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In this paper, we are interested in considering the following singular elliptic problem with concave-

convex nonlinearities

A %u = f(@)[ul""*u + g(2)[u"?u, in Q\ {0},
x
u =0, on 0,
where Q) C RN(N > 3) is a smooth bounded domain with0 € Q,0 < u < @ = (NZQ)Q 1<
g <2< p<2fand 2* = 1\2&2 is the Sobolev critical exponent, the coefficient functions

f, g may change sign on ). By the Nehari method, we obtain two solutions, and one of them
is a ground state solution. Under some stronger conditions, we point that the two solutions are

positive solutions by the strong maximum principle.
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1. INTRODUCTION AND MAIN RESULTS

Consider the following singular elliptic problem with concave-convex nonlinearities

~du— g = @)t g, i 0\ {0),

(1.1
u =0, on 0L,
where Q) C RN(N > 3) is a smooth bounded domain with 0 € Q,0 < pu < 1 = (Nf)z,l <

g <2<p<2and 2" = % is the Sobolev critical exponent. The coefficient functions f €

2* 2*
L>=7(Q),g € L?"=4() and satisfy the following condition.

(Hp) Thesets {x € Q: f(z) > 0}and {z € Q: g(x) > 0} with positive measures, that is,
f,g > 0or f, g change sign on .

Very recently, Chen and Chen studied problem (1.1) with f(z) = W (z), where W, g € C(Q2),
g(x) > 0 and the set {x € @ : W (x) > 0} with positive measure, see [10]. By the Nehari method,
they obtained that there exists 7 > 0 such that problem (1.1) has at least two positive solutions for
0<pu<Ty.

When ¢ = 0 in problem (1.1), it reduces to the classic semilinear elliptic problem with concave-
convex nonlinearities. Much interest has grown on the concave-convex problem, starting from the
celebrated paper of Ambrosetti, Brézis and Cerami [1]. After that, the concave-convex problem has
been extensively studied, and some important and interesting results have been obtained, such as [2-4,
6-12, 14, 17-24, 26-32]. Particularly, Sun [26] considered problem (1.1) with A = 0, f, g satisfying
the same conditions of [10]. By using the Nehari method, the author obtained that there exists 7 > 0
such that problem (1.1) has at least two positive solutions for 0 < A\ < T). In fact, [10] generalized
the results of [26] to problem (1.1).

In this article, we are interested in studying multiple solutions of problem (1.1). Motivated by [10]
and [26], an interesting study is the relevance of coefficient functions of the concave-convex terms to
the multiplicity of solutions of problem (1.1). In the present paper, by the Nehari method, we get two
nonnegative solutions of problem (1.1) under some constraint conditions on f, g; then, we obtain two

positive solutions of problem (1.1) under some stronger constraint conditions on f, g.

Let S, be the best Sobolev constant, that is

fRN (‘VU|2 B #M) dr fQ <|Vu\2 B ﬁqﬂ) da
SM P 1nf 5 = mf 2 :
weDL2(RN)\{0} (S [uf? dz) > ueHg (2)\{0} (Jq [ul? da) >

(1.2)
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The energy functional corresponding to problem (1.1) is defined as follows

= [ (1932 = )= 1 [ faras 2 [ goluiras

1
for all u € H{ (). We denote [jul|, = [fQ (|Vu|2 FEAL ) dﬂc} * as the norm of H{ (). By the
the Hardy inequality (see [5] or [15]), one has

/|2u2dm< /|Vu|2dx
Q|

for all u € H{(R2). Thus, the norm [|ul|, is equivalent to the usual norm |[u| = ([, |[Vu|*dz)
H; ().

N[

of
In general, a function u is called a weak solution of problem (1.1) if u € HE(Q) and for all
¢ € HE(Q) it holds

[ 19050~ Luglao— [ p@lup st - [ gtolut—upds =0
Q Q

So if such a solution exists then it must lie in Nehari manifold .4", which is defined by

v ={ue @ i - [ swhpas - [ gl =o}.

In order to obtain the multiplicity of solutions, we make splitting for .4". For this purpose, we

define a fibering map J,, : t — I(tu) for all ¢ > 0, that is,

Ju) = Sz = 2 / @) uPdz — 2 / () |u|9dz
“ 27 p g q Qg ’

where u € HE(Q). Then we have

JL(t) = tu2 — ! / f(@)|ufPdz — 71 / o()u]tdz,
(9] Q

JU(t) = [[ull? — (p — 1)72 / f(@)ufPdz — (g — 1)192 /Q o(@)lultdz.

Clearly, #/ = {u € Hj(Q) : J(1)=0.} . Forallu € .4,

T = Jul? - (1) /Q f(@)[ufPdz — (g — 1) /Q 9(2)|ultdz
- 2-9) / g()|ultdz — (p - 2) / (@) [ulPda

Q Q
= -l + -9 / o(a)|ul"dz

= 2-qllulli —(p—a) [ f@)|uldz.
Q
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Thus, we make the following decomposition

JV+:{UGJ/:J5(1)>O},
,/Voz{ue,/V:J;’u):o},

JV_:{uEJV:JZ(l)<O}.

Our approach to problem (1.1) is upon the structure of the constrained sets .4+, .40, Under
some conditions, we can prove that 4+ # () and 4% = {0}.

The main results can be described as follows:

2*
Theorem 1.1 — Assume that 0 < p < i = %,1 <qg<2<p<2andfeL¥r(Q),g€

2*
L7=4(Q) satisfy (Ho). Then there exists A > 0 such that problem (1.1) has at least two nonnegative
1 1

solutions for all | f|757 g|%52 < A, and one of them is a ground state solution.

2% —p 2% —q

Remark 1.1 : To our best knowledge, our result is up to now. Our Theorem 1.1 is a general result
of the multiplicity of nonnegative solutions of the singular elliptic problem involving concave-convex
nonlinearities. And, we should point out that f, g are may change sign in €2. Moreover, when p = 0,
Theorem 1.1 is also true.

Theorem 1.2 — Suppose Q2 C RN (N > 3) is a bounded domain with smooth boundary Of).

Assume that 0 < p < 1 = %, 1< qg<2<p<2tand f,g satisfy the following condition,

(Hy) f € L*°(Q) with the set {x € Q : f(x) > 0} of positive measures, and g € L>(Q2) with
9(x) > 0,9 #0.

Then the same conclusions of Theorem 1.1 hold. Moreover, the two nonnegative solutions are

positive solutions.

Remark 1.2 : Under the condition of (H;), by the strong maximum principle, we can prove
that the nonnegative solutions are positive. According to [16] (pp: 158, 198), the condition of the
boundary of 2 is necessary. Compared with Theorem 1.1 in [10], our Theorem 1.2 is more general.
Particularly, when i = 0, Theorem 1.2 is also true which generalizes Theorem 1.1 in [26].

Theorem 1.3 — Assume that 0 < y < [t = (NZ2)2,1 < qg<2<p<2and f,qg satisfy the

following condition,

2* 2*
(Hs) f € L¥=»(Q),g € L¥-4(Q)) are nonzero and nonnegative functions.
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Then the same conclusions of Theorem 1.1 hold. Moreover, the two nonnegative solutions are

positive solutions, and the positive ground state solution belongs to N .

Remark 1.3 : It is worth noticing that we could not confirm the ground state solution lying in .4 "
or .#~ when f may change sign, because .# " and ./~ may not be connected submanifolds. Under

the condition of (Hz), we obtain that the positive ground state solution lies in 4.

This paper is organized as following. We present some preliminary results in Section 2. In Section

3, we give the proof of Theorems 1.1-1.3. Throughout this paper, the norm in LP(€2) is denoted by
1
ulp = (Jq [ulPdz)?

2. SOME PRELIMINARY RESULTS

In this section, we give some lemmas in preparation for the proof of our main results.

2* 2*
Lemma 2.1 — Assume that f € L2 (Q),g € L2-a(Q) satisfy (Hp), then there exists a
1 1
constant A > 0 such that A4 * £ () for |f|"2 < A. Moreover, #° = {0} and .4~ is a

2%¥—p 2% —q

1 1
closed set for [ f|7,2 [g]*% < A.

2*7p 2% —q

PROOF : According to the assumptions of f there exists u € H3(€2) such that

/ F@)|ulPdz > 0.
Q

In fact, let E = {z € Q : f(x) > 0}, one obtains that F is a positive measure set. Then for any
e > 0 there exist a closed set /' and a open set G such that /' C E C G and mes (G — F') < . From
the arbitrariness of €, we have mes F' > 0. We choose @ € C}(2) with 0 < @ < 1 such that @ = 1
in Fand @ = 0in Q \ G. Obviously, & € H}(Q2). By Holder’s inequality, one has

| r@liras = [ j@do- [ jf@lard

*

> /f(a:)d:r— (mes(G — F))¥ (/G_Flf &dm)QZ*p
= / P)da— 1] e

> /f

>

%

R P
. d D
where we choose ¢ = min ( r (2) x) S G % such that mes F > %“”G > 0and £ |f| 2x <
2%¥ —p

2[f]_ox

2% —p

3 [ f(z)dz. Similarly, we can prove that there exists u € H} () such that [, g()|u|%dz > 0.
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Case A : For any u € H{(Q) such that [, g(x)|u|?dz > 0, we define & € C(R*,R) by
B(t) = 7}~ 177 [ gla)fultda,
Q

Then,
() = —(p — D ul2 + (p — )ts P! / o(x)ultdz,
Q

let ®'(t) = 0, we can verify

(r—a) Jy g(w)luwdx] e |

t —
e [ (p—2)[|ullZ

Simple computations show that ®'(¢) > 0 for all 0 < ¢t < t,,4, and ®'(¢) < 0 for all ¢ > ¢4z

Thus ®(¢) attains its maximum at ¢,,4,, that is,

p—q 2(217:11)
B(tmas) = - [(p—2)] =
PrELPTal (fyg(@)uladr) e

From (1.2), we have
Sulul3. < [lull};

and by Holder’s inequality, one has

/ F(@)ulPde < |f] o [uffn,
Q T—p

/ o(@)|ultdz < |g| o ull..
Q =g

Then from (2.1)-(2.3), one gets

2(p—q)

p=q 5
2—¢q (p—Q)Q-q (2]
p—2

P—2\p—q . 5=
(rub*rgrg*)
2% —q

b—aq

B {2—q<p—2>5-3<IIUHi>“ 1
- -2 —q ul2. p=2
p p | |2 If| 223

- g
2*27,1,9*
2% —q

B(tys) — /Q F@)uPde >

—|f|%|ug*

—1}|f|z*fu\§*
2% —p
> 0,

1 1

1 1 = b—q
— — 2— -2 —2\ 2—¢ —2)(2—
when |f]757 |g|*5¢ < A, where we can choose A = (ﬁ) ? (h) Sy,
2% —p 2% —q

2.1

2.2)

(2.3)

(2.4)
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On the one hand, when [, f(x)u[Pdz < 0. Since ®(t) — —oco ast — 0 and ®(t) — 0 as

t — +00, there exists a unique ¢t satisfying 0 < ¢t < t,,,4, such that
[ r@epds =), @) >0,
Q

that is, ttu € .4/ *. Moreover, since

2
30 = 100) = Sl == [ j@lrde =T [ ga)fultas, @5
J(t) = dfc(li“) = -1 {(I)(t) - /Q f(x)|u\pdx] , 2.6)

one gets dl(t“) <Oforall0 <t <t", and dfc(liu) > 0 forall t > t*. Thus

I(ttu) = 0<ti£tf I(tu).

On the other hand, when fQ x)|ulPdz > 0, there exist to and ¢, satisfying 0 < to < tmaz < gy
such that
B(t§) = | f@lirde = 9(5)
and
P'(ty) <0< @'(td),
that is, tg u € AT and tyu € A ~. Moreover, according to (2.5) and (2.6), we have dI(tu) < 0 for
all 0 < ¢ < ¢ and L) dl{iu)

has

>0f0rallt+<t<t0,and

< Oforallt > t;. Consequently, one

I(tdu)= inf I(t I(tgu) = I(tu).
(10 = jof It 160 = sw 1)
1 1
Thus .4+ are non-empty whenever | f|732 |g|%5¢ < A.

2*7p 2**(1

1 1

Next, we prove that .4 = {0} for | f| 2 |g|*3% < A. By contradiction, suppose that there
-p 2%—q

exists ug € 4. Obviously, ug # 0 and g 6 </V it follows that

o2 = /Q £(@)|uolPdz + /Q 9() ol dx @7

and

(- 2lluol2 = (0 — q) /Q 9()uo*dz. 2.8)
From (2.7) and (2.8), one has

| @iz = 2=

D)uol2. 2.9)
q
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1

IE U
Then, according to (2.4) and (2.9), for |f|*37 |g]*5¢ < A, we have

2% —p 2% —¢q

p—q 2gr§)
0 < Q—Q<p—2>2q ol
_2 _ p—2
p P4/ ([, 9(x)|uoledz) >
- / F(@)|uolPdz
Q
p—q thg)
_ 2_q p_2 2-q ”U’OHH _2_qH ||2
T p-2\p_q N =l
(222) " fuoll™™
o 2—q 2 —q 2
= ol =~ Il

= 0,

1

_1
which is a contradiction. Thus 4% = {0} for |f|*,7 |g]*,¢ <A.

2% —p 2% —q

a1
Finally, we claim that .4~ is a closed set for | f|",7 |g| 2*53 < A.

2% —p 2% —q

Suppose that {u,} C .4~ such that u, — wasn — oo in H}(Q), we need prove u € A~ for
1 1
g]%d <A

p—2
| f17%
2%—p 2% —q

Since u,, € .4, one has

Jum 2 — /Q £() [un Pl — /Q 9(2)|un|dz = 0 2.10)

and
2 - ) lunl® — (0 — q) /Q F(@)unlPdz < 0. @.11)

Since u, — uin H} () as n — oo, it follows that

Jul - /Q f(@)|ulPdz — /Q g(z)|ultdz = 0

and
@—lul2 - (p—q) /Q f(@)ulPdz <0,

1 1

thusu € A ~UNO Ifu € A0 since 40 = {0} for |f|"57 |g|75¢ < A, onehasu = 0. However,
.

2% —p *—q

from (2.10) and (2.11), for all u,, € .4, we obtain

2 - )2 < (0 — g) /Q £(@)unlPdz,
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consequently, by the Holder inequality and (1.2), one has

p—2

(2—q)S3

wlly > | ————— > 0, Yu, € N7,
Il = G =g !

1 1

which contradicts u = 0. Thus v € 4~ for | f|";2 |g|*5¢ < A. Thus our claim is proved to be true.
2* —p 2% ¢

Case B : For any u € Hg () such that [, f(z)|ulPdz > 0, we define ¥ € C(R™,R) by

W(t) = 2] — 70 /Q £()uldz.
Then
(1) = 10 [(2 — )l — (p— gy /Q f(x)\uwczx} ,

let ¥/(¢) = 0, one has
_1
I N C o A
T - q) Jo f@)ulpdz |
Clearly, U/(t) > 0 for all 0 < t < tyae and W/(t) < O for all ¢ > fy,4,. Thus ¥ achieves its

maximum at ¢,,4,., that is

p—g 2(p—q)
- p—2(2—q\r? w2
V(tmas) = 5— <> =
TA\P—4 (fo f(2)|ulpdz) »=2
Then from (2.1)-(2.3), one gets
Bt
- p—2 (2—q\r2 ullx””
U(t /g z)|ul|idx > < > —
(tmaz) Q()II e g ) =
<IUI2*|f|z*>
2%¥—p
—\9\%\14%*
p—g = (2.12)
B {p—2<2—q>P2<HUHM>’J 1 ‘
o 12-¢\p—q¢ ul3.
) g 1
2*7p
_1 * q*
}|9|23_q u’2
> 0,

1 1
forall [f]”,2 |g|*,# < A, where A is defined in Case A. If [, g(x)|u|%dz < 0, since ¥(0) = 0 and
2% —p *—q N
U(t) — —oo as t — 400, there exists a unique ¢t~ with ¢~ > #,,,4, such that

Y(t) = /Q g(@)lultdz, () <0,
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thus it follows that ¢ “u € 4 ~. Moreover from (2.5) and

dI (tu)

M — o wo) - [ gtallupa] . @13)

consequently, dlc(li“) > 0forall0 <t <t and dlc(li“) < Oforallt>t".Then

I(t"u) = sup I(tu).
>0

If [ g(x)|u|?dz > 0, there exist ¢ and t; satisfying 0 < t§ < tpas < ty such that

w(t]) = /Q o)tz = (ty)

and
V(t5) >0, V(ty)<o.

Thus ta“ uw € A and tyu € A ~. Moreover, according to (2.5) and (2.13), we have dléi") <0

forall0 <t < tg and dlc(liu) > 0 for all ta“ <t<ty,and dlgfu) < O for all ¢ > t; . Consequently,

one has
I(tdu) = inf I(tu), I(tyu)= sup I(tu).
0<t<tmaax tzf'maw

IS T
Thus .#'* are non-empty for all | f|*,7 |g|*,¢ <A.

2% —p 2% —gq

1 1
Next, similar to Case A, we can prove that 4% = {0} and .4~ is a closed set for | f| "7 |g]°5¢ <

2% —p 2% —q

A. We omit the detail proof. Thus the proof of Lemma 2.1 is completed.

Lemma 2.2 — Given u € A (A4 7) and for all w € H}(), then there exist ¢ > 0 and a

continuous differentiable function t = ¢(w) > 0, ||w||, < ¢ satisfying that

H0) =1, t(w)(u+w)e NT(NT), Ywe HHQ) |w|, <e.

PROOF : Forallu € A4, define F : R x H(Q) — Rby
F(t,w) = 2P |ju+ w2 — tqp/ o(@)]u + w]tde - / F(@)|u+ wlPde,
Q Q

then
Fy(t,w) = (2 - p)tP||u+ wl? — (g — p)ta! / g(@)lu + wlide.
Q

Since u € AT, it follows that F'(1,0) = 0 and

F(1,0) = 2= p)lul} + (r— ) | gla)lul’da >0,
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Thus, applying the implicit function theorem at the point (1,0), we can obtain ¢ > 0 and a

continuous differentiable ¢ : B(0,e) C H}(2) — R satisfying that
t(0) =1, t(w) >0, tw)(u+w) e AT, Yw e H)(Q) with ||lw||, <e.
Similarly, we can prove that the conclusion of the case u € .4~ is true. This completes the proof
of Lemma 2.2. O
Lemma 2.3 — I is coercive and bounded from below on 4.

PROOF : From (2.2) and (2.3), by the Sobolev inequality and (1.2), one has

L/.ﬂ@ﬂuwd$f§SM2UWgﬁW4m,
Q *-p

_ 9
t/mmmwxs&sz*mm-
Q =g

Consequently, for all u € 47, it follows that

1w = gl = [ f@hlrde = [ gla)uftis

1 1 “ 1 1 “
ull? / g9(z)|u|?dz
b q Q

_9
= \g =) el = {5 =5 ) S ol lluli

this implies that I is coercive and bounded from below on .4". Then the proof of Lemma 2.3 is

I
DO |
\
[
.::
\
[
\
3 |

completed. a

3. PROOF OF THEOREMS

1 1

From Lemma 2.1 and Lemma 2.3, for | f|"37 |g|?3¢ < A, the following definitions are well defined
2¥—p 2% —q

m*T = inf I(u), m~ = inf I(u).
ueN+ ue N~

Moreover, we can claim that m™ < 0. In fact, for all u € 4T, we have

<p—@[guwmwm>@—2mmm

consequently, since 2 < p < 2*,1 < ¢ < 2 and u # 0, it follows that

1) = = [ r@lipds = [ ga)lultda

- (-1 w%— Y Y
(2 p) (q p)/g

p—2, 2 P2 9
< ) - —Z|u
o [[ull; . [[ull

< 0,
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this implies that m™ < 0. In this part, we prove that problem (1.1) has a nonnegative local minimizer

solution in 4" and .4~ , respectively. Now, we give the proof of Theorem 1.1.

1 1
PROOF OF THEOREM 1.1 : Let | f|",Z |g|*,! < A. The proof of Theorem 1.1 will be divided

2% —p 2% —q

into two steps.

Step 1 : We prove that there exists a nonnegative solution of problem (1.1) in 4.
1 1

Obviously, .4+ U4 is a closed set for |f|”,7 |g|*,¢ < A.From Lemma 2.3, /}Ef o I(u)
oF oF UE. @]}
is well defined. Applying Ekeland’s variational przincipleq(see [13]) to this minimization problem,

there exists a sequence {u,,} C A4 U .40 with the following properties:

i) I(u,) < inf  I(u)+ —;

) 1) > T(un) Y€ 4N
Since I(u) = I(|u|), we can assume that u,(z) > 0 for all x € Q. Obviously, {u, } is bounded
in H}(9), going if necessary to a subsequence, still denoted by {u,, }, there exists u, > 0 such that
Up — Uy, weakly in H(l)(Q),
Up — Uy, strongly in L5(Q2), 1 <s < 2%,
up(z) — us(x), a.e. inf,
as n — oo. Now we will prove that u, is a nonnegative solution of problem (1.1).

Firstly, we prove that u.(x) # 0 in . By the Vitali theorem (see [25] pp: 133), we claim that

n—~oo

lim f(x)]un\pda::/f(:(:)]u*|pda:. 3.1)
Q Q

Indeed, we only need prove that { [, f(x)|un|Pdz,n € N} is equi-absolutely-continuous. Note
that {u,} is bounded in HZ (), by the Sobolev embedding theorem, then exists a constant C; > 0

such that |u,

o« < C1 < oo. From (2.2), for every ¢ > 0, setting 6 > 0, when £ C 2 with
mes E < §, we have

2*—p

p 52— >
2 / |f17rda
E

where the last inequality is from the absolutely-continuity of [, | f

/ f@)unPdz < Jun
E

< e

2*—p dx. Thus, our claim is true.

Similarly,
lim g(:v)|un|qd:v:/g(:v)|u*|qu. (3.2)
Q

n—oo (o)
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By the weakly lower semicontinuity of the norm, combining (3.1) and (3.2), we have
1 1 1
1) = sluli— [ f@hrie = [ g@ld
< liminf [ Jum 2 — / F (@) P — / (x)\unqdaj}
n—oo
= liminf I(uy)
n—oo
= m+
< 0,
which implies that u,(z) # 0 in Q. Thus u, > 0, u, Z 0 in €. Since
m* = inf I(u)<,0
ueN+t
thus
inf I(u)= inf I(u)<O. 33
we At 1) = 1oL, Tw) G

Moreover, combining (i) with (3.3), for all n large enough we have I(u,) < 0. Therefore, the

sequence {u, } has a subsequence, still denoted by {u,, }, such that {u,} C A#T.
Secondly, we prove that u, is a weak solution of problem (1.1). Let s > 0 small enough, ¢ €

HE(Q), we choose u = uy,, w = s € H} () in Lemma 2.2, thus we get t,,(s) = t,,(s¢) satisfying

th(0) =1, t,(8)(up + sp) € AT

Note that

HunHi — / f(x)uﬁda;—/g(a:)u%dm =0. (3.4)
Q Q
Then, from (ii), one has

[tn(s) —1]- HunHu + Stn(S)H‘P”M
n

> %th(sxun +50) — tnllu
I(up) — Itn(s)(un + sp)],

v

T -2, tﬁ(s)—l/ .
= 2+ MO + s
(; / 9(@)lun + sl ?de
0
tis
0 2 Y+ s012)

(I
f(@)(lun + spl? — up)d

2
o
P Jo
1
41 / 9(2) ([tn + 50]7 — un]?) d
qJa
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Consequently, combining with (3.4), dividing by s and letting s — 0, it follows that

[t (O) |l + [Pl
n

v

—(0) a2+ £4(0) /Q £ (@) un[Pd
+,(0) /Q o) |un|%dz — /Q (Ve V) = gl da
+ /Q £(2) [P Bunipdz + /Q 9(@) ] Punipd

- —t;<o><||un||,3— /Q F(@)lunlPda /Q g<m>|un|wm>

1
_/Q [(vunav(p) - W%@]dl‘

+ / F(@) fun P 2unipda + / 9(2) [un | unipda
[9] Q
I
= — Vup, Vo) — —supp|de
| 1. 90) = L)
+ / F(@) unlP P unipdr + / 9(2) | 2unipda.
Q Q

Hence, we can deduce

[0 (O) [l + [l
n

o

3.5)
— | f@|unlPPunpde — | g(@)|un| Punpda,
Q Q
for any ¢ € H} (). Since (3.5) also holds for —¢, one gets
t! (0 n
Ol el [ (10,9~ Lol
n Q |z| (3.6)

- / (@) unlP o — / 9(2) ] Punipde.
(9] (9]

Moreover, Lemma 2.2 suggests that there exists a constant Co > 0, such that |¢/,(0)| < C; for
all n € N, Therefore, from the boundedness of {u,, }, we can choose a subsequence of {u,} still

denoted by {u,, }, passing to the limit as n — oo in (3.6), we get
/ [(Vur, Vo) — #u*w] dz — / f(@)uPPuspda — / g(@)us|" Puspde = 0, (3.7)
Q Q Q

forall ¢ € H& (€2), this implies that u, is a weak solution of problem (1.1).

Finally, we prove that u, € .4 . Choosing ¢ = u, in (3.7), one has

a2 /Q £() s P — /Q g(a)|us|dz = 0, (3.8)
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this implies u, € 4. Since u,, € 4", we have
2=l + (=) | g@lunlrde > 0.
Consequently, one has
Q=plwli+ =0 [ g@hufids > o

‘We claim that
2= p)llwl? + (p—q) /Q o(@)luslide > 0.

In fact, suppose
=Pl + o= | gl =0,

1 1
according to Lemma 2.1, 4% = {0} for |f|";7 |g]°5¢ < A, then one has u, = 0 in . This
2% —p 2% —q
contradicts u, # 0 in €. Thus our claim is true. Therefore, u, € 4.

Step 2 : We prove that there exists a nonnegative solution of problem (1.1) in 4"~

Similarly, applying Ekeland’s variational principle to the minimization problem m™ = igﬁ I(u),
(IS

there exists a sequence {v,} C .4~ with the following properties:
. _ 1
(1) I(Un) <m +E;

(i) I(u) > I(v,) — %Hu —Up|ly, Yue AN,
Since I(u) = I(|u|), we can assume from the beginning that v, (z) > 0 for all z € Q. Obviously,
{vn} is bounded in H}(f2), going if necessary to a subsequence, still denoted by {v,,}, there exists
Uss > 0 such that
Up = U, weakly in H} (1),
Up — Uss, strongly in L5(Q), 1 <s < 2%,
Un(x) = Ui (), a.e.in

as n — o0o. Now we will prove that u.., is a nonnegative solution of problem (1.1).

Firstly, we prove that u..(x) # 0 in Q. Since v,, € 4"~ we have

(-2l > (7 — q) /Q 9(@)lvnltde,

which is equivalent to

@ —)leall? < (0 - q) /Q F(2)|vnPda.
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Consequently, combining with (2.2) and (2.1), one has

@-gllwal2 < (- / F(@)[valPd
< P |f’ 2* ‘Unyz*
< w-a)lfl e SpElell,
2% —p
thus
1
p 2
(2 9)S

Ol > | e Vo, € N~
el (P =)l fl 2 ’ ! ’
-P

which implies %, > 0 and w., Z 0.

Secondly, we prove that u,. is a weak solution of problem (1.1). According to Lemma 2.2, we
can word by word repeat the corresponding arguments in Step 1, and obtain that w.. is a nonnegative

solution of problem (1.1), that is,

/ (Vs Vi) — %u**cp] dzx — / £ (2) [t [P 2tnipd — / G() |t |92 Usnipd = 0,
Q |z Q Q
for all ¢ € H ().

Finally, we prove that u.. € .4 ~. Choosing ¢ = u. in above equality, we have

furlly = [ F@lunlrde = [ g iz <o

this implies u.. € 4. Since v, € A4 ~, we have
Q= plunlly + 0 =a) [ g@lofide <o
Consequently, one has

(2 = p)llumel2 + (0 — q) /Q () s |7z < 0.

‘We claim that

2= p)|umel® + (p— q) /Q () [t 1 < 0.

In fact, suppose
Q= plwlly+ 0= a) [ gleufids =

11
according to Lemma 2.1, one has u.. = 0in Q for |f|”,? |g|*,¢ < A, which contradicts u. # 0
2% —p 2% —q

in Q. Thus our claim is true. Therefore, U € .4 ~. Obviously, one has (us) = m™ and I (uw) =
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m~ . Thus, u, or u,, is a ground state solution of problem (1.1). Then the proof of Theorem 1.1 is

completed. O

PROOF OF THEOREM 1.2 : According to the proof of Theorem 1.1, we only need prove that
Ui, Use > 0in Q. Assume that (Hp) holds. Since w., uw € HE(Q), by the embedding theorem
we have Uy, uw € L2 (Q). Since f,g € L>®(f), by the regularity of weak solutions, we have
Use, Usese € WQ%(Q) Then, by the classical bootstrap argument, one has u, € W?2*(Q) for all
1 < s < co. Using the embedding theorem again, we have u, € C1%(Q) for some 0 < o < 1. Since
ux > 0,us £ 0and g(x) > 0,9 # 0, one has

o _ _
e )l P g(z)ud

eyt
R,

_CU*,

— Ay

AV VARV

where f* = max{+f,0} and f = f* — f~,and C > 0 is a constant. Thus, by the strong maximum
principle, one has u, > 0in 2. Similarly, we can obtain that u,, > 0in {2. Then the proof of Theorem

1.2 is completed. O
In order to prove Theorem 1.3, we give the following lemma.

Lemma 3.1 — Given u € .4 and for all w € HE (), then there exist ¢ > 0 and a continuous

differentiable function t = t(w) > 0, ||w||, < € satisfying that

t(0) =1, t(w)(ut+w)e N, Ywec Hy Q) |w], <e.

PROOF : The proof is similar to the proof of Lemma 2.2, we omit the detail proof. O
Now, we give the main proof of Theorem 1.3.

PROOF OF THEOREM 1.3 : According to Lemma 2.1 and Lemma 2.3, one obtains that m =
ulenj/ I(u) is well defined. Obviously, m < m~ < 0 and m < m™. From Lemma 3.1, by Ekeland’s
variational principle, similarly to Step 1 of the proof of Theorem 1.1, we can prove that there exists a
nonnegative solution of problem (1.1) in .#". Without loss of generality, we also denote this solution
by us, then I(u,) = m and w, € A. Now, we claim that u, € 4. On the contrary, assume

1
that u, € A~ (AY = 0 for [f|",2 |g]*5? < A). From (Ha), one has [, f(z)|u[Pdz > 0 and

2% —p 2% —q

fQ g(x)|ul?dz > 0. By Lemma 2.1, then there exist positive numbers t(J{ < tmaz <ty = 1 such that
tdus € A andtyu, € A~ and

I(tgus) < I(tyus) = I(us) = m,

627
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which is a contradiction. Hence, I(us) = m = m™ and u, € 4. Obviously, u, is a nonnegative
ground state solution of problem (1.1). Similarly to Step 2 of the proof of Theorem 1.1, we get that

there exists a nonnegative solution ., € A .

Now, we only need prove that u., u. > 0 in Q. Assume that (Hz) holds, it follows from (3.7)
that

/Q (Vus, Vo) — #u*ﬂ de>0 for o e HY(Q),

which means that u. satisfies

—Au, >0, in Q.

Since u, > 0,u, Z 0, the strong maximum principle suggests that u, > 0 in {2. Similarly, we

can prove that u.. > 0 in €. This completes the proof of Theorem 1.3. O
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