Journal of Petroleum Exploration and Production Technology (2020) 10:2373-2386
https://doi.org/10.1007/s13202-020-00868-7

REVIEW PAPER - EXPLORATION ENGINEERING

=

Check for
updates

Approximate solution for pressure behavior during a multiple rate
injectivity test

Maira Fortes Bonafé' - Arthur Braga' - Abelardo Borges Barreto Jr.2

Received: 20 July 2019 / Accepted: 6 March 2020 / Published online: 16 March 2020
© The Author(s) 2020

Abstract
The pressure response during a well test provides important information about reservoir properties, well productivity or
reservoir performance. In order to have an option to replace traditional production tests, avoiding the gas flaring and increas-
ing operational safety, injectivity test began to play an important role in the management of reservoirs. Although analytical
models are able to describe injection and falloff periods, multiple rate models still need to be developed. This work presents
a new formulation to compute pressure response when performing multiple rate injectivity test in a water injection well
operating in an oil zone. First, the proposed formulation is compared to injection/falloff models and after a multiple rate
scheme is performed. This formulation extends prior models presented in the literature. The accuracy of the proposed solution
was assessed by comparison with a numerical simulator. The proposed formulation is also used to determine the reservoir
equivalent permeability in any specific period of injection or shut-in.

Keywords Well-testing - Injectivity test - Partial differential equation - Reservoir evaluation

List of symbols

B Phase formation volume factor
¢, Total compressibility

c, Rock compressibility

fw  Fractional flow of water

h Thickness (m)

k,  Absolute permeability (=o, )
k,  Relative permeability (=, )
M Mobility ratio

p;  Initial pressure

p; Pressure (=, w)

Dwi Well bottom-hole pressure
¢inj Injection rate

q, Oilrate

q,,  Water rate

re  Waterfront radius

r,  Wellbore radius

S,  Water saturation

t Time
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a, 0.0003484

14 Euler constant

u;  Viscosity of phase (=, )
4, Mobility of phase (=, )
A Total mobility

7 Porosity

Introduction

Flaring gas wastes a valuable energy resource that could
be used to support economic growth and progress. It also
contributes to climate change by releasing millions of tons
of CO, to the atmosphere. To reduce gas flaring and increase
operational safety, solutions such as the re-injection pro-
duction tests, closer chamber and injectivity tests have been
highlighting.

In an injectivity test, a single phase (water) is injected
for a certain period into an oil-saturated reservoir and then
the well is shut, beginning a period of falloff, when, con-
sequently, a zero-rate pulse propagates along the reservoir.
Reservoir parameters, permeability and skin can be obtained
from the study of the behavior of well bottom-hole pres-
sures during the injectivity tests. In addition, it is possible to
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evaluate the reservoir connectivity and the injection poten-
tial of the well.

Thompson and Reynolds (1997) provided a general the-
ory for the pressure behavior in infinite radial heterogeneous
reservoirs under multiphase flow, including the injectivity
test problem.

Peres et al. (2003) extended these concepts to develop
analytical solutions for the pressure behavior during the fal-
loff period, after a period of water injection. Both solutions
can be used to determine permeability and skin factor in an
infinite acting radial reservoir.

Approximate analytical solutions for the injection pres-
sure response at a horizontal water injection well have been
presented by Peres et al. (2004), using Buckley and Lever-
ett’s (1942) solutions to the water saturation profile based on
the proposed models for water displacement.

Subsequently, Peres and Reynolds (2006) used the super-
position principle to provide a solution in the falloff period.
Although the injection problem was nonlinear, these authors
relied on the work of Abbaszadeh and Kamal (1989) and
Bratvold and Horne (1990), which demonstrated that the
analytical solution in the falloff period could be constructed
with a reasonable accuracy, by assuming that the total
mobility profile does not change during shut-in and using
an expression for the rate profile obtained by superposition.

An analytical solution for vertical water injector wells
completed in multiple oil zones was proposed by Barreto
etal. (2011), and Bela et al. (2018) where the displacement
of the two immiscible phases was modeled by a system of
partial differential equations.

This work provides a multiple rate approximate solution
for pressure response in a water injection well completed
in an oil production zone. The proposed formulation was
reached by extending and generalizing the existing injec-
tion—falloff solution to a general one, considering the total
volume of water injected in a reservoir during the test. It will
be also shown that all rate periods can be used to estimate
parameters related to both water and oil phases.

Theoretical model

In this work, the gravitational effect and the capillary pres-
sure are neglected. In addition, all calculations assume
that the reservoir is subject to the following simplifying
hypothesis:

e Homogeneous and isotropic reservoir, with infinite exten-
sion;

e Reservoir thickness is constant;

e At the instant =0, reservoir is in equilibrium, i.e.,
p(rt=0)=p;
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e Water and oil are assumed to be immiscible, slightly
compressible fluids with constant viscosity;

o Flow is isothermal;

e Flow is radial and perpendicular to the well section area;

Rock formation presents a low and constant compress-

ibility;

Skin damage is neglected;

Small pressure gradients;

Non-reactive fluids and rocks;

Water injection flow rate is constant at the wellbore;

Using the previous hypothesis and following the work of
Thompson and Reynolds (1997), the mathematical model
can be represented by Eqgs. (1)—(4):

107,,9] _ ¢ |
ror["Cor| ko %

p(r,t=0) = p; )

lim p(r,1) = p; A3)
op

_2”kh</l‘rg>r =¢gB,,. 4)

w

Multiple rate solution for single-phase flow

The combination of mass conservation equation, Darcy’s
law and equations of state, modeling the flow of a fluid
through a porous media, provides the solution for a radial
infinite reservoir model, assuming single-flow, given by

a,q.,B 2
pi_p(r’ t)=Ap(rv t): i WA s _lEi - : d)c;to .
hiA, 2 da kAt

5

For multiple rates, since this system is linear, and assum-

ing the first flow is zero, the solution can be obtained by
using the superposition principle:

N T I
Ap(r”N) = hkio Z(%‘ ‘1/—1)[ in< 4a,kio(t—l_,-_1)>]‘

Jj=1

(6)
Consider the injection rate given by
hkA, op
1) = —.
ar) =gy, ()

Combining Egs. (6) and (7), it is possible to write
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Then, the multiple rate expression can be written as
n [ qomtt ]
ar.n = (q-q i) ©)

J=1

Injection and falloff solution

In an injectivity test, first occurs the water injection into an
oil-saturated zone for a determined period and then occurs
a well shut-in and a zero-flow pulse is propagated along the
reservoir, characterizing the falloff period. Several reservoir
features, such as equivalent permeability and outer bound-
ary condition, might be inferred from the pressure response
measured during the test.

Isothermal two-phase flow in radially heterogeneous res-
ervoirs is described by a system of partial differential equa-
tions. For small pressure gradients, Darcy’s law is satisfied,
which is the starting point to compute the pressure variation
in the reservoir during an injectivity test.

The approximated solution developed is based on the
existing formulation during the injection period and the ana-
lytical model for the falloff period in reservoirs presented by
Peres et al. (2003). From this work, the approximate ana-
lytical solution for the pressure behavior during the water
injection period is given by

apquw In 4atk20t
2hk A, e’ Codr?
r¢(1)

apQwa / 20 1 dr
hkJ, A(r,t) r|

o

Pwt —Pi =

10)

Usually, this equation can be represented by
Ap(t) = Ap,(1) + Ap, (D), (11)

where Ap, () represents the single-phase solution for the
injection period and the term Ap,(¢) represents the addi-
tional pressure drop due to the mobility contrast between
oil and water phases.

The approximate analytical solution for pressure behavior
during the falloff period is

GinjBa, t,+ At
Ap(Ay= ——L1n < b )
2khA, At

r¢(tp) . n
N a / Gos(rs AD A,
hk2, A(r.t,)

Analogously to the injection period, the solution in the
falloff period can be represented by

Ap (At) = Ap,(Af) + Ap,(Ab). 13)

qOS( > t)
\ r
(12)

Proposed formulation

Based on the solutions provided by previous studies, the
solution for the pressure response for a general case of dual-
phase flow is the starting point to compute a multiple rate
approximate solution.

re(t) 7e(t)
1 /qinj(r,t) /Qo(r,t)
Pwt —Pi = dr— —dr
2rhk rA(r, 1) ri,
4L / q,(r, t)
27l'hk r)(
T (14)

In this case, where the rate is variable, the total volume
of water injected into the reservoir v;,; at a given instant
can be obtained by

t

vmj(t)=/qinj(t)dt. (15)

0

Equation (15) can be used to estimate the advance of the
water displacement front, r¢(¢), through the porous medium.
In this case, the radial Buckley—Leverett’s equation (Buckley
and Leverett 1942) is applied, considering v;

inj

t

247 h¢ w (S )/f]inj(f)df- (16)

0

= |r2+

In this case, for r < r¢(t), the flow in the reservoir
Go(r, 1) = giy;(r, 1), where g;,i(r, 1) can be approximated by
the flow superposition provided by Eq. (8). Thus, Eq. (13)
can be written as
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Put—pi = — /51°(r’t)dr
YT onhkd, r

Tw

ri(t)

1 / Ay dr
+ = Gini (1, 1) -1 )=
2rhka, " A(r, 1) r
P (17)

Using the constant fit units to the Brazilian system of
measurements, we obtain

Pwt —Di = % 3 / Bor t)dr
YT i, r
EQ 5
% / 0 dr
+ mi (1t -1 )=zl
i) N G T )
(18)
where h:‘; [ fr ® @dr] = Ap, represents the single-phase

solution with multiple rates, computed with properties of the
oil phase, given by Eq. (6). On substituting it into Eq. (18),
we obtain

aB, | < da ki, (t—1t._
Pwt —Pi = - Z(qj‘_Qj—l)ln(le)>

2hkA, | S e7e,pr2
re(1) /,1\
ap / 0 di‘
+— Ginj (1 1) -1 )=
hkA, " A(r, 1) r
19
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which is the proposed multiple rate approximate solution for
pressure response in a water injection well, where g;,;(r, 7) is
given by Eq. (9), using the superposition principle.

Results and discussion

Comparison between analytical model
and numerical model

First, a comparison was made between the pressure response
provided by the proposed formulation and the pressure
response provided by the injection and falloff periods for the
same reservoir model using a numerical fluid flow simulator
(CMG/IMEX). Logtime derivatives for both solutions were
compared (Bourdet 2002). These comparisons were made
for two different cases: The first considers a mobility ratio
greater than 1, and the second one considers a mobility ratio
smaller than 1. Figures 1, 2, 3 and 4 show pressure drop and
pressure drop logtime derivative for both cases.

As one can see, in both scenarios the proposed solution
represents the expected behavior of logtime derivatives for
both injection and falloff periods. When compared to finite
difference simulation, some deviations can be observed. We
believe that these deviations come from the difference in the
computation of water flooding position when comparing the
two methods (analytical and numerical). This is worse when
mobility ratio is smaller than 1.
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Comparison between the proposed solution
and single-phase flow

It was also analyzed the pressure drop and pressure drop
logtime derivative curves, generated by the proposed solu-
tion of this work in comparison with the response given by
a single-phase flow model (for both phases, oil and water).
Figure 5 compares the pressure behavior between a produc-
tion test (using oil properties and water properties) and an
injection test with mobility ratio greater than 1. As one can
see the solution responds as expected: In early times, the
injection test logtime derivative responds with the same

mobility value of the oil phase. In late times, the value of
logtime derivative approximates to water phase mobility.

It can be observed in Fig. 6 (mobility smaller than 1) that
the same behavior occurs. Initially, the well bottom pres-
sure logtime derivative computed during the injection period
approximates the oil phase logtime derivative. And at the
end the injection logtime derivative approximates to water
phase mobility.
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loff period
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Fig.3 Mobility ratio< 1—
injection period

Delta P & Delta P Derivative (kgf/cm2)

0.1

0.0001 0.0010

0.0100 0.1000

Equivalent Time (hours)

1.0000 10.0000 100.0000

2.

COC T Y0 5706766 T T O 0-0-00

——This Work - Delta P

- = =This Work - Delta P Der.
O Fin. Diff. Delta P
O Fin. Diff. Delta P Der.

0.0100 0.1000

Time (hours)

1.0000 10.0000 100.0000

Pigllase ¢l ay .
e e O) Springer



2378 Journal of Petroleum Exploration and Production Technology (2020) 10:2373-2386

Fig.4 Mobility ratio < 1—fal- 10.0
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Model with six injection flow rates

In order to extend the proposed solution for injectivity tests
with variable flow rate, a model with six flow rates was per-
formed, whose values are shown in Fig. 7. A comparison
with finite difference fluid flow simulator is also plotted to
show the accuracy of the proposed formulation. The values
for basic rock—fluid properties are shown in Table 1, and the
relative permeability curves are plotted in Fig. 8.

The results of each period are shown in Figs. 9, 10, 11,
12, 13 and 14. Normally, the derivatives are plotted against
the natural logarithm of time (injection period) or Agarwal’s
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equivalent time (falloff period). In this work, the derivatives
for all periods were computed in relation to the natural loga-
rithm of delta time. And instead of using directly the value
of pressure drop, we used the normalized pressure drop
(pressure drop over injection rate). In this way, all deriva-
tives are comparable. The example is only for mobility ratio
greater than one.

The first period represents the pressure response of
the first injection rate. As expected, the derivative shape
responds in early times approximating the oil mobility and
after, at late times, approximating the water mobility. This
is a well-known result when an injectivity test is performed.
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Table 1 Basic rock—fluid properties oil mobility at late times. The shape of logtime derivative
- at the end suggesting that the derivative is tending to zero is
Property Value Unity C . . . .
due to the derivative computation as explained in the begin-
Permeability (k) 2000.0 mD ning of this section.
Porosity (¢) 0.2 All the subsequent periods (third, fourth, fifth and sixth)
il viscosity (i) 5.0 cp are 0, 1500, 0, 500 and 0 m?/day injection rates, respec-
Water viscosity (i) 0.5 cp tively, which are observed followed by the oil mobility at

The second period is a zero-rate (or shut-in) period.
Again, the expected result is achieved. After the first injec-
tion period, a waterfront is created around the wellbore and
then the water mobility is firstly observed, followed by the

late times. All of them follow the same behavior of the sec-
ond period, i.e., at early times the solution approximates the
water mobility and, at late times, the oil mobility.
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Fig. 8 Relative permeability 06
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Interpretation APt = M " %’1"2 . 0
Another way to validate the proposed solution can be done hicq 2 endry,

by comparing the permeability computed or interpreted in
the curve of the pressure response with the permeability
inserted as reference. For the case of constant flow with
single-phase flow, the variation in the bottom well pressure
is given by the equation:

This equation shows that a plot of pressures in the well-
bore against the natural logarithm of time presents a straight
line whose angular coefficient is given by

a,q.,B
m, =1.151 ———. ¥2))
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Fig. 10 Second period 0.0100
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The slope of the line allows computing the reservoir per-
meability for single-phase flow. For dual-phase flow, as can
be seen in derivative curves (Figs. 15 and 16), one can com-
pute two slopes corresponding to both oil and water mobili-
ties. With these values, it is possible to estimate the reservoir
permeability using the relative permeability (water and oil)
end points.

During the period of water injection into a water res-
ervoir, initially the behavior of the bottom-hole pressure
is similar to the case of single-phase oil flow, since the

——This Work - Delta P
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0.0100 0.1000 10.0000 100.0000

Delta Time (hours)

1.0000
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- - -This Work - Delta P Der.

0.0100 0.1000 1.0000 10.0000 100.0000

Delta Time (hours)

reservoir is mostly saturated with oil, so that by means of
the initial inclination, it is possible to obtain the mobility
of the oil.

(22)

Over time, the reservoir becomes mostly saturated with
water, so that the behavior of the bottom well pressure is
similar to the case of single-phase water flow. Thus, by
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Fig. 12 Fourth period 0.0100
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Fig. 13 Fifth period 0.0100
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means of the final inclination, it is possible to obtain the
mobility of the water.

(23)

So, using the slopes obtained in Fig. 17, it is possible to
compute the reservoir permeability for both mobilities (oil
and water).

In the same way, using the slopes obtained in Fig. 18,
for third and fifth injection periods, it is also possible to
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compute the reservoir permeability based on water and oil
mobilities.

Although the shape of semilog curves of zero-rate peri-
ods is different (Fig. 19), the same method can be used to
estimate the reservoir permeability based on water and oil
mobilities. Table 2 shows the results of reservoir permeabil-
ity computation compared to reference permeability. As can
be seen, the results are very close to all analyzed periods.
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Fig. 14 Sixth period 0.0100
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Conclusions and future works 2. Comparison of the proposed solution to a numerical
simulator shows a good agreement.

Based on the results shown here, the following conclusions 3. Itis possible to estimate the reservoir permeability of
are presented: the reservoir from any period.
4. The presented solution considers a zero-skin factor only.

1. An approximate multiple rate approximate solution
for pressure response in a water injection well can be For future researches, one can wonder that some issues

obtained with sufficient accuracy, so that it is possible ~ related to injectivity tests can be solved, among others:
to evaluate the reservoir.
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Fig. 16 Five other periods—

logtime derivative

Fig. 17 First period slopes
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Multilayered reservoirs with a multiple rate scheme; this 2. Temperature effect; although a lot of work can be found

kind of “test” can be observed in oil fields where injector related to temperature effects in pressure behavior, all of
wells are used;
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them provide solutions for single-phase flow. Here, we
have an important issue that can be studied.
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Fig. 18 Third and fifth periods’ 266.0
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Table2 Results for oil and Period 1st 2nd 3rd 4th 5th 6th
water phase
g (m*/day) 1000.0 0.0 1500.0 0.0 500.0 0.0
Reference. K (mD) 2000.0 2000.0 2000.0 2000.0 2000.0 2000.0
h (m) 50.0 50.0 50.0 50.0 50.0 50.0
Oil
m, 2.0537 2.0994 3.1373 3.1122 1.0271 1.0386
koo 0.5403 0.5403 0.5403 0.5403 0.5403 0.5403
Ho 5.0 5.0 5.0 5.0 5.0 5.0
Ao 213.3 208.7 209.4 211.1 213.3 210.9
Computed K (mD) 1974.0 1931.0 1938.2 1953.9 1973.5 1951.7
Rel. error (%) 1 3 3 2 1 2
Water
my, 0.6825 0.7196 1.0860 1.0633 0.3544 0.3532
kpy 0.1730 0.1730 0.1730 0.1730 0.1730 0.1730
My 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000
Ay 641.8 608.8 605.1 618.0 618.0 620.1
Computed K (mD) 1855.0 1759.5 1748.8 1786.1 1786.1 1792.3
Rel. error (%) 7 9 10 9 9 8
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