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Abstract
Polyvinyl alcohol (PVA) is an important industrial chemical, which is used in numerous chemical engineering applications. 
It is important to study and predict the flow behavior of PVA solutions and the role of nanoparticles in heat transfer applica-
tions to be used in chemical processes on industrial scale. Therefore, the present study deals with the PVA solution-based 
non-Newtonian  Al2O3-nanofluid flow along with heat transfer over wedge. The power-law model is used for this non-
Newtonian nanofluid which exhibited shear-thinning behavior. The influences of PVA and nanoparticles concentrations on 
the characteristics of velocity and temperature profiles are examined graphically. The impacts of these parameters on wall 
shear stress and convective heat transfer coefficient are also studied through tabular form. During the numerical computa-
tions, the impacts of these parameters on flow index and consistency index along with other physical properties of nanofluid 
are also considered. In this study, we found an improvement in heat transfer and temperature profile of fluid by distribution 
of  Al2O3 nanoparticles. It is also noticed that resistance between adjacent layers of moving fluid is enhanced due to these 
nanoparticles which leads to decline in velocity profile and increases in shear stress at wall.

Keywords Non-Newtonian nanofluids · PVA solutions · Al2O3 nanoparticles · Wedge

Introduction

Polyvinyl alcohol (PVA) is a synthetic polymer with num-
ber of applications in chemical industries. It is commonly 
used in paper production, textile industry (Chinn et  al. 
2003), food packaging industries and medical applications 
(Salabat and Mehrdad 2010). However, it has to be noted 
that at room temperature polyvinyl alcohol is white powder 
(melting point 200 °C). Hence, it is very important to study 
its behavior in solutions especially if it has to be used in 
heat transfer applications in industry (Baker et al. 2012). 
For instance, due to its high corrosion resistance against 

common day solvents and aqueous solutions, it is used as 
a coating material in paint and paper industry (Creighton 
1915; Zhou et al. 2017). In this particular coating applica-
tion, a shear thin fluid is required to uniformly make the 
coating film. Hence, it is imperative to study the velocity 
and temperature distribution during flow of polyvinyl alco-
hol solutions (DeMerlis and Schoneker 2003). In addition, 
it has been previously reported that nanoparticles of alu-
minum oxide  (Al2O3) have significant effect on heat flux of 
water in pool boiling heat transfer. The results showed that 
nanoparticles of  Al2O3 enhanced the critical heat flux (CHF) 
in pool boiling. Ellahi et al. (2015a) studied the behavior 
of copper nanoparticles on mixed convection flow of shear 
thinning fluid over stretching sheet and found that tempera-
ture and heat flux of shear thinning fluid enlarged due to the 
increment in concentrations of small size particles. Shakouri 
et al. (2015) analyzed the effect of titanium dioxide  (TiO2) 
nanoparticles on rheological behavior of polyvinyl alcohol 
solutions. However, they did not report any temperature or 
velocity distribution data, which is essential for applications 
in chemical industry. In addition, titanium dioxide nanopar-
ticles are expensive as compared to aluminum oxide  (Al2O3) 
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especially if these particles are used in chemical industry in 
bulk quantity.

On the other hand, during the recent decades, nanoflu-
ids grabbed the attention of various researchers due to its 
substantial applications in the enhancement of thermal con-
ductivity and heat transfer rate in traditional heat transfer 
liquids (Chamkha et al. 2012; Chamkha and Rashad 2012; 
RamReddy et al. 2013). Nanofluids contain very small par-
ticles (nanometer sized particles) approx. 1–100 nm. In most 
of the nanofluids are dilute suspension of nanoparticles in 
fluids and consist of few nanoparticles, less than 1 percent 
(by volume). Because nanoparticles are small in size, con-
tinuous suspension of these small nanoparticles would dra-
matically and indefinitely diminish the clogging and ero-
sion as compared to the suspension of large nanoparticles. 
According to the results of recent experimental investiga-
tions, it is determined that stable suspension of nanoparticles 
in the conventional fluids significantly enhances the thermal 
conductivity of the base fluids. It is also noticed that stable 
nanofluids have significant properties such as higher thermal 
conductivity rate with small amount of nanoparticle concen-
trations (Eastman et al. 2001; Ellahi et al. 2016), the rela-
tion is nonlinear between particle concentration and thermal 
conductivity (Murshed et al. 2005; Hong et al. 2005; Choi 
et al. 2001), a powerful size- and temperature-dependent vis-
cosity (Chon et al. 2005; Das et al. 2003), and an increment 
in threefold critical heat flux in pool boiling as compared to 
base liquids (You et al. 2003; Vassallo et al. 2004). Moreo-
ver, it is also found that nanofluids significantly increased 
the heat transfer coefficient up to 100 percent as compared to 
water (Faulkner et al. 2004; Ding et al. 2006; Li et al. 2003). 
Further, nanofluids very helpful in the following manner, 
i.e., decrease the friction coefficient, reduced the pumping 
power needs, lighter and smaller cooling systems, higher 
cooling rates, enhanced wear resistance and decreased the 
inventory of heat transfer fluids.

Some more novel applications of nanofluids involve diag-
nostics and sensors that immediately recognize the chemical 
warfare agents in the water- or food-born contaminations. 
Further biomedical applications involve cancer treatment, 
cooling of the medical devices, recognize the unhealthy 
materials in blood, and drug delivery systems. In view of 
these applications, different authors determine the nanofluid 
flow problem in different geometrical situations under vari-
ous assumptions and conditions. For instance, Gorla et al. 
mass and heat transfer characteristics of free convection flow 
of non-Newtonian nanofluid (Gorla and Chamkha 2013). 
Sheikholeslami et al. (2014) considered the heat transfer 
on nanofluid flow through permeable stretching walls in a 
porous medium. Chamkha et al. (2014) described the non-
similar solutions of non-Newtonian nanofluid flow over 
wedge. A mathematical and theoretical study of Prandtl 
nanofluid propagating in a peristaltic rectangular duct 

was explored by Ellahi et al. (2014). Bhatti et al. (2016) 
explained the numerical behavior of nanofluid flow using 
Carreau fluid model in the presence of magnetic over a 
shrinking sheet. Few more studies on the present topic are 
available in refs. and several therein (Bhatti and Rashidi 
2016; Domairry et al. 2011; Chamkha et al. 2015; Ellahi 
et al. 2015b).

In this study, effect of aluminum oxide nanoparticles on 
flow of polyvinyl alcohol solutions over a wedge is investi-
gated. To design a process for chemical industry, it is very 
important to know the parameters like temperature distribu-
tion, velocity distribution, Nusselt number and skin fraction. 
Further, in different chemical industrial process, fluid propa-
gates through different equipment having different shapes 
and conditions. For example, a chemical reactor can easily 
be a replica of wedge shape on which fluid flows. Hence, 
it is important not only to study these parameters but also 
to familiarize the flow behavior when it propagates over a 
particular shape. To achieve this goal, the present work is 
organized in the following way. In mathematical formulation 
section, fundamental hydrodynamic equations and correla-
tion models that support effective physical properties are 
formulated. These highly non-linear equations are solved 
through Homotopy analysis method (HAM) consisting of 
BVPh 2.0 package in solution of the problem section. The 
impact of pertinent flow quantities on velocity and tempera-
ture profiles as well as on wall shear stress and local Nus-
selt number is demonstrated and discussed in results and 
discussion section. In last section, achievements of study 
are concluded.

Mathematical modeling of the problem

Flow modeling

Consider an incompressible, steady state, Power-law nano-
fluid flow propagating over a wedge. We have considered 
the Cartesian coordinate system in which x-axis is measured 
along the direction of propagation of the fluid and y-axis is 
taken along normal to it as shown in Fig. 1.

The shear stress of power law model is characterized as

where μ is a consistency index, �̇� is a shear rate and n is a 
flow behavior index. The case n = 1 corresponds to a Newto-
nian fluid. The case 0 < n < 1 is the power law relation pro-
posed as being descriptive of shear-thinning fluid and n > 1 
describe the shear-thickening fluid in nature. For the present 
flow, shear-thinning polymer solution of polyvinyl alcohol 
(PVA) is taken as a base fluid and aluminum oxide is taken 
as nanomaterial. Under the boundary layer assumptions, the 
governing equations for power law model are defined as

(1)𝜏 = 𝜇�̇�n,
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with boundary conditions

In above, u and v are the velocity components in x and y 
directions. The temperature on the surface of a wedge and 
away from the surface is maintained with constant tempera-
tures Tw and T∞ (Tw > T∞). The potential flow velocity ue can 
be written as

where c is an arbitrary constant. The relation between the 
Falkner–Skan power-law parameter and wedge angle Ω = βπ 
is given as

It should be pointed out that ue increases along the wedge 
surface when β > 0 and decrease when β < 0.

The pressure can be calculated from the Bernoulli in the 
outer inviscid flow
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variable η and dimensionless temperature function θ are 
defined as (Kim 2000)

Substituting Eq. (10) into Eqs. (2, 3, 4, 5), we get the fol-
lowing differential Eqs. (11) and (12) in non-dimensional 
form as

and boundaries equations are

Here Pr = �f

�f

Un−1

(Tw−T∞)
n−1  is a modified Prandtl number 

(Zheng et al. 2006, 2012).

Physical properties of nanofluid

In Eqs. (11) and (12), the effective density (ρnf) and heat 
capacitance (Cp)nf of the nanofluid are described by

Further the effective viscosity is

where the consistency index (μ) and flow behavior index (n) 
are functions of particles and PVA concentrations as given 
in Table 1.

The flow behavior index for fluid has been obtained using 
intercepts and slopes of the fitted lines (Shakouri et al. 2015; 
Tian et al. 2016) as displayed in Fig. 2 and the consistency 
index is calculated by Brinkman equation (Brinkman 1952) 
as shown in Fig. 3. In these Figs., it can be viewed that the 
consistency index of nanofluid is enhanced whereas its flow 
behavior index is reduced to less than 1 which shows the 
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Fig. 1  Flow structure over a wedge
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shear-thinning behavior when concentration of nanoparticle 
is increased.

The behavior of temperature distribution in a thermal 
boundary layer reveals the convective heat transfer between 
the solid surface and the propagation of fluid over it. Simul-
taneously, both thermal and velocity boundary layer occurs 
on heated/cooled surface during the propagation of the fluid. 
It is noticed here that the velocity of a fluid will have greater 
impact on a temperature profile; the production of a velocity 
boundary layer associated with the thermal boundary layer 
will have a greater influence on the heat transfer convec-
tion process. So, assumed that thermal conductivity is act 
as viscosity in non-Newtonian fluid and given as (Zheng 
et al. 2006, 2012)

where k is function of particle concentrations. The thermal 
conductivities at different concentrations of PVA are given 
in Table 2.

Physical interest parameters

To understand the convection boundary layers, it is com-
pulsory to understand convective heat transfer between a 
surface and a propagation of fluid over it. The convective 
heat transfer can be calculated as
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Table 1  Rheological properties 
of solutions base nanofluids at 
different concentration of PVA

PVA (%) Consistency index Flow behavior index Viscosity
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Fig. 2  The impact of particle concentration on flow behavior index

Fig. 3  The impact of particle concentration on consistency index

Table 2  Thermal conductivity 
of PVA base nanofluid at 
different concentration of PVA

PVC (%) Thermal conductivity coefficient Thermal conductivity
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where A is area of wedge’s surface and h is the convection 
heat transfer coefficient of the flow. The heat transfer at the 
surface by conduction is

These two terms have to be equal; thus,

The heat transfer coefficient in terms of Nusselt number is 
defined as

where N =
(Tw−T∞)

n−1
Re

n
n+1

xn−1
 is similarity number (Zheng et al. 

2006, 2012).
The fluid layer in-touch with a surface will take an attempt 

to drag along via friction forces. Likewise, a faster fluid layer 
will take an attempt to drag the adjacent slower fluid layer by 
exerting a friction force due to the friction among two layers. 
Friction force per unit area is called shear stress. The shear 
stress at wall, for a non-Newtonian nano-fluid is defined as

The wall shear stress can be expressed in terms of skin fric-
tion coefficient is given by

Solution methodology

In this part, we will show the analytic and uniformly valid 
solutions using BVPh 2 Package (Ellahi et al. 2017). The for-
mulation for BVPh 2.0 requires the governing equations along 
with associated boundary conditions, initial guess and auxil-
iary linear operators. Thus, taken the auxiliary linear operators 
corresponding to the Eqs. (11) and (12) as
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By taking the boundary conditions in Eq.  (13), we, 
respectively, selected the following initial guess as

Taking the linear auxiliary operators in Eq. (24) and the 
initial guess in Eq. (25), the coupled nonlinear Eqs. (11) and 
(12) subject to the Eq. (13) can be solved directly by pack-
age BVPh 2.0. Finally, the solutions of stream function and 
temperature profile can be exposed explicitly by means of 
an infinite series of the following form (Ellahi et al. 2017; 
Zheng et al. 2013; Marin and Baleanu 2016; Marin 1997, 
2010)

where fi,m(η) and θi,m(η) are governed by high-order defor-
mation equations. The results for the stream function, the 
temperature distribution, Sink friction coefficient and Nus-
selt numbers for different non-dimensional numbers are 
obtained up to 20th iterations of package.

To check the accuracy of this method, we compare values 
of f ̋″(0) and − θ′(0) with the results from the existing litera-
ture and found an excellent agreement with these results as 
shown in Tables 3 and 4 (Kuo 2005; White 1991; Yacob 
et al. 2011).

Results and discussion

The effects of governing parameters include in the expres-
sions of velocity and temperature distribution for shear-
thinning based nanofluid that contains aluminum oxide 
nanoparticles are examined through Figs. 4, 5, 6 and 7. To 
see the impacts of different particle volume fractions and 
concentration of PVA on velocity and temperature profiles, 
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Table 3  Comparison of 
dimensionless heat transfer 
coefficient − θ′(0) with results 
from the existing literature 
when ϕ = 0, n = 1

Pr β = 1 β = 2

(Kuo 2005) (White 1991) Present (Kuo 2005) (White 1991) Present

1 0.5705 0.5705 0.57050 0.6052 0.6054 0.60542
2 0.7437 0.7441 0.74431 0.7962 0.7960 0.79601
6 1.1147 1.1152 1.11524 1.2072 1.2069 1.20695

Table 4  Comparison of skin friction f’’(0) results from the existing 
literature when ϕ = 0, n = 1

β Yacob et al. (2011) White (1991) Present

0 0.4696 0.4696 0.46960
1 0.9277 0.9277 0.92773
2 1.2326 1.2326 1.23261
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values of emerging parameters like modified Prandtl number 
Pr, Reynolds number Re and similarity number N at different 
situation are calculated in Table 5.

The impact of particle volume friction on the veloc-
ity and temperature profiles is displayed in Figs. 4 and 5, 

respectively. It is perceived that several velocity lines have 
been exposed in resultant of different nanoparticles concen-
trations in Fig. 4. This is due to divergent collisions among 
neighboring particles in fluid flow that produce diverse 
velocity lines. It is also noticed that when the nanoparticle 
concentration is enhanced, the resistance between adjacent 
layers of moving fluid is enhanced that leads to a fall down 
in velocity profile. On the other hand, in Fig. 5, the tempera-
ture profile of nanofluid is increased by raising the particle 
volume friction. This fluid, aside from having high thermal 
conductivity values, has high thermal capacity and low melt-
ing point. It is remained at higher temperature than conven-
tional fluid’s temperature. In these Figs, it is noted that the 
thermal boundary layer is much thinner than the momentum 
boundary layer which means that heat diffuses very slowly 
relative to momentum, but heat diffusivity is improved by 
distribution of nanoparticles.

The Figs. 6 and 7 demonstrate the behavior of different 
concentrations of PVA on the velocity and temperature pro-
files of nanofluid. In Fig. 6, it is examined that velocity of 
nanofluid is decreased when the concentration of PVA is 
enhanced. It is because of the reason that nanofluid becomes 
thinner when the concentration of PVA is increased that 
produces a frictional force between layers that slows down 
the flow of fluid. On other side, the temperature profile is 
decreased when PVA concentration is increased. These fig-
ures also illustrate that the thermal boundary layer becomes 
further thinner than momentum boundary layer when con-
centration of PVC powder is increased. It means that heat 
diffuses very slowly in case of high concentration of PVC.

The second set of solutions is represented in tabular 
form to describe parameters of physical interest with 
influence of embedding parameters. Table 6 shows the 
results for shear stress and convective heat transfer coef-
ficient at wall against nanoparticle concentrations. When 
fluid layer is contacted with the surface of wedge, it tries 
to exert a frictional force on it. This frictional force is 

Fig. 4  Effect of particle volume friction on velocity profile

Fig. 5  Effect of particle volume friction on temperature profile

Fig. 6  Effect of PVA concentration on velocity profile

Fig. 7  Effect of PVA concentration on temperature profile
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further increased in presence of nanoparticle concen-
trations improvement. The convective heat transfer rate 
over the surface is directly associated to the temperature 
gradient and it is increased when nanoparticle concentra-
tion is enhanced. It is seen that Nusselt number is multi-
ple of similarity number and temperature gradient. The 
similarity number is decline by particle concentration 
enhancement. This Nusselt number decreases by decreas-
ing similarity number. Table 7 illustrates the results of 
shear stress and heat transfer coefficient at wall when base 
fluid is modified by PVA concentrations. It is observed 
that base fluid becomes denser when PVA concentration 
is increased. So, in this consequence, friction force at wall 
is more increased. On the other hand, thermal diffusion 
is decreased when the concentration of PVA powder is 
increased in solution. The impact of geometry on shear 
stress and convective heat transfer coefficient at wall is 

shown in Table 8. It is seen that when angle of wedge 
is increased, the shear stress at wall is enhanced and 
whereas the values of convective heat transfer coefficient 
are decreased.

Conclusions

In this study, PVA-water base  Al2O3-non-Newtonian nano-
fluid flow along with heat transfer is theoretically investi-
gated over wedge. Based on the obtained results, this fluid 
reveals shear-thinning behavior that obeys the power law 
model. PVA and  Al2O3 nanoparticle concentrations generate 
an impact on flow index, consistency index and other physi-
cal properties. In this consequence, velocity and tempera-
ture profiles are affected. The velocity profile is decreased 
due to increasing of effective viscosity by concentrations 
of PVA and  Al2O3. The temperature profile rises by rising 
of particle concentrations and decreases by increasing of 
PVA concentrations. Furthermore, shear stress at wall is 
enhanced by  Al2O3 and PVA concentrations, but it goes to 
maximum by PVA concentrations. The temperature gradi-
ent is increased because of rising of thermal diffusion by 
 Al2O3 and decreased due to low thermal diffusion by PVA 
concentration. Thus, these results can help design a chemi-
cal process, e.g., coating application where behavior of 
fluid dictates the efficiency of the process. By these results, 
chemical engineers can predict the behavior of fluid in terms 
of heat transfer, temperature and velocity profiles to design a 
more efficient and environmental friendly process.
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