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Abstract A highly reflective thermal radiation barrier

coating (TRBC) made of a multi-layer film is studied for

high temperature applications. The multi-layer film with a

periodic microstructure consisting of cylindrical nano-

pores acts a photonic band gap (PBG) crystal. The coating

is constructed such that pores are arranged periodically

along the in-plane directions and axes of the pores are

parallel to the thickness direction. The pore diameter is

varied periodically through the thickness to form a multi-

layer film of alternating low and high porosities. The pri-

mary motivation behind considering this microstructure is

that it can be fabricated from aluminum dioxide, which

remains stable at high temperatures. The reflectivity of a

single layer with uniform porosity is computed by

numerically solving Maxwell’s equations, by considering

both the microstructure explicitly and a homogenized layer

to gain insights into the effect of pore size on the reflec-

tivity of the nano-porous layer. Based on the study of the

single layer, two microstructures with different arrange-

ments of pores are designed to exploit the effect of

microstructure to widen the band gap of the PBG crystal

and to increase the reflectivity of the TRBC. Results of

numerical simulations reveal that a wider band gap and

higher reflectivity can be achieved by making the inter-

pore distance of alternate layers of the multi-layer film

comparable to the wavelength of the incident thermal

radiation. A TRBC, which is made of a microstructure with

a wider band gap and has increased reflectivity, will reflect

a greater amount of incident heat energy over a wider range

of frequencies.
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Introduction

A thermal radiation barrier coating (TRBC) made of a

highly reflective multi-layer film is studied for high tem-

perature applications. The multi-layer film has a periodic

microstructure, which consists of cylindrical nano-pores

and acts as a photonic band gap (PBG) crystal. A PBG

crystal is a periodic microstructure designed to affect the

propagation of electromagnetic waves. The dielectric

constant varies periodically through the microstructure and

blocks transmission of electromagnetic waves of a certain

frequency range, which is known as a band gap (Joan-

nopoulos et al. 1995; Yablonovitch 2001). A film made of a

PBG crystal has higher reflectivity for electromagnetic

waves with frequencies within the PBG crystal’s band gap

(Cornelius and Dowling 1999). Different PBG crystals

have been extensively studied numerically and experi-

mentally (Yablonovitch et al. 1991; Sözüer et al. 1992; Ho

et al. 1994; Sahrai et al. 2010). Most of the PBG crystals

used in electronic devices such as waveguides and filters

are based on semiconductor materials because of their

compatibility with the microelectronic manufacturing

processes (Mekis et al. 1996; Winn et al. 1998; Painter

et al. 1999; Noda et al. 2002). Apart from their use in the

electronic industry, films of PBG crystals made of mate-

rials that are stable at high temperature are used in aero-

space industry as highly reflective TRBCs to reflect
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thermal radiation in high temperature applications (Siegel

and Spuckler 1998; Nicholls et al. 2002; Wolfe et al. 2005;

Wang et al. 2006; Shklover et al. 2008; Huang 2009).

A typical thermal barrier coating protects structures,

such as the hyper-sonic airplanes, combustor liners, turbine

vanes and blades against heat convection from high tem-

perature flows (Siegel and Spuckler 1998). Studies have

shown that radiative heat flux is significant compared to the

convective heat flux in flows with temperature greater than

1,000 K (Rolin et al. 1981; Kim and Baek 1996; Chen

1997; Krishnaprakas et al. 2000; Ko and Anand 2008). The

wavelength of radiation emitted by the hot fluid depends on

the type and the temperature of the fluid. In the case of a

black body, the wavelength for which the intensity of the

emitted radiation is high varies from 0.5 to 4 lm for a

temperature range from 1,000 to 1,500 K (Modest 2003).

Therefore, a thermal barrier coating should have increased

reflectivity for wavelength range of *0.5 to *4 lm.

Ceramic materials usually used for thermal barrier coatings

are not a good reflector of thermal radiation in this wave-

length range (Siegel and Spuckler 1998). Thus, a film of

PBG crystals having high reflectivity for wavelengths of

1–4 lm would act as a TRBC, which could be applied on a

typical thermal barrier coating to increase its reflectivity. A

film made of alternate layers of yttria stabilized zirconia

(YSZ) and aluminum oxide (Al2O3) has been proposed for

application as a TRBC (Kelly et al. 2006). Another TRBC

made of layers of ceramic and metal has been proposed by

Huang (2009).

Recently, a highly ordered three dimensional (3-D)

microstructure was fabricated using Al2O3 (Lee et al.

2006). The microstructure consists of cylindrical pores

such that axes of pores are parallel to each other and pores

are arranged periodically along a plane perpendicular to the

axes of cylindrical pores. The diameter of a pore varied

periodically to form a multi-layer microstructure of alter-

nating low and high porosities. Thus, the microstructure

can be considered as a stack of alternate layers of high and

low effective dielectric constants. Due to this periodic

variation of the effective dielectric constant in the trans-

verse direction to the layers, the microstructure can be used

as a PBG crystal with a band gap for waves propagating

along the transverse direction. A film of the PBG crystal

made of Al2O3 would be suitable as a TRBC due to its

microstructural stability at high temperature ([1,500 K),

high melting point (2,345 K) and low thermal conductivity

(\18 W/mK) (Yang et al. 2003).

The task of studying a highly reflective TRBC made of a

PBG crystal is twofold. The first task is to calculate band

gaps of the PBG crystal. The electromagnetic field inside a

periodic microstructure can be expressed in the form of

Bloch waves (Joannopoulos et al. 1995) so that only a unit

cell analysis of the microstructure is necessary to determine

band gaps by applying appropriate periodic boundary

conditions. However, except for a few simple unit cells,

band gaps cannot be obtained analytically and numerical

methods, such as the plane-wave expansion method (Leung

and Liu 1990; Datta et al. 1992; Liu and Liu 1999; Guo and

Albin 2003), are required. The second task is to estimate

the reflectivity of the TRBC. This requires consideration of

a 3-D domain consisting of at least one unit cell of the

microstructure along the in-plane directions and the full

thickness of the multi-layer TRBC (Prather et al. 2009).

Numerical methods, such as the finite difference time

domain method (Taflove and Hagness 2000), are often

employed because the reflectivity of a TRBC with complex

3-D microstructure cannot be obtained analytically.

It has been found from the literature study that the

reflectivity of a multi-layer TRBC of a nano-porous micro-

structure, similar to the one made of Al2O3 (Lee et al. 2006),

and the band gap of the microstructure have not been studied

before. In the current work, a TRBC made of nano-porous

multi-layer microstructure is studied. Two different micro-

structures with different arrangement of pores are examined

to study the possibility of exploiting the effect of the

microstructure to increase the band gap width and the

reflectivity. A TRBC, which is made of a microstructure

with a wider band gap and has increased reflectivity, will

reflect greater amount of heat energy incident on the struc-

ture with a wider range of frequencies from the outside hot

environment. Parametric studies on the effect of the size and

arrangement of pores on the band gap of the microstructure

and the reflectivity of the multi-layer TRBC are presented.

Results obtained by considering the microstructure explic-

itly are compared to those obtained by considering a

homogenized microstructure to examine the effect of the

size and arrangement of pores. The effective dielectric

constants of homogenized microstructures are estimated

from the Maxwell-Garnett method (Garnett 1904).

The organization of the present article is the following:

in the next section, the general equations used for com-

putation of the reflectivity of a multi-layer TRBC and the

band gap of a multi-layer microstructure are presented

followed by results and discussions. Conclusions are

summarized in the last section.

Mathematical model

Computation of reflectivity of a multi-layer TRBC

In this section, the governing equations of electromagne-

tism for computation of the reflectivity of a multi-layer

TRBC are presented. A schematic of the problem domain

and unit vectors ei (i = 1, 2 or 3) along the Cartesian

coordinate directions are shown in Fig. 1. The domain
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consists of a TRBC of n bilayers, a substrate layer below

and air above the TRBC. The substrate layer represents a

solid ceramic thermal barrier coating. The problem domain

is truncated in the positive and the negative e3 directions by

layers of an artificial absorbing material known as the

perfectly matched layer (PML) (Berenger 1994; Oskooi

et al. 2008). Use of PMLs, which completely absorb

electromagnetic waves incident on it from inside the

problem domain, facilitates simulation of the infinite extent

of the problem domain in the positive and the negative e3

directions. The TRBC consists of multiple bilayers of

thickness a (see Fig. 1b). Thicknesses of the high and the

low porosity layers within a bilayer are a1 and a2,

respectively. Two different microstructures of a bilayer are

considered in the current study. For the sake of brevity,

only one microstructure is shown in Fig. 1b. The next

section describes the two microstructures in detail. The

lengths of the domain in the e1 and the e2 directions, i.e., w1

and w2, respectively, are chosen such that one unit of the

periodic microstructure along the in-plane directions is

inside the problem domain (Fig. 1b).

The transient evolution of electromagnetic fields inside

the problem domain is governed by Maxwell’s equa-

tions 1–4 (Jackson 1998).

r � B x; tð Þ ¼ 0; ð1Þ
r � E x; tð Þ þ oB x; tð Þ=ot ¼ 0; ð2Þ
r � D x; tð Þ ¼ 0; ð3Þ
r � H x; tð Þ � oD x; tð Þ=ot ¼ J; ð4Þ

where E is the electric field, H is the magnetic field, J is the

current density, x ¼ x1e1 þ x2e2 þ x3e3 is the position

vector of a point in the problem domain, and t is the time.

The electric displacement field D and the magnetic

induction field B are related to E and H, respectively,

through the following constitutive relations:

D ¼ e0e xð ÞE; ð5Þ
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Fig. 1 A schematic of the problem domain consisting of a TRBC, a substrate, an air region, and two perfectly matched layers (PMLs)
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B ¼ l0lðxÞH; ð6Þ

where eðxÞ is the relative dielectric constant tensor, e0 is

the absolute dielectric constant, l xð Þ is the relative

magnetic permeability tensor, and l0 is the absolute

magnetic permeability. The current study only considers

nonmagnetic materials for which l xð Þ ¼ I, where I is the

identity matrix. The current density J is related to E

through the following constitutive relation:

J ¼ rðxÞE; ð7Þ

where r is the effective conductivity tensor of the medium.

One notes that the effective conductivity r combines the

effects of electrical conductivity and loss due to absorption

of electromagnetic waves in a lossy medium (Inan and Inan

2000; Modest 2003). In the current study, the material of

the PBG crystal, i.e., Al2O3 is considered a lossless

dielectric material, for which r = 0 (Harman et al. 1994;

von Blanckenhagen et al., 2002). One also notes that for an

isotropic material e xð Þ ¼ e xð ÞI and r xð Þ ¼ r xð ÞI:
Periodic boundary conditions are applied on the vertical

boundaries, i.e., xi ¼ �wi=2, i = 1 and 2, of the problem

domain such that E and H on the boundary xi ¼ þwi=2 are

the same as those on the boundary xi ¼ �wi=2. The peri-

odic boundary conditions facilitate simulation of the infi-

nite extent of the TRBC and the substrate along the e1 and

the e2 directions. The boundary conditions on the domain at

the positive and the negative extremities of the e3 direction

are H�no = 0 and E 9 no = 0, where no is the outward unit

normal vector on the boundary.

Initially, the electric and the magnetic fields are zero

inside the problem domain. To compute the reflectivity q, a

Gaussian electromagnetic wave propagating along the e3

direction with a broad range of frequency is generated from

a current source (Taflove and Hagness 2000) situated at a

plane, which is marked as S in Fig. 1, parallel to the TRBC.

Part of the wave propagating along the positive e3-direction

is reflected back from the TRBC and the rest propagates

into the substrate and is absorbed in the PML at the

extremity of the problem domain in the positive e3 direc-

tion. The reflectivity q is defined as the fraction of incident

energy reflected (Robert Siegel 2002). The wave propa-

gating along the negative e3-direction is absorbed in the

PML at the extremity of the problem domain in the nega-

tive e3 direction.

The 3-D domain considered above can be reduced to a

1-D domain along the e3-direction by homogenizing each

layer of the TRBC. In the current study, the Maxwell-

Garnett (Garnett 1904) homogenization method is used to

estimate the effective relative dielectric constant of each

homogenized layer. One notes that the homogenized layers

are transversely isotropic with the axis of transverse isot-

ropy along the e3-direction. Thus, the effective relative

dielectric constant is the same in the e1 and the e2 direc-

tions and is denoted by ee
p, which is given by Eq. 8 (Garnett

1904; Bruggeman 1935; Niklasson et al. 1981; Aspnes

1982; Dunn and Taya 1993).

ee
p � em

� �
= ee

p þ em

� �
¼ Vp ea � emð Þ= ea þ emð Þ; ð8Þ

where ea ¼ 1:0 is the relative dielectric constant of air, em

is the relative dielectric constant of the material of the PBG

crystal, Vp is the porosity of layer p. Here p = 1 and 2

denote, respectively, the high and the low porosity layers

within a bilayer. The expression for effective relative

dielectric constant êe
p along the e3-direction is given by

Eq. 9.

êe
p ¼ Vpea þ 1 � Vp

� �
em ð9Þ

In the current study, electromagnetic wave propagation

only along the e3 direction is considered, therefore, due to

the transversality condition (Inan and Inan 2000) e3

components of the electric and the magnetic fields are

zero for all the problems considered in subsequent sections.

Thus, êe
p does not affect results reported in this article.

Computation of band gaps of a PBG crystal

A band gap is the range of frequency for which no wave

vector exits for an electromagnetic wave inside the PBG

crystal. The band gap is found by computing the variation

of the frequency x versus the wave vector k. To this end,

an eigenvalue problem in terms of only the magnetic field

H is derived from Eqs. 2 and 4 as briefly described here.

Considering a time dependence e�ixt of the magnetic field,

exploiting the periodicity of the microstructure and using

Bloch’s theorem, the magnetic field H xð Þ can be expressed

as (Johnson and Joannopoulos 2001):

H x; tð Þ ¼ u xð Þeiðk�x�xtÞ; ð10Þ

where u xð Þ is a periodic function such that:

u xð Þ ¼ u x þ Rð Þ: ð11Þ

In Eq. 11, R ¼ ar1 þ br2 þ cr3 is the lattice vector of

the periodic microstructure; a, b, c are integers, ri are the

primitive lattice vectors (Kittel 1966), and k is the wave

vector:

k ¼ k1b1 þ k2b2 þ k3b3: ð12Þ

In Eq. 12, bi is the primitive reciprocal lattice vectors

and are related to ri through the following relationship

(Kittel 1966):

ri � bj ¼ 2pdij: ð13Þ

Using Eqs. 10–12, Maxwell’s equations 2 and 4 reduce

to (Johnson and Joannopoulos 2001):
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Ĥku xð Þ ¼ xðkÞ
c

� �2

u xð Þ; ð14Þ

where the differential operator Ĥk, which depends on the

wave vector k, is given by:

Ĥk ¼ ðik þrÞ � 1

em
ðik þrÞ�

� �
: ð15Þ

The eigenvalue problem (14) is solved on a unit cell of

the periodic microstructure implicitly assuming that the

microstructure is of infinite extent.

Two different periodic microstructures, which are

shown in Figs. 2 and 3, respectively, are considered in the

current study. Microstructure 1 (Fig. 2) is constructed such

that the inter-pore distance d1 in the high porosity layer

(layer 1) and d2 in the low porosity layer (layer 2) are the

same, i.e. d1 = d2 = d. The diameter D1 of pores in layer 1

is greater than D2 in layer 2. The number of pores in a unit

area parallel to the e1–e2 plane is the same in both the

layers. Microstructure 2 (Fig. 3) is constructed such that

the inter-pore distance d1 of layer 1 is smaller than the

inter-pore distance d2 of layer 2. In addition, the diameter

D1 of pores in layer 1 is smaller than D2 in layer 2. Thus,

the number of pores in a unit area parallel to the e1–e2

plane is higher in layer 1 than that in layer 2. The smallest

unit cells of the two microstructures considering only the

translation operation are shown in Figs. 2b and 3b and are

used as domains for the eigenvalue problem given by

Eq. 14. The 3-D unit cells shown in Figs. 2b and 3b reduce

to a 1-D unit cell (Fig. 4) when homogenized layers are
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(a) Microstructure 1 of the TRBC (b)  Unit cell 
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Fig. 2 a Microstructure 1 consisting of concentric cylindrical nano-

pores, b the unit cell of microstructure 1
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Fig. 3 a Microstructure 2 consisting of nano-porous layers of different inter-pore distances, b the unit cell of microstructure 2
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considered. The effective relative dielectric constant ee
p of

the pth layer, where p = 1 or 2, is estimated using Eq. 8

and the porosity Vp ¼ p=2
ffiffiffi
3

p� �
Dp=dp

� �2
. The porosity Vp

depends only on the ratio Dp=dp:

The variation of the frequency xmðkÞ; where m is the

mode number, with k can be obtained by solving the

eigenvalue problem (14) for a range of values of k. In the

current study, the electromagnetic wave propagating along

the e3 direction is considered and for subsequent analyses

k = k3b3, where b3 is the reciprocal lattice vector along the

e3 direction (Kittel 1966), is used. For brevity, we drop the

subscript 3 from k3 and k is used to denote a wave vector

along b3. One can show that xmðkÞ varies periodically with

k such that xm kð Þ ¼ xm k þ n b3j jð Þ, n = 1, 2,… and is

symmetric about k ¼ b3j j=2 (Joannopoulos et al. 1995).

Therefore, variation of xmðkÞ for 0� k � b3j j=2 is pre-

sented in the subsequent sections.

Numerical solution of the governing equations

Equations 1–7 are solved to compute the reflectivity of the

TRBC. For the 3-D microstructure considered in the cur-

rent study, these equations cannot be solved analytically.

Instead, the finite difference time domain (FDTD) method

(Taflove and Hagness 2000) implemented in a freely

available computer code known as MEEP (Oskooi et al.

2010) is used. To ensure that the error of the finite differ-

ence approximation is negligible, each simulation is carried

out with successively refined finite difference grids such

that the refined grid has twice the number of nodes in each

direction than that of the previous grid until the maximum

difference in reflectivities obtained from the two successive

grids is \3.0%. The time step is taken as half of the

Courant time step (Taflove and Hagness 2000). In Fig. 1,

the height h represents the separation between the source

plane S and the PML. In each simulation, h is kept at least

as large as the largest wavelength considered in the simu-

lation to ensure that the presence of the PML does not

disturb the source at S. Similarly, the thickness hp of the

PML is kept at least as large as the largest wavelength to

ensure that it is thick enough to absorb all incident waves

(Oskooi et al. 2008). At least one simulation described in

each subsequent section is repeated with h, hs, and hp

(Fig. 1) equal to twice the largest wavelength to ensure that

computed reflectivities are independent of h, hs, and hp.

The eigenvalue problem described by the partial dif-

ferential equation 14 cannot be solved analytically except

for a few simple microstructures. In the present work,

Eq. 14 is solved with the plane-wave expansion method

using a freely available computer code known as MPB

(Johnson and Joannopoulos 2001). In the plane-wave

expansion method, the partial differential equation is con-

verted to a set of algebraic equations by expressing u in

terms of plane-wave basis. The computer code then com-

putes the coefficient matrix using the discrete Fourier

transform (DFT). Again, each simulation is carried out

with successively refined grids used for DFT until the

maximum difference in frequencies obtained from the two

successive grids \1.0%.

In the subsequent sections, unless stated otherwise, the

coordinates of points of the problem domain are normal-

ized by the bilayer thickness a of the microstructure (see

Fig. 1) and results are reported using the normalized wave

vector ka=2p and the normalized frequency xa=2pc, where

c is the speed of light in vacuum. The material property of

Al2O3 is taken as em ¼ 3:0:

Analytical expression for the band gap

of a homogenized multi-layer microstructure

Both the microstructures as shown in Figs. 2 and 3 can be

considered as a stack of homogenized layers of alternating

porosities of V1 and V2 with effective relative dielectric

constants ee
1 and ee

2, respectively (Fig. 4). Dielectric con-

stants ee
1 and ee

2 are estimated using the Maxwell-Garnett

method (Eq. 8). The ratio of the band gap width Dx to the

mid-gap frequency xmid of the homogenized layers for

wave vectors parallel to the e3 direction is maximized if

a1ne
1 ¼ a2ne

2 (Yeh 1988), where a1 and a2 are the layer

thicknesses (Fig. 4) and ne
1ð¼

ffiffiffiffi
ee

1

p
Þ and ne

2ð¼
ffiffiffiffi
ee

2

p
Þ are

refractive indices. The mid-gap frequency xmid and the

maximum value of the ratio Dx=xmid are given by:

xmid ¼ n1 þ n2

4n1n2

� 2pc

a
ð16Þ

Dx=xmid ¼ 4

p
sin�1 n1 � n2j j

n1 þ n2

� �
: ð17Þ
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Fig. 4 The unit cell of the homogenized multi-layer microstructure
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Results and discussions

In this section, reflectivities and band gaps are computed

following the procedures described in ‘‘Mathematical

model’’. To gain insights into the effect of the pore size on

the reflectivity, the reflectivity of a single semi-infinite

layer of nano-porous material with a uniform porosity is

studied in ‘‘Reflectivity of a semi-infinite nano-porous

layer’’. The band gaps of a PBG crystal of multi-layer

microstructures are computed in ‘‘Band gaps of a nano-

porous periodic microstructure’’. In addition, reflectivities

of multi-layer TRBCs are computed in ‘‘Reflectivity of a

multi-layer TRBC’’. Reflectivities of TRBCs and band

gaps of PBG crystals for two different microstructures are

computed by explicitly modeling the microstructures and

are compared with those found considering homogenized

layers to study the effect of microstructure on the reflec-

tivity and the band gap.

Reflectivity of a semi-infinite nano-porous layer

To find the reflectivity of a semi-infinite nano-porous layer,

the problem domain shown in Fig. 1 is modified. A nano-

porous layer with constant diameter cylindrical pores with

axes of pores parallel to the thickness direction replaces the

TRBC and the substrate shown in Fig. 1. The modified

domain is shown in Fig. 5a. The PML at the extremity of

the problem domain in the positive e3 direction absorbs all

electromagnetic waves propagating through the nano-por-

ous layer and mimic the infinite extent of nano-porous

layer in the e3 direction (Oskooi et al. 2008). The thickness

hl of the layer (Fig. 5a) is kept at least as large as the

largest wavelength considered in a simulation. Simulations

are repeated with successively larger hl to ensure that

computed reflectivities are independent of hl.

A nano-porous layer with porosity V can be replaced

with a layer of homogenized material of effective relative

dielectric constant ee estimated from the Maxwell-Garnett

method (Eq. 8). As a single layer is considered, the sub-

script p from various terms of Eq. 8 is omitted. The ana-

lytical expression that is given by Modest (2003) for the

reflectivity of a semi-infinite layer is used to compute the

reflectivity of the homogenized layer.

Figure 6a shows variations of reflectivities of semi-

infinite nano-porous layers of different porosities with the

ratio k/d, where k is the wavelength k ¼ 2pc=x. It is evi-

dent from Fig. 6a that the reflectivity of the 65% porous

layer estimated considering the microstructure explicitly is

*0.02 at k/d = *0.6 and increases as k/d increases to

*0.8. The reflectivity suddenly decreases at k/d = *0.8

and almost vanishes when the wavelength of incident wave

is approximately the same as the inter-pore distance d (i.e.,

k/d = *1.0) due to the interaction of the microstructure

with the incident wave. As the wavelength increases from

k/d = *1.0, the reflectivity suddenly increases to *0.015

at approximately k/d = *1.2. As the wavelength farther

 

(b) Nano-porous layer 

(a) Problem domain for the semi-
infinite nano-porous layer 

hl 

PML 

 

Air 

S 

e3 

e1 

e2 

PML 

w1 
w2

D
w2=d 

w1=√3 d 

 

Fig. 5 a A schematic of the

problem domain used to

compute the reflectivity of a

semi-infinite layer, b the cross-

sectional view of the nano-

porous layer along a plane

parallel to the e1–e2 plane
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increases, the reflectivity gradually decreases. At the large

wavelength limit (i.e., k/d [*3.0) the reflectivity of 65%

porous layer estimated considering the microstructure

explicitly compares well with that computed considering

the homogenized layer. This behavior at the large wave-

length is expected because the effective relative dielectric

constant estimated from the Maxwell-Garnett homogeni-

zation method is expected to be accurate at the large

wavelength limit. Reflectivities of porous layers with dif-

ferent porosities (i.e., 50, 25, and 10%) qualitatively follow

the same trend as that of the 65% porous layer. To study

the trend of the variation of the reflectivity for different

porosities, reflectivities of nano-porous layers normalized

by reflectivities at the large wavelength limit are shown in

Fig. 6b. It is evident from Fig. 6b that the sudden decrease

of normalized reflectivities around k/d = *1.0 increases

for increasing porosity. In addition, normalized reflectivi-

ties for the very short wavelength range (i.e., k/d \*0.8)

increases with increasing porosity. For 65% porosity at

k/d = *0.8, the reflectivity is approximately twice greater

than that of the large wavelength limit. Similarly, nor-

malized reflectivities in the intermediate wavelength

range (i.e., *1.2 \ k/d \*3.0) are greater for higher

porosities.

As the reflectivity is proportional to the dielectric con-

stant of the layer, one can conclude that porous layers have

Fig. 6 Variations of a the

reflectivity and b the normalized

reflectivity of a semi-infinite

nano-porous layer with the

wavelength for porosities 10,

25, 50, and 65%; solid lines
microstructure modeled

explicitly; dashed lines
homogenized layers

180 Appl Nanosci (2011) 1:173–188

123



a higher dielectric constant than that estimated by the

Maxwell-Garnett method for the very short wavelength

range (i.e., k/d \*0.8) and for the intermediate wave-

length range (i.e., *1.2 \ k/d \*3.0). On the other

hand, for wavelengths approximately equal to the inter-

pore distance (i.e., k/d = *1.0), porous layers have a

significantly lower dielectric constant. For TRBC applica-

tions, the wavelength of incident thermal radiation is a least

*500 nm and the inter-pore distance d for nano-porous

Al2O3 is at most *250 nm; thus, the wavelength range of

interest for such applications is k/d [*2. Therefore, the

short wavelength range k/d \*2 is not of interest to the

current study. The variation of the reflectivity of a porous

layer with the wavelength in the range k/d [*2 can be

exploited to generate a wider band gap from a multi-layer

TRBC with alternate high and low porosity layers as

explained below.

A multi-layer TRBC will have a wider band gap when

the ratio of dielectric constants of the two adjacent layers is

high (Joannopoulos et al. 1995). From the study of the

reflectivity of a single porous layer, one can conclude that a

higher contrast of dielectric constants between the two

adjacent layers can be achieved by carefully selecting inter-

pore distances of the high and the low porosity layers. The

inter-pore distances can be selected in such a way that the

dielectric constant of the high porosity layer is the mini-

mum and that of the low porosity layer is the maximum for

the incident wavelength. For example, if a multi-layer

TRBC has alternate layers of 50 and 25% porosities and the

wavelength k of the incident wave is 0.5 lm, then the inter-

pore distance of the 50% porosity layer should be at least

thrice smaller (k/d1 [*3.0) than the wavelength of inci-

dent wave that is d1 \*0.17 lm to minimize the

dielectric constant of the layer (see Fig. 6). On the other

hand, the inter-pore distances of the 25% porosity layer

should belong to the intermediate wavelength range (i.e.,

*1.2 \ k/d \*3.0) with respect to the incident wave-

length that is *0.17 lm \ d2 \*0.42 lm to maximize

the dielectric constant of the layer (see Fig. 6).

This strategy of widening of the band gap as described

above requires the inter-pore distances of the low and the

high porosity layers to be different. However, a multi-layer

TRBC of concentric pores with the same inter-pore dis-

tance in both the low and the high porosity layers is easy to

fabricate (Lee et al. 2006). In the next subsection, two

different microstructures with different arrangements of

pores are considered to explore the possibility of widening

the band gap of a multi-layer film. The first microstructure

(Fig. 2) has concentric pores with the same inter-pore

distance d in both the low and the high porosity layers.

Whereas, the second microstructure (Fig. 3) allows for

different inter-pore distances in the high and the low

porosity layers and implements the strategy of widening

the band gap as explained in the last paragraph. In sub-

sequent sections, detailed parametric studies by varying the

ratio k/d are reported to examine the effect of the inter-pore

distances on the band gap.

Band gaps of a nano-porous periodic microstructure

The band gap of microstructure 1

Variations of frequencies xmðkÞ versus k are exhibited in

Fig. 7 for microstructure 1 with inter-pore distance

d = 1.8a and porosities of layers alternating between

V1 = 90% and V2 = 68%. Here d, V1 and V2 are taken as

Fig. 7 Variations of the

frequency with the wave vector

for microstructure 1. The yellow
band indicates the band gap

when microstructure 1 is

explicitly modeled
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an example and in the next subsection, a detailed para-

metric study with various inter-pore distances and porosi-

ties is presented. Frequencies computed using the

homogenized layers are also shown in Fig. 7. It is evident

from Fig. 7, that no wave vector exists for the range of

frequency 0:406�xa=2p� 0:451 when microstructure is

considered explicitly; thus, this is a band gap for the

microstructure. When the homogenized layers are consid-

ered, the band gap is 0:423�xa=2p� 0:458. Thus, the

ratio of band gap width to the mid-gap frequency

Dx=xmid ¼ 10:50% computed considering the micro-

structure explicitly is *27% larger than Dx=xmid ¼
8:30% computed from the homogenized layers. The band

gaps computed considering the microstructure explicitly

and the homogenized layers occur at ka=2p ¼ 0:5.

One notes that the mid-gap frequency xmida=2pc ¼
0:43 exhibited in Fig. 7 corresponds to kmid=d ¼ 1:3;

which is in the intermediate wavelength range according to

the discussions of ‘‘Reflectivity of a semi-infinite nano-

porous layer’’. It was shown in ‘‘Reflectivity of a semi-

infinite nano-porous layer’’ that refractive indices of single

porous layers in the intermediate wavelength range were

greater when microstructures of layers were considered

explicitly than those of the homogenized layers. Thus,

the band gap of microstructure 1 computed considering the

microstructure explicitly is greater than that found from

the homogenized layers.

Since the effective relative dielectric constant of

a homogenized layer is the same in the e1- and the

e2-directions, there are degenerate frequencies because

electromagnetic waves with polarization vectors along the

e1 and the e2 directions are indistinguishable from each

other with respect to the homogenized layers (Taflove and

Hagness, 2000). Thus, frequencies for modes m = 1 and 2

and similarly m = 3 and 4 are the same. Numerical sim-

ulations reveal that frequencies for modes m = 1 and 2 are

virtually indistinguishable when the microstructure is

considered explicitly. In addition, for m = 1 and 2, fre-

quencies computed considering the microstructure explic-

itly are in excellent agreement with those computed

considering the homogenized layers. For m = 3 and 4,

frequencies computed considering the microstructure

explicitly are not in good agreement with those computed

considering the homogenized layers for 0� ka=2p\
� 0:35; however, this disagreement does not have a sig-

nificant effect on the band gap at ka=2p ¼ 0:5.

Effects of the pore size on the band gap of microstructure 1

Next, a parametric study of effects of the inter-pore dis-

tance d and different porosities on the band gap of

microstructure 1 (Fig. 2) is reported. Five cases of different

porosities (see Table 1) are considered. Porosities of

different cases are chosen such that the ratio of refractive

indices of the two adjacent layers is 1.14 for all five cases;

thus, according to Eq. 17, Dx=xmid ¼ 8:30% for all cases

when homogenized layers are considered.

Figures 8 and 9 show variations of mid-gap wavelengths

and band gaps with d for the five cases. From the Fig. 8, it

is clear that for all the five cases mid-gap wavelengths kmid

are more than thrice larger than the inter-pore distance

d (i.e., kmid/d [*3.0) when d/a is less than approximately

0.8. Therefore, for d/a \ 0.8, the band gap wavelengths are

in the large wavelength range as discussed in ‘‘Reflectivity

of a semi-infinite nano-porous layer’’. Thus, the effective

relative dielectric constants of homogenized layers are

expected to be accurate and band gaps computed using the

homogenized layers compare well with that found from the

explicit consideration of the microstructure for d/a \ 0.8 as

shown in Fig. 9.

For *0.8 \ d/a \*1.8, the mid-gap wavelengths are

in between *3.0 and *1.2 (Fig. 8) times larger than

the inter-pore distance d; thus they fall in the intermedi-

ate wavelength range according to the discussion of

‘‘Reflectivity of a semi-infinite nano-porous layer’’.

Therefore, effective relative dielectric constants of the

homogenized layers are not expected to be accurate and

band gaps computed from explicit considerations of the

microstructure deviate from that computed considering

the homogenized layers for *0.8 \ d/a \*1.8 as

shown in Fig. 9. For cases 1, 2 and 3, band gaps com-

puted considering the microstructure explicitly decrease

with increasing d/a. On the other hand, for cases 4 and 5,

the band gaps computed considering the microstructure

explicitly increase with increasing d/a up to d/a = *1.8.

For case 5, with V1 = 90%, V2 = 68%, the maximum

Table 1 Porosities and effec-

tive properties of layers
Layer p Porosity Vp (%)

Case 1

1 90

2 68

Case 2

1 75

2 52

Case 3

1 65

2 41

Case 4

1 50

2 25

Case 5

1 35

2 9
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Dx/xmid = *10.50% is *27% larger than that found

from the homogenized layers. Thus, a larger porosity (i.e.,

V1 = 90%, V2 = 68%) and d/a = *1.8 generate a larger

band gap than other values of porosities and d/a ratios

considered.

For d/a [ 1.8, it is clear from Fig. 8 that *1 \ kmid/

d \*1.2; thus the band gap wavelengths belong to the

short wavelength range according to the discussions of

‘‘Reflectivity of a semi-infinite nano-porous layer’’. In

‘‘Reflectivity of a semi-infinite nano-porous layer’’, it was

shown that the refractive index of a single layer of the

microstructure was significantly smaller in the short

wavelength range than that in the large wavelength range.

Similarly, it is observed from Fig. 9 that the band gaps for

d/a [*1.8 rapidly decrease with increasing d/a.

For all the five cases considered above, layer thicknesses

a1 and a2 were chosen such that a1=a2 ¼ ne
2=ne

1. A para-

metric study considering case 5 was conducted by varying

a1=a2 from 0.1 to 0.9 and keeping d/a = 1.8. This study

showed that the band gap reported in Fig. 9 at d/a = 1.8

for case 5 could not be significantly increased by varying

a1=a2. Therefore, the band gap reported for case 5 at

d/a = 1.8 (see Fig. 9) is the maximum for all values of

a1=a2. For the sake of brevity, details of this parametric

study are not reported here.

The band gap of microstructure 2

Variations of frequencies xmðkÞ versus k are exhibited in

Fig. 10 for microstructure 2 with inter-pore distance

d1 = 0.5a, d2 = 2a and the porosities of the two adjacent

layers V1 = 90% and V2 = 68%. Here d1, d2, V1 and V2 are

taken as an example and in the next subsection, a detailed

parametric study with various inter-pore distances and

porosities is presented. Frequencies computed using the

homogenized layers are also shown in Fig. 10. It is evident

from Fig. 10 that no wave vector exists for the range of the

frequency 0:403�xa=2p� 0:455 when microstructure is

considered explicitly; thus, this is a band gap for the

microstructure. The ratio of band gap width to the mid-gap

frequency Dx=xmid ¼ 12:04% computed considering the

microstructure explicitly is *50% larger than Dx=xmid ¼
8:08% computed from the homogenized layers. The band

gap computed considering the microstructure explicitly and

the homogenized layers occur at ka=2p ¼ 0:5:

One notes that the mid-gap frequency xmida=2pc ¼
0:43 exhibited in Fig. 10 corresponds to kmid=d1 ¼ � 4:6

and kmid=d2 ¼ � 1:2. This means kmid belongs to the large

wavelength range with respect to the inter-pore distance d1

and to the intermediate wavelength range with respect to

the inter-pore distance d2 as discussed in ‘‘Reflectivity of a

semi-infinite nano-porous layer’’. According the discussion

of ‘‘Reflectivity of a semi-infinite nano-porous layer’’,

these selections of inter-pore distances d1 and d2 increase

the ratio of refractive indices of the two adjacent layers.

Therefore, band gaps computed considering the micro-

structure explicitly are greater than those computed

considering homogenized layers. In comparison, micro-

structure 1 was constructed such that the mid-gap wave-

length was in the intermediate wavelength range with
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respect to the inter-pore distance d, which was same in both

layers. The microstructure 2 with d1 = 0.5a, d2 = 1.8a,

V1 = 90% and V2 = 68% has the advantage of having a

15% larger band gap than that of the microstructure 1 with

d = 1.8a, and the same porosities.

Similar to the results found for microstructure 1,

numerical simulations reveal that frequencies for modes

m = 1 and 2 are virtually indistinguishable when micro-

structure 2 is considered explicitly. In addition, for m = 1

and 2, frequencies computed considering the microstruc-

ture explicitly are in good agreement with those computed

considering the homogenized layers. For m = 3 and 4,

frequencies computed considering the microstructure

explicitly are not in good agreement with those computed

considering the homogenized layers; however, similar to

the result of microstructure 1, this disagreement does not

have a significant effect on the band gap at ka=2p ¼ 0:5:

Effects of the pore size on the band gap of microstructure 2

Next, a parametric study of the effect of the inter-pore

distance d1 and d2 on the band gap of microstructure 2 is

reported. Porosities of the multi-layer microstructure of the

five cases considered in this subsection are the same as

those considered in ‘‘Effects of the pore size on the band

gap of microstructure 1’’ (Table 1). In the parametric

study, the ratio d2/a is varied from 0.2 to 2.25 and the ratio

d1/d2 is kept constant at 0.25. Figures 11 and 12 show

variations of mid-gap wavelengths normalized by d1 and

d2, respectively, with the inter-pore distance d2 for various

porosities. Figure 13 shows variations of band gaps for the

five cases with d2. From Fig. 11, it is clear that mid-gap

wavelengths kmid are more than thrice larger than the inter-

pore distances d1 for all values of d2/a considered; thus, the

mid-gap wavelength is always in the large wavelength

range with respect to the inter-pore distance d1 of layer 1.

Therefore, the effective dielectric constant of the layer 1 is

expected to be accurate. On the other hand, it is evident

from Fig. 12 that mid-gap wavelengths kmid are not always

in the large wavelength range with respect to d2; thus, the

effective dielectric constant of the layer 2 is not always

expected to be accurate.

From Fig. 12, it is clear that when d2/a is less than

approximately 0.8, the mid-gap wavelengths are in the

large wavelength range with respect to the inter-pore dis-

tance d2. Thus, for d2/a \ 0.8, effective relative dielectric

constants of both the layers are expected to be accurate,

and band gaps computed from explicit considerations of

the microstructure compare well with that found using the

homogenized layers for d2/a \ 0.8 as shown in Fig. 13.

Fig. 10 Variations of the

frequency with the wave vector

for microstructure 2. The yellow
band indicates the band gap
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For *0.8 \ d2/a \*2.0, the mid-gap wavelengths are

between *3.0 and *1.2 (Fig. 12) times larger than d2;

thus they fall in the intermediate wavelength range

according to the discussion of ‘‘Reflectivity of a semi-

infinite nano-porous layer’’ Therefore, according to the

discussion of ‘‘Reflectivity of a semi-infinite nano-porous

layer’’, the effective dialectic constant of layer 2 is not

expected to be accurate and it is clear from Fig. 13 that for

*0.8 \ d/a \*2.0, band gaps computed from explicit

considerations of the microstructure deviate from that

computed considering the homogenized layers. For the all

five cases, the band gaps computed considering the micro-

structure explicitly increase with increasing d2/a up to

d2/a = 2.0. For case 5, the maximum Dx/xmid = *12.0%

(at d2/a = 2.0) is approximately 45% larger than that found

from the homogenized layers. Thus, a larger porosity (i.e.,

V1 = 90%, V2 = 68%) and d2/a = 2.0 generate a signifi-

cantly larger band gap than other values of porosities and

d2/a ratios considered in this subsection.

For d2/a [ 2.0, it is clear from Fig. 12 that kmid/

d2 \*1.2; thus, band gap wavelengths belong to the short

wavelength range according to the discussions of

‘‘Reflectivity of a semi-infinite nano-porous layer’’. In

‘‘Reflectivity of a semi-infinite nano-porous layer’’, it was

shown that range of the refractive index of a single layer of

the microstructure was considerably smaller than that of

the homogenized layer in the short wavelength. Similarly,

it is observed from Fig. 13 that the band gaps for d/a [ 2.0

rapidly decrease with an increase in d2/a.

For all the five cases considered above, layer thicknesses

a1 and a2 were chosen such that a1=a2 ¼ ne
2=ne

1. A para-

metric study was conducted by varying a1=a2 from 0.1 to

0.9 and keeping d2/a = 2.0 and d1/d2 = 0.25. The study

showed that the maximum band gaps reported in Fig. 13 at

d2/a = 2.0 were not significantly increased by varying the

ratio a1=a2. In addition, band gaps were also computed for

d1/d2 = 0.17, but no significant difference in results was

found from those reported in Fig. 13. Therefore, the band

gap reported in Fig. 13 at d2/a = 2.0 for each of the five

cases can be considered the maximum band gap for the

microstructure for each case. For the sake of brevity,

details of these parametric studies with different values of

a1=a2 and d1/d2 are not reported here.

In summary, microstructure 2 has a wider band gap than

that of microstructure 1 for all the different porosities con-

sidered. Among all the different porosities, configurations of

pores and inter-pore distances studied, the microstructure 2

has the maximum band gap when d2/a = 2.0, V1 = 90%,

and V2 = 68%. The maximum band gap computed consid-

ering the microstructure explicitly is *45% larger than that

found considering the homogenized layers.

Reflectivity of a multi-layer TRBC

Band gaps as presented in the previous section are estimated

assuming that the microstructures are of infinite extent. In

reality, only a finite number of layers can be used as a

reflective film. Cornelius and Dowling (1999) studied

modification of reflectivity of a substrate (e = 9.0 and

r = 0.2) with a multi-layer film with ratio of refractive

indices of two adjacent layers of 1.5. They demonstrated that

increasing the number of bilayers from one to five increased

the maximum reflectivity from *0.3 to *0.7. In compari-

son, the substrate without the multi-layer film had a reflec-

tivity of 0.25. In this section, the reflectivity of a TRBC of

ten bilayers (referring to Fig. 1, n = 10) situated over a

substrate with material properties e = 9.0 and r = 0.2 is

studied. Two microstructures as shown in Figs. 2 and 3 with

porosities and inter-pore distances as reported in ‘‘The band

gap of microstructure 1’’ and ‘‘The band gap of micro-

structure 2’’, respectively, are considered.

Reflectivities of TRBCs of the two different microstructures

(Figs. 3 and 4) are computed following the procedure descri-

bed in ‘‘Computation of reflectivity of a multi-layer TRBC’’
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and are plotted against frequency in Fig. 14. The reflec-

tivity computed considering the TRBC as a stack of

homogenized layers with effective relative dielectric con-

stants estimated from the Maxwell-Garnett method is also

plotted in Fig. 14. It is evident from Fig. 14 that increased

reflectivities are observed centered on the mid-gap fre-

quencies of *4.2 for the microstructures and *4.4 for the

homogenized layers. Maximum reflectivity of *0.95 for

microstructure 2 is very close to *0.92 of microstructure 1

and is *16% higher than *0.80 found from the homog-

enized layers. It is clear from Fig. 14 that the increased

reflectivity is observed over a wider range of frequencies

for both the microstructures than that observed for the

homogenized layers. Therefore, similar to the studies of

‘‘Band gaps of a nano-porous periodic microstructure’’,

where it is found that the explicit consideration of micro-

structures 1 and 2 with V1 = 90% V2 = 68% have larger

band gap width than that for the homogenized layers; a

TRBC also has higher reflectivity over a wider range of

frequencies when the microstructures are considered

explicitly than that when homogenized layers are consid-

ered. It is worthwhile to note here that in Fig. 14, the non-

dimensional frequency is used to report variations of

reflectivities. For a particular high temperature application,

one can chose the bi-layer thickness a of the microstructure

such that higher reflectivity is in the wavelength range of

the incident thermal radiation to effectively reflect the

incident energy. For example, a TRBC with a = 1 lm with

either microstructure 1 or 2 will have a higher reflectivity

for the wavelength range of 2.15 to 2.65 lm.

Conclusions

A highly reflective TRBC placed over a typical thermal

barrier coating can significantly reduce heat transfer to the

structure from the high temperature environment. This

paper explored the possibility of tailoring the reflectivity of

a TRBC of a PBG crystal, which is a three dimensional

periodic microstructure of cylindrical pores. The micro-

structure is such that the TRBC can be considered as a

stack of multiple layers with low and high porosities. The

primary motivation behind considering this microstructure

was that it could be fabricated using aluminum dioxide,

which remains stable at high temperatures (e.g.,[1,500 K).

The governing equations of the electromagnetic theory for

computation of the band gap and the reflectivity were sum-

marized. Both closed form solutions and computer simula-

tions were used to determine the effects of microstructure on

the band gap of the PBG crystal and the reflectivity of the

TRBC.

To gain an insight into the effect of the microstructure of

a nano-porous layer on its reflectivity, the reflectivity of a

semi-infinite layer with uniform porosity was computed by

explicitly modeling the microstructure and was compared

with that computed considering a homogenized layer. The

effective dielectric constant of the homogenized layer was

estimated using the Maxwell-Garnett homogenization

method. When the wavelength of the incident radiation was

significantly greater than (i.e., greater than three times) the

inter-pore distance between the cylindrical pores, the

reflectivity computed considering the microstructure

explicitly agreed well with that of the homogenized layer.

If the wavelength of incident radiation was between *1.2

and *3.0 times larger than the inter-pore distance, the

reflectivity computed considering the microstructure

explicitly was significantly greater than that computed

using the homogenized layer.

The band gaps and the reflectivity of multi-layer TRBCs

were computed for two different arrangements of nano-

pores by considering microstructures explicitly and

homogenized layers. Microstructure 1 was constructed

such that the diameter of pores in the high porosity layer

was larger than that of the low porosity layer and there was

same number of pores in a unit in-plane area of both the

high and the low porosity layers. Microstructure 2 was

constructed such that the diameter of pores in the high

porosity layer was smaller than that of the low porosity

layer and there was higher number of pores in a unit in-

plane area of the high porosity layer than that of the low

porosity layer. Parametric studies on various porosities and

inter-pore distances revealed that the band gap width of

microstructure 1 was about 25% higher than that of the

homogenized layers when the porosities of layers alter-

nated between *70 and *90%. In this case, the inter-pore

distance of both the low and the high porosity layers was

approximately 1.3 times larger than the mid-gap wave-

length. In addition, it was shown that the band gap width

of microstructure 2 was about 45% higher than that of

the homogenized layers when the porosities of layers

Fig. 14 The variations of the reflectivity with the wavelength of

incident radiation for the TRBC with ten bilayers
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alternated between *70 and *90%. In this case, the inter-

pore distance in the low porosity layer was approximately

twice larger than the mid-gap wavelength and that of the

high porosity layer was significantly larger than the mid-

gap wavelength. Similarly, the reflectivity a TRBC with

microstructure 2 was significantly larger than that found

from the homogenized layers.
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