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Abstract An extension of the Shapley value for games in partition function form
is proposed in the paper. We introduce a version of the marginal contributions for
environments with externalities. The dummy property related to it is defined. We
adapt the system of axioms provided by Shapley (A value for n-Person games. In:
Kuhn H, Tucker A (eds) Contributions to the theory of games II. Princeton Uni-
versity Press, Princeton, pp 307-317, 1953) to characterize our value. In addition,
we discuss a relationship between the a-Shapley values proposed by Fujinaka (On
the marginality principle in partition function form games. Mimeo, Graduate School
of Economics, Kobe University, Japan, 2004) and the values constructed through
the average approach provided by Macho-Stadler et al. (J Econ Theory 135:339-
356, 2007).
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1 Introduction

One of the main purposes of game theory is to study how to divide the joint profits
among players when they cooperate together. A value for coalitional games is a
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solution which provides an allocation for players’ payoffs. Shapley (1953) suggests
an axiomatic approach to this issue. In his characterization, the axioms efficiency,
symmetry, additivity and the dummy property determine uniquely a value which is
called the Shapley value today. The Shapley value can be formulated as the average
of players’ marginal contributions to all coalitions. Young (1985) shows that the
axioms marginality, efficiency and symmetry also yield an axiomatic characteriza-
tion of the Shapley value. The Shapley value possesses many desirable properties and
becomes one of the most famous solutions for characteristic function form games.
Nevertheless, the Shapley value cannot give a recommendation for the allocation of
payoffs of players in the situation where externalities across coalitions are present.

In the presence of externalities, Thrall and Lucas (1963) introduce games in
partition function form as a generalization of characteristic function form games.
Recently, some game theorists study extensions of the Shapley value for games in
partition function form. For instance, Potter (2000), Fujinaka (2004), Albizuri et al.
(2005), Macho-Stadler et al. (2007), Dutta et al. (2008) and McQuillin (2009) are
contributions to this line of research. The axiomatic approach is one of methods to
justify solution concepts for coalitional games. There are several extensions of the
Shapley value for games in partition function form characterized by various
adaptations of Shapley’s axiomatic system. Myerson (1977) provides an extension
of the Shapley value for games in partition function form and a set of axioms which
determines uniquely his value. A version of the carrier axiom is proposed and plays
a key role in his characterization. Bolger (1989), Pham Do and Norde (2007) and de
Clippel and Serrano (2008) also adapt Shapley’s axiomatic system to characterize
their extensions of the Shapley value for games in partition function form. In the
paper, we consider environments with externalities and provide the value ® which is
an extension of the Shapley value for games in partition function form. We
introduce a version of marginal contributions of players to coalitions by which the
dummy property is defined. We adapt the system of axioms provided by Shapley
(1953) to get a characterization of the value ®.

Fujinaka (2004) and Macho-Stadler et al. (2007) provide the class of the «-
Shapley values and the class of values constructed through the “average approach”,
respectively. Fujinaka introduces the concept of the o-marginal contributions
constructed as an expected average of the marginal contributions over some
partitions. Fujinaka adapts Young’s axiomatic system and shows that the axioms o-
marginality, efficiency and symmetry determine uniquely the o-Shapley value. For
each partition function form game v, Macho-Stadler et al. (2007) perform a
weighted average of the partition function v to obtain the game v in characteristic
function form. The average approach produces a value ¢ for games in partition
function form by defining ¢(v) = Sh(¥) for all games v. We say a value is
constructed through the average approach if it can be derived through the procedure
described above. It is interesting to note that our value ®, the value ¢~ proposed by
Macho-Stadler et al. (2007) and the externality-free value (de Clippel and Serrano
2008) are in both classes. In particular, they all can be constructed through the
average approach with the positive and symmetric weights. Due to the observation,
we find a specific subclass of values constructed through the average approach in
which each value is an a-Shapley value.
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The paper is organized as follows. Section 2 presents definitions and notations. In
Sect. 3, we provide an axiomatic result of the value ®. In Sect. 4, we have a
discussion on a relationship between the «-Shapley values and the values
constructed through the average approach.

2 Definitions and conventions

Let N be a non-empty finite set of players. A non-empty subset of N is called a
coalition. A partition P of N is a collection of disjoint subsets of N such that their
union is N and () € P. Elements of a partition are called atoms. Let I" denote the
collection of all partitions of N. A permutation © of N is a one-to-one function from
N onto itself. Denote Il to be the set of all permutations of N. An embedded
coalition is a pair (S,P) where P is a partition of N and S is an atom of P. The
embedded coalition (S, P) is called non-trivial if S is non-empty. The collection of
all non-trivial embedded coalitions is denoted by EC.

A game in partition function form, or simply a game, is a function v that assigns
to each embedded coalition (S, P) a real number v(S, P). We assume that v({), P) =
0 for all P € I'. v(S,P) is called the worth of the coalition S with respect to the
partition P. A game is with externalities if and only if the worth of some coalition
depends on the way the other players are organized. That is, there exists a coalition
S and two embedded coalitions (S, P), (S, P') such that v(S, P) # v(S,P’). A game
is with no externalities if and only if, for each coalition S, the worth of S is
independent of the way the other players are organized. That is, v(S, P) = v(S, P')
for each pair of embedded coalitions (S, P) and (S, P’'). In the latter case, a partition
function is called a characteristic function.

A value ¢ is a function that assigns to each game v a vector ¢ (v) in RY. We say
that a value ¢ satisfies efficiency if >,y ¢;(v) = v(N,{N,0}) for all games v. The
efficiency property says that the allocation selected by the value ¢ is feasible and
the resource of players is not wasted.

Let & € I1. For each coalition S C N, let t S = { n(i) : i € S}. For each partition
P, let 7P = {rnS: S € P}. Given two members i and j of N, let ¥ € IT such that
(i) = j, n’(j) = i and (k) = k for all k € N\ {i,j}. Players i and j are symmetric in v
if v(S,P) = v(nS, n/P) for each (S, P). We say that a value ¢ satisfies symmetry if
players i and j are symmetric in v then ¢,(v) = ¢;(v). The symmetry axiom says that
if two players are substituted in the game, they should get the same payoff.

We say that a value ¢ satisfies additivity if p(u + v) = ¢p(u) + ¢(v) for all games
u and v. When players distribute their payoffs on two different issues, the additivity
property says that it makes no difference for players to consider the two issues
together or one by one.

Let S C N and let i € N. For convenience, we will write S\7 instead of S\{i}. Let
O eT. Denote Og = {T\S: T € O} U{S}. Given (S,P) € EC, let

Fs‘p:{OEFZOS:'P}.

Let P € I and let P(i) denote the member of P to which player i belongs. Let v be a
game and let O € I'p(;) p. The O -marginal contribution of player i to P is defined by
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v(P(i), P) — v(P(i)\i, Opgipi) -

It is quite common that some persons leave their original organizations,
respectively, and establish their own coalition. Assume that such deviation results
in the generation of partition P. We also assume that partition O is the original
coalition structure before the deviation of coalition P(i). Then the O -marginal
contribution of player i to P presents player i’s contribution to coalition P(i) when
he is the last person to join the deviation. The set I'p;)p is the collection of all
possible partitions @ from which coalition P(i) can deviate to form partition P.
Therefore, player i may have different O -marginal contributions. If we adopt the
concept of the O -marginal contributions to measure the bargaining power of player
i, how should we evaluate his bargaining ability according to his O -marginal
contributions? The following approach is one of the possible ways to measure
player i’s bargaining ability.
Player i is called a weak dummy in the game v if

v(P(i), P) = v(P(i)\i, Oppi) =0, (1)

for all partitions P of N and for all O € I'p;) ». We say that a value ¢ satisfies
the weak dummy property (Bolger 1989) if player i is a weak dummy in v, then
¢i(v) = 0. That is, if for each partition P and each O € I'p;) p, the O -marginal
contribution of player i to P is 0, then we view that player i has no bargaining
power and hence his payoff should be zero. Note that Eq. (1) is equivalent to the
following

v(P(i), P) —v(P(i)\i,P') =0

for all partitions P of N, where P’ is any partition of N obtained from P by moving
player i to some other coalition in P.

Nevertheless, one may prefer an aggregate index to segregate ones in some
situations. For instance, in order to identify whether an applicant meets the
eligibility requirements of financial aid, he is required to report his total income
instead of all his individual earnings. In a problem of measuring the effect of an
investment plan which including many projects, one may prefer knowing the total
profit of all projects to identifying the consequence of each project. Different to
Bolger’s separate measure, we adopt the following approach to evaluate the
bargaining ability of a player.

The marginal contribution of player i to the partition P is given by

V(P)= > w(P(i),P) = v(P(i)\i, Opip)-

O€elp;) p

The amount v/(P) which is the sum of all O -marginal contributions of player i to P
can be viewed as an aggregate index to measure player i’s bargaining power. If
vi(P) = 0 for all P, it means player i has no bargaining power and his payoff should
be zero. We define the property formally in the following.

Let v be a game and let i € N. Player i is called a dummy in v if v/(P) = 0 for
all partitions P. We say that a value ¢ satisfies the dummy property if for any
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player i which is a dummy player in the game v, ¢(v) = 0. The dummy property
describes that a player gets nothing if his marginal contribution to each partition is
Zero.

Next, we introduce the value ®. Let v be a game and let = € I1. We assume that
N =1{1,2,...,n} . Denote Ay = n{1,2,...,k} for all 1 <k <n and Ay = (. For

each O €T, let 297 = (ZF") where
ieN

Zf(;f) = V(Ax, Oa,) — v(Ax-1,04,,),
for all k € N. Let D be a set and let IDI be the cardinality of D. Let
7 ZZO ” (2)
Bt
®(v) is given by
< (3)
-

Let ke Nand let K= {P € I': P 3 A}. It follows that

=] Tur

PeK
Note that I'y, » N Ty, p =0 for all P,P" € K with P # P'. It holds that

Z{V Ak;OAk V(Ak,hOAk,])}
Oell

|F|Z > {v(AK On) = v(Ak-1, 04, 1)}

PeKOeTly, »

rc(k) |F|

1
== > V(AL P) = v(Ai1,04,,)

|r|7)61“"739Ak OeFAky

- L > ). (4)

r |7361",773Ak
By (3) and (4), ®,(v) also can be expressed by

(5\7,05,)]

for all i € N. The Shapley value Sh is a function that assigns to each characteristic
function form game v a vector Sh(v) in RY. The ith coordinate of Sh(v) is given by

ISVIDINSI ) v,

SCN §5i
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3 Axiomatic characterization of the value ®

In the following, we provide an axiomatic characterization of the value ®. First, we
introduce the unanimity games to help us to characterize the value ®@. For every non-
trivial embedded coalition (T, R), the game v'*® is defined by

1 . -
vT,R(SjD) — ) Tspp if D Tand P = R,
0, otherwise,

for all non-trivial embedded coalitions (S, P) The game vI*® is called the unanimity
game with respect to (7, R).

Lemma 1 The collection of all the unanimity games is a basis of the space of
games in partition function form.

Proof Let ® denote the collection of all the unanimity games. That is
© = {y"*:(T,R) € EC}.

We will show that @ is linearly independent. If not, then there exists a collection of
coefficients 7, not all zero, such that > (TR)eEC BTRVIR(S,P) =0 for all

(S,P) € EC. There exists an embedded coalition (Ty, Ro) such that 70 =£ 0 and
TR =0 for all (T,R) € EC,T C Ty and T # T,. Then

Z FIRVIR(Ty, Ro) = Z BTTVIR(To, Ro)

(T R)€EC (TR)EEC,TCT,
= proRovToRo(Ty, R) # 0.

We obtain a desired contradiction. Since the number |®| is the same as the dimension
of the space of games in partition function form, the proof is complete. U

The following Lemmas 2 and 3 play the key role for deriving Theorem 4.

Lemma 2 Let (T,R) be a non-trivial embedded coalition. Then every player in
N\T is a dummy in the unanimity game vI°~.

Proof Leti e N\T and let P be a partition. We will show the following to obtain
the desired result.

(R (Py = > [RPG),P) =R (PN, Opiyy)] = 0. (5)

OeTp() p
There are three cases to be considered.
Case 1 T ¢ P(i). By the assumption T ¢ P(i), it holds that T ¢ P(i)\i and
vIR(P(i), P) =0, (6)
and
VIR (P()\i, Opy) = 0 (7)
for all O € I'p;) p. Then we derive that (5) holds.
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Case 2 T C P(i) and P # Rp(;. Clearly, we have (6) holds. Let O € I'p(;) p.
Since Op(;y = P # Rp(), we derive that Op(;\; # Rp()\; and (7) holds. We obtain
the desired result that évT“'R)l(P) =0.

Case 3 T C P(i) and P = Rpy;. Since i ¢ T, we have that T C P(i)\i. Let
H={0eTpup: Opun=Rpuni}-
It holds that
H = {0 e T: Opyi = R}
= IpiniRego0

and V"R (P(i)\i, Op(iy\;) = 0 for all O € I'p; p\H. It follows that

> VRPN Opy)

O€lp;)p
= ZVTR D\i, Opini) + Z VIR(P(i)\i, Opiyi)
OeH OEF'p(,)vp\H
= [Cpinimpy, VR (PON, Rpe)
=1
Note that
Z VIR(P(i), Opy) = [Tpgy p VR (P(i), P) = 1.
Oelp;)p
Then (5) holds. By Cases 1, 2 and 3, the proof is complete. O

Due to the above Lemma, we will show the following: if a value satisfies
efficiency, symmetry and the dummy property, then we can derive players’ payoffs
allocated by it for all unanimity games.

Lemma 3 Let Y be a value satisfying efficiency, symmetry and the dummy
property. Let (T, R) be a non-trivial embedded coalition and f§ € R. Then

L . .
W (g R) = qmm HieT
0, otherwise,

for each i € N.

Proof Letie N.Ifi ¢ T, player i is a dummy in v/*® by Lemma 2. By the dummy
property, we have ‘Pi(ﬁvT*R) = 0. By efficiency and symmetry, we have that

i (pTR) = BIR(N,{N,0}) — Z ¥i(

‘T| JEN\T

_ B
7T

forieT. U

@ Springer



482 SERIEs (2010) 1:475-487

Next, we will show that efficiency, symmetry, additivity, and the dummy
property determine uniquely the value ®. It is known that these axioms are logically
independent in Shapley’s (1953) axiomatization of the Shapley value for games in
characteristic function form.

Theorem 4 @ is the unique value satisfying efficiency, symmetry, additivity, and
the dummy property.

Proof 1Tt is clear that the value @ satisfies additivity and symmetry. By (4), we
derive that @ satisfies the dummy property. Next, we show that @ satisfies
efficiency. Let v be a game. Let 7 € IT. Since 3, 20" = v(N, {N,0}) for all
O €T, we derive that >, y @;(v) = v(N, {N,0}) by (2) and (3).

Next, we show the uniqueness part. Let W be a value satisfying efficiency,
symmetry, additivity, and the dummy property. Let v be a game. By Lemma 3, it
holds that

D(pv"R) =¥ (")

for every non-trivial embedded coalition (7, R) and f € R.
By Lemma 1, there exists a unique collection of coefficients f7™ such that

v= > BT RyTR  Since both values ® and ¥ satisfy additivity, we derive that
(T,R)eEC
(D(V): Z q)( TR TR Z “P T,R TR \I/(V)
(T,R)e€EC (T,R)€EC
The proof is complete. O

Bolger (1989) proposes the Bolger value which is an extension of the Shapley
value for games in partition function form and the weak dummy property. Since
both the Bolger value and our value satisfy efficiency, symmetry, additivity, and the
weak dummy property, the dummy property in our characterization cannot be
replaced by the weak version.

Let v be a game and let i € N. Player i’s intrinsic marginal contribution to
partition P is given by

v(P(@i), P) — v(P()\i, Pi)

where P; = {i} U{T\i: T € P}. The externality-free value (de Clippel and
Serrano 2008) which is an extension of the Shapley value for games in partition
function form can be characterized by efficiency, symmetry, additivity, and a
version of the dummy property related to the intrinsic marginal contribution. That
is, the externality-free value and our value can be characterized by the adaptations
of Shapley’s characterization. The only difference is the notion of the marginal
contribution employed to define the relative dummy property. One may ask the
question : Do both adaptations of Shapley’s axiomatic system characterize the same
value? The answer is negative. The following modification of Example 7 in de
Clippel and Serrano (2008) illustrates this fact.

Example 5 Let v be game with the player set N = {1, 2, 3}, where
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v(N AN, 0}) = v({2,3}, {{1},{2,3},0})
=v({2}, {1}, {2}, {3},0})
v({3} {{1},{2},{3},0})

)

\
—_

and

v({1,2},{{1,2},{3},0}) = v({1,3}, {{1,3},{2},0}) = 05,
31
750

and v(S, P) = 0 otherwise. Then ®(v) = ((—2 3—0 ) and the externality-free value of

o (=1 17
the game v is (?, 135 E)‘

4 The a-Shapley values and the average approach

Fujinaka (2004) proposes the notion of the ¢-marginal contribution and introduces
the «-Shapley values which are extensions of the Shapley value for games in
partition function form. The a-marginal contribution is a weighted average of the
marginal contributions over different partitions. Let (S,P) be an embedded
coalition and let i € N. Let y;(S, P) be the partition obtained by moving player i to
coalition S. That is,

(S, P) = {SU{}} U{T\i: T € P,T # S}.
Let ie N and let [E be the collection of all embedded coalitions and E; =

{(P(i),P) : P € T}. Let o; be a function from E\E; to R, and let oo = (o;) ; ¢ n- We
assume that o satisfies the following conditions.

(1) ForeachieNand P eT,
> w(P)\i, (S, P)) =

SEP.SEP(i)
(2) ForeachieN, (S,P) € E\E,; and = € I,
%i(S, P) = ty(yy(nS, nP).

Let v be a game. Player i’s a-marginal contribution to partition P is defined by

V(P = Y w(PNL (S P)VP@), P) = v(P@O\i (S, P))].

SEP.SEP(i)

Fujinaka (2004) proposes the o-Shapley value ®* through the concept of the o-
marginal contribution and uses the above assumptions (1) and (2) to show that ®*
satisfies efficiency and symmetry.

It is quite interesting to trace back the original states before player i’s deviation
resulting in the generation of partition P. For each S € P, S # P(i), y;(S, P) is one
of the possible partitions from which player i can deviate individually to form
partition P. There are various marginal contributions v(P(i),P) —
v(P(i)\i, y;(S,P)) of player i induced by his deviations. Each of them can be
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viewed as player i’s bargaining ability in different situations. The «-marginal
contribution of player i to partition P can be interpreted an index of player i’s
bargaining power by averaging his marginal contributions over different partitions
with the weights o;(P(i)\i, 7;(S, P)). The weights can be viewed as measures of
importance. For instance, in a problem of allocating investment costs, one may
distribute his capital among all his investment projects with corresponding weights.

We say that a value ¢ satisfies o-marginality if the following condition is
satisfied: Given the two games u and v and i € N, if u! (P) = vi (P) for all partitions
P then ¢ (u) = ¢p«(v). The axiom o-marginality says that, if a player’s a-marginal
contribution to each partition is the same in two games, then the value should pay
the same in both games. Fujinaka obtains that the «-marginality axiom together with
the axioms efficiency and symmetry characterizes the «-Shapley value.

Different o-marginalities lead to different o-Shapley values. There is a link
between the o-Shapley values and several values proposed in literature. The
externality-free value, the Bolger value, the value ® and the value ¢ introduced by
Macho-Stadler et al. (2007) are o-Shapley values. They can be characterized by the
same system of axioms, the only difference being the o-marginality axiom
employed. Therefore, they can be distinguished by the notion of a-marginality.

Myerson (1977) suggests an extension of the Shapley value to games in partition
function form. Nevertheless, his value is not an a-Shapley value. The following
example illustrates this fact.

Example 6 Let v be game with the player set {1, 2, 3}, where

V({2,3},{{1},{2,3},®}) =1,
V({1’3}7{{2}’{173}7®}) =2,
v({l}7{{l},{2,3},®}) =4,

and v(S,P) = 0 otherwise. Then the Myerson value of the game v is ¢ (v) =
(3, =1, 23). If ¢ is an o-Shapley value, then ¢(v) = (42, =44=3 =2042bEl) 'where 0 <

a,b<1anda+ b= 1. We can see that ¢(v) # ¢”(v).

Besides the a-Shapley values proposed by Fujinaka (2004), Macho-Stadler et al.
(2007) propose another class of extensions of the Shapley value for games in
partition function form in which each value is constructed through the “average
approach”. Let a be a real-valued function defined on the set of all embedded
coalitions. We assume that ) 5 - p5sa(S,P) = 1 for each § C N. Let v be a game.
The average approach consists of 2 stages. First, we construct a characteristic
function form game v associated with the game v and the function a by assigning to
each coalition S C N the worth

W)= Y. a(S,P)(s,P). (8)
Pel’,P>S

Macho-Stadler et al. (2007) refer to a(S, P) as the “weight” of the partition P in the
computation of the worth of § € P. Second, the average approach produces a value
¢ for games in partition function form by defining ¢(v) = Sh(V) for all games v. We
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say a value is constructed through the average approach if it can be derived in the
two stages procedure described above.

Macho-Stadler et al. (2007) show that their value (,/)* can be constructed through
the average approach and the Bolger and Myerson values are not in their class. The
externality-free value and our value @ can be constructed through the average
approach. Albizuri et al. (2005) also propose a value in this class.

Let S C N and S # (). Denote Il to be the set of all permutations 7 of N such that
7S = S. Given a non-trivial embedded coalition (S, P), a permutation © € Iy and a
game v, the game mgpv is defined by

v(S,nP), if (T,R) = (S,P),
(mspv)(T,R) =< v(S,P), if (T,R)=(S,nP),
v(T,R) o.w.

Let v be a game and 7 € 1. The game 7v is defined by nv(S, P) = v(nS, nP) for all
embedded coalitions (S,P). We say that a value ¢ satisfies the strong symmetry
axiom if

(1) for any permutation 7 of N, ¢(nv) = 7 p(v),
(2) for any non-trivial embedded coalition (S, P) and for any permutation 7 € Ilg,
¢(7TS.PV) =) .
We say that the weights used in the average approach are symmetric if they only
depend on the size distribution of the partition. Macho-Stadler et al. (2007) propose
the strong symmetry axiom and obtain the following result.

Theorem 7 (Macho-Stadler et al. 2007) Assume that the value ¢ satisfies the weak
dummy property and linearity (a strong version of additivity), Then ¢ can be
constructed through the average approach if and only if it satisfies the strong
symmetry axiom. Furthermore, the weights used in the average approach must be
symmetric and satisfy the following condition:

a(P(i),P)= > a(P(i)\i,7(S.P)) 9)

SeP S£P(i)
forallie N, P el with [P(i)] > 1.

It is quite interesting to discuss the values constructed through the average
approach with the positive and symmetric weights satisfying (9).

Theorem 8 If a value is constructed through the average approach with the
positive and symmetric weight function satisfying (9), then it is an o-Shapley value.

Proof Let ¢ be the value constructed through the average approach with the positive
and symmetric weight function a satisfying (9). Let v be a game and let i € N. Then

ay= S DT Gy sy

TCN,icT |N| !

where v is defined by (8). Let ie N and let PeTI. If |P(i)| > 1, then
a(P(i), P) > 0. Let
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a(P()\i, 7:(S,P))

0(1(73(1)\1, yt(Sv P)) = a(P(l),P)

for all S € P and S # P(i). If P(i) = {i}, let

1i(Pi)\i,74(S, P)) = —

Pl -1

for all S € P and S # P(i).
For T C N with i € T and |71 > 1, it holds that

{0eT:05T\i}= | {7(5.P):SeP,S#P>i)}
Pel',P>T

and

W) - HT\) = Y aTPWMTP) - S a(T\i,O)W(T\i,0)

Pel,P>T Oell,O=T\i

= > Y- aP\i7(S, P) [ v(P(0), P)

Pel,P3T | SeP,S#P(i)

= > Y aP@Ni (S PP\, 7i(S, P))

Pl P3T SeP SAP(i)

= > > aP@\i,(S,P)

Pel',P3T SeP,S#P(i)
x [v(P(i), P) = v(P(\i, 7:(S, P))]
> a(P(i), P)au(P(i)\i, 7:(S, P))

Pel,P>T SeP S£P(i)

x [v(P(i), P) — v(P(i)\i,7,(S, P))]
= > a(P@i),P,(P).

Pel,P>T

If ITT = 1, it follows that v(T\i,O) =0 for all O € I', O 5 T\i and
W) =v(T\i) = > a(T,P)v(T,P)

Pel',P>T

Pel,P>T

We derive that ¢ satisfies the o-marginality property. Since ¢ also satisfies
efficiency and symmetry, it is the a-Shapley value. O
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