24+ Y (anz™ +braz ™) 3

n=1
we definethe convolution of f and f> by
e —
(fix )@ =f@)xfr@)=z+) (al,naz,nz_” + bl,an,nZ_n) :
n=1

Form € Ny := {0} UN = {1, 2, ...} and f = h 4 g€ Xy we define the linear operator
D;{’( Xy — Xy by

Dy == Dy f(2) = D"h(2) + (=1)" D"g(2)

o
=2+ Y my fane "+ (1"}

n=1

where
" _ G _ (=)™
D"h(z) = h(z) * <Z+—Z(1 _%)m+l> =h(z) * (Z-i-—(z_ 1)m+1),
mi = 1.m, (m+1).....(m—|—n—1);(n:2,3’m).
(n—1)!

We note that D%f = f and D%{f =Dy f.
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In 2008 Mauir [13] considered a weak subordination for complex-valued harmonic
functions defined in the open unit disk A := {z : |z| < 1}. In [8] Jahangiri (see also
[10]) investigated the classes of harmonic meromorphic starlike and convex functions
of order y. To obtain some generalizations of these classes we introduce definition of
weak subordination for complex-valued functions in D.

A complex-valued function f in D is said to be weakly subordinate to a complex-
valued function F in D, and we write f(z) < F(z) (or simply f < F), if f(o0) =
F(o00) and f(D) C F(D).

If f < F and F is univalent in D, then we can consider the function w (z) =
F~'(f (z)),z € D which maps D into oneself with w(c0) = oo. Conversely, if
o) = F7'(f (2)),z € D, maps D into oneself with w(c0) = oo, then f < F.
Thus, we have the following equivalence.

Lemma 1 A complex-valued function f in D is weakly subordinate to a function
complex-valued function F in D if and only if there exists a complex-valued function
w which maps I into oneself with w(00) = oo such that f(z) = F(w(z)), z € D.

The following two subclasses of X4, are the main focus of this paper.
For—B <A < B <1let E;’ft (A, B) be the class of functions f € ¥ so that

Dy (D3 f(2)) Atz
Dy f(x) ~ B+z

and V’;f‘ (A, B) be the class of functions f€X4 so that

Dy f(z) A4z
< .
z B+z

In particular, for m = 0,m = 1, we obtain classes studied in [5]. The classes
E%(y) = 2711(2)/ -1, l)andZ%(y) = 271_((2)/ —1, 1) are investigated by Jahangiri
[8]. The classes £y, := X3/(0) and X5, := %3 (0) are the classes of functions
f € ¥4 (k) which are starlike in U (r) or convex in U () , respectively, for all » > 1
(see [10]).

We further let 7, be the class of functions f = h+g € X4 with varying coefficients
(e.g. see [9]) for which there exists a real number 7 so that

oo o0
fQ=h@+g@) =z+ Y "D a, 27" + (=1)" 1Y ei =D |, | 7=n “)
n=2 n=2
and Ef’,’(A, B):=T7;N 27”% (A, B) and Vn’"(A, B):=1T,N Vﬁ (A, B).

2 Dual sets and coefficient bounds

Here we make use of the “duality principle” defined by Ruscheweyh ([14] , Chapter
1). For the set V C X3 we define the dual set of V by

V*={fr € TIVAEV : (f1 * f) (z) # 0;z € D}.
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Consequently, the second dual of V or the dual of V* is defined as
V= (V" = {fz € SHIVAHEV* : (fax f3) (2) #0;z € D}.

This duality principle indicates that under fairly weak conditions on V which is a
subset of X/, many linear and other extremal problems in the second dual of V are
solved in V. This is a very useful tool since in many cases of interest (such as convex,
starlike or close-to-convex harmonic univalent functions), the set V** is much larger
than the set V. This, on its own right, would be a separate endeavor and research topic
that can be explored further which is not the focus of the present paper. The following
theorem presents a duality condition for the set X5 (A, B).

Theorem 1
m *
= (A B) = {ye - 1§l =1},

where

1(B+A+2§)z—(1+m)é§+(AB+A)Zm

Ve (@)= (B—A)z+ (D" d— o

+ ()" e+ B+ AT
B-—A)zZ+(1—-—mé&— (AB—

A) .
1 —7m 7" (z e D).

Proof Let f € ¥3. Then f € Z3) (A, B) if and only if

Dy (DY, f) (2)
Dy f (2)

A+E
B+E¢&’

# (zeD, 1§l=1D. &)

Since
m m ) (_Z)_m /
Dy (Dh) (2) = z (Dyyh) (2) = h (2) = {Z <Z + (z— 1)m+1) }

(z —m) (—z)’")

(Z _ 1)m+2

=h(z)* <z —
the above inequality (5) yields
(B +§) Dy (D} f) (2) = (A+8) Dy f ()
= (B +£&) Dy (Dyh) (z) — (A+ &) Dyh (2)

= (=" [(B+§) Dy (D) @) + (A + ) Dh )]

(z—m) (="

_ @=—m )"\ _ 9"
_h(Z)*<(B+§)(Z_ (z—1>m+2) (AH)(”(z—l)'"“))
—(—l)mm*<(3+§)<z—w>

(Z _ 1)m+2
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_ (=)™
+(A+§) <z +——

(2_ 1)m+1

= f(2) x g (2) #0.

Thus, f € 7 (A, B) if and only if f(2) * Ve () # 0 ie S (A,B) =
{ve: 1E1=1}". o

A similar argument can be used to obtain a duality condition for the set V%(A, B).

Theorem 2
VI (A B) = {8 : 5l =1},
where
) ma1 (1+ BE)Z™
(B+&)7"

+ (D" (B+&)7z— eD).

— 1)m+l (z
Next we determine sufficient coefficient bounds for function in Eﬁ (A, B).

Theorem3 Let f = h + g be of the form 2)and —B < A < B < 1. If

Zmn {(n(1+B)+ 1+ A))lan| + (n(1 + B) — (1 + A)) [byl} = B — A,

n=1
then f is univalent and orientation preserving in D and f € 27"}( (A, B).

Proof The univalency and orientation preserving of the function f follows by a result
of Jahangiri and Silverman ([10], Theorem 1) since

n(B — A)<m,(n(1+ B) — (1 + A)<m,(n(1+ B) + (1 + A)).

Therefore, by Lemma 1 f € X3, (A, B) if and only if there exists a complex-valued
function w where w(0c0) = 00, |w(z)| > 1 and z € D such that

Dy (D3 f) @ A+o@)
Dy f()  Bto®

or equivalently
Dy (D}, f) (2) — D} f (2)
BDy (DI f) 2) — A (DI, f (2)) (2)

Thus for z € D it suffices to show that

(6)

|Dy (DY f) () — DY f ()| — |BDy (DY, f) (2) — D f (2)] < O.
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Indeed, letting |z| = (r > 1) we have
| Dy (D3 f) (2) = D3y f ()| = [BDy (D f) (2) = Dy f (2)]

Yo Dmpapz = (=D Y (= 1)y mybyz "

n=1 n=1

(B—A)z+ Z (Bn + A)mua,z " + (=)™ Z (Bn — A) mnEz—”‘

n=1 n=1

o0 o
<Y A Dmylagr™ +> (= Dmy byl r™" — (B = A)r
n=1

n=1

oo oo
+ > (Bt Aymy lan|r ™"+ (Bn— Aymy |by| r 7"
n=1

n=1

o0
<r {Z(an lan| + Ba lba) r " = (B—A)} <0
n=1

where o, = m,(n(1 + B) + (1 + A)) and B, = m,(n(1 + B) — (1 + A))). Thus,
according to the hypothesis of the theorem, f € 27"% (A, B). O

The sufficient coefficient bound given in Theorem 3 is also necessary for functions
to be in the class E,’;‘ (A, B) as stated in the following theorem.

Theorem4 Let f = h + g be of the form (4) and —B < A < B < 1. Then f €
Z;"(A, B) if and only if

Zmn{(n(l +B)+ 1+ A) lay| + m(1+ B) — (1+ A)) |by|} < B — A.

n=1

Proof The “if” part follows from Theorem 3. For the “only-if” part, assume that
fe an(A, B), then by (6) we have

M8

mp {(n+ 1) apz™" = (=" (n = 1) b,z "}

—

n

(B—A)yz— 3 my [(Bn+ A)aye= — (—1)" (Bn — A) bz ")}

n=1

<1 (z eD).

Therefore, by (4) for z = rei (r > 1), we obtain

302 {01+ 1) Il g + 1 = 1) g by} 7! <1
(B—A) — Y20 {(Bn+ A) Imy| a] + (Bn — A) [my| by} r="—1

)
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Itis clear that the denominator of the ratio in the inequality (7) cannot vanish for r > 1.
Moreover, it is positive as r— oo and consequently for » > 1. Thus, we must have

o0

> @nlanl + Bulba)r """ < B— AGr > 1) ®)

n=1

where o, = mu,(n(1 + B) + (1 + A)) and B8, = m,,(n(1 + B) — (1 + A))). The
sequence of partial sums {S,} associated with the series 23021 (oty |lan| + Bn |bnl) is
a non-decreasing sequence. Moreover, by (8), it is bounded above by B — A. Hence,
the sequence {S,} is convergent and

o
> " (@nlan| + Bu |bal) = lim (S,}<B — A.
n—o0

n=1

A similar argument can be used to prove the following theorem.
Theorem5 Let f = h + g be of the form (2) and —B < A < B < 1. Then f €
Vi (A, B) if and only if

B—A
1+B°

[e¢)
> my (lan] + 1bal) <
n=1

As a consequence of Theorems 4 and 5 we have the following corollary.

Corollary 1 For —B < A < B < 1let a = 114,

ad 1 1 —
o) =z+ ( 7"+ z‘") (zeD),
nX:; n—a n-+a

3

w(z)=z+2((n—a)z‘”+(n+a)z7") (zeD).
n=1

Then
feVI(A B) & f*¢ e XA, B),
fETMA B) & fxwe VA, B).
3 Extreme points

The Krein-Milman theorem (see [11]) is fundamental in the theory of extreme points.
In particular, it implies the following lemma.
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Lemma 2 Let F be a non-empty compact convex subset of the set ¥y and J : L —
R be a real-valued, continuous and convex functional on F. Then

max{J(f): feF}=max{J(f): f € EF},

where EF denotes the set of extreme points of F.

Since Y7, is a complete metric space, Montel’s theorem [12] implies the following
lemma.

Lemma3 A set F C X4 is compact if and only if F is closed and locally uniformly
bounded.

Now we are equipped to state and prove the two main theorems in this section.
Theorem 6 The set £}'(A, B) is a convex and compact subset of X.

Proof Forl = 1,21et f; € E,]’”(A, B) be functions of the form (3), 0 < y < 1. Since

yH@Q+0 =@ =2+ {(rai.+1—y)ay,) ™"

n=l1

+(vbra+ (0= p)ban) 2],

and since for
ap =my(n(l + B) + (1 + A)), B = m,(n(1 + B) — (1 + A))) 9

(by Theorem 4), we have

WK

{an |Val,n + =) aZ,n| + Bu |Vb1,n +1 - V)bZ,n’}
1

3
Il

IA

Y Z {Oln |a1,n| + Bn |bl,n}} +d-v) Z {an |aZ,n} + Bn ‘b2,n|}

n=1

o

=1
=yB-A)+U-y)(B—-A)=B-A,
the function ¢ = y fi + (1 — y) f2 belongs to the class T}'(A, B). Hence, the set

E;’;(A, B) is convex. Furthermore, for f € 21’7" (A, B) and |z] = r > 1 we have

F@I<r+ Y (anl +1Ba)r™ <7+ > (@ lanl + B lbal) < 7 + (B — A).

n=1 n=1
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Thus, the class En’"(A, B) is locally uniformly bounded. Now, by Lemma 3, we only
need to show that it is closed i.e. if f; € E;”(A, B)and fi — fthen f € 231(A, B).
Let f; and f be given by (3) and (4), respectively. Using Theorem 4 we have

> (o |arn| + Bulbin]) < B—A (1 eN). (10)

n=1

Since f; — f, we conclude that a; , — a, and b; , — b, as! — oo (n € N). The
sequence of partial sums {S,,} associated with the series Zfloz] (aty lan| + Bn |byl) is a
non-decreasing sequence. Moreover, by (10), it is bounded above by B — A. Therefore,
the sequence{S),} is convergent and

o
> @nlanl + Bu lbal) = lim S, < B — A.
n—od

n=1
This implies that f € X}'(A, B) which completes the proof. O
In the following theorem we determine the extreme points of Z,’;‘ (A, B).

Theorem 7
EEnm(A, B)={h,: neNg}U{g,: neN},

where

(B — A) l+mn
mn(n(1+ B) + (1 + A)"
(_1)m+1 (B _ A) ei(lfn)n_

() =z+ (T B — +A)))z—" (zeh). (11

ho(z) =z, hy(z) =2+

k]

Proof Suppose that0 <y < landg, =y fi+ (1 —y) f> where fi, f> € Z}'(A, B)
are functions of the form (3) and let «,, B, be defined by (9). Then bl)n‘ = ’bz,n| =
Bﬂ;nA and consequently a; , = a2, = Oand b1 = boy = O fork € N\ {n}. It
follows that g, = f1 = f2, andso g, € EZ’(A, B). Similarly, we can verify that
the functions &, of the form (11) are the extreme points of the class 21’7” (A, B). Now,
suppose that the function f belongs to the set EX)'(A, B) and f is not of the form

(11). Then there exists s € N such that

—A

0 < |as| < or 0 < |bg| <

If0 < |ag| < BO[_A, then setting

% las|

1
= dop=——(f —yhy),
v=g_ e 1_y(f yhy)

wehavethathy # gandso f = yhs+(1 —y) ¢, 0 <y < L.Thus, f ¢ EXJ(A, B).
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Similarly, if 0 < |bs| < % then setting
CBlbsl 1
y=g_1¢= 1_y(f V8s)»

we have that gg Z ¢ andso f =yg,+ (1 —y)p, 0 <y < 1.
It follows that f ¢ EX)'(A, B) and so the proof is completed. O

4 Applications
It is clear that if the class
F={fneXy: neN},

is locally uniformly bounded, then

o0 oo
woF = {Zynfn: D=L yaz0 (neN)}.
n=1

n=1

Thus, by Theorem 7, we have the following corollary.

Corollary 2

o0 o0 oo o0
TI(A, B) = {Zynhn +Y Ougn: D vat Y =1 =0 8> o}
n=0 n=1

n=0 n=1

where hy, and g, are given by (11).

For f € ¥4y, y > 1 and r > 1 the real-valued functional

1/y

2w
7= (i [l () 0
0

is continuous and convex on X.

Moreover, for f € ¥/, z € D and each fixed n € N the real-valued functionals

Ti(f) = an, 2 (f) = bu, 3(f) = |f (@] and T4 (f) = |Dn f (2)] are also
continuous and convex on X4y.
These in conjunction with Lemma 2 yield the following corollaries.

Corollary 3 Let f € ) (A, B). Then

b-A nd b < B-A .
(L B) — (L £ A))

lan| <

~my,(n(1+B)+ 1+ A))a

The result is sharp and the functions h, and g, of the form (11) are the extremal
functions.
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Corollary 4 Let f € Z7'(A, B). Then

1 1
r——-=f@l=r+-
r r
and
1 1
r——=<IDnf@l=r+-.
r r
The result is sharp and the extremal function is given by (11).
The following covering result follows from Corollary 4.
Corollary5 If f € ) (A, B), thenD (2) C f (D).

Corollary 6 Letr > landy > 1. If f € Z}'(A, B), then

o / e

—/|DHf<z>|Vd0

619

re’9

Corollary 7 The class V' (A, B) is a convex compact subset of Xy Moreover,
EV’;‘(A, B)={h,: neNy}U{g,: neN}

and

00 00
00 oo
V;'?n(A’ B) = { E Vnhn + E Bngn : E n:Oyn + E n:18n =1, VYn = 0, 4, ZO}
n=0 n=1

where ho(z) = z, and

(B _ A) ei(lJrn)n 3
ho(z) = 24 8 o,
@ = e, ©

it (B=A) 17—

gn(@) =z+ (-1 I

(12)
Corollary 8 Let f € V7 (A, B) be a function of the form (4) . Then

il < 22 <2t ew
=05 Bm, M= a+Bm,

- A
T == Gy
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B—-A B—-A
ey = P

i/‘f(re”)‘ d0<—/ B—A
2 (14 B)rei®

—/‘D f(re’e)‘ do < —/ B—4
H = (1+ B)re?

The results are sharp and the functions h, and g, of the form (12) are the extremal
functions.

Corollary 9 If f € V}/(A, B), then D (r) C f (D) where

14

’

14

B—-A

—1 .
r=1t T

Remark 1 The classes 27"_1[(A, B) and V;”i(A, B) for different values of m, A and B
give various well-known as well as new classes of meromorphic harmonic univalent
functions (see for example [2,3,5,6,8,10]).
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