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Abstract
This article investigates vibrational stabilization effects in rotorcraft flight dynamics. This study is motivated by recent 
results in flapping-wing flight, which showed that the time-varying aerodynamic and inertial loads due to the insect wing 
periodic motion induce a vibrational stabilization mechanism in hover. The dynamics of flapping-wing flyers and rotary-
wing vehicles are both described by time-periodic systems so vibrational stabilization mechanisms can also have an effect 
on stability characteristics of rotary-wing vehicles. The article extends the use of the harmonic decomposition method to 
vibrational stability analysis of rotorcraft. Two cases are considered: vibrational stability due blade imbalance at hover, and 
vibrational stability due to number-of-blades-per-rotor-revolution ( N

b
/rev) in high-speed forward flight. Results show that 

while vibrations induced by rotor blade imbalance do not stabilize the hovering dynamics of a helicopter, these vibrations 
can still have a significant effect on the hovering dynamics. Rotor blade imbalance results in a symmetric effect on the roll 
and pitch axes, in that it tends to decrease the frequency of the subsidence modes of the hovering cubic, while the unstable 
oscillatory modes tend to increase in frequency and decrease in damping (destabilizing effect). On the other hand, the yaw/
heave dynamics are relatively unaffected compared to the lateral and longitudinal axes. Moreover, N

b
/rev rotor loads in 

forward flight are shown to reduce the damping of the coupled roll/pitch oscillation mode.

Keywords  Rotorcraft · Flight dynamics and control · Time-periodic systems · System identification

1  Introduction

Vibrational stabilization is a phenomena where the unstable 
dynamics of a system about an equilibrium point of inter-
est can be stabilized via periodic forcing of the system at 
a high-enough forcing frequency [1, 2]. Examples of this 
phenomena include, but are not limited to, those involving 
an inverted pendulum with vibrating suspension point [3] 

and hovering insects where their hovering cubic [4] is sta-
bilized by the wing periodic flapping motion [5, 6]. In the 
latter case, the wing flapping motion inducing a vibrational 
stabilization mechanism that increases the pitch damping 
and stiffness while reducing the speed stability. This results 
in stabilization of the pitch oscillatory mode and thus of the 
longitudinal hovering cubic.

Despite apparent differences in shape and dimension, the 
dynamics of flapping-wing flyers are indeed mathematically 
similar to those of rotary-wing vehicles such as helicopters. 
This stems from the time-varying aerodynamic and iner-
tial loads due to the wing/blade periodic motion. In fact, 
the dynamics of both flapping- and rotary-wing flight are 
described by nonlinear time-periodic (NLTP) systems of the 
coupled rigid-body and complex interactional aerodynamics 
between the wings/blades, body, and the self-induced wake. 
However, the relative importance of the time-periodic dynam-
ics (i.e., those dynamics with natural frequencies that are mul-
tiples of the fundamental frequency of the system) and the 
overall dynamics of the system (i.e., averaged + time-periodic 
dynamics) are significantly higher for flapping-wing flyers than 
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they are for helicopters—approximately 7% for helicopters [7] 
and up to 50% for flapping-wing flyers [8, 9]. These estimates 
were obtained using modal participation factors [10]. In light 
of these similarities, this study was carried out to see if the 
virbrational stabilization mechanisms that are observed for 
flapping-wing flight also extend to rotary-wing flight.

One major challenge in the analysis of vibrational stabili-
zation lies in the stability analysis of NLTP systems. While 
the stability analysis of nonlinear time-invariant (NLTI) sys-
tems is readily assessed by linearizing the dynamics about 
an equilibrium point and performing eigenanalysis, or by 
means of Lyapunov theory, the stability analysis of NLTP 
systems is typically a more challenging task. This is because 
the equilibrium solution of NLTP systems is typically repre-
sented by a periodic orbit rather than by a fixed point. Three 
main approaches exist for determining the stability of NLTP 
systems (Fig. 1) [11, 12]: the first is based on Floquet the-
ory [13–17], the second is based on averaging methods [11, 
18–26], and the third is based on Lyapunov characteristic 
exponents (LCE) [12, 27–32]. The first approach is articu-
lated in the following four major steps: (1) a periodic orbit 
is found by solving the dynamic equations, (2) the dynamic 
equations are linearized about that periodic orbit to yield a 
linear time-periodic (LTP) system, (3) the LTP system is 
transformed into a linear time-invariant (LTI) system via 
Floquet transformation/decomposition, and (4) stability is 
assessed by checking the eigenvalues of the LTI system. The 
second approach to determine stability of NLTP systems 
leverages averaging methods to transform the NLTP system 
into an equivalent NLTI system where the periodic orbit of 

the original system collapses to a single point in the state 
space. Stability is thus assessed by linearizing the equivalent 
NLTI system about its equilibrium point and by perform-
ing spectral analysis [18]. The third method generalizes the 
stability solutions of the linear models, i.e., eigenvalues of 
LTI systems and Floquet multipliers of linear time-periodic 
(LTP) systems, to the case of non-linear, time-varying sys-
tems. LCE are directly computed from the non-linear, time-
varying dynamics and avoid the linearization step.

Historically, the only methods available for transforming 
the LTP dynamics into approximate higher-order LTI sys-
tems were the Lyapunov-Floquet method [33] and frequency 
lifting methods [34], which both suffered from the common 
disadvantage of the need for state transition matrices. State 
transition matrices constitute a particular challenge in that 
their computation can be numerically intensive and/or very 
sensitive to tuning parameters which require prior knowledge 
on the system’s dynamics. However, this limitation can be 
relaxed using the harmonic decomposition method that origi-
nated from the rotorcraft community [35–37]. Within the con-
text of rotorcraft, harmonic decomposition models have been 
used to: (1) study the interference effects between higher-har-
monic control (HHC) and the aircraft flight control system 
(AFCS) [35, 38–40]; (2) design load alleviation control (LAC) 
laws (the PI’s efforts in [41–43]; and (3) prediction and avoid-
ance of flight envelope limits [43–45]. A survey by the PI on 
the use of harmonic decomposition models in the rotorcraft 
field can be found in [46]. When coupled with a harmonic 
balance scheme, harmonic decomposition can also be used 
to solve for (stable and unstable) periodic solutions [47] and 
compute open-loop higher-harmonic control (HHC) inputs 
that attenuate arbitrary state/output harmonics [9]. Because 
harmonic decomposition (1) relaxes all limitations associated 
with the Floquet-based approach and (2) can be used to com-
pute unstable periodic orbits (note that the unaugmented hover 
dynamics of rotorcraft is unstable, see [4], it is used to analyze 
vibrational stability of rotorcraft in this study.

The objective of this article is to investigate vibrational 
stability effects in rotorcraft flight dynamics. To do so, the 
harmonic decomposition method is extended to the vibra-
tional stability analysis of rotorcraft and used to assess: (1) 
the effect of blade imbalance—one-per-rotor-revolution (1/
rev) vibrations—on the hover flight dynamics of a conven-
tional utility helicopter similar to a UH-60 and (2) the effect 
of number-of-blades per rotor revolution ( Nb/rev) vibrations 
in high-speed forward flight on the flight dynamics of the 
same helicopter model. The specific contributions of this 
article are: (1) the extension of the harmonic decomposi-
tion method for the study of rotorcraft vibrational stability, 
and (2) the investigation of vibrational stability effects in 
rotorcraft flight dynamics for the specific cases of rotor blade 
imbalance at hover and Nb/rev loads in high-speed forward 
flight.

Fig. 1   Illustration of the three main approaches to stability analysis 
of NLTP systems: averaging methods (left), Floquet theory and har-
monic decomposition (center), and Lyapunov characteristic expo-
nents (right)
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The article starts from a simple example involving an 
inverted pendulum to demonstrate the use of the harmonic 
decomposition method [35, 36] for the study of vibrational 
stabilization effects. The concept is then extended to ana-
lyze the effect of blade imbalance on the flight dynamics of 
a hovering helicopter, as well as the effect of Nb/rev loads 
in high-speed forward flight. Final remarks summarize the 
overall findings of the study and future developments are 
identified.

2 � Mathematical background

2.1 � Harmonic decomposition

Consider a nonlinear time-periodic (NLTP) system in first-
order form representative of the rotorcraft flight dynamics: 

 where xxx ∈ ℝn is the state vector, uuu ∈ ℝm is the control input 
vector, yyy ∈ ℝl is the output vector, and t is the dimensional 
time in seconds. The nonlinear functions fff  and ggg are T-peri-
odic in time such that: 

 Note that the fundamental period of the system is T =
2�

Ω
 

seconds, where Ω is the angular speed of the main rotor in 
rad/s. Let xxx∗(t) and uuu∗(t) represent a periodic solution of 
the system such that xxx∗(t) = xxx∗(t + T) and uuu∗(t) = uuu∗(t + T) . 
Then, the NLTP system can be linearized about the peri-
odic solution. Linearized time-invariant/periodic approxi-
mations are typically considered acceptable in rotorcraft 
flight dynamics, especially to assess dynamic stability and 
response characteristics about an equilibrium (or trim) con-
dition. Should the NLTP dynamics deviate significantly from 
the trim condition, then linearized approximations would no 
longer be accurate. Consider the case of small disturbances: 

 where �x�x�x and �u�u�u are the state and control perturbation vec-
tors from the candidate periodic solution. A Taylor series 
expansion is performed on the state derivative and output 
vectors. Neglecting terms higher than first order results in 
the following equations: 

(1a)ẋxx = fff (xxx,uuu, t)

(1b)yyy = ggg(xxx,uuu, t)

(2a)fff (xxx,uuu, t) = fff (xxx,uuu, t + T)

(2b)ggg(xxx,uuu, t) = ggg(xxx,uuu, t + T)

(3a)xxx = xxx∗ +�x�x�x

(3b)uuu = uuu∗ +�u�u�u

 where: 

 Note that the state-space matrices in Eq. (5) have T-periodic 
coefficients such that: 

 Equations (4a) and (4b) yield a linear time-periodic (LTP) 
approximation of the NLTP system of Eq. (1) as follows: 

Hereafter, the notation is simplified by dropping the � in 
front of the linearized perturbation state and control vectors 
while keeping in mind that these vectors represent perturba-
tions from a periodic equilibrium. Next, the state, input, and 
output vectors of the LTP systems are decomposed into a finite 
number of harmonics of the fundamental period via Fourier 
analysis: 

(4a)fff (xxx∗ +�x�x�x,uuu∗ +�u�u�u, t) = fff (xxx∗,uuu∗, t) +FFF(t)�x�x�x +GGG(t)�u�u�u

(4b)ggg(xxx∗ +�x�x�x,uuu∗ +�u�u�u, t) = ggg(xxx∗,uuu∗, t) +PPP(t)�x�x�x +QQQ(t)�u�u�u

(5a)FFF(t) =
�fff (xxx,uuu)

�xxx

||| xxx∗,uuu∗ ,

(5b)GGG(t) =
�fff (xxx,uuu)

�uuu

||| xxx∗,uuu∗

(5c)PPP(t) =
�ggg(xxx,uuu)

�xxx

||| xxx∗,uuu∗ ,

(5d)QQQ(t) =
�ggg(xxx,uuu)

�uuu

||| xxx∗,uuu∗

(6a)FFF(t) =FFF(t + T),

(6b)GGG(t) =GGG(t + T)

(6c)PPP(t) =PPP(t + T),

(6d)QQQ(t) =QQQ(t + T)

(7a)𝛥𝛥𝛥ẋxx = FFF(t)𝛥x𝛥x𝛥x +GGG(t)𝛥u𝛥u𝛥u

(7b)���yyy = PPP(t)�x�x�x +QQQ(t)�u�u�u

(8a)xxx = xxx0 +

N∑
i=1

xxxic cos
(
2�it

T

)
+ xxxis sin

(
2�it

T

)

(8b)uuu = uuu0 +

M∑
j=1

uuujc cos

(
2�jt

T

)
+ uuujs sin

(
2�jt

T

)
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 As shown in [35], the harmonic decomposition methodol-
ogy can be used to transform the LTP model into an approxi-
mate higher-order linear time-invariant (LTI) model in first-
order form: 

 where the augmented state, control, and output vectors 
XXX ∈ ℝn(2N+1) , UUU ∈ ℝm(2M+1) , and YYY ∈ ℝl(2L+1) , respectively, 
are given by: 

 w i t h  AAA ∈ ℝn(2N+1) × n(2N+1)  ,  BBB ∈ ℝn(2N+1) ×m(2M+1)  , 
CCC ∈ ℝl(2L+1) × n(2N+1) , and DDD ∈ ℝl(2L+1) ×m(2M+1) . Closed-
form expressions for these matrices can be found in [35]. It 
is worth noting that harmonic decomposition does not rely 
on state transition matrices, which makes the methodology 
more computationally efficient and less numerically sensi-
tive than other approaches such as the Lyapunov-Floquet 
method [33] and frequency lifting methods [34].

2.2 � Model‑order reduction

Because one of the objectives of this article is to investigate 
the change in stability derivatives that results from vibrational 
stabilization, it is desired to reduce the order of the harmonic 
decomposition models down to a model that is representative 
of rigid-body dynamics. Ideally, these reduced-order models 
do not include the higher harmonic states but still retain part 
of the higher-harmonic response characteristics. This can be 
achieved through residualization, a portion of singular per-
turbation theory that pertains to LTI systems [48]. Assuming 
that one or more states of the system have stable dynamics 
which are faster than that of the remaining states, the state 
vector in Eq. (10a) can be partitioned into fast XXXf and slow XXXs 
components:

Then, the system in Eq. (9a) can be re-written as:

(8c)yyy = yyy0 +

L∑
k=1

yyykc cos
(
2�kt

T

)
+ yyyks sin

(
2�kt

T

)

(9a)ẊXX = AAAXXX +BBBUUU

(9b)YYY = CCCXXX +DDDUUU

(10a)XXXT =
[
xxxT
0
xxxT
1c
xxxT
1s

… xxxT
Nc
xxxT
Ns

]

(10b)UUUT =
[
uuuT
0
uuuT
1c
uuuT
1s

… uuuT
Mc

uuuT
Ms

]

(10c)YYYT =
[
yyyT
0
yyyT
1c
yyyT
1s

… yyyT
Lc
yyyT
Ls

]

(11)XXXT =
[
XXXT
s
XXXT
f

]

(12)
[
ẊXXs

ẊXXf

]
=

[
AAAs AAAsf

AAAfs AAAf

] [
XXXs

XXXf

]
+

[
BBBs

BBBf

]
UUU

By assuming that the dynamics of the fast states reach 
steady-state in the time scale of interest (i.e., ẊXXf = 0 ) and 
performing a few algebraic manipulations, the equations for 
a reduced-order system with the state vector composed of 
the slow states may be found:

where: 

 Note that AAAf must be invertible. This is guaranteed if AAAf is 
non-singular, i.e., no eigenvalue has a real-part that is equal 
to zero. Additionally, to apply residualization, AAAf must be 
is asymptotically stable, i.e., all eigenvalues have their real 
part that is strictly negative. In this study, the slow states 
are chosen as the zeroth harmonic rigid-body states with 
the exception of the position states as the flight dynamics 
are invariant with respect to these [49], whereas the fast 
states are taken as the higher harmonics of the rotor states 
[9, 42, 50, 51]: 

 In the equation above,

u, v, w are the longitudinal, lateral, and vertical velocities 
in the body-fixed frame,
p, q, r are the roll, pitch, and yaw rates,
�, �, � are the Euler angles,
x, y, z are the positions in the North-East-Down (NED) 
frame,

whereas xxxR are the rotor states. More detail on the rotor 
states is provided later in this article. The rotor states are 
generally asymptotically stable, unless there is some aero-
mechanic/aeroelastic instability, which is not modelled 
herein. This guarantees AAAf to be asymptotically stable. Note 
that the higher harmonics of the rigid-body states were trun-
cated from the fast state vector. This is because the higher 
harmonics of the rigid-body states are generally unstable 
at hover and low-to-moderate speeds (their eigenvalues are 
shifted on the imaginary axis with respect to the zeroth-
harmonic eigenvalues by kΩ , with k = 1,… ,N ). This would 
cause AAAf not to be asymptotically stable. The truncation of 
these states is justified by the fact that the higher harmonics 
of the rigid body states have negligible contribution to the 
overall flight dynamics [7]. An alternative reduction that 

(13)ẊXXs = ÂAAXXXs + B̂BBUUU

(14a)ÂAA =AAAs −AAAsfAAAf
−1AAAfs

(14b)B̂BB =BBBs −AAAsfAAAf
−1BBBf

(15a)XXXT
s
=
[
u0 v0 w0 p0 q0 r0 �0 �0 �0

]

(15b)XXXT
f
=
[
xxxT
R0
xxxT
R1c

⋯ xxxT
RNs

]
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yields a 10-state model involves retaining the longitudinal 
and lateral flapping angles as part of the slow state vector 
[42], such that: 

 where x̂xxR0
 is the zeroth harmonic of the rotor state vector 

with the longitudinal and lateral flapping states removed, and 
�1c and �1s are the longitudinal and lateral flapping angles, 
respectively. The 10-state model will model the regressive 
flap mode and be accurate, at least for the UH-60 helicopter, 
up to about 10 rad/s, compared to approximately the 4 rad/s 
of the 8-state model retaining the rigid-body dynamics only 
[52, 53]. It is worth mentioning that the regressive flap mode 
has a natural frequency that is significantly less than the 
slowest first harmonic component of the flight dynamics. In 
fact, harmonic components are at frequencies multiple of the 
fundamental frequency of the system, i.e., 27 rad/s for the 
UH-60. The minimum-frequency first harmonic components 
will be at 27 rad/s. Thus, the frequency separation between 
the fastest “slow” state and the slowest “fast” state is signifi-
cant such that residualization is justified. Both methods are 
used in this article.

To ensure the residualized model retains information 
about the influence of the residualized dynamics on both 
the zeroth harmonics and the higher output harmonics of 
the output, consider partitioning the output equations in Eq. 
(9b) as:

Then, it can be shown that the residualized output equations 
are:

where: 

 If now the augmented output vector is selected to coincide 
with the harmonics of the output vector in Eq. (20), such 
that:

then, the residualized model will predict the influence of the 
residualized dynamics on the zeroth and higher-harmonic 
of the output.

(16a)XXXT
s
=
[
u0 v0 w0 p0 q0 r0 �0 �0 �0 �1c �1s

]

(16b)XXXT
f
=
[
x̂xxT
R0
xxxT
R1c

⋯ xxxT
RNs

]

(17)YYY =
[
CCCs CCCf

] [XXXs

XXXf

]
+DDDUUU

(18)ẎYY = ĈCCXXXs + D̂DDUUU

(19a)ĈCC = CCCs −CCCfAAAf
−1AAAfs

(19b)D̂DD = DDD −CCCfAAAf
−1BBBf

(20)YYYT =
[
yyyT
0
yyyT
1c
yyyT
1s

… yyyT
Lc
yyyT
Ls

]

3 � Vibrational stability

3.1 � Inverted pendulum dynamics

The overall methodology used for this investigation, i.e., 
the use of harmonic decomposition to assess vibrational 
stability, is explained through a simple example involving 
an inverted pendulum [3, 54] with a vibrating suspension 
point, shown in Fig. 2. Consider the dynamics of such 
pendulum:

where L is the pendulum length, A the acceleration resulting 
from the periodic displacement of the point of suspension, 
and g is the gravitational acceleration.

Assume that the displacement of the point of suspen-
sion is given by:

where � = Ωt . Then, the acceleration A of the suspension 
point is:

The system in Eq. (21) can be reformulated as a system of 
ordinary differential equations (ODEs) such that:

where xxxT =
[
𝜃̇ 𝜃

]
 . Note that FFF(�) = FFF(� + ΩT) , where 

T = 2�∕Ω . Thus, the system in Eq. (24) is a linear time-
periodic (LTP) system.

3.2 � Harmonic decomposition models

Consider now decomposing the state vector into harmonics 
of the fundamental frequency Ω , such that:

(21)L𝜃̈ − (g + A)𝜃 = 0

(22)D = a sin�

(23)A = D̈ = −aΩ2 sin𝜓

(24)ẋxx =

[
0

g

L
−

a

L
Ω2 sin𝜓

1 0

]
xxx = FFF(𝜓)xxx

Fig. 2   Inverted pendulum with 
the point of suspension being 
vibrated
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Then, it can be shown [35, 36] that the system in Eq. (24) is 
approximated with a higher-order linear time-invariant (LTI) 
system of the form:

The AAA matrix coefficients are given by: 

 where: 

(25)xxx = xxx0 +

N∑
n=1

[
xxxnc cos (n�) + xxxns sin (n�)

]

(26)

A =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

H0FFF H0FFF1c H0FFF1s ⋯ H0FFFNc H0FFFNs

H1cFFF H1cFFF1s − Ω +H1cFFF1s ⋯ H1cFFFNc H1cFFFNs

H1sFFF Ω +H1sFFF1s H1sFFF1s ⋯ H1sFFFNc H1sFFFNs

⋮ ⋮ ⋮ ⋱ ⋮ ⋮

HNcFFF HNcFFF1s HNcFFF1s ⋯ HNcFFFNc − NΩ +HNcFFFNs

HNsFFF HNsFFF1s HNsFFF1s ⋯ NΩ +HNsFFFNc HNsFFFNs

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(27a)HHH0FFF =
1

2� ∫
2�

0

FFF(�)d�

(27b)HHHicFFF =
1

� ∫
2�

0

FFF(�) cos (i�)d�

(27ba-c)HHHisFFF =
1

� ∫
2�

0

FFF(�) sin (i�)d�

(27c)HHH0FFFnc =
1

2� ∫
2�

0

FFFnc(�)d�

(27d)HHHicFFFnc =
1

� ∫
2�

0

FFFnc(�) cos (i�)d�

(27dd-f)HHHisFFFnc =
1

� ∫
2�

0

FFFnc(�) sin (i�)d�

(27e)HHH0FFFns =
1

2� ∫
2�

0

FFFns(�)d�

(27f)HHHicFFFns =
1

� ∫
2�

0

FFFns(�) cos (i�)d�

(27fg-i)HHHisFFFns =
1

� ∫
2�

0

FFFns(�) sin (i�)d�

(28a)FFFnc(�) = FFF(�) cos (n�)

(28b)FFFns(�) = FFF(�) sin (n�)

The following example involves retaining up to the first 
harmonic in the harmonic decomposition of state vector in Eq. 
(25). By doing so, the LTP system in Eq. (24) is transformed 
into an equivalent LTI system with a system matrix:

and where xxxT =
[
𝜃̇0 𝜃0 𝜃̇1c 𝜃1c 𝜃̇1 s 𝜃1 s

]
 is the augmented state 

vector. The stability of the system will be determined by the 
eigenvalues of the AAA matrix. The eigenvalues are given by: 

 where: 

(29)AAA =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
g

L
0 0 0 Ω2 a

2L

1 0 0 0 0 0

0 0 0
g

L
− Ω 0

0 0 1 0 0 − Ω

0 Ω2 a

L
Ω 0 0

g

L

0 0 0 Ω 1 0

⎤
⎥⎥⎥⎥⎥⎥⎦

(30a)�1,2 = ±c1

(30b)�3,4 = ±c2

(30c)�5,6 = ±

√
c3 + c4 −

c5

c3

(31a)c1 =

�
c4 −

c3

2
+

c5

2c3
−

1

2

√
3

�
c3
c5

c3
i

�

(31b)c2 =

�
c4 −

c3

2
+

c5

2c3
+

1

2

√
3

�
c3
c5

c3
i

�

(31c)
c3 =

{
c6 +

√√√√√
[
c6 +

(
6L2g − 4L3Ω2

)3
216L9

− c7

]2

+ c3
5

+

(
6L2g − 4L3Ω2

)3
216L9

− c7

}1∕3

(31d)c4 =
6L2g − 4L3Ω2

6L3

(31e)c5 =
2L3Ω4 − LΩ4a2 + 6Lg2

6L3
−

(
6L2g − 4L3Ω2

)2
36L6

(31f)c6 =
2L2Ω4g − LΩ6a2 + 4LΩ2g2 − Ω4a2g + 2g3

4L3

(31g)c7 =

(
6L2g − 4L3Ω2

)(
2L3Ω4 − LΩ4a2 + 6Lg2

)
24L6
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It can be shown [3] that the inverted pendulum is stable for 
a high-enough forcing frequency if:

Consider an inverted pendulum where g = 9.81 m∕s2 , L = 1 

m, and a =
1

2

(
�2

32
L

)
 . Then, this pendulum will be stable for 

forcing frequencies Ω ⪆ 40.59 rad/s. For instance, the eigen-
values for the case where Ω = 0 rad/s (i.e., no periodic forc-
ing) are:

whereas the eigenvalues for the case where Ω = 50 rad/s are:

3.3 � Residualization

The order of the system in Eq. (26) can be reduced by means 
of residualization. As such, the augmented state vector is par-
titioned into fast and slow components, such that the slow 
states are chosen as the zeroth harmonic states, whereas the 
fast states are taken as the higher harmonics: 

 Then, the submatrices of Eq. (12) become: 

 Applying Eq. (14) yields the following residualized 
dynamics:

(32)a <
𝜋2

32
L

(33)�1 = 3.1321 ± 0i, �2 = −3.1321 ± 0i

(34)
�1,2 = 0 ± 4.5314i, �3,4 = 0 ± 47.4166i, �5,6 = 0 ± 51.9779i

(35a)XXXs =xxx0

(35b)XXXT
f
=
[
xxxT
1c
xxxT
1s
]

(36a)AAAs =

[
0

g

L

1 0

]

(36b)AAAsf =

[
0 0 0 Ω2 a

2L

0 0 0 0

]

(36c)AAAf =

⎡
⎢⎢⎢⎢⎣

0
g

L
− Ω 0

1 0 0 − Ω

Ω 0 0
g

L

0 Ω 1 0

⎤⎥⎥⎥⎥⎦

(36d)AAAfs =

⎡⎢⎢⎢⎣

0 0

0 0

0 Ω2 a

L

0 0

⎤⎥⎥⎥⎦

The eigenvalues of this matrix are:

Setting ℜ
(
�1,2

)
= 0 , solving for Ω , and discarding any non-

physical solution yields:

Note that this is only an approximation to the minimum fre-
quency that yields neutral stability.

3.4 � Stability maps

To assess the impact of the choice of number of harmonics 
and of the corresponding residualization on the accuracy of 
the reduced-order models to describe vibrational stabiliza-
tion, one can resort to stability maps. Stability maps indi-
cate the regions of stability/instability for varying forcing 
frequency and amplitude. Stability maps are well known for 
the inverted pendulum example in consideration. To obtain 
stability maps, it is convenient to transform the inverted pen-
dulum dynamics into the Mathieu’s form [55, 56]:

where � = � and �(�) = sin� is the forcing function. Note 
that: 

 By setting Eq. (40) equal to Eq. (21), the following identi-
ties are obtained: 

 Thus, stability maps can be obtained for varying � and 
� (Fig. 3). Figure 3a shows the stability map (Ince-Strutt 
diagram) predicted with the higher-order LTI model der-
rived analytically in the previous section (with N = 1 ), 
whereas 3b shows the stability map predicted with the 

(37)ÂAA =

[
0

g

L
−

Ω4a2

2L(LΩ2+g)
1 0

]

(38)�1,2 = ±

√
2
√
−Ω4a2 + 2LΩ2g + 2g2

2
√
L
√
LΩ2 + g

(39)
Ω = ±

1

a

�
Lg +

√
L2g2 + 2a2g2 + a2

≈ 28.89 rad∕s

(40)��� + [� + ��(�)]� = 0

(41a)𝜃̇ =
d𝜃

dt
=

d𝜃

d𝜏

d𝜏

dt
= 𝜃�Ω

(41b)𝜃̈ =
d2𝜃

dt2
=

d2𝜃

d𝜏2

(
d𝜏

dt

)2

= 𝜃��Ω2

(42a)� = −
g

LΩ2

(42b)� =
a

L
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corresponding residualized model. The stability map from 
the high-order LTI model is somewhat similar to that in [55] 
for 𝛽 = a∕L < 1 , but differs substantially for 𝛽 = a∕L > 1 . 
As shown below, this is related to not enough harmonics 
being retained in the harmonic decomposition process. Com-
pared to the higher-order LTI model, the residualized model 
is shown to predict the same stability properties for � ≥ 1 . 
The residualized model also predicts the unstable region 
for 𝛼 < 0 . On the other hand, the prediction 0 ≤ 𝛼 < 1 is 
off for values of 𝛽 > 0 . Nonetheless, the residualized mod-
els appears to provide reasonable stability predictions for 
𝛽 = a∕L ≪ 1 , i.e., at low forcing amplitudes.

Because in Eq. (24) the periodicity is limited to frequen-
cies of one per forcing cycle, one would think it is suf-
ficient to retain up to the first harmonic in the harmonic 

decomposition of state vector in Eq. (25). However, as 
pointed out in [53], harmonics up to one more that of the 
periodicity must be retained to capture all of the harmonic 
behaviour. Because of the complexity introduced by the 
extra harmonics in the calculations compared to the previ-
ous case, the high-order LTI model as well as its eigenvalues 
are computed numerically rather than analytically. Stability 
maps obtained via harmonic decomposition and correspond-
ing residualized model are shown in Fig. 4 for N = 2 state 
harmonics retained in the harmonic decomposition process. 
Figure 4a shows stability maps obtained for N = 2 whereas 
4b shows the corresponding residualized dynamics. In these 
figures, it is shown how a connection exists between the 
order of the LTI approximation and the number and shape 
of parametric resonance or vibrational control regions that 

(a) Harmonic decomposition model. (b) Residualized dynamics.

(c) Comparison between harmonic decomposition and
residualized models.

Fig. 3   Stability maps for varying � and � and a sinusoidal forcing function obtained by retaining up to the first state harmonic when performing 
harmonic decomposition (i.e., N = 1)
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can be recovered. For N = 2 , the stability maps from the 
harmonic decomposition model are identical to those in [55]. 
The stability map from the residualized model, on the other 
hand, seems to only predict the left boundaries of the stable 
regions.

3.5 � Time‑domain validation

To validate the stability map results obtained with the har-
monic decomposition models and corresponding residual-
ized dynamics, time-domain simulations are performed 
for three cases. These cases, shown via the markers in 
Fig. 5, correspond to the following {�, �} combinations: 

{− 0.2, 0.66} ,  {− 0.2, 0.73} ,  and {− 0.2, 0.83} .  Time 
responses to initial conditions are shown in Fig. 6 for the 
Mathiew equation, the harmonic decomposition model with 
N = 2 , and the corresponding residualized model. Figure 6a, 
corresponding to � = − 0.2 and � = 0.66 , shows unstable 
responses for all of the models. This agrees with the predic-
tions from the stability maps in Fig. 5 and provide a better 
condition for vibrational stability than averaging methods 
[54]. Figure 6b, corresponding to � = − 0.2 and � = 0.73 , 
shows stable responses for all of the models. This, again, 
is in line with the prediction provided by the stability map 
in Fig. 5. However, the response of the residualized model 
differs from those of the of Mathieu’s equation and of the 

(a) Harmonic decomposition model. (b) Residualized dynamics.

(c) Comparison between harmonic decomposition and
residualized models.

Fig. 4   Stability maps for varying � and � and a sinusoidal forcing function obtained by retaining up to the second state harmonic when perform-
ing harmonic decomposition (i.e., N = 2)
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harmonic decomposition model. Finally, Fig. 6c, which is 
representative of the case where � = − 0.2 and � = 0.73 , 
shows unstable responses for Mathieu’s equation and for the 
harmonic decomposition model, whereas the response of the 
residualized dynamics is stable. This can be explained by 
the fact that, for this particular combination of � and � , the 
stability map of the residualized dynamics predicts a stable 
behavior, whereas that obtained with the harmonic decom-
position model predicts instability. This validates the stabil-
ity map obtained with the harmonic decomposition model, 
while it confirms that the stability map obtained with the 
residualized dynamics only predicts the left boundaries of 
stability in the Ince-Strutt diagram.

Fig. 5   Stability diagram for the undamped Mathieu equation. The 
markers indicate the cases for which time responses are calculated
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(a) Case 1: α = −0.2 and β = 0.66. (b) Case 2: α = −0.2 and β = 0.73.

(c) Case 3: α = −0.2 and β = 0.83.

Fig. 6   Stability maps for varying � and � and a sinusoidal forcing function obtained by retaining up to the second state harmonic when perform-
ing harmonic decomposition (i.e., N = 2)



449On the effects of rotor induced vibrational stability on helicopter flight dynamics﻿	

4 � Simulation model

The nonlinear flight dynamics of a utility helicopter are 
modeled using PSUHeloSim [57], a MATLAB® implemen-
tation of the General Helicopter (GenHel) flight dynamics 
simulation model [58] with improved rotor, trimming, and 
linearization routines. PSUHeloSim is representative of a 
utility helicopter similar to a UH-60. Table 1 summarizes 
the salient characteristics of the UH-60-like simulation 
model. The model contains a 6-degree-of-freedom rigid-
body dynamic model of the fuselage, nonlinear aerodynamic 
lookup tables for the fuselage, rotor blades, and empennage, 
rigid flap and lead-lag rotor blade dynamics, a three-state 
Pitt-Peters inflow model [59], and a Bailey tail rotor model 
[60]. The state vector is:

where:

u, v, w are the longitudinal, lateral, and vertical velocities 
in the body-fixed frame,
p, q, r are the roll, pitch, and yaw rates,
�, �, � are the Euler angles,
x, y, z are the positions in the North-East-Down (NED) 
frame,
�0, , �0D, �1c, �1s are the flapping angles in multi-blade 
coordinates,
�0, �0D, �1c, �1s are the lead-lag angles in multi-blade 
coordinates,
�0, �1c, �1s, are the main rotor induced inflow ratio har-
monics, and
�0T is the tail rotor induced inflow ratio.

The state vector is conveniently partitioned into rigid-body 
and rotor states: 

(43)

xxxT =
[
u vw p q r𝜙𝜃 𝜓 x y

z 𝛽0 𝛽0D 𝛽1c 𝛽1s 𝛽̇0 𝛽̇0D 𝛽̇1c 𝛽̇1s

𝜁0 𝜁0D 𝜁1c 𝜁1s 𝜁̇0 𝜁̇0D 𝜁̇1c 𝜁̇1s 𝜆0 𝜆1c 𝜆1s 𝜆0T
]

(44a)xxxT
RB

=
[
u vw p q r�� � x y z

]

The control vector is:

where �lat and �lon are the main rotor lateral and longitudinal 
cyclic inputs, �col is the main rotor collective input, and �ped 
is the tail rotor collective, or pedal, input.

The bare-airframe dynamics are augmented with a 
multi-loop nonlinear dynamic inversion (NDI) control law 
largely based on [51, 53, 57, 61–66]. The schematics of the 

(44b)
xxxT
R
=
[
𝛽0 𝛽0D 𝛽1c 𝛽1s 𝛽̇0 𝛽̇0D 𝛽̇1c 𝛽̇1s𝜁0

𝜁0D 𝜁1c 𝜁1s 𝜁̇0 𝜁̇0D 𝜁̇1c 𝜁̇1s 𝜆0 𝜆1c 𝜆1s 𝜆0T
]

(45)uuuT =
[
�lat �lon �col �ped

]

Fig. 7   Schematic of the closed-
loop rotorcraft dynamics

Table 1   General characteristics of the UH-60-like utility helicopter 
model

Parameter Value Units

Mass and inertia
Gross weight, W 17, 000 lb
Roll-axis moment of inertia, I

xx
5000 sl-ft

2

Pitch-axis moment of inertia, I
yy

39,000 sl-ft
2

Yaw-axis moment of inertia, I
zz

39,000 sl-ft
2

Roll/yaw-axes product of inertia, I
xz

1900 sl-ft
2

Main rotor
Number of blades, N

b
4 –

Radius, R 26.8 ft
Blade chord, c 1.73 ft
Blade twist, �

tw
−13 deg

Flapping hinge offset 1.25 ft
Blade weight, W

b
256.9 lb

Blade first mass moment, M� 86.7 sl-ft
Blade second mass moment, I� 1512.6 sl-ft

2

Angular speed, Ω 27 rad/s
Tail Rotor
Number of blades, N

b
TR

4 –
Radius, R

TR
5.5 ft

Blade chord, c
TR

0.81 ft
Blade twist, �

tw
TR

−17 deg
Blade second mass moment, I�

TR
3.10 sl-ft

Angular speed, Ω
TR

124.62 rad/s
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closed-loop rotorcraft dynamics are shown in Fig. 7. The 
outer loop controller tracks longitudinal and lateral ground 
velocity commands in the heading frame and calculates the 
desired pitch and roll attitudes for the inner loop to track. 
The response type of the outer loop is Translational Rate 
Command (TRC). The inner loop achieves stability, distur-
bance rejection, and desired response characteristics about 
the roll, pitch, yaw, and heave axes. When coupled with the 
outer loop, an Attitude Command / Attitude Hold (ACAH) 
response is used for the roll and pitch axes, Rate Command 
/ Attitude Hold (RCAH) is used for the yaw axis, and a TRC 
response is used for the heave axis.

5 � Results

5.1 � Vibrational stability due to blade imbalance

Consider an example involving the flight dynamics of a 
hovering helicopter experiencing rotor blade imbalance. 
Rotor blade imbalance might be caused by manufacturing 
imperfections in the blades, non-optimal rotor balancing, 
and/or rotor blade damage. Since helicopters are subjected 
to a variety of vibrations, it is feasible that vibrational effects 
might affect their stability characteristics. Traditionally, 
linear time invariant models of helicopter flight dynamics 
neglect vibrational effects, but through the use of harmonic 
decomposition [35] time periodic terms can be retained in 
the LTI models.

In general, the flight dynamics of this model are non-
linear time-periodic (NLTP), such that:

where � = Ωt is the azimuth angle of a reference main rotor 
blade. Blade imbalance is modeled by assuming one of the 
four rotor blades to have a different mass with respect to 
the others. The unbalanced blade mass is assumed to have 
values from 1 to 10% more than the others. While these 
values include some extreme cases (rotor imbalance in 
nominal conditions is not likely to exceed a few percents 
[67]) these could be feasible values in off-nominal condi-
tions, i.e., when a blade is damaged. The reason 10% was 
selected for the maximum imbalance is that above this value, 
there was minimal change in the flight dynamics (as will be 
shown in the results below). Given this difference in mass, 
first and second flapping moments are varied assuming 
the same relative mass distribution as the nominal blade. 
Because blade imbalance results in a periodic forcing at one-
per-rotor-revolution (1/rev), trim at hover will no longer be 
represented a single point in the state space but rather by a 
periodic orbit such that the trim state and control vectors are 
xxx∗(�) = xxx∗(� + ΩT) and uuu∗(�) = uuu∗(� + ΩT).

(46)ẋxx = fff (xxx,uuu,𝜓)

To solve for this periodic orbit, the modified harmonic 
balance algorithm of [47] is used. Figure 8 shows the peri-
odic trim acceleration at the center of gravity (CG) over one 
rotor revolution. The rotor blade imbalance results in 1/rev 
vibrations with amplitudes of up to 0.5 g in the lateral and 
vertical acceleration for the 10% blade imbalance case. For 
reference, these vibrations are in line with those encountered 
by fixed-wing aircraft in severe turbulence [68–71].

Next, the flight dynamics are linearized about this 
periodic orbit to yield an LTP system. The LTP system is 
approximated with a higher-order LTI system by retaining 
up to the fifth harmonic of the fundamental frequency (i.e., 
the angular speed of the main rotor Ω ) in the state vector 
(i.e., N = 5 ), up to the fourth harmonic in the output vec-
tor (i.e., L = 4 ), while retaining only the zeroth harmonic 
of the control input vector (i.e., M = 0 ). While the domi-
nant oscillations at hover will be the 1/rev oscillations due 
to blade imbalance, small 4/rev oscillations may also be 
present, although these become significant only in forward 
flight. Thus, it is chosen to retain up to the fifth harmonic 
in the state vector [53] and up to the fourth harmonic in 
the outputs. Retaining only the zeroth harmonic in the con-
trol input relies on the assumption that no higher-harmonic 
control (HHC) is employed, which is typically the case for 
conventional rotorcraft.

The order of the higher-order LTI model is subsequently 
reduced to a 10-state model representative of the rigid-body 
dynamics and of the regressive flap mode. An 8-state model 
is also obtained, which is representative of the rigid-body 
dynamics only. Because this model does not retain the flap-
ping states used to predict the regressive flap mode, its 
accuracy will be limited to frequencies up to approximately 
4 rad/s. To validate the linearized models obtained via the 
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Fig. 8   Periodic trim acceleration at the CG over one rotor revolution 
for increasing blade imbalance
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proposed method, the on-axis frequency responses of these 
models are compared to frequency responses extracted from 
frequency sweeps [72]. Because the dynamics of rotorcraft 
are unstable at hover, the control law described above is 
used to stabilize the hover dynamics during the frequency 
sweeps. The sweep inputs are injected between the inner 
loop and the rotorcraft dynamics. Because this is, in fact, 
a closed-loop identification problem where the inputs are 
highly-correlated, the method in [73] is used. Figure 9 shows 
the input/output data for a lateral stick input sweep with 0% 
blade imbalance case. More specifically, Fig. 9a shows the 
chirp inputs, Fig. 9b shows the total (or closed-loop) control 
inputs before the mixer, and Fig. 9c shows the angular rates 
sweep response.

Figure 10 shows the bare-airframe roll rate due to lat-
eral input frequency responses for varying blade imbalance. 
Figure 10a corresponds to no blade imbalance, whereas 

Fig. 10b corresponds to a 10% blade imbalance. These fig-
ures show that the frequency responses of high-order LTI 
model match those obtained from frequency sweeps for both 
cases, validating the LTI model. The 8-state model is shown 
to provide good accuracy up to about 4 rad/s, whereas the 
accuracy of the 10-state model extends up to about 10.5 
rad/s. These results suggest that the linearization, harmonic 
decomposition, and successive model-order reduction are 
suitable for obtaining linearized models representative of 
rotor blade imbalance.

The effect of blade imbalance on the flight dynamics can 
be assessed via spectral analysis of the reduced-order sys-
tem thus obtained. Figure 11 shows the eigenvalues of the 
10-state model for blade imbalance varying from zero to 
10%. Figure 11a shows all ten eigenvalues and the regressive 
flapping eigenvalues are clearly shown to migrate to the left 
of the complex plane for increasing imbalance, eventually 
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Fig. 9   Example input/output data for a lateral stick sweep input
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converging to fixed values as the imbalance approaches 
10%. Figure 11b shows a detail of the rigid-body dynam-
ics eigenvalues, where both the roll and pitch subsidence 
mode eigenvalues move toward the origin for increasing 
blade imbalance. This means that their frequency decreases 
with increasing blade imbalance. Moreover, both the roll 
and pitch oscillatory eigenvalues move away from the origin 
along the imaginary axis, which is indicative of higher fre-
quency and lower damping. One difference, though, is that 
the pitch oscillatory eigenvalues move slightly to the right 
whereas the roll oscillatory eigenvalues move slightly to the 
left. The poles of the coupled yaw-heave mode are relatively 
unaffected compared to the other modes. These results are 

reported quantitatively in Table 2 for two cases: zero blade 
imbalance and 10% blade imbalance. Thus, it is concluded 
that rotor blade imbalance has a symmetric effect on the roll 
and pitch axes, in that it tends to decrease the frequency of 
the subsidence modes of the hovering cubic [4], while the 
oscillatory modes tend to increase in frequency and decrease 
in damping.

Figure 12 shows the lateral (Fig. 12a) and longitudinal 
(Fig. 12b) stability derivatives of the 8-state model for vary-
ing blade imbalance. The magnitude of the roll and pitch 
axes damping derivatives Lp and Mq is shown to decrease 
with increasing blade imbalance. On the other hand, while 
lateral speed stability ( Yv ) becomes more negative with 
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Fig. 11   Hover eigenvalues of the 10-state residualized model for varying blade imbalance
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increasing blade imbalance, longitudinal speed stability 
( Xu ) decreases in magnitude. It is notable that the roll and 
pitch moment derivatives due to lateral and longitudinal 
speed, Lv and Mu respectively, actually change signs for 
moderate amounts of imbalance (2%). These play a large 
part in the significant change in the frequency of oscillation 
modes associated with the hover cubic, as the frequency of 
these modes increased by more than 30% for a 2% blade 
imbalance.

In light of these results, the dynamics identified for a heli-
copter with an imbalanced rotor may indeed differ from 
those obtained from simulations where the rotor is perfectly 
balanced. A more in-depth explanation follows. When per-
forming system/parametric identification from flight test 
data, which inevitably corresponds to some rotor imbalance 
on the real aircraft, what is identified are, in fact, dynamics 
equivalent to the residualized dynamics from the high-order 
LTI model. These can be referred to as the “true” dynamics. 
On the other hand, when performing flight dynamics 

predictions from physics-based simulations, any periodic 
component in the flight dynamics due to blade imbalance is 
not modeled in that rotor blades are typically assumed as 
perfectly balanced. Even if blade imbalance was modeled, 
flight dynamics predictions adopting linearized models only 
typically consider the averaged (or zeroth harmonic) dynam-
ics. This is equivalent to performing eigenanalysis on the 
averaged portion of the high-order LTI system in harmonic 
decomposition form. Or, in other terms, it corresponds to 
performing eigenanalysis on a reduced-order system 
obtained by truncating all of the higher-harmonic states from 
the high-order LTI system. Thus, any harmonic component 
is ignored. It is worth noting that the averaged dynamics of 
all cases presented with rotor imbalance is in fact the same. 
This concept is illustrated in Fig. 13, which features the fre-
quency response of the zeroth harmonic of the roll rate to 
lateral inputs, i.e., 

p0

�lat
(s) , for the high-order LTI model in 

harmonic decomposition form representative of a 10% rotor 

Table 2   Hover modal 
characteristics for varying blade 
imbalance

Mode Imbalance (%) Eigenvalues (rad/s) Natural frequency 
�
n
 (rad/s)

Damp-
ing 
ratio, �

Roll subsidence 0 − 5.56 – 1
10 − 3.93 – 1

Pitch subsidence 0 1.78 – 1
10 1.57 – 1

Roll oscillation 0 0.5 ± 0.44i 0.66 –
10 0.46 ± 0.63i 0.78 –

Pitch oscillation 0 − 0.23 ± 0.49i 0.54 0.44
10 0.11 ± 0.66i 0.67 0.17

Coupled Yaw-Heave 0 − 0.29 ± 0.05i 0.30 0.99
10 0.11 ± 0.06i 0.30 0.98
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Fig. 12   Hover stability derivatives for varying blade imbalance
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blade imbalance, the averaged dynamics, and the 8- and 
10-state residualized models corresponding to a 10% rotor 
blade imbalance. The 8-state residualized model constitutes 
a good approximation of the high-order LTI up to approxi-
mately 4 rad/s. In fact, the 8-state model shows reduced 
phase roll-off after 4 rad/s. This is because it does not 
include the longitudinal and lateral flapping states needed to 
predict the regressive flap mode. The 10-state model is accu-
rate up to approximately 10.5 rad/s. The average dynamics, 
however, fail to predict the response in low-to-mid frequen-
cies of interest to flight dynamics (i.e., 0.3–30 rad/s). These 
differences will cause discrepancies in the estimation of the 
stability derivative Lp . The same concept applies to all other 
frequency responses of interest for the identification of 
reduced-order models of the rotorcraft flight dynamics.

5.2 � Vibrational stability in high‑speed forward 
flight

Consider now an example involving the flight dynamics of a 
helicopter in high-speed forward flight. In this condition, the 
asymmetry of lift between the advancing and retreating sides 
of the main rotor results in periodic forcing at number-of-
blades-per-rotor-revolution ( Nb/rev). As such, trim in high-
speed forward flight will be represented by a periodic orbit 
with Nb/rev harmonics. For the helicopter in consideration, 
which features four main rotor blades, the periodic orbit will 
be dominated by 4/rev harmonics. To solve for this periodic 
orbit, the same harmonic balance algorithm of the previous 
example [47] is used. The flight condition chosen is 140 kts 
forward flight. Figure 14 shows the periodic trim accelera-
tion at the center of gravity (CG) over one rotor revolution. 

This figure clearly shows the 4/rev vibrations. It is worth 
noting that while dynamic stall effects are likely prevalent in 
this flight condition due, the simulation model employed in 
this study does incorporate dynamic stall models. As such, 
the vibratory load predictions are likely to be conservative.

Like before, the flight dynamics are linearized about this 
periodic orbit to yield an LTP system. The LTP system is 
approximated with a higher-order LTI system by retaining 
up to the fifth harmonic of the fundamental frequency. The 
effect of vibrations due to Nb/rev rotor loads on the flight 
dynamics can be assessed by comparing the eigenvalues of 
the high-order LTI model with those of the averaged dynam-
ics. Figure 15 shows the rigid-body eigenvalues of said mod-
els. Clearly, a mismatch exists between the coupled pitch/roll 
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short period eigenvalues of the two models in that the aver-
aged dynamics over-predicts the damping of the short-period 
mode. The other modes largely remain unaffected. These 
results are reported quantitatively in Table 3. It is concluded 
that Nb/rev rotor loads in high-speed forward flight affect 
the coupled roll/pitch short period in a way that reduces 
the damping of the mode. Failing to account for the Nb/rev 
harmonics in the linearized dynamics may lead to over-
prediction of the coupled roll/pitch short period damping.

6 � Conclusion

This article investigated vibrational stabilization effects in 
rotorcraft flight dynamics. Starting from a simple example 
involving an inverted pendulum, the use of the harmonic 
decomposition method for the study of vibrational stabili-
zation effects was extended to rotorcraft applications. The 
methodology was used to analyze the effect of blade imbal-
ance at hover and Nb/rev loads in high-speed forward flight 
on the flight dynamics of a helicopter. Based on this work, 
the following conclusions can be reached: 

1.	 The vibrations induced by rotor blade imbalance did 
not stabilize the hovering dynamics of a hovering heli-
copter, but these vibrations had a significant effect on 
the hovering dynamics for blade imbalances as small as 
2%. Increasing rotor blade imbalance results in a sym-
metric effect on the roll and pitch axes, in that it tends 
to decrease the frequency of the subsidence modes of 
the hovering cubic, while the unstable oscillatory modes 
tend to increase in frequency and decrease in damping. 
The yaw/heave dynamics are relatively unaffected com-
pared to the lateral and longitudinal axes.

2.	 Rotor blade imbalance of 2% or more resulted in a 
change of sign in the roll and pitch moment due to speed 
derivatives near hover ( Lv and Mu respectively). These 
derivatives have a significant impact on the oscillation 
associated with the hover cubic, and indeed significant 

changes in the frequencies of these modes were observed 
for 2% blade imbalance.

3.	 Although past research refers to vibrational “stabiliza-
tion” to describe the effect of periodic forcing on system 
stability, the results indicate that for helicopters with 
imbalanced blades, many of vibrational effects are actu-
ally destabilizing, resulting in lower frequency (larger 
time constants) for the roll and pitch subsidence modes 
and lower damping ratio for the hover oscillations.

4.	 Nb/rev rotor loads in high-speed forward flight affect the 
coupled roll/pitch short period in a way that reduces the 
damping of the mode. Failing to account for the Nb/rev 
harmonics in the linearized dynamics may lead to over-
prediction of the coupled roll/pitch short period mode 
damping.
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Table 3   Modal characteristics at 
140 kts forward flight

Mode Model Eigenvalues (rad/s) Natural frequency, 
�
n
 (rad/s)

Damp-
ing 
ratio, �

Spiral High-order LTI − 0.05 – 1
Averaged LTI − 0.05 – 1

Phugoid High-order LTI − 0.01 ± 0.25i 0.25 0.04
Averaged LTI − 0.01 ± 0.25i 0.25 0.04

Dutch roll High-order LTI − 0.44 ± 1.21i 1.29 0.34
Averaged LTI − 0.43 ± 1.23i 1.3 0.33

Coupled roll/pitch High-order LTI − 1.88 – 1
Short period Averaged LTI − 1.97 – 1
Coupled roll/pitch High-order LTI − 2.52 ± 1.68i 3.03 0.83
Short period Averaged LTI − 2.65 ± 1.49i 3.04 0.87
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