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Abstract

We discuss the numerical solution to a class of continuous time finite state mean field games.
We apply the deep neural network (DNN) approach to solving the fully coupled forward
and backward ordinary differential equation system that characterizes the equilibrium value
function and probability measure of the finite state mean field game. We prove that the error
between the true solution and the approximate solution is linear to the square root of DNN
loss function. We give an example of applying the DNN method to solve the optimal market
making problem with terminal rank-based trading volume reward.
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1 Introduction

There has been extensive research in mean field game (MFQG) since its introduction by Lasry
and Lions [21] and Huang et al. [18] as a limit of symmetric nonzero sum noncooperative
N-player dynamic games when the number of players tends to infinite, see Carmona and
Delarue [4] and Guéant et al. [16] for excellent introduction to MFG. The main research
focus nowadays is in two areas. One is to study the existence and uniqueness of MFG equi-
librium with the partial differential equation (PDE) system that characterizes the equilibrium
value function and mean field state, see Lasry and Lions [21]. The other is to analyze the
convergence from the stochastic differential game among large but finite number of players to
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the MFG limit when the number of players tends to infinity and the numerical approximation
for MFG, see Achdou et al. [1] and Achdou and Capuzzo-Dolcetta [2] The MFG theory has
been applied to many modeling problems in economics, politics, social welfare and other
areas, see, for example, Guéant ([14] and Lasry et al. [22].

In this paper, we focus on MFG with finite time horizon and continuous time state dynamic
of each agent taking values in a finite set under fully symmetric payoff and complete infor-
mation. Gomes et al. [12] first study finite state MFG and prove the existence and uniqueness
of Nash equilibrium with the coupled forward and backward ordinary differential equation
(FBODE) system and show the convergence of N-player game’s Nash equilibrium to that of
the limiting MFG when N tends to infinite and time horizon is small. [8] analyze the MFG
with a probabilistic approach. Carmona and Wang [7] tackle both the mean field of states and
that of controls and prove the existence of equilibrium with backward stochastic differential
equation and the uniqueness of equilibrium when the Hamiltonian does not depend on mean
field controls. Carmona and Wang [6] analyze finite state MFG between one major player
and infinite number of minor players. Cardaliaguet et al. [3] make the breakthrough in con-
vergence analysis for a diffusion model with common noise and characterize the equilibrium
with the master equation and its regular solution. Cecchin and Pelino [9] apply the master
equation to obtain the convergence of feedback Nash equilibrium in the finite state space,
which extends the convergence result in Gomes et al. [12] without requiring the time horizon
being sufficiently small.

Despite the progress in existence, uniqueness and convergence for Nash equilibrium of
the finite state MFG, there is still a considerable obstacle to approximate the N-player game
with a simpler MFG. One main difficulty is that the Nash equilibrium of finite state MFG
is characterized by a FBODE system with both the initial and terminal conditions, which
in generally has no analytical solution and is difficult to solve numerically. One commonly
used method for solving FBODE is the shooting method but it tends to work better when the
dimension is low and the boundary condition is simple. The shooting method fails to work
in our case. Gomes and Saude [13] propose a numerical scheme to solve finite state MFG
under some monotone conditions that do not hold in many applications.

There has been active research in recent years on using the deep neural network (DNN) to
solve PDEs and ODEs with different boundary conditions, see, e.g., Lagaris et al. [19], Malek
and Beidokhti [27], Lee and Kang [24], Lagaris et al. [20]. Given that the feature of FBODE
system is similar to that of a PDE, we are motivated to use DNN to numerically solve the
FBODE system in the finite state MFG problem. Sirignano and Spiliopoulos [30] propose
DGM (deep Galerkin method) to solve high-dimensional PDEs with a mesh-free DNN and
show the convergence of approximate solutions to the true solution under some conditions,
which is similar in spirit to the Galerkin method except that the solution is approximated by
a neural network instead of a linear combination of basis functions. [5] provide a compre-
hensive literature review on deep learning method applied on MFG. Many papers apply the
DGM approach to numerically solve high-dimensional PDEs derived from different types of
MFG (see, e.g., Han et al. [17], Ruthotto et al. [29]), while others apply the DNN to solve
the corresponding BSDEs (see, e.g., Fouque and Zhang [11], Lauriere [23]). Most of these
papers only provide numerical results without rigorous proof for the numerical solutions.
There is no guarantee that the neural network approximation can converge to the true solu-
tion, and the approximation may not be accurate enough albeit the loss function is already
small as there is no relation established between the loss function and the error between
approximate and true solutions. Li et al. [25] and Li et al. [26] prove the strong and uniform
convergence of the DGM approach. Parallel to this paper, Mishra and Molinaro [28] focus
on error estimation of physical informed neural network (PINN), which is the other name of
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DGM. For PDE:s satisfying certain conditions, they provide the abstract framework to relate
the loss function of neural network to the error between the true solution and the approximate
solution generated by neural network and prove the error bound for several specific types
of PDEs. Their assumptions on the regularity of PDEs are strong (see Assumption 2.1 in
Mishra and Molinaro [28]) and are not necessarily satisfied by the FBODE system derived in
this paper. To our best knowledge, there is no existing literature addressing the error between
the approximation and the true solution via the loss function for FBODEs derived from con-
tinuous time finite state MFG problems. We provide the error bound estimation to fill the
gap.

The main result of the paper, Theorem 2.6, states that the error between the true solution
(0, p) of the FBODE system and the DNN approximate solution @, p) is linear to the square
root of the loss function in the DNN method, which provides the magnitude of the error bound
for the DNN approximation as well as the convergence result. To bridge 6 and 6, we use the
master equation for @ in Cecchin and Pelino [9] and prove that @ satisfies a similar equation.
Cecchin and Pelino [9] prove the equilibrium of finite players finite state game converges to
that of the corresponding MFG with the former satisfying a backward ODE while the latter
a FBODE which is equivalent to a backward PDE (master equation) and can be compared
with the backward ODE system. In contrast, we want to estimate the error between the true
solution and the DNN approximation to MFG with both satistying FBODE systems and the
one for the DNN approximation having extra error terms compared with the one for the true
solution. We leverage the master equations to connect the two FBODE systems and do error
analysis. Due to perturbation terms in the FBODE system, we need to address the issue of
negative p, prohibited in [9, Theorem 6] and find a new way to bypass that difficulty.

As an application, we apply the DNN to numerically solve an optimal market making
problem with the same framework as that of Guéant [15], except that the terminal reward
depends on the trading volume ranking that is determined in a so-called market maker incen-
tive program contract designed by the exchange to encourage market maker to provide more
liquidity (i.e., trading volume). El Euch et al. [10] discuss the market maker incentive contract
and analyze how exchange should optimally decide the commission fee schedule for market
makers. The trading volume ranking-related reward, commonly seen in market incentive pro-
grams from various exchanges, is not considered in El Euch et al. [10]. In this paper, we use
a finite state MFG to model the competition between market makers in the presence of the
trading volume ranking reward and solve the Nash equilibrium using the DNN approach. The
results may help exchanges design better market incentive program by better understanding
market makers’ behavior responding to the contract.

The rest of the paper is organized as follows. In Sect. 2, we formulate the finite state MFG
model and state the main result of the paper, Theorem 2.6, on the error estimation of DNN
approximate solution. In Sect. 3, we discuss an application in the optimal market making with
rank-based trading volume reward. Section4 contains the proofs of Theorems 2.4, 2.5, 2.6
and Proposition 3.1. Section 5 concludes.

2 Model and Main Results

Define a finite state MFG in continuous time similar to the one in Cecchin and Pelino [9].
The finite state space is ¥ = {1, ..., K}, and the reference game player’s state is denoted by
Z, which is a Markov chain. The player at state z can decide the switching intensities with
feedback controls A : [0, T] x £ — (RH)X from = to (RM)X. The dynamic for the player
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is given by

dz, = ZdNZ,

zeX

where N} is a Poisson process with controlled intensity A, (¢, Z;).

If there are some states that state z cannot access, then we can simply set the corresponding
components in the intensity vector to be zero. The probability measure on mean field of states
is a function p : [0, T] — P(X), where

K
P(2)={(p1,.... px): y_p. =1, p. = 0}

z=1

Start at time ¢ € [0, T'], given any probability measure p on the mean field of state, game
player with controlled state process Z; that start at state z wants to optimize

T
0,(t) := sup E, [/ F(Zi, A(t, Zy))dt + G(Zr, p(T))] , 2.1
reA t

where [E,[-] is the conditional expectation given the initial state Z; = z attime ¢, F' the running
payoff, G the terminal payoff and .4 the admissible control set containing all measurable
functions A : [0, T] x & — (RT)X. We assume for any z € X, F(z, A) is an upper bounded
function which does not depend on A;, the zth component of A. Define 6 : [0, T] — RK
by 6(t) = (01(¢), ..., 0k(t)). According to Cecchin and Pelino [9], the equilibrium value
function 6 and the mean field probability p satisfy the following FBODE system:

dgéz(t) = —H(z, A*0(1), 0.(T) =Gz, p(T)),
dp. () 2.2)
5= 2 PyOX G, A0, (o) = peo,
y

where A? is the difference operator, defined as
A1) == (01(1) — O:(1), ..., Ok (1) — (1))
and H : ¥ x RK — R is the Hamiltonian function, defined for any u € RX satisfying

n, =0as

H(z,p):= sup {A-pu+ F(z,M)}
re(®+)K
and A*(z, ) = (A (z, ), ..., A% (z, ) is the optimizer of H(z, ) except for A} (z, ),
which can be any value since in the proof of our main result we always let u, = [A%0(1)]; =
0,(t) — 0,(t) = 0 and F(z, 1) is independent to X,. For notation convenience, we define

M) == Mz ). (2.3)
y#z

The backward equation in (2.2) comes from the optimization problem (2.1) given p and
the forward equations comes from the consistent condition for probability measure p on mean
field of states when everyone follows the equilibrium strategy. According to [12, Proposition
1], if H is differentiable and A*(z, w) is positive except the zth element, for y # z, we have

)"TC(Z7 M) = [DMH(Z’ M)]ya
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where A* (z, ) is the intensity from state z to state y and [D,, H (z, i)]y the yth component
of the gradlent D, H(z, u). In the proofs of main results, we always have 1, = 0 when we
use H(z, ), DMH(z, L) or DlzmH(z, ), the Hessian matrix. For proof simplicity, with a
little abuse of notation, we follow Cecchin and Pelino [9] to define artificially that

[DyH(z, )] = A (2, ).
Then we can conclude that
A*(z, ) = Dy H(z, 1),

and the feedback control A(7, z) = A*(z, A*0(¢)) under the equilibrium.
We next assume H, G and A* satisfy the following assumptions.

Assumption 2.1 Assume that, under (2.3), H (z, i) has a unique optimizer A*(z, ) for every

. His C?in i on bounded set, H, D, H and Dme are locally Lipschitz in u, and the

second derivatives is bounded away from O on bounded set, i.e., there exists a constant C
such that for any w in that bounded set satisfying u, = 0, we have

CHul? <p-Dp H(z.p) - 1 < Cllul®. 24)

Moreover, assume that G is differentiable, and there exists a constant C such that when p is
bounded, its directional derivative in any vector w satisfies

0G 0G
— (@, p+Ap)— —(z, p)| = ClApllwl] (2.5)
ow ow

and that G is decreasing in p, i.e., for all p, p € R,

> (G p) = GG, P)(p: — pz) < 0. (2.6)
ZEX
Remark 2.2 H satisfies H(z, u) > H(z, 1) forany z € ¥ if two vectors ;£ = (i1, ..., LK)

and ot = (g, ..., flx) satisfy
Wi >, 1€X,i#z

Then from [12, Proposition 2], solution to (2.2) has a prior bound Cgpy as long as H
satisfies Remark 2.2 and G is bounded for all p(7T) in compact set [0, 11X. Cop is defined
as,

0l < Con:= max {G(z, p)}+2max H(z, )T, (2.7)
ze%, pel0,11¥ €D
where the norm || - || is the oo norm. G is bounded because it is continuous and defined on
a compact set. For given H and G, as 0 satisfies ODE system (2.2), and both H is Lipschitz
continuous in Assumption 2.1, 46:() 45 also bounded. Similarly, as D, H and de (')

dt

d%6.(1) -
bounded, we can further see that =

=£22 and ik p (Z) are also bounded. It means for given H and G, there exists constants CoG g
and CpGH, such that

is bounded. From similar argument on p and A,

d?0.(1)
dr?
dzpz (1)
dr?

H de.(t) < Coon

‘ < CoGH,
(2.8)

dp; (1)
dt

< CpcH, ’ ‘ <CpGH-
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We summarize [9, Theorem 1], [12, Theorem 2], and state the following theorem without
proof.

Theorem 2.3 Under Assumption 2.1, ODE system (2.2) has a unique solution (6, p) for any
initial value p(ty) € P(X) and the MFG has a unique Nash equilibrium point.

We assume in the rest of the paper that Assumption 2.1 holds, which guarantees the exis-
tence, uniqueness and convergence of the finite state MFG. However, to find the equilibrium,
we need to solve (2.2), which generally does not have analytical solution. As (2.2) isa FBODE
system, we cannot solve it numerically by simple discretization. We apply the deep neural
network approach in Sirignano and Spiliopoulos [30] to numerically solve (2.2).

Define two sets of neural network functions as

0" (v, ) = {é 10, 71— RX: ()

= (m (Zﬂl,iwawco)) S (Zﬂk,,-v(a,-wci)))},
i=1 i=1

P (v, v) = [ﬁ [0, T] = RX=1, 5()

2n 2n
= (vz ( > Briv(ait +Ci)>> R % ( > Brriv(ait +Ci))>} ,

i=n+1 i=n+1

where v : R — Ris the triple continuously differentiable activation function, and two strictly
increasing triple continuously differentiable activation functions vy, v : R — R have twice
continuously differentiable inverse functions vfl and vy L They satisfy

sup|vi| = Cgu +e, infvy, =—e, supvy=1+e, 2.9

where e is any constant that is small.

In the numerical tests of this paper, we use hyperbolic tangent functions tanh for activation
functions, in particular, vi (x) = a tanh x + b for some constants a, b and v,(x) = (tanh x +
1)/2. We approximate the solution (6, p) to (2.2) numerically by CIARN pM)y which satisfies

(N (N ~(N ~(N ~(N ~(N
@GN0y e@V vy, GV Bl ) ePY ), i =13 Y.

i#K
(2.10)

By considering both the differential operators and boundary conditions in (2.2), we define
the loss function W for any approximate solution (6, p) as

~ 2
5o T (d6.(1)
w(d, p) .—Z[/m ( L tHGA e(o)) dr

ZEX
2 2
T (dp.(1) ez r o
+ / ( P —;pyu)xz(y,ae(r))) dr + / (;@z(r» ) & o
+ (P2 (10) — pr0)> + () — G(z, p(T)))*

+ By — max + B, — max
Z( O 0. ) ZEZE( P re0,m

zex

d?p. (1)
dr?

d?0.(t)
dr?

Birkhauser



Dynamic Games and Applications (2023) 13:859-896 865

where (pk (1))” := —px (1)1{p ) <0y and By, B}, can be any constants that satisfy
d*0. (1)
dr?

dzpz )
dr?

where constants Cogy and Cpcy are from (2.8). Then it follows

B dzpz(t)
By — B, —
> (8- max 19052)) + X (B - e,

dr?
ZEX ZEX

By > Cygyg > max
t€l0,T]

’

B, > C,gy > max
P PER = e0,11

d%6.(1)
dr?

) =0

Both the integral term and maximum term in (2.11) can be calculated via Monte Carlo
simulation. Practically, we use similar approach as in Sirignano and Spiliopoulos [30] to
calculate these two to increase the robustness of training. Given N, the structure of the
neural network has been determined. We train the network by finding the optimal values of
{ﬂj,,‘}ilj;ll’zn, {oc,'}izil and {c,-}l.zil that determine (6™, p™)) such that they minimize W.
For the true solution (6, p), ¥ (@, p) = 0. Since (0, p) exists and is unique, ¥ has unique
minimal point W (0, p) = 0. We provide the convergence result Theorem 2.4 similar to the
Theorem 7.1 in Sirignano and Spiliopoulos [30].

Theorem 2.4 There exists a sequence of (AN), pN)) defined in (2.10) such that

lim w@EN, 5Ny = 0.
N—+o00

Proof See Sect.4.
When the Loss function W is smaller than certain value, because of the uniform bounds

on the first and second derivatives of the approximation function, the maximum error on the
time interval is also smaller than certain value.

Theorem 2.5 There exists constant g, such that for any ¢ < g, if ¥V < € then there exists
constant C such that for all t € [ty, T] and z € X, we have

dé, (1) " . T . !
P + H(z, A*0(@1))| < Ce3, |60.(T)— G(z, p(T))|| < Ce?,
- (2.12)
dp.(®) . ~ 1 - 1
H pdt _Zpy(t))‘j(yv Aye(t)) < C83a ’Pz(lo)_Pz,O < C82,
y
where || - || is the infinity norm.

Proof See Sect.4.

Note that the constant C in Theorem 2.5 depends on the FBODE system and the bound
of its true solution, but is independent of the DNN structure. Theorem 2.5 is an algorithm
independent result. We now state our main result on the error estimation for numerical solution
to the finite state mean field game.

Theorem 2.6 Foreveryt € [tg, T] and z € X, assume 6(r) and p(t) satisfy:
dé, ()
dt

dp - |~ -
P S G 03 AY0) + (1,2, Pulto) = peo + a(2),
-

= —H(z, A°6(1)) + e1(t,2), 0,(T) = G(z, p(T)) + €3(2),

(2.13)

dr
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where po € P(X), px(t) =1 — ZZ#K p.(t) and p,(t) € [0, 1] for z < K. Then there
exists uniform constant B and Ny, such that when N > Ny and

2 4 3 B 1
Doleit, D+ Y 6@+ (px )™ < —, V(t,2) €, TT x %,

‘ ‘ =N’
i=1 i=3
we have forallt € [ty, T]and z € X,

16-(t) — 0. ()| + | p-(t) — p. ()] <

z| &

Proof See Sect.4.

Note that the constant B depends on the FBODE system and the bound of its true solution,
but is independent of the DNN structure, which implies that Theorem 2.6 is an algorithm
independent result.

Combining Theorems 2.4 and 2.6, we immediately have the following result.

Theorem 2.7 The sequence oM, MY defined in (2.10) converges uniformly to the true
solution (0, p) of the FBODE (2.2), that is, fort € [0, T],
lim 6™M @) =0@), lim p™NM () = p().
N—+oo N—+o0
Remark 2.8 Although we only prove the convergence and error estimation results for a two-
layer neural network structure characterized by ®" (v, v) and P"(v;, v), the idea and the

proof can be easily adapted to more sophisticated neural network models (more layers, LSTM,
etc.) as they share similar structures.

3 Application: Optimal Market Making with Rank-Based Reward

The model setting is similar to Guéant [15], except that exchange provides incentive reward for
market making. The terminal payoffs of market makers depend on their trading volumes and
rankings in the market. The optimization problems of different market makers are coupled.
It is in general difficult to solve a finite players game due to high dimensionality, but MFG
provides a good approximation, see [8], [9] and [12]. We therefore use MFG as a proxy to
solve the optimal market marking problem.

Consider a continuum family of market makers €2,,,, who keep quoting bid/ask limit
orders. Select one of them as a reference market maker. Assume asset price S; follows a
Brownian motion with initial value S,

dS[ = UdW[,

where W, is a standard Brownian adapted to the natural filtration {.7-',W }ter, and o the
volatility of the stock. Assume 8¢ and §” are ask/bid spreads, which are controls determined
by the reference market maker. Denote by N/ and N, ,b the jump processes for buy/sell market
order arrivals to the reference market maker, with intensities A (8{') and A((Sf’ ), respectively.
Assume A : R — R has continuous inverse function, and is decreasing, continuously
differentiable satisfying:

32A A \?
557 OAG) < 2(37“”) . 3.1
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The reference market maker has state variables (X, ¢;, v;) in which X; is cash account,
q; inventory, v; accumulated trading volume, with initial value (x, g, v). We assume g; can
only take values in a finite set Q = {—Q,---, O} and v; can only take values in a finite
set V := {0, ..., vmax} and any trading volume above vpx is not counted in the reward
calculation. Denote by 17 := Ig+1eQ and 19 := 14_1¢q the indicators of market maker’s
buying and selling capabilities.

The dynamic of X; is given by

dX; = (S +8)1*(gNdN{ — (S, = 8))1"(g)dNY,
that of ¢; by
dg; = 1"(g)dN} — 1“(q)dNY,
and that of v; by
dv; = (1" (g)AN? + 1°(g)ANI Ly, <)

Denote by p(¢, g;, v;) the probability measure on the mean field of discrete states (g;, v;)
for all market makers. The reference market maker wants to solve the following optimization
problem:

1 T
sup Eo |:XT +q7St — l(l97]) + R(vr) — E)/Gz/ q?dz], (3.2)
sa.5b 0

where X1 + g7 St is the cash value at time 7', [(|gr|) the terminal inventory holding penalty
with [ an increasing convex function on R, with [(0) = 0, yo? fOT q,zdt the accumulated
running inventory holding penalty with y a positive constant representing the risk adverse

level, and R(vr) the cash reward given by the exchange as incentive for market markers to
increase trading volume vy. We consider the rank-based trading volume reward, defined by

Umax [¢]
Rwr):=R (1= > p(T.i,j)], (3.3)
Jj=vri=—=Q

where 1 — Z;fl"‘;T Z,Q: _o P(T, i, J) is the percentage of market makers that the reference
market maker exceeds in trading volumes and R a positive constant representing the maximum
reward set by the exchange.

Using the martingale property, (3.2) can be reduced to x + ¢S +0(0, ¢, v), where 6 is the

value function defined by

’ 1
6(t.q.v) = sup E, [ / [651\(&?) +O7 A — Eyozqf] ds
t

5”,5b
VUmax Q
~lgrh+ R 1=>" 3 pT.i.j)
j=vri=—Q

and E,[-] is the conditional expectation given ¢; = ¢, vy = v.
We assume market maker takes closed loop feedback control, i.e., when market maker
has state (g, v),

8¢ = 8%, q,v), 8’ =60, q,v).
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Since the only relevant states are g, and v, that both take values in finite sets, the problem
can be reduced to a continuous time finite state MFG discussed in Cecchin and Pelino
[9] by reformulating some notations as follows. Define K := (2Q + 1)(vmax + 1) and
¥ :={1,---, K}. Thereis aone-to-one mapping Z : QxV — X:Forevery (¢, v) € QxV,
there exists z € X such that

z=12(q,v)
and for every z € X, there exists (¢, v) € Q x V such that
(@.v)=2"@) = (Z"(). 2" @).

The state (g, v) is then reformulated by state z. The value function 6 and probability measure
on mean field of state p are reformulated as 6, p : [0, T] — RX, where

0(t) := (01(1), ..., 0k (1)), 0.(1) =0, Z; ' (2), Z; ' (2))
p() = (p1(0), ..., p ), p(1) = p(t, Z;' (@), Zy ' (2)).
Define X as
A, z2) = (A, 2), .., Ak (1, 2)),
where A satisfy
Mo (1,2) = A(8)) > 05 Agoi (1, 2) = A(8)) > O;

ho(t2) == Y A2 A2 =0 y# Q. @GP
y#2Z

B%(z) and B?(z) are defined as the two accessible states from state z,

2Z7'@-1,2' @+ D 271 @) > =0, 21 (2) < vinax
B2 = Z(Z'(2) — 1, vmax) Z7' @) > —0, 2,1 (2) = vmax
z z' 2 =-0
ZZ7' D+ 1,2' @0+ D 27 (@) < 0,25 1(@) < vmax
BP(2) =3 Z(Z7' (@) + 1, vmax) 7M@) < 0,2, (2) = vma
z z''=0

Define F and G as
F(t,z,M(t,2)) := A (o) (t, 2)Apar)(t, 2)

_ 1 _
+ AT O (1, DAy (1,2) = 5y 27 ()
(3.5)

VUmax Q
GG p)=—11Z7" @D+ R 1-Y" > pzij

j=vi=—0

The optimal market making problem is now reduced to a continuous time finite state MFG
discussed in Sect. 2 of this paper. Denote the game as G g. We have the following result.

Proposition 3.1 G satisfies Assumption 2.1.

Proof See Sect.4.
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According to Cecchin and Pelino [9], the Nash equilibrium of MFG G g and that of finite
players game exist and are unique, and the game with N players converges to the limiting
MEFG case in the order 0(%). We can numerically solve the FBODE system corresponding
to the finite state MFG in (3.5) and find the equilibrium value function and probability of
mean field by the DNN technique.

We next do some numerical tests. We use a LSTM (long short-term memory) neural
network to approximate the solution (6, p). Denote the function constructed by LSTM neural
network as (5 (t, B), p(t, B)), where B is the parameters set for neural network, designed by
the following steps: Layer O is the input ¢ € [0, T'] and layer k with output Ay is designed as
follows:

fe=0g(Wet +Uyshi_i +by)
i = og(Wit + Uihi—1 + b;)
o = 0g(Wot + Ush—1 + bo)
¢ = 0c(Wet + Uchg_1 + be)
Ck = fi o Ck—1 +igocCk

hx = ok o op(ck)

with the initial values co = hop = 0, where the operator o is the element-wise product,
functions ¢ some scaled tanh activation functions (hence satisfying all assumptions in our
main results), t € [0, T] input to the LSTM network, f; € Rh forget gate’s activation
vector, iy € R” input/update gate’s activation vector, o € R” output gate’s activation vector,
hy € R” hidden state vector, & € R" cell input activation vector, ¢ € R" cell state
vector, W € R"™*! U € R"™" p e R" weight matrices and bias vector parameters which
need to be learned during training, and / the number of hidden units. LTSM network is an
advanced version of a traditional neural network and provides more accurate approximation
for complicated functions. For our model, this specific structure performs better than that of
traditional neural network.

We use a LSTM network with 3 layers and 32 nodes per layer. The network is trained
by stochastic gradient approach with mesh-free randomly sampling points in [0, 7']. This
randomness adds to the robustness of the network. The detailed training procedure is similar
to that in Sirignano and Spiliopoulos [30].

The market order arrival intensity function is given by A(8) := Ae™"° and the liquidity
penalty function /(g) := aq?. We assume all market makers start at O inventory and 0 trading
volume. The benchmark data used are S = 20, hourly volatility 0 = 0.01,y =1, T = 10
hours, capacity Q = 1, vpax = 10,k =2,a =2, A=0.5,and R = 2.

There are two typical schemes of trading volume rewards in most of exchanges’ incentive
programs. One is the rank-based trading volume reward as in (3.3), and the other is the linear
trading volume reward, defined by

—ké

R(vr) = RL. (3.6)

Umax

Since Ry (vr) is independent of the mean field of state, the FBODE system for the value
function and the probability of mean field of state is decoupled and can be solved numerically
with a standard Euler scheme. We next do numerical tests and compare the value functions,
optimal bid/ask spreads and probability distributions of trading volumes under three different
trading volume reward schemes: 1. no trading volume reward (R = 0, benchmark case), 2.
linear trading volume reward (R in (3.6)), and 3. rank-based trading volume reward (R in
(3.3)). The rank-based reward introduces competition between market makers, whereas the
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linear reward does not. The training result is satisfactory and the average loss is less than
0.003.

Figures 1 and 2 show the value functions (¢, ¢, v) for fixed ¢ = 0, 1 and varied v with
the ‘Benchmark’ representing no trading volume reward, ‘v = 0 lin’ path the linear reward
and initial trading volume v = 0, and ‘v = 0’ the rank-based reward. It is clear that the
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introduction of market incentive R increases the value functions for market makers, and the
higher the initial trading volume v, the higher the value function 6. Even for market makers
with initial trading volume v = 0, the value functions are still higher than the benchmark one
as they benefit from their potential market incentive gains, which explains the convergence
of the curves for v = 0 to the benchmark one as ¢ tends to 7. The value functions for linear
and rank awards are largely the same.

4 Proofs
4.1 Proof of Theorem 2.4

Proof According to Theorem 2.3, there exists unique solution (6, p) to ODE system (2.2),
which is also the unique minimal point for ¥ such that

w0, p) = 0.

We use (v, 1)’ to denote the first-order derivative of v_l fori = 1, 2. From (2.7) we know
0 is bounded by Cgy. Hence, dt@ () is also bounded uniformly for ¢ and z. Moreover,
p(t) € P(X) forany ¢ € [0, T], and hence, is also bounded. From the assumption on v, v3,
we know

0-(t) < sup v,

inf vy < p,(t) < supvy.

It means 6;’s image is bounded and a strict subset of v;” I>s domain. It is similar for p; and

71 . Combining with the continuously differentiability of vfl and v, ! we know vfl 6.(1)),
(v ) ©,()), v, (pZ (t)) and (v, )’(pZ (t)) are bounded by some constant C uniformly for ¢
and z. (v;) and (vl)” are Lipschitz continuous on [—2C, 2C] with coefficient L fori = 1, 2.
Define CN(v) :={¢ : [0, T] = R; ¢(t) = ZzNzl Biv(it + ¢;)}. According to the proof
of Theorem 7.1 in Sirignano and Spiliopoulos [30], for any 0 < ¢ < C, there exists N > 0
and y, € CV(v) such that

ye(0) = vp wu»H+H - wa»‘
+—fym—53*wm><s CRY
dr2”° 21 - '

Hence, we have

vi(y: (1)) — 0D < Clly(£) — vy L6 < Ce.
On the other hand,

d
m@ND L0 =7 w@ﬂ» —mwlwm»
= )/ 0=0) nm—wnwlwam—v<@m)
d
mn»m{ (1) — ﬁ@mﬁ

d
v OO (v2(0) — 1) 7' B ())]-
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As y, (1) € [—2C,2C], there exists constant Cj such that (v;) (y;(¢)) is bounded by it
uniformly. Moreover, we have

d
‘ *vl Lol < oy H' 6. (t))H H*Q 0| < c

Hence, we have

d
H 371 0:(0) = 20:(0)

d
Hyz(t)— —v '@ (t))” i Gzl

+ vz vt o | orye.on| H—e 0

d d
= Cr g0 - —vrlwz(r»

+ C2LIly, (1) — vy '@, ()]l < (C1 + C*L)e.

The first inequality above comes from the boundedness and Lipschitz continuity of v{, as
well as the boundedness of (v, ! ) (0, (¢)). Moreover, for second-order derivatives, we have

¢ 1 — oy 6.0 Lo ) 49 ’
E‘H @) = (V] )(z(l))a z(t)+(v ( (t))< (t)>

AsO, (1) and 4 470 (1) arebounded and (v ) is twice continuously dlfferentlable, dt2 v (0Z (1))
is bounded. To estimate the difference of second-order derivatives between approximation
function and true function, we have

2 2

42 d z d
Pl vi(y (1)) — 9(t) <5yz(t)> vl(yz(t))Jrvl(yz(t)) 2yz(t)

d 2 d2
— (avrl(eza))) v (v (6,(1)) — viwrl(oz(z)))@vr‘(ez(r».

Define
d -1 g "
(&) (Srm) | ool
” 1o —1 d —1 g
bi= v e = v 07 @) (3”1 <ez(t>>)
d? d?
¢i= Hd?yzm - d—ﬂvfl(ez(r»H [vi 0]
2
v 00) = v 07 0: 0
and we have
42 2
Hmf“kan gt <atbtetd

As y.(1) and 4 aV (6' (t)) are bounded from previous proof, and v is triple contmuously
differentiable functlon by definition, vl "(y; (1)), V1 (y; (1)), (dt (9 (1)))% and & rrAlE (91 (1))
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are also bounded. Moreover, || ar v, (O < || v (9 (1)) ]| +¢, and hence bounded. According
to the Lipschitz continuity of vl and v ,as well as (4.1), we know there exists constants C»,
such that

d? d
H V1 (2 (1) — 9(t) <a+b+c+d<Coe.

By making transformation on ¢ in above proof, we know for any 0 < ¢ < C, there exists
N > 0and y, € CV(v) such that
2

d? d
vi(y=(0) = 6:(D)1l + + H 7V1(:(0) = 70:(1)

d d
‘Ew(yz(t)) -3 %0

Hence, we know there exists N > 0 and y, € C" (v) such that

<e+4 CogH < By.

>_=0

d2
Hd 2v1(yz(l))H =&+ H*Q ()

Similarly, we know ||Ev2(yz )N < Cpeu < Bp. Then we get
<Bg — max ) = (Bp — max
1€[0.T] 1€[0,T]

E:)N(vl, V) = {{ [0, T] — RK; L(t)

N n
= (vl (Z Briv(ayt +Cl,i)>> seeen V1 (Z Bk.iv(ak.it +CK,i))) }
i=1 i=1

Then from proof above we know for any 0 < & < C, there exists N > 0 and 6V) ¢
AN
©® (vi,v) such that

déz ()
dr

dp.(1)
dr

If we define

H9<N>(z)—9(r)H+H (N)(t)——Q 0l <e.

AN
On the other hand, notice that any function fy € © (v, v), there should exists fxy €
~ N
OXN(y;, v) such that fkn = fn, by letting some B;; = 0. It means @ (vi,v) C
OXN (v, v), and oW ¢ OXN (v, v). For p and P"(v,, v), we can have similar argument.

Hence, we conclude that for any 0 < ¢ < C, there exists N > 0 and oM ¢ @M (v, v),
M) e PN (1y, v) such that

|6 - 9(r)H+H oM (1) — tez(t)
ipz(t)

| T

Then similar to the proof for Theorem 7.1 in Sirignano and Spiliopoulos [30], we know there
exists a uniform constant M which only depends on boundedness of 6, A* and Lipshcitz
coefficient of A* and H, such that

PV @ = pa)| + H SN0 -

WEM, pNy < Me.

It concludes the proof. O
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4.2 Proof of Theorem 2.5

Proof Since for different #(, the following proof is the same, we assume 7y = O for the ease
of notation. We first focus on proving the first inequality in (2.12). Define

déz(t) 5
e(t,z) = ST + H(z, A*6(1)).

As ¥ < g, from the definition of ¥ we know dzgfz(t) is uniform bounded on [0, T']. Fur-
thermore, H is Lipschitz continuous, and 6 has bounded first-order derivative to ¢. Hence,
e(t, z) is a Lipschitz continuous function on [0, T']. Denote its Lipschitz coefficient as L.
There exists 7 € [0, 7] such that

le(@, 2)| = sup le(t, 2)].
te[0,T]

For any At such that

7, 7,
e, I, _ et D1 (4.2)
161 2L

From Lipschitz continuity of e, we have

lle(7 &+ A1, 2)| — le(t, 2)|| < le(f £ At, 2) — e(f, 2)| < LAL.
It means
le(t, 2)| = LAt < |e(i £ At, 2)| < |e(f, 2)| + LAt
From (4.2), we know LAt < @; therefore,
N 1.
le(t,z)| — LAt > 5|e(t,z)| > 0.
Combining the above two inequalities, we know for any ¢ € [f — Ar, f + At],
2 2 o Lo o
e“(t,2) = (le(r, 2)| — LAt)” > Zle(t,z)l .

We can have the following estimation. Without loss of generality, we can assume 7 — 7 > %

(otherwise we can use the other side [f — At, f] as the limit of integration on the second
inequality in the following),

+At
U > / e2(t, 2)dt > min(At(le(t, 2)| — LAD?, (T — D (le(f, 2)| — LAD?)
t

. (|e(f,z)|3 le(f, 2)|? )
> min s T],

64L 8
which implies that for any 7 € [0, T,

24/2T
le(t, z)| < max <4L§\1/§, “Tﬁ\ﬁ),
i Lt o 22T ) .
There exists Wy such that for all W < Wy, 4 L3W3 > === W2, Hence, there exists constant

C such that
le(t, 2)| < 4L%\IJ% < Cs%.
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Using the similar arguments, the third inequality in (2.12) can be proved. The second and
fourth inequalities are trivial. O

4.3 Proof of Theorem 2.6

The general structure of the proof is similar to those in Cecchin and Pelino [9] with one
key difference: In Cecchin and Pelino [9], p satisfies a non-perturbed Kolmogorov forward
equation and has initial value in P(X) with nonnegative components, whereas p satisfies
a perturbed Kolmogorov forward equation (2.13) and its initial value is not necessarily in
P(X) and may be negative, which makes some prior estimations in Cecchin and Pelino [9]
not applicable for our case. We need to provide extra modifications by adding and subtracting
an extra term M such that p(f) + M| is nonnegative, and need to modify every step in the
proof to estimate the extra terms introduced by M. For the completeness, we give the whole
proof.

Note that the solution pair @, p) to (2.13) is determined only by initial time #y and initial
value p(zp). We first prove that 6 is well defined (Proposition 4.5), continuous at p(t)
(Proposition 4.2), and continuously differentiable at p(ty) (Theorem 4.7) by discussing the
linearized system (4.11), we then prove that § satisfies a PDE similar to the master equation
in Cecchin and Pelino [9] (Theorem 4.8) and that the master equation on some discrete grids
of P(X) can be approximated by a backward ODE with extra error terms (Proposition 4.9),
and we finally estimate the difference between 6 and 6 by comparing the two backward ODE
systems and conclude the proof.

Denote by [lx|| := maXj<;<xk |x;|, the norm of x in RX and || f| := max;c[0,7]
maxj<;<k | fz(¢)|, the norm of f in o ([0, T1; RX). Due to the introduction of perturba-
tion terms in ODE system (2.13), the existence and uniqueness of its solution can no longer
be guaranteed for every initial value p(fo). However, under certain conditions on (2.13), we
can have the existence and prior bound estimation of solution to (2.13).

Proposition 4.1 Given constant M > 0, define I, py := [—-M, 1 + MI1X and

Ce(M) = max |Gz, p)| + llesll + 2l T + ZmEaZx H(z,0)T,
p.M z

ZEX,pe

AG(M) := [-2CG(M),2Cc(M)1X,  A(M) := 3@ Wl

max
V,2€X,u€AG (M)

If functions €;,1 = 2, 4 satisfy

lexll + lleall < (4.3)

Fov
where NLO = %Me’A(M)T. Then for any initial time to € [0, T] and p(tg) € B(P(%), NLO),

ODE system (2.13) has solution (5, p), where

_ 1 1
BlP(®), —)=1pcRX, st in |p—pl<—"=".
< ) No) {p : pénPl(nZ)”p p”_No}

Moreover, (5, p) satisfy the following on [ty, T] uniformly for any initial time to € [0, T]
and initial value p(ty).

0.(1) € [-Cg(M), Cc(M)], p (1) € [-M, 1+ M].
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Proof Givenaprior p suchthat p(¢) € [-M, 1+M]X foralls € [to, T1, Lipschitz continuous
with Lipschitz coefficient bounded by L(M), where
dp
a <LM)=K2M+1)AM) +

FO’

and starts with the same p(tp) = p(f) € B(P(E), NLO), with which we solve the backward
ODE in (2.13):

do, (1) - - B
G = H@ A+, 0:T) =G p(T) +e().

We know function 8(¢) is bounded by constant C (M) following a similar proof as [12,
Proposition 2]. Note that Cg (M) is monotor_lically non-decreasing w.r.t M, hence A(M) is
also non-decreasing w.r.t M. Since p(ty) € B(P(X), Nio), there exists pg € P(X) such that

p(to) — po = €4 where |les|| < Nio Consider two functions p and p satisfying

dp |~ .
L (jf” = ;ﬁy(r)my, AYO(1) + ex(t.2),  P-(to) = pzo + €4(2),
dp, . -
P df” =Y pyOX (. AYO(). pto) = peo
S

Integrating both side and subtracting p and p, we get

t
Ip(®) — p(OIl < A(M)/ 15(s) — p(s)llds + [leall + [l€all.
fo

By Gronwall inequality, we have
lp@) — p®I < (leall + ||64||)eA(M)T - M.

As p is the solution to a Kolmogorov equation, p(¢) € P(X). Hence, the solution p(t) €
[—M, 1+M]X forallt € [tg, T],and p is also Lipschitz continuous with Lipschitz coefficient
bounded by L(M), as [|S2]| < L(M).

Let F([to, T]) be the set of Lipschitz continuous functions defined on [#o, T'], with Lips-
chitz coefficient bounded by L (M), taking values in [—M, 1+ M]X and starting at the same
initial value p(fp) at 9. We can define mapping & : F([to, T1) — F([to, T]) in the following
way: given p € F([to, T]), let 6 be the solution of terminal value problem in (2.13). Then
6 () is bounded by C(M). Let £(p) be the solution to the initial value problem in (2.13).
&(p) € F([ty, T]) from the above argument. Following the proof of [12, Proposition 4],
F([to, T]) is a set of uniformly bounded and equicontinuous functions. Thus, by Arzela—
Ascoli theorem, it is a relatively compact set. It is also clear that it is a convex set. Hence,
by Brouwer fixed point theorem, we know there exists fixed point for &, which proves the
existence of solution to (2.13). O

We next prove that under certain condition, @, p) is unique and continuous w.r.t initial
condition.

Proposition 4.2 There exist positive constants No and C, such that if we have condition (4.3),
then for any ty € [0, T and initial condition p(ty) € B(P(X), Nio), the solution to (2.13) is

Birkhauser



Dynamic Games and Applications (2023) 13:859-896 877

unique. Moreover, let @, p) and (_é , D) be two solutions to ODE system (2.13) with different
initial conditions p(tg), p(to) € B(P(X), N%)’ then

16 =61l + 115 — pll < Cllplto) — pto) (4.4)

Proof Start with any M and the corresponding Ny defined in Proposition 4.1. Then both @
and 6 uniform bounded by Cg(M). Let us first assume p, (), p,(t) > — M| uniformly, and
we will decide later the value for M and prove the condition for it. Similarly to the proof
for [9, Proposition 5], we first try to obtain estimation on LHS of (4.7) given later. Define
=6 — Oand 7 = p — p. Then the couple (¢, ) solves

d‘i’;l(’) = —H(z, A1) + H(z, A*0(1)), ¢.(T) = G(z, p(T)) — G(z, p(T)),

d . . 4.5)
”;f” = Z{ﬁy(t)ki(y, AYO(1) — py(OAE(y, AYO1))}, m.(to) = P (to) — p.(to).
y

Integrating % » cex ()7, (¢) over the interval [#o, T], using the product rule and (4.5),
also noting that Zz Ay, A}'é(t))d)y (t) = 0, after some simple calculus, we have

T
3 boto)mto) = | Y [H(z A(0) — H(z, A1)

Z€X 0 zex

— A%p(1) - A*(z, AB(0) (P (1) + My)dt

T
+ / D [H(z A%() — H(z, A%(1)
1

0 zex

(4.6)

+ ACP (1) - 1 (2, AP (1) + M1)de + ) ¢ (T)m.(T)
zeX
T ~ A~
M| DT AT [z ATO() — Az ATH()))dr.

0 zex

As M*(z, ) = D, H(z, i), by Taylor theorem, there exists point a on the line between
A%6(t) and A6(r) such that

H(z, A*0(1)) — H(z, A%0(1)) — A% (1) - A (z, A*O(1))
= —A%(t) D} H(z.a)- A (1).

Then from assumption (2.4), and do above similar on another way round, we have the fol-
lowing estimations:

H(z, A*0(1)) — H(z, A*0(1)) — A% (1) - A*(z. A%0 (1)) < —C 7| A% ()]
Similarly, we have

H(z, A*0(1)) — H(z, A*0(1)) + A% (1) - ¥ (z. A% (1)) < —C | A% ()]
Since Y__ 5 ¢-(T)m,(T) < 0by (2.6), p(t), p-(t) > — M| by the choice of M}, using (4.6)

and the inequalities above, we have

T
B0 7@0)+ € [ I NN GOIP G0+ o0 + 20

00 zex
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T
< M / D A1) [z AT(D)) — A (2, AT (1))]dr.
fo

ZEX

By Lipschitz continuity of A*, there exists C such that

T
| / S IAZS 1P (B: 1) + po () +2M)dr] < C(llm@) Il + Millpl).  (4.7)
I

0 zex

Note that unlike the proof for [9, Proposition 5], both p, and p, can be negative in our
setting. If they were nonnegative, then we could choose M| = 0, the same technique in [9,
Proposition 5] would work. In the case here, we have to introduce M; that requires us to do
many more prior estimations.

We next derive the bound for . Integrating the second equation in (4.5) over [f, ¢], we
have

t
7.(1) = 7w (to) + / D BNy, AY(9) = Py(sINE(y, AY0(s)))ds.
1o y

As A* is both bounded and Lipschitz continuous, there exists C such that

t t
max [2(1)| < max | (1o)| + C / max [r()lds +C | DA% ()15 (s)lds

0 zex

t
< max |m;(to)| + C/ max |1, (s)|ds
Z€X 1 2€X

t t

+ C/ Y 1A G O)[1(Be(s) + My)ds + Mlc/ > A% (s)lds,
0 zex 0 zex

where the second line holds because p,(s) + M| > 0. Moreover, we have

t

D 1A G 1(pe(s) + My)ds

00 zex

t t
< D IAPIP(Fo(s) + M)ds | | Y (Fo(s) + Mi)ds.

0 zex 0 zex

Applying Gronwall inequality, as p,(s) € [-M, 1 + M], there exists C such that

T
7l < Cllzw(@)ll + € / D IAp M2 (pe (1) + My)de + Mi C g |

o zex
< Clx (o)l + CV 7)ol + M1 gl + C My 18|
< Cllz @)l + C||77(f0)||%||¢||% + C(M1 +vMDol,

where C also only depends on M in Proposition 4.1.
‘We next derive the bound for ¢. Integrating the first equation in (4.5) over [#y, t], from the
Lipschitz continuity of G, H, there exists C such that

(4.8)

T
max ¢, (1) < Cmax | (T)| + C/ max |¢;(s)|ds.
Z€X Z€X t ZEX
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Applying Gronwall inequality, there exists constant C such that
ol < Clizll (4.9)

By combining (4.8) and (4.9), using AB < £A2 + 1B? for A, B > 0, there exists C such
that

1
Izl < Cllz (o) + [Z +CH(My + \/Mo} Il

As C only depend on the boundedness and Lipschitz coefficient of H, G, A* and the bound
of Di MH , 0, 0, which depend on the M in Proposition 4.1. We only need to select M such
that

1
C*(My +My) < T

and we can have (4.4). Then it remains to decide the new Ny such that we have p., (), p(t) >
. .. AMY) .

— M uniformly as we assumed. From Proposition 4.1, Ny := SeT,I and we can simply

define our new Np as max Np, Ni. On the other hand, the uniqueness of solution comes

directly from (4.4). ]

According to Proposition 4.1 and 4.2, take any ¢ € [f9, T] and pg € B(P(X), Nio) as the

initial value for ODE system (2.13), there exists an unique solution @(s), p(s)) on [t, T].
Note that 6(s) might not equal 6(s) stated as the solution to (2.13) in Theorem 2.6, since
0 depends on the values of initial time ¢ and initial condition py chosen above. And we
can define a function U on € [to, T] and pg € B(P(Y), Nio) by the corresponding o(r)
explained above.

U, z, po) :=0(t, 2). (4.10)

According to Proposition4.1 and 4.2, U is well defined and continuous w.r.t 5o. Moreover,
for (6, p), the solution to (2.13) in Theorem 2.6 on [#y, 7], which is the approximated solution
we got from DNN and want to estimate error on, we have for all # € [#g, T'] that:

Ut,z, p(t)) == 0(t, 2).

It suggests U has all information of . If we can compare U with the U defined similar in
Cecchin and Pelino [9] corresponding to the true solution to (2.2), we can estimate the error
of 6. To compare U with the U, we need to prove that U also satisfy the master equation
similar to U in Cecchin and Pelino [9]. To achieve this goal, we are to prove the continuously
differentiability of U in the following steps. We first define the derivative of U w.r.t vector
Po in a similar way to in Cecchin and Pelino [9], Define operator Dy as follows.

Definition 4.3 Define operator of a function U : R — Ras DYU : RX — RX fory € %.

Ulp +5(5; = 8y)) = U(p)
1m )
0 N

[D*U(p): =1

where DYU(p) = (DU (P11, ..., [D*U(p)lk), and 8, € RX such that all elements are
0 except the z element is 1.

By noticing that u = Z#l (8, —81) + (Zle w2)81, if U is differentiable, we have
the following lemma from the linearity of directional derivative.
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Lemma 4.4 Define the derivative of function U(p) along the direction i € RX as a map
2U:RF >R,

9 U -U
9 U(p) = lim (p+sp) (p).
3M s—0 s

It satisfies
3
U= D'U(p)-n+ 7U(p) <Zuz> :

where 35 is in fact the first component of the gradient ofU and DU (p) := D'U(p) for
notation szmpllczzy. When Zz:l uy; =0, forany y € ¥, we have

9
D’U(p)-u=DU(p) - pn= @U(p).

In order to characterize the directional derivative of U w.r.t Do, given 6 and P, let us define
a linear system of ODE for (u, p) similar to [9, Equation (80)], which will be used quite a
few times in the following.

d”(;(t) —3*(z, A1) - ACult) — bt z)

dr 5(” - Zpy(z)x*(y, AYED) + 3 by (DAL (y, A6(0)) - Au(t) + c(r, 2
S

u (T) = 38((;) (z, p(T)) +ur; = VG, p(T)) - p(T) +ur ;

P (10) = pz,0-

Similar to [9, Equation (80)], D, A} (y, AYO (1)) is the gradient of A} w.r.t its second
variable in RX . The unknowns are u and p,while b, ¢, ut, po are given measurable functions,
with ¢ satisfying Zf: 1¢(t,z) = 0. In fact, (4.11) is generalization of [9, Equation (80)].
In (4.11), it is a general directional derivatives of any direction in the terminal condition of
uz(T), while in [9, Equation (80)], it is directional derivatives of specific directions.

We first prove in Proposition 4.5 that the linear system (4.11) has a unique solution, which
is linear bounded by its initial and boundary conditions.

Propositio_n 4.5 There exist positive constants No and C, such that if we have (4.3) and
p(to) € B(P(X), Nio), then for any measurable function b, ¢ and vector ur, the linear
system (4.11) has a unique solution (u, p). Moreover, it satisfies

lull + 1ol < Clluz I + llpoll + 121l + llcll]- (4.12)

Proof We only discuss the case when fo = 0, as it can be extended to any 7y € [0, T'] by the
same argument.

We first let Ny bigger than the one in Proposition 4.2. And similar to the proof for Proposi-
tion 4.2, to cope with the potential negativeness, we first assume p, () > — M7 uniformly and
M; < M, and we will decide later the value for M| small enough and find the Ny such that it
holds. As )~ s AX(y, AY6 (1)) = 0, we have Zz,yez Py(®) D)5 (y, AYO(@)) - AVu(t) =0,
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and ZzeE dpd‘t(') = 0. Hence, for any ¢ € [0, T'], we have

ni=y_ p()=)_peo. (4.13)

ZEX ZEX

Define set P;(X) as

K
Py(X) = {p eRK, st sz = n}.
z=1

We define map & fromCO([O, T1]; Py(%))toitself as follows: forafixed p € CO([O, T]; Py(%)),
we consider the solution u = u(p) to the backward ODE for u in (4.11), and define £(p) to
be the solution to the forward ODE for p in (4.11) with u = u(p). From (4.13), £(p) is well
defined as £ (p)(t) € P,(X) for any ¢.

Similar to the proof for [9, Proposition 6], the solution to (4.11) is the fixed point of
mapping &, and we prove its existence by Schaefer’s fixed point theorem, which asserts
that a continuous and compact mapping £ of a Banach space X into itself has fixed point
if the set {p € X : p = w&(p), w € [0, 1]} is bounded. Firstly, £ is continuous as the
system (4.11) is linear in # and p. CO([O, T]; P;(X)) is a convex subset of Banach space
CO([O, T1; RX). Moreover, from the linearity and bounded coefficients of system (4.11), &
maps any bounded set of CO([O, T]; P,;(X)) into set of bounded and Lipschitz continuous
functions with uniform Lipschitz coefficient in C Lo, T1; Py, (X)), which by Arzela—Ascoli
theorem, is relatively compact. By compact map definition, £ is a compact map. Hence, to
apply Schaefer’s fixed point theorem, it remains to prove that the set {p : p = w&(p)} is
uniform bounded for Yo € [0, 1]. We can restrict to w > 0 since otherwise p = 0. Fix a p
such that p = w&(p), which means the couple (#(p), £(p)) solves (for notation simplicity
we neglect their dependency on p)

% = —M*(z, A%(1)) - A%u(t) — b(t, 2)
d& (1) * 0
— = ;;‘,(r)xz (v, AYO(1))

- 4.14
+ 3 py(ODuAE(y. A1) - APu(t) + c(t. 2) 9
y

u(T) =VG(z, p(T)) - w&(T) +ur;
&.(10) = pz,0-

We need to prove the solution (u, §) if existed, are bounded uniformly for any w € (0, 1].
For notation simplicity, we omit the dependence of A* on the second variable. From (4.14),

> %(uzmsz(t)) =— D EON@u 0 —u )+ Y EOAGu ()

ZEX Z,yEX Z,yEZ
+ D uOpy(ODI () - Aut) + Y clt, Du(t) — Y E(0b(t, 2).
Z,yEX zeX zeX
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The first line is 0 by exchanging z and y in the second double sum and using (2.3). Integrating
over [0, T'] and using the expression of u,(T), we have

Y EMDIVG (&, () - wE(T) +ur 1 —u(©) - po

zeX

T T
:f Zc(t,z)uz(t)dt—/ > E(b(t, 2)dt
0 0

(4> ZEX

T
+/0 Z Py (D7 () - AMu(t) (u (1) — uy(1))dt.

Z,yeX

Reorganize the terms and we get

T
/0 3 By (D) - Au() () — uy )t — Y E(T)VG(z, H(T)) - §(T)

z,yeEX zeX
T T
= / D &b, 2)di — / D et Duz(t)dr + Y E(Tur o — u(0) - po.
0 ZeEX 0 ZeX ZeX

From assumption on G in (2.6) and definition of directional derivative, we have
~ 0G -
—w Y E(T)VG(z p(T)) &(T) = - Y &1 gy & P 2 0.
zeX ZEX

Moreover, as A*(y) = D, H(y) (we also neglect the dependence of H on the second vari-
able),

T
/O D By ODLAEY) - AT u) Uz (1) — uy(1))de

Z,yeEX
T
=f Zﬁy(t)Ayu(t)-Dlsz(y)~Ayu(t)dt.
0 yex

Since p and p can be negative, the same step in [9, Proposition 6] to obtain estimation on
RHS of above is not applicable. However, as py(t) + M; > O for all y € X, from (2.4), we
can rewrite the RHS of the equation and get the following estimation instead.

T
/ > By A u(t)- DY H(y) - Au(t)dt
0

yex

T
- / S (Be(0) + M)A u() - D2, H(y) - Au(n)dr
yex

T
— M1/ > A%u(t)- D H(y) - Au(r)de
0

yex

T
=c”! fo DBy (1) + M| AT 2ds

zeX

T
—M1C/ D AT Pdr.
0

ZEX
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So there exists constant C and C (C; only depends on the dimension of «) such that

T T T
/0Z(ﬁz(t)+M1)||Azu(l)||2dtSC(/O |c(z)~u(t>|dz+/0 HOROIY
z€X (4.15)

HHED M | + NuO) ool + M1Cy ||u||2>,

where b(t) := (b(t,1),...,b(t, K)), and c(?) is defined similarly. As A* and D, A* is
bounded by constant C, from ODE for & in (4.14) we have

t
&1 <loel+C [ 160l

yEX

t
+c / By () + MDA (@) + (s, 2] | ds

yex
t
rom 3 1avuelas
yeX
So that by Gronwall’s inequality, there exists constant C such that
T . T

€1 = Cllooll + el + € [ 3Gy + Mol uo s+ Cony [ 5 1a%utyiar,

yeED yex

where there exists C such that Zyez(ﬁy (1) + M) < C?and

T T
/0Z(ﬁy(t)+M1)||A~Vu<t)||dr=/0 > By + MiJ 5y (0 + My A u (o) dr
yex

yex

T
< /O S By (1) + M) |3 (5y(0) + MDA () |Pdr

yeX yeX

T
= C/O Z(ﬁy(t) + M) | AYu(r)||2ds

yeX

T
<c fo S (By ) + M| AVu(n) |2t

yeX
From (4.15), there exist different constants C at each line such that
T T
I€ll < CCllooll + llel) + c/ 3By () + MDA u()]|dt + C M,y / 3% de
0 yeX 0 yeX
< Clpoll + llcl) + C(M71 + M) ||ull
11 o1 1 1 1 1
+ Clell2 lullz + NEN21DI2 + NETHN2 Nlurll2 + |u©)]I2 ool 2)-

Moreover, using Gronwall inequality on the backward ODE in (4.14) for function u, there
exists C such that

lull < Cllur | + 15+ 1211
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Then there exists C such that

1€l < Cllpoll + lel) + CMy + /M) lur | + 1ET)] + 151) + Cliel (lurll + 1ET)] + 161
FCUENZIBIE + 1EDI lur |2 + (urlZ + IETDIZ + 151D poll )

As ||E(T)|| < |I&]l, using the inequality AB < cA + 41—832 for A, B > 0, there exists C
such that

1
11 < Cdlcl 4+ 161 4 lleoll 4 llur ) + (C(M1 + VM) + Z) 1.

Note that the constant C only depends on the boundedness of 6, which depends on M in
Proposition 4.1. If

1
CM + M) < T
then we have

1§11 = 2C el + 121l + lleoll 4 ez I)-

Hence, the solution pair (u, &) are bounded for all w € [0, 1], which means p = w&(p) are
also uniform bounded, and hence prove the existence of solution to (4.11). Meanwhile, let
o = 1 leads to the uniform bound estimation for solution (u, p) to (4.11), and the uniqueness
of itcomes directly from (4.12). If Ng > %(Ilw'), from Proposition 4.1, wehave p, (1) > —M;
uniformly, which concludes our proof. Hence, we can just update our Ny set before to satisfy
the inequality. O

Then we can prove the differentiability of U w.r.t po in Proposition 4.6.

Proposition 4.6 Let @, p) and (é , D) be the solutions to ODE system (2.13), respectively,
starting from (ty, p(to)) and (ty, p(ty)), and (v, ¢) be the solution to (4.11) starting from
po := p(to) — p(to). There exist positive constants Ny and C, such that if we have (4.3), then
for any ty € [0, T] and p(to), p(ty) € B(P(Z), Nio), we have

16— —vll+ 15— p—¢ll < Clpto) — plto)|I*.

Proof Without loss of generality, we assume 7o = 0. Similar to the proof of [9, Theorem
71, we can use results from Proposition 4.5 to prove our conclusion. Define Ny as the one
in Proposition 4.5. Then p, (), p,(t) > —M; uniformly on (¢, y) € [0, T] x X. Define
linearized system with w := p(0) — p(0):

dvéft) = =37z, A% @) - A*(0)

de.(0) - o
= - Zy:@(t)kz(y, AYO(1)) + XV:py(t)DM)LZ(y, AYE(1)) - AVu(r)

(4.16)
_ 9 s = DIG(r. BT . G -

vo(T) = 5o G P = DG BT - ¢(T) + (z,pm);wz

£,(0) = w,.
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From condition in Theorem 2.6, the sum of every component of p equals 1 forall ¢ € [0, T'].
Hence, we know ZzeE €>(t, z) = 0 and define

S, P) =Y _(po(0) — p(0)) = D (po(T) = p(T)).

ZEX ZEX

We know there exists C such that |S(p, p)| < CIp(T) — p(T)|l. Setu := 6 — 6 — v and
p:=p—p—¢,theysolve (4.11), where

b(t,z) == H(z, A*0(1)) — H(z, A*O(1t)) — ¥ (z, A20(1)) - (A*D(t) — A*H(1))

c(t.2) =Y pyOIAE(y. A0() — A (y. A6 ()]
y

= By(ODAE(y, AYG)) - (A0(1) — A6 (1))
y
ur ;= G(z, p(T) — G(z, p(T)) = D'G(z, p(T)(H(T) — p(T))
G - n o~

From (2.3), ZzeZ c(t, z) = 0. The existence and uniqueness of solution to (4.16) is guaran-
teed by Proposition 4.5. We can simplify b and ¢ as

1
b(t,z) = /O [DyH (z, A%G(t) + s(A%0(r) — A*0(1))) — Dy H(z, A*6(1))]
C(ATH(@) — ATO())ds
1 ~ A~ ~
ct.2) =) Py /0 (DA (v, AY0(t) +s(O@t) — AYA(1)))
y

— Dt (y, AYG(1)] - (A%0(1) — A% (1))ds
+ Y (By() = Py(0)Dui(y, AYG@)) - (AYH (1) — AYG(1))).

y
Moreover, since

. By ! G y . .
G T = GG BT = | Gt B + 55T = TS

1
=/0 D'G(z, p(T) +s(p(T) — p(T))) - (H(T) — p(T)))ds

1'aG
+f g(z, p(T) +s(p(T) — p(T))S(p, p)ds
0 1
we have
1
ur ;= /0 (D'G(z, p(T) + s(p(T) — p(T))) — D'G(z, p(T))) - (P(T) — p(T))))ds

1 G B . - G ~ A~
+/ (55 @ PT) +5(B(T) = p(T))) = = (2, PTS(p. p)ds.
0 9% !

From Proposition 4.1, 6, p, 6 gnd p are bounded. From Assumption 2.1, namely the Lipschitz
continuity of D, H, D, A", % and D'G in their second variable, there exists constant C
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such that
Il < €116 — 4>
lur - < CIH(T) — p(D)|I*
llell < €1 —B81* + 16 =81l - 115 — pl).

Applying Proposition 4.5 and then Proposition 4.2, we have there exists C such that

lull + llpll < C1A©0) — O,

which concludes the proof. O

As (4.16) is a linear system. v and ¢ in (4.16) can be viewed as a linear map of w.
Hence, Proposition 4.6 suggests that U is differentiable w.r.t Po and the directional derivative
%U(r, z, p) is the solution to ODE system (4.16), with 6,(¢) = U (¢, z, p(t)).

Theorem 4.7 There exist positive constants No and C such that if we have (4.3), U is
differentiable on B(P(X%), Nio), and for any vector w U(t z, p(t)) exists and is Lipschitz

’8w

continuous w.r.t p, uniformly in t, z. %ﬁ(r, z, p(t)) is also continuous w.r.t t.

Proof Define Ny as the one in Proposition 4.5. Let (5 , p) and (é , ﬁ)pe two soluAtions to (2.13),
with initial conditions ﬁ(to) p(ty) € B(P(X), Al, ). Let also (v, ¢) and (9, ¢) characterize
U (t0, 2, p(to)) and 3 U (t0, z, p(to)), respectively. Then (v, ;“ ) satisfies the following.

do, (t)

dr
dZ. (1)

—A*(z, A*O(1)) - A%D(t)

=D LMy, AYO®) + Y Py(t) Dl (y, AYO@) - AVD(t)
y y 4.17)

G
U(T) = —=——(z, p(T))
T T
L (o) = wy.
From Proposition 4.5, we know the uniform bound of both v and ¢ depend lmearly on norm

of w. Similar is for (v, ;“) except for replacing @, p) by (9 P).Setu:=0—10,p:=,— ;“
They solve the linear system (4.11) with p(#9) = 0 and

b(t, 2) == W'z, A%0(1)) — A*(z, ATO(1))) - A%D(1)
c(t,2) = ) L0y, AY6(D) — Ay, A1)

YEX

+ Y By (DAL (Y, AO(1) — py() DAt (y, AYG(0))] - A*D(1)
yeX

BG
(z, p(T)) — ————(z, p(T)).
Z(T) 3z (T)

Ur ; ‘=

Using the Lipschitz continuity of A*, D,A* and directional derivatives of G, applying the
bounds (4.12) to v and gc, and the estimation on ||67 -6 Il | » — p|l from Proposition 4.2, there
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exists C such that
6l < Cll6 = 81119 < Cllp(t0) — plro)[Iw]]
llel < ClI6 =8Iz I+ CllE — 81Dl + Cllp — AIIBI
< Cllp(t0) — pleo) I llw]]
lurll < Clip = PIIZI < Cllpto) — peo)llllw]
From Proposition 4.5, we have
lull < CAIBI+ licll + lluzl) < Clpto) — plto) lw]l.

From Proposition 4.6, we have

3 AU N . U R
v, (fo) = af(lo, z, p(tv)), v (to) = — (0, z, p(10)).
w Jw

Therefore, 3¢ 1s Lipschitz continuous, uniform w.r.t  and z.

On the other hand, for another initial time #; > #y, we first compare % U (t0, z, p(tp)) and
%f](tl, z, p(t1)), where (1, p(t1)) is on the path (¢, p(r)) start from 7y to 7. They are both
characterized by system like (4.17), though we need to replace 7o with #; for % U (t1, z, p(t1)).
Let (v, ¢) satisfy (4.17). Then we know

J ~ 9 -
v(to) = = Ulto. 2. plto)).  v(t1) = —=——U (11,2, p())-
w AL (t1)

3]

% )U (t1, z, p(t1)) is also characterized by (4.17), except that #y and initial value need to

be replaced by #; and g“(tl) It means —— U(t1 z, p(h)) — o5 U(tl, z, p(t1)) can also be

characterized by (4.17) except that £ and 1n1tlal value need to be replaced by ¢ and Z’ (t) —w.
From Proposition 4.5, we have there exists constant C such that

SR ) 5 ) )
aZ(n)U(”’Z’p(“))_ﬁU(’l’Z»P(ﬁ)) < ClL (1) — we.

As A*, D, A* and the directional derivative of G are Lipschitz continuous and uniform
bounded, as well as that both © and ¢ are uniformly bounded, we know hence both % and

d§~ (’) are also uniformly bounded by some constant C. We have

12 () — wll = 1E (1) — L)l < Clty — 1o,

U(t1, z, p(t))| = 15 (to) — T-(11)| < Clty — tol.

a
— U (t))—
‘ 0, 2, p(to 50

Combine above, we know there exists constant C such that

<Clt; — 1ol

0 ~ - J ~ -
—U(t, z, p(ty)) — —U(t1, z, p(t1))
Jw Jw

Then by the contlnulty of U w.r.t its third argument, as well as the continuity of p, we can
also conclude that ﬁ U is contlnuous Ww.I.t ¢, its first argument. O

From Proposition 4.6 and Theorem 4.7, UisC'on compact set B(P(Y), Nio). Hence, both

DU and the directional derivative of U along any direction are well defined, bounded, and
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Lipschitz continuous, uniformly forz € [0, T']. Theorem 4.7 also suggests that the directional
derivative of U along any direction is continuous w.r.t £. Thanks to these properties, we can
use similar idea of the proof for existence of solution to the master equation in [9, Section
5.3.1], to show that U also satisfies the master equation with some extra error terms.

Theorem 4.8 Let (9, p) be the solution to ODE system (2.13). Define U as (4.10). There
exist positive constants Ny and C, such that if we have condition (4.3) in Theorem 2.6, then
U satisfies the following master equation along the path (t, p(t)) on [ty, T], as long as
p(t) € B(P(Z), §p)-

W2 PO) | py axiry + 3 By OR (3, AYD) - DU, 2, (1))
ot o (4.18)

=e(t,U(T, z, p(T) = G(z, p(T)) + €3(2),

where AU = (U(t, 1, p(1))—=U (¢, z, p(t)), ..., U@, K, p())=U(t, z, p(1))) and ||e|| <

C;; L where N > Ng and C comes [from the umform bound coefficient in Proposition 4.2.

Proof From condition in Theorem 2.6, p(t) € B(P(X), Nio) for every t € [tog, T] where
B(P(X), Al, ) being the open neighborhood of P(X). Hence, from Proposition 4.1, 4.2 and

Theorem 4.7, U, DU and —U are well defined on (¢, p(t)). Take ¢ as initial time and p(t)
as initial value, there ex1sts an unique solution to (2.13), and we can always choose 4 small
enough such that this solution taking value on ¢ + A, i.e., p(t + h) € B(P(X), Nio). Note
thatas ) .5 ex(t,2) = Oforallt € [fy, T'], we have

D ht) =) pat+h).

ZEX ZEX

Let us first compute limit of the following when % tends to 0.

Ut +h,z, pit) — U, z, p(t))

h
_ UG +h2, p0) = U@ +hz, p@t +h) 4.19)
h
Ult+hz,plt+h)=U@,z, p@0)
+ h

For the first term in (4.19), we first define
W(s) == Ut +h,z, p@t) +s(p(t +h) — p(1))).

By definition, we derive the derivative of W as

/ _ 0 r7 ~ ~ _ =
Wi(s) = 0TI = p0) Ut+h,z,p@t)+s(pt+h) —p@)).
Then the first term in (4.19) can be reformulated as
Ult+h,z,pi) — }I;/(t +h,z, p(t + h)) W(O) W(l) / W (s)ds.

From Lemma 4.4 and c(h) = Y%, (5,(t + h) — p.(1)) = 0, we know

W(s) = DUt + h, z, p(t) + s(p(t +h) = p(0)) - (p(t +h) = p(©))
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Substitute above to the first term in (4.19), we get

U(t+h,z, pt)) = Ut +h, z, p(t +h))
h

1
= _Z/o DUt +h,z, p(t) +s(p(t +h)— p@))) - (p(t +h) — p(t))ds

1
= —%/ Ut +h,z, p@t) + s(p(t + h) — p(1)))ds
0

t+h ;
: / (Z Py (y, Ay@(u))—l—éz(u)) du,
t
y

where €3 (¢) := (ex(t, 1), ..., €x(t, z)). From Theorem 4.7, we know for any y € X,

Jim (DUt + h,z, p(t) +s(Bt +h) — pON]y = [DU(t, z, p(1)]y.

As DU is uniform bounded, we have the following with dominated convergence theorem:
1
]}imo DUt + h,z, p@t) +s(p(t + h) — p(1)))ds = DU(t, z, p(1)).
—0Jo

On the other hand, dividing 4 and letting 7 — 0, we have the following:

. ST, By @A (v, AYE W) + e2(u))du
h—0 h

=) hy AT (. A0(®) + e2(0)
y
=Y By(OX(r, A0) + e(0).

Y

The last equation comes from Definition of U, which suggests AU = AY(r).
For the second term in (4.19), from definition of U, we know

- 3 . o,
U@t+h,z,pt+h)—-U(t,z,p) = %h +o(h),
and hence,
Ut+h,z pt+h)—U, z p@ do.(t -
]}m%) ( + Z P( +h)) ( Z P( )) — ;t() =_H(Z, AZU)"—E[(I,Z).

Combining both the results from first and second term in (4.19), taking 7 — 0, we have

%;13(1)) = —H(z, A°U) — DU(t, z, p(1))

A D B0, N + e |+, ),

yex

As |DU(t, z, p(1))|| < C uniformly and ||e2(r)|| < %, we know
- - C
IDU(t,z, p(1)) - €2(1)| < —.
N
Hence, defining €(t, z) := €1(¢, z7) — DU, z, p(1)) - €2(t) concludes the proof. ]
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Then the DNN approximation @, p) is characterized by (4.18), while the true solution
(@, p) of the MFG is characterized by similar one, except € and €3 are 0. Although the two
master equations are now backward PDE, it s still difficult to directly compare their solutions.
Hence, we would like to approximate the two PDEs by two ODE systems on some discrete
grids of P(X).

Define PN(2) = {(4, ..., 25), Zfzo n. = N,n, € Z*t}. Then PV (X) is a discrete
grid of P(X). For any pN e PN(%), define operators:

p:+%<a]~—5,~) pY >0.pN <1

aN,l!j(pN) = else

ANYT @z, pNy = (O 2@ V) = Oz pM), o Oz MK (pN)) = Oz, p™))
ANBG @z, pNy = (O, 1N N = Tz, p™, . O K a2 K (M) = O 2, p™)).
(4.20)

With the discrete grid and discrete operators defined above, we next show in Proposition 4.9
that the master equation can be approximate by a backward ODE system.

Proposition 4.9 There exists Ny such that for N > Ny, every p¥ € PN(Z) and z € %, U
solves

U N -
g(l‘s 2, pN) = GN(tv 2, PN) - H(Zs AN,Z,ZU(L 2, pN))

1,- - -
-2 (P§v N H)”m ANIT (@, y, pNy) - ANYT (2,2, pNy 42D

yex N
U(T,z,p") =G, pV) + &),
where €V € C°([0, T1 x £ x PN (D)), V] < €.

Proof From Theorem 4.8, there exists constant Ny, such that when N > Ny and (4.3), U

satisfies (4.18) when taking value on point (¢, z, pN ).
U t, 2, N 5 _ ~
% — —H(Z, AZU) — Zpi\/)\*(y7 AyU) . DU([,Z,pN) +6(l,z).

yeX

It looks similar to (4.21), except for the discrete operator AN and the differential operator
D”. Hence, we next compare the two operators similar to [9, Proposition 3]. We first discuss
the first component §; — 8, of ANYO (1, 2, pN) defined in (4.20),

7 N 1 7 N % Y7 N
0.z, p" + 61 =80 = Utz pM) = [ 10702, pY + 561 — 6,)lids
0

1
— DTtz p™)]) +/O (D" T(t 2 p" + 561 — 8,11 — (DT (1. 2, p™)11)ds

o~ 1
=[D’U(t,z, pM)h + 0(33)

where the last equality is derived by the Lipschitz continuity in pN € P(T) of DYU. As
above can be applied to every component in AN YU (¢, z, p™V), we conclude that there exists
Ny such that for N > N,

ANYO(t, 7, pN)y = DYU @, z, pN) + €V ¢, 2, pN),
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where €¥Y € C°([0, T] x = x PN (Z); RK), |eVY] < %
Hence, we have

a0 Ty - -
Sz == (pfy - %) Wy, AN T @y, pM)) - AN T @, 2, p)
YEX
4
— H(z, AV0 @2, p" ) + ) eilt, 2),

i=1
where
e1(t,2) == H(z, ANV*2U(t,z, pV)) — H(z, A*U)
ex(t,2) =Y py AN U, 2, p") - W, ANV Ty, pN)) = 27 (v, A D))

YEX
es(t,2) =Y pN(ANYT(t 2, p) = DU, z, p")) - 2*(y, AV T)
yeX
1,- - .
e4(t,z) == —%A*(y, ANIYYT (@, y, pN)) - ANYT (1, z, pN) + €t 2).

From the Lipschitz continuity of H and A*, as well as that U is bounded, there exists constant
C such that

le1(t,2)| < CIIAN=2T (1, z, pV) — AU ||
lea(t, )] < C max IAN =20 (¢, z, pV) — A*T .
zZe

From Proposition 4.2, we know there exists constant C such that

C
ler(®, 2)| + lea(t, 2)| < N

From Lemma 4.4 and ) .5 A3 (y, AY U) = 0 for every y € ¥, we have

ZEX
DYU(t, z, pV)) - M*(y, AYU) = DU (1, z, pV)) - 1*(y, AV U).
It follows that
e3(t,2) =y p)ANYT @, 2, pV) = DU, 2, p)) - 2% (v, A O).
yex
From the boundedness of A* and €, there is constant C such that

C C
s, = 3 YY) = 0y

yex ieX

C
1) < —.
lea(t, 2)| N

We can conclude the proof by defining

4
~ c
Ntz pY) = et n) <

i=1

[}
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Finally we can proceed to the proof of our main result. The main idea of the proof is
to characterize both the DNN approximation @, p) and the true solution (6, p) by their
corresponding master equations, which are further approximated by two backward ODE
systems on certain discrete grid points. Then the error of the two can be directly estimated on
these grid points using Gronwall inequality. As both (6, ) and (0, p) are uniformly Lipschitz
continuous with respect to their initial conditions, the error between the grid points can also
be estimated.

Completion of proof of Theorem 2.6 Since ODE system (2.2) admits a solution to any initial
value pg € P(X), we can define

Ult,z, p) :==0(t, 2).
From Cecchin and Pelino [9], U satisfy the master equation for any p € P(X):

aUu(t, z, p)

5 tHE AU+ Y pyDU(t, 2, p) - ¥ (y, A'U) =0,

yex
U(T,z, p)=G(z,p).

Similar to the proof of Proposition 4.9, we know U (t, z, pN ) satisfy ODE:

U
PTG Py =€t z, pN) — H(z, AV=2U @, z, p™))

1,- , ,
-2 (Pﬁv - )T) Wy, AVYU@, y, pM) - ANYU G 2, pY),
yex

U(T,z, p") = Gz, p"),
(4.22)

where eV € C%([0, T] x £ x PN (%)), |V < % From (4.21) and (4.22), there exists Ny
such that when N > Ny and (4.3) holds, we have

~ ]l':
Utt,z.pM) = Ut 2, pN) =e3(2) + e+ A+ Z (pﬁv - ?VZ> (By +Cy),
yex

T
e = / (€N(s, Z, pN) — eN(s, z, pN))ds,
t
T ~
A= f (H(z, AN220 (s, 2, pM )~ H(z, AN52U (s, 2, pV)))ds,
t

T
By 3=/ ¥y, AN T (s, y, pNy)
t
— X, ANYYU s, y, VDT ANYT (s, 2, pNds,
T
Cy :=f A, AN YU s, y, pNY)
t
AANYT s,z pN) = AN YU (s, z, pN)1ds.

From Proposition 4.1, both U and U are bounded. Hence, H and 1* are Lipschitz continuous
w.r.t their second variable. Define

d(t) = max U, z, p™) = U, z, p™)|.
ze%,pNePN (%)
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There exists a constant C such that
T
AL+ B,| +1Cy| < c/ d(s)ds.
t

As py € PN(Z), there exists constant C such that

T
d(r) < max {/ 1EN (s, z, p) — €V (s, z, p™)Ids + 63(Z)}
zeX,pNePN (%) t

T C T
+Cf d(s)ds < — + Cf d(s)ds.
t N t

By applying Gronwall inequality, there is constant C such that for every r € [0, T],z € &
and pY € PV(Z) we have

- C
U, z, p") = U@, z, pV)| < =

¥ (4.23)

For N > 2Ny where Ny is defined in Proposition 4.9 above, if p € B(P(X), %), there is
p € P(X)suchthat p = p+egandey < % And there exists pN € PN (X) such that

1
_ N -
lp p||<N

2
5 N <5 _ _ N <
lp—p I =lp—rli+lp—p"l< N < No'
From Proposition 4.1, U (t, z, p) is well defined, and from Proposition 4.2, there exists
constant C independent of N and p, such that for every t € [0, T] and z € %,

N C ~ - ~ N 2C
Ut z,p) —U@, 2, p)I ==, Ut z,p)—-U@,z,p7)l = —.
N N
Combining the above inequalities with (4.23), we have |U(r, z,p)—=U,z,p)| < % for
some constant C independent to N and p, which is equivalent to

~ C
-6l < —-.
N

By using the uniform boundedness and Lipschitz continuity of A*, we can prove p and p
are Lipschitz continuous w.r.t 6 and 6, respectively, with the help of Gronwall inequality
and technique similar to the proof of Proposition 4.2. Note also that the Lipschitz coefficient
only depends on the uniform bound and Lipschitz continuous coefficient of A*, which again
only depend on the preliminary M given in Proposition 4.1. Hence, we know there exists a
uniform constant C independent on N such that

=0

Ip—pll =

This concludes the proof. O

4.4 Proof of Proposition 3.1

Proof The proof is divided to several steps to prove the conditions for H and G, respectively.
Step 1: proof of A* for Assumption 2.1.
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Let us first write out the Hamilton operator H for G g. Define A as the admissible control
set for all A that satisfy (3.4). Define ¢ := A_l(kﬁa(z) (t, 7)) and 8° := A_l()\.ﬁb(z)(t, 7)),
then we have

_ _ 1 _
H(z,m:sup{gm Lot ), ppace) + 8N oo oy (120D, o) — 57072 '<z>2}
reA
1 _
= sup {g(6%. ppo)} + sup {96 s} = 370727 @2
39€R sPeR

where g(§, n) := A(S)(6 — ¢ + ). From (3.1) and according to the proof of Lemma 3.1
in Guéant [15], ¢ () := supg{g (8, p)} is increasing w.r.t . Moreover, the optimal §* exists
and is unique, which is a continuously differentiable function of w.

Step 2: proof of H satisfying Assumption 2.1.

We only need to prove that the second-order derivative ¢” () is positive. From the proof
of Lemma 3.1 in Guéant [15], ¢ is 2, () = A(8*), and §* is strictly decreasing w.r.t
. Hence, A(8*) is strictly increasing w.r.t u, which implies ¢” (1) > 0. Then there exists
constant C such that ¢” (1) > C when p is bounded.

Step 3: proof of G satisfying Assumption 2.1.

From (3.5), the differentiability and (2.5) of G are trivial. We then only need to prove
(2.6). Note that

Y (G(z, p) = Gz, b)) (p: — )
ZEX
Umax @ Umax
=D ) Y BTy = p(T.i)(p(T. q.v) — H(T.q. v)R
v=0¢g=—Q i=v

Umax Umax

=YY (BT, i) = p(T, ) (p(T,v) = p(T, V)R
v=0 i=v
R Umax _ 2 Umax B )
=-7 D (p(T.v) = T.v) ) + D (p(T.v) = B(T.v) ).
v=0 v=0
which is non-positive, this concludes the proof. ]

5 Conclusions

In this paper, we have solved the finite state mean field games problem by the deep neural
network method. By transforming the fully coupled FBODE system to the master equation,
we have proved that the error between the true solution and the approximate solution is linear
to the square root of DNN loss function. We have also applied the DNN method to solve
the optimal market making problem with terminal rank-based trading volume reward which
is shown to perform better in liquidity provision and trading cost reduction than the linear
trading volume reward. There remain many open questions such as general heterogeneous
interaction structure and infinite state MFG. We leave these and other questions for future
research.

Acknowledgements The authors are grateful to the anonymous reviewers whose constructive comments and
suggestions have helped improve the paper of the previous version.

Birkhauser



Dynamic Games and Applications (2023) 13:859-896 895

Funding This study was supported in part by EPSRC (UK) Grant (EP/V008331/1).

Availability of data and material Not applicable.

Code Availability Not available

Declarations

Conflict of interest Not applicable.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

. Achdou Y, Camilli F, Capuzzo-Dolcetta I (2012) Mean field games: numerical methods for the planning

problem. SIAM J Control Optim 50:77-109

Achdou Y, Capuzzo-Dolcetta I (2010) Mean field games: numerical methods. SIAM J Numer Anal
48:1136-1162

Cardaliaguet P, Delarue F, Lasry JM, Lions PL (2015) The master equation and the convergence problem
in mean field games. arXiv:1509.02505

CarmonaR, Delarue F (2013) Probabilistic analysis of mean-field games. STAM J Control Optim 51:2705—
2734

Carmona R, Lauriere M (2021) Deep learning for mean field games and mean field control with applica-
tions to finance. arXiv:2107.04568

Carmona R, Wang P (2016) Finite state mean field games with major and minor players. arXiv:1610.05408
Carmona R, Wang P (2018) A probabilistic approach to extended finite state mean field games.
arXiv:1808.07635

Cecchin A, Fischer M (2020) Probabilistic approach to finite state mean field games. Appl Math Optim
81:253-300

Cecchin A, Pelino G (2019) Convergence, fluctuations and large deviations for finite state mean field
games via the master equation. Stochast Process Appl 129:4510-4555

El Euch O, Mastrolia T, Rosenbaum M, Touzi N (2018) Optimal make-take fees for market making
regulation. SSRN 3174933

. Fouque JP, Zhang Z (2020) Deep learning methods for mean field control problems with delay. Front

Appl Math Stat 6:11

. Gomes D, Mohr J, Souza R (2013) Continuous time finite state mean field games. Appl Math Optim

68:99-143

Gomes D, Saude J (2017) Monotone numerical methods for finite-state mean-field games.
arXiv:1705.00174

Guéant O (2009) A reference case for mean field games models. J mathématiques pures et appliquées
92:276-294

Guéant O (2017) Optimal market making. Appl Math Finance 24:112-154

Guéant O, Lasry JM, Lions PL (2011) Mean field games and applications. In: Paris-Princeton lectures on
mathematical finance 2010. Springer, pp 205-266

Han J, Jentzen A (2018) Solving high-dimensional partial differential equations using deep learning. Proc
Natl Acad Sci 115:8505-8510

Huang M, Malhamé R, Caines P (2006) Large population stochastic dynamic games: closed-loop Mckean-
Vlasov systems and the nash certainty equivalence principle. Commun Inf Syst 6:221-252

Lagaris I, Likas A, Fotiadis D (1998) Artificial neural networks for solving ordinary and partial differential
equations. IEEE Trans Neural Netw 9:987-1000

T Birkhauser


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1509.02505
http://arxiv.org/abs/2107.04568
http://arxiv.org/abs/1610.05408
http://arxiv.org/abs/1808.07635
http://arxiv.org/abs/1705.00174

896 Dynamic Games and Applications (2023) 13:859-896

20. Lagaris I, Likas A, Papageorgiou D (2000) Neural-network methods for boundary value problems with
irregular boundaries. IEEE Trans Neural Netw 11:1041-1049

21. Lasry JM, Lions PL (2007) Mean field games. Japan J Math 2:229-260

22. Lasry JM, Lions PL, Guéant O (2008) Application of mean field games to growth theory. hal:00348376

23. Lauriere M (2021) Numerical methods for mean field games and mean field type control.
arXiv:2106.06231

24. Lee H, Kang I (1990) Neural algorithm for solving differential equations. J] Comput Phys 91:110-131

25. LiJ, YueJ, Zhang W, Duan W (2020) The deep learning Galerkin method for the general stokes equations.
arXiv:2009.11701

26. LiJ,Zhang W, Yue J (2021) A deep learning Galerkin method for the second-order linear elliptic equations.
Int J Numer Anal Model 18:427-441

27. Malek A, Beidokhti R (2006) Numerical solution for high order differential equations using a hybrid
neural network-optimization method. Appl Math Comput 183:260-271

28. Mishra S, Molinaro R (2021) Estimates on the generalization error of physics-informed neural networks
for approximating pdes. arXiv:2006.16144

29. Ruthotto L, Osher SJ, Li W, Nurbekyan L, Fung SW (2020) A machine learning framework for solving
high-dimensional mean field game and mean field control problems. Proc Natl Acad Sci 117:9183-9193

30. Sirignano J, Spiliopoulos K (2018) DGM: a deep learning algorithm for solving partial differential equa-
tions. J Comput Phys 375:1339-1364

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

) Birkhduser


http://arxiv.org/abs/2106.06231
http://arxiv.org/abs/2009.11701
http://arxiv.org/abs/2006.16144

	Deep Neural Network Solution for Finite State Mean Field Game with Error Estimation
	Abstract
	1 Introduction
	2 Model and Main Results
	3 Application: Optimal Market Making with Rank-Based Reward
	4 Proofs
	4.1 Proof of Theorem 2.4
	4.2 Proof of Theorem 2.5
	4.3 Proof of Theorem 2.6
	4.4 Proof of Proposition 3.1

	5 Conclusions
	Acknowledgements
	References




