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Abstract
As the first time, this paper attempts to recreate the discharge coefficient (DC) of side slots by another artificial intelligence 
procedure named "Outlier Robust Extreme Learning Machine (ORELM)". Accordingly, at first, the variables affecting the 
DC comprising the ratios of the flow depth to the side slot length (Ym/L), the side slot crest elevation to the side slot length 
(W/L), the main channel width to the side slot length (B/L), as well as the Froude number (Fr) are determined and subsequently 
five ORELM models (ORELM 1 to ORELM 5) are created utilizing these variables. From that point forward, laboratory 
measurements are arranged into two datasets comprising training (70%) and testing (30%). At the subsequent stage, the best 
model alongside the most affecting input variables is presented by executing a sensitivity examination. The most impressive 
model (i.e., ORELM 3) reproduces DC values as far as B/L, W/L and Fr. It is worth focusing on that ORELM 3 forecasts 
DC values with worthy precision. For instance, the correlation coefficient (R), the scatter index (SI) and the Nash–Sutcliffe 
effectiveness (NSC) for ORELM 3 are acquired in the examination state to be 0.936, 0.049 and 0.852, independently. Exam-
ining the outcomes yielded from the simulation demonstrates that W/L and Fr are the most impacting factors to reproduce 
the DC. Besides, the findings of the sensitivity examination uncover that ORELM 3 acts in an underestimated way. Finally, 
a computer code is put forward to compute the DC of side slots.

Keywords Side slots · Discharge coefficient · Outlier robust extreme learning machine · Uncertainty analysis, Partial 
derivative sensitivity analysis · Sensitivity analysis

Introduction

Side slots are commonly placed on main channel walls to 
conduct and control excess water in drainage networks and 
irrigation canals. To increase efficiency of a side slot, the 
detection of parameters affecting discharge volume is cru-
cially important. It is worth focusing on that the DC is the 
most effective variable for the optimal design of a side slot. 
This coefficient is a function of different hydraulic and geo-
metric variables and determining the importance of each of 
them plays a crucial role in optimal designing of this sort 
of flow divert structures. Because of the significance of side 
slots, many experiments have been done on the properties 
of the flow passing through side slots and their coefficient 
of discharge. For example, Carballada (1978), Ramamurthy 

et al. (1986), Gill (1987), Ramamurthy et al. (1987), Swa-
mee (1992) and Swamee et al. (1993) performed several 
experiments on the flow around side slots and their discharge 
coefficient. In addition, Ojha and Subbaiah (1997) investi-
gated the flow field as well as the coefficient of discharge of 
side slots through a laboratory work. Utilizing a numerical 
method, they approximated the side slot discharge and com-
pared the values computed by this technique with experi-
mental data. They finally concluded that the error computed 
by this method was almost equal to 10%. Moreover, Oliveto 
et al. (1997) by carving a slot on the bed of circular channels 
experimentally evaluated the flow pattern near such divert 
structures. They demonstrated that the Froude number was 
the most affecting variable on the mechanism of the flow. 
Additionally, Ghodsian (2003) solved the dynamic equa-
tion of spatial variable flows nearby side gates to suggest an 
equation for the estimation of the coefficient of discharge. 
This author expressed the DC of side gates as a function of 
the flow hydraulic properties as well as geometric properties 
of the laboratory model. Hussain et al. (2010) executed a 
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laboratory test to assess the flow behavior alongside the DC 
of the flow passing through circular-shaped side orifices. By 
examining the findings acquired from the examination, they 
established a regression relation for computing the coeffi-
cient of discharge. Swamee and Swamee (2010) managed to 
analyze experimental results to provide an explicit relation-
ship computing the DC of circular side orifices. They stated 
that the DC of side orifices is a function of viscosity and 
flow potential. Through a test, Hussain et al. (2011) studied 
the DC of rectangular-shaped side orifices. They meticu-
lously studied the flow pattern around the side orifice and 
presented a relation to approximate the coefficient. Moreo-
ver, Hussain et al. (2014) presented a relation for computing 
the DC of rectangular-shaped side orifices as the conclusion 
of an analytical study. They showed that the blunder of the 
provided model was almost equal to 5%. Furthermore, Hus-
sain et al. (2016) experimentally investigated the flow pat-
tern inside circular side orifices in both free and submerged 
conditions. According to their findings, the Froude number 
was the most influencing variable on the flow jet. In last 
decades, the application of artificial intelligence (AI) proce-
dures and also soft computing approaches such as the adap-
tive neuro-fuzzy inference system (ANFIS), artificial neural 
network (ANN), the gene expression programming (GEP), 
the group method of data handling (GMDH) and the extreme 
learning machine (ELM) have dramatically increased thanks 
to their ability in modeling nonlinear phenomena and com-
plex systems. Such models act fast in simulating various 
phenomena and are acceptably flexible. Because of these 
advantages, different examines have been done on the rec-
reation of the DC of side weirs, side orifices and side slots 
by artificial intelligence models. For instance, Ebtehaj et al. 
(2015a) reproduced the DC of weirs set on rectangular 
canals through the GMDH model. By examining the simu-
lation outcomes, they presented an equation to approximate 
the DC. Moreover, Ebtehaj et al. (2015b) forecasted the DC 
of rectangular-shaped side orifices via the GMDH model. As 

the result of a sensitivity analysis, they presented the most 
powerful model as well as the most influencing factor on the 
DC. Khoshbin et al. (2016) established a coupled model for 
ascertaining the DC of rectangular side weirs. For recreating 
the DC, they integrated the genetic algorithm (GA), ANFIS 
and singular vector decomposition (SVM) models. Besides, 
Azimi et al. (2017a) computed the DC of rectangular side 
orifices by utilizing a computational fluid dynamics (CFD) 
model and also a hybrid artificial intelligence technique. 
These scholars indicated that the artificial intelligence model 
showed higher exactness in modeling the DC. Akhbari et al. 
(2017) using an ANN model and the M5’ model managed 
to recreate this coefficient for triangular-shaped weirs. They 
provided several relations for estimating the DC. Addition-
ally, Azimi et al. (2019) predicted the DC of rectangular 
weirs arranged on trapezoidal canals via the vector machine 
(SVM) model. By executing a sensitivity analysis, they 
introduced the most powerful model and most influencing 
variable and managed to develop a matrix with the ability 
of computing the coefficient.

Bagherifar et al. (2020), Huang et al. 2004) modeled the 
three dimensional flow field within a circular conduit along 
with a side weir using the FLOW-3D model. The authors 
applied the RNG k–ε turbulence model and volume of fluid 

Fig. 1  Layout of experimental 
models reported by Ojha and 
Subbaiah (1997) and Hussain 
et al. (2011)

Table 1  Range of the dimensionless parameters reported by Ojha and 
Subbaiah (1997) and Hussain et  al. (2011) for developing ORELM 
models

B/L W/L Ym/L Fr Cd

Max 11.364 4.545 12.764 1.207 4.442
Min 2 0.1 0.434 0.006 0.238
Ave 5.223 1.230 3.769 0.201 0.599
Var 13.088 1.320 9.639 0.013 0.059
Std 3.618 1.149 3.105 0.116 0.243
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(VOF) scheme so as to reconstruct the flow turbulence and 
free surface.

Examining the previous works shows that the DC of 
divert structures such as side weirs, side orifices and side 
slots is crucially important as the most influencing parameter 
in choosing an optimal scheme. Moreover, various artificial 
intelligence techniques have been broadly utilized for recre-
ating of the DC of this type of flow divert structures.

Accordingly, as the first time, this paper attempts to rec-
reate the discharge coefficient (DC) of side slots by another 
artificial intelligence procedure named " Outlier Robust 
Extreme Learning Machine (ORELM)". The basic objec-
tive of this research is to present the most powerful model 
and the most impacting input variable via the analysis of 
the ORELM model results. Initially, five ORELM models 
are specified by implementing the factors impacting on the 
coefficient of discharge. At the next step, the best ORELM 
model alongside the most affecting parameter are specified 
via a sensitivity examination and the ORELM outcomes are 
contrasted with the ELM. Besides, an uncertainty examina-
tion is conducted on the ORELMs. It ought to be noticed that 
as the final task of the research, a partial derivative sensitiv-
ity analysis is also done on the ORELM. Lastly, a computer 
code is presented to compute the DC.

Methodology

Extreme learning machine

High speed modeling despite the large number of parameters 
which should be initialized prior to modeling and also trapping 
in local minima are common issues of learning the feed-forward 

neural network (FFNN) by gradient algorithms such as back 
propagation (BP). To conquer such troubles, Bagherifar et al. 
(2020), Huang et al. (2004, 2006) presented the extreme learn-
ing machine (ELM) algorithm. Converting the nonlinear prob-
lem to a linear form, as the most significant achievement of 
this approach, significantly reduces the modeling process time 
so that the modeling process is completed in few seconds. The 
structure of this model is a single layer FFNN (SLFFNN). In 
this technique, the matrix interfacing the input layer to the hid-
den layer (the input weight matrix) and hidden layer biases are 
haphazardly initialized, while the matrix which associates the 
hidden layer to the output layer (i.e., the output weight matrix) 
is computed by processing a linear problem. Using the defined 
structure significantly reduces the modeling time compared to 
time-consuming methods such as BP. The results of the previ-
ous studies demonstrate that in addition to the surprising mod-
eling speed, this method has higher generalizability than other 
gradient algorithms (Azimi and Shiri 2021; Azimi et al. 2021; 
Azimi et al. 2017b).

Given N samples in the form of datasets with several 
inputs ( xi ∈ Rn ) and one output(yi ∈ R ) as 

{
(xi, yi)

}N

i=1
 and 

considering L neurons within the hidden layer and the acti-
vation function g(x), the structure of the ELM model for 
establishing mapping between the considered inputs and 
output is expressed as follows (Azimi et al. 2017b):

In this relationship, �i = (wi1,wi2,… ,win) (i = 1 ∶ L) is 
the matrix interfacing input neurons to the ith hidden layer 
neuron, bi represents the bias related to the ith hidden layer 
neuron and βi denotes the weight matrix associating the ith 
hidden layer neuron to the output neuron. Among the three 
defined matrices, wi and bi are randomly initialized, while 
the matrix βi is computed during solving the interested prob-
lem via the ELM. Also, N denotes the number of input vari-
ables of the problem. The output node in the mathematical 
expression specified for the ELM is linear and �i.�j represent 
the inner outcome related to matrices of the input weight and 
problem variables, respectively. Rewriting this formula as a 
matrix forms Eq. (2) (Azimi et al. 2017b):

where � = [�1,… , �N]
T , � = [�1,… , �N]

T and H denotes the 
hidden layer output matrix which is solved in the following 
way:

(1)yj =

L∑
i=1

�ig(�i ⋅ �j + bi), j = 1, 2,… ,N

(2)�� = �

(3)

�(��,��,… ,��, ��, ��,… , ��,… , b1, b2,… , bL)

=

⎡

⎢

⎢

⎢

⎣

g(�� ⋅ �� + b1) ⋯ g(�� ⋅ �� + b1)

⋮ ⋱ ⋮

g(�� ⋅ �� + b1) ⋯ g(�� ⋅ �� + bL)

⎤

⎥

⎥

⎥

⎦

Fig. 2  Integrations of input variables for ORELM models
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As discussed before, among the three defined matrices, 
w and b are randomly initialized and β is calculated ana-
lytically. Thus, the only remaining unknown is the matrix β 
which is calculated by means of a linear relationship. Since 
the matrix H in Eq. 2 is non-square, solving this equation 
is not as simple as solving a linear equation. Thus, the loss 
function value is minimized through the solution process by 
the least square technique (i.e.,min ‖� −��‖ ). Therefore, 
the result is obtained through the optimization process by 
minimizing l2-norm (Azimi et al. 2017b).

where H+ is the Moore–Penrose generalized inverse (MPGI) 
(Rao and Mitra 1971) of H. For modeling by the ELM, the 
hidden layer nodes number should be less than training sam-
ples (L < N) otherwise, overfitting occurs. So, the above rela-
tionship is rewritten as follows (Azimi et al. 2017b):

(4)𝛽 = �+�

(5)𝛽 = (�T�)−1�T�

Outlier robust ELM (ORELM)

Considering that in solving complex nonlinear problems 
via AI-based algorithms, the existence of outliers which 
is because of the nature of the problem and should not be 
considered as outliers, will have a noticeable influence on 
the modeling outcomes. Thus, a significant percent of the 
modeling error (e) is related to the existence of outliers. To 
take into account this issue in modeling nonlinear problems 
using the ELM, Zhang and Luo (2015) defined the existence 
of outliers by sparsity. Knowing that l0-norm acts better in 
reflecting sparsity than l2-norm, instead of using l2-norm, 
they defined the training model error (e) as follows:

Zhang and Luo (2015) to solve this non-convex program-
ming problem, modified it in a tractable convex relaxation 
form without loss of the sparsity characteristic problem. 

(6)min
�

C‖�‖ 0 + ‖�‖2
2

subject to � −�� = �

Fig. 3  Variations of NHLN versus different statistical indices in training mode
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Using l1-norm instead of l0-norm in the following equation 
not only guarantees the presence of sparse characteristics but 
comes with minimization convex:

This formula is a constrained convex optimization prob-
lem in such a way that fits completely the suitable domain 

(7)min
�

‖�‖ 1 +
1

C
‖�‖2

2
subject to � −�� = �

of the Augmented Lagrangian (AL) multiplier approach. 
Therefore, the function AL is provided as:

Here, � ∈ Rn is the vector of the Lagrangian multiplier 
and � == 2N∕‖�‖1 (Yang and Zhang 2011) demonstrates 
the penalty parameter. The optimal answer of finding e, β 
and λ is achieved through the iterative process for minimiz-
ing the function AL:

Physical models

In this paper, the experimental data reported by Ojha and Sub-
baiah (1997) and Hussain et al. (2011) are used for approving 
the AI models. The rectangular-shaped channel used in Ojha 
and Subbaiah's model is assumed to be 4.5 m in length, 0.4 m 
in width and 0.5 m in height. A side slide gate with a width of 

(8)
L�(�, �, �) = ‖�‖1 + 1

C
‖�‖2

2
+ �2(� −�� − �) +

�

2
‖� −�� − �‖2

2

(9)

{
(�

k+1, �k+1) = arg min
�,�

L�(�, �, �) (a)

�
k+1 = �

k
+ �(� −��

k+1 − �
k+1) (b)

}

Fig. 4  Changes of NHLN versus different statistical indices in testing mode

Fig. 5  Comparison of simulated coefficient of discharge with experi-
mental data for NHLN equal to 14 in both training and testing modes
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0.2 m installed at 2.5 m from the channel entrance has been 
installed on this model. However, the rectangular channel uti-
lized in Hussain et al. (2011) model is assumed to be 9.15 m 
in length, 0.5 m in width and 0.6 m in height. Additionally, 
a rectangular side gate is situated at a 5 m distance from the 
entrance of the channel. The experimental data were utilized 
on rectangular gates for three widths comprising 0.044 m, 
0.089 m and 0.133 m for this model. Figure 1 depicts the 
layouts of these laboratory models.

DC of side slot

Generally, the DC of side slots is a function of the following 
parameters (Hussain et al. 2011; Azimi et al. 2018):

(L) = length of side slot, (b) = height of side slot, 
(B) = width of main channel, (W) = height of the side slot bed 
from the main channel bed, 

(
V1

)
 = flow velocity in the main 

channel, 
(
Ym

)
 = the flow depth in the main channel, (�) = fluid 

density, (�) = flow viscosity, (g) = gravitational acceleration

Given that the flow Froude number is Fr =
V1√
g.Ym

 and den-
sity, viscosity and gravitational acceleration remain constant, 

(10)Cd = f1
(
L, b,B,W,V1, Ym, �,�, g

)

while B , W  and Ym become dimensionless, thus Eq. (10) is 
rewritten as:

Hence, in this investigation, the impact of the factors of 
Eq. (11) on the DC of side slots is considered. The range 
of the variables reported by Ojha and Subbaiah (1997) and 
Hussain et al. (2011) for developing the ORELM models are 
given in Table 1.

The integrations of the dimensionless parameters related 
to relation (11) used for developing the ORELM models 
are shown in Fig. 2. It merits referencing that 70% of the 
laboratory data are employed for learning the models, while 
the remaining (i.e., 30%) are utilized for examining them.

Goodness of fit

To test the precision of the presented mathematical mod-
els, several statistical indices comprising the correlation 
coefficient (R), variance accounted for (VAF), root-mean-
square error (RMSE), scatter index (SI), mean absolute error 
(MAE) and Nash–Sutcliffe efficiency (NSC) are utilized 
(Azimi et al. 2022):

(11)Cd = f2

(
B

L
,
W

L
,
Ym

L
,Fr

)

Fig. 6  Outcomes of statistical indices acquired in both modes for different activation functions



Applied Water Science (2022) 12:170 

1 3

Page 7 of 14 170

(12)R =

∑n

i=1

�
Fi − F

��
Oi − O

�
�∑n

i=1

�
Fi − F

�2 ∑n

i=1

�
Oi − O

�2

(13)VAF =

(
1 −

var
(
Fi − Oi

)

var
(
Fi

)
)

× 100

(14)RMSE =

√
1

n

∑n

i=1

(
Fi − Oi

)2

(15)SI =
RMSE

O

(16)MAE =
1

n

n∑
i=1

||Fi − Oi
||

(17)NSC = 1 −

∑n

i=1

�
Oi − Fi

�2
∑n

i=1

�
Oi − O

�2

where Oi = observed measurements, Fi = values recreated by 
models, O = average of observed measurements, n = number 
of observed measurements.

Next, different activation functions are tested. After 
that, the most powerful model alongside the most affect-
ing input parameter is specified by performing a sensitiv-
ity analysis(SA). Additionally, the ORELM most efficient 
model is contrasted with the ELM. Besides, an uncertainty 
analysis (UA) as well as a partial derivative sensitivity anal-
ysis (PDSA) are conducted on the best model. Finally, a 
computer code is provided for the estimation of the DC of 
side slots.

Results and discussion

Hidden layer neurons number

This part evaluates and determines the hidden layer neurons 
number (HLNN). Figure 3 depicts the changes of HLNN 
versus different statistical indices in the training mode. 
To choose the most optimal HLNN, a neuron is initially 
specified for the hidden layer; then by increasing the num-
ber to 30, the numerical model results are compared with 

Fig. 7  Comparison of coefficient of discharge simulated by different AFs in both modes
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the experimental values. The modeling exactness improves 
with increasing the HLNN, but from one particular stage 
onwards, the increase in the number of neurons has no 
noticeable impact on the modeling exactness. The most 
optimal HLNN in the training mode is considered equal to 
14. For this HLNN, the scatter index value and the corre-
lation coefficient, respectively, are computed to be 0.052 
and 0.927. Furthermore, for the model with HLNN = 14, the 
MAE, VAF and NSC are estimated to be 0.018, 85.923 and 
0.836, individually.

Moreover, the changes of HLNN in the testing mode ver-
sus different statistical indices are depicted in Fig. 4. In the 
testing mode, the most optimal HLNN is considered to be 14 
as well. For the model with HLNN = 14, the RMSE, R and 
MAE are computed to be 0.029, 0.925 and 0.019, separately. 
It should be reminded that for this model, NSC, VAF and SI 
are equal to 0.851, 87.468 and 0.049, separately.

Figure 5 shows a comparison between the simulated DC 
with the experimental data for hidden layer neurons equal to 
14 in both modes (i.e., training and testing). The modeling 
exactness in both the training and testing modes is in an 
acceptable range. So, in the modeling process of the DC by 
the ORELM, the HLNN is assumed to be 14.

Activation function

The ORELM model owns five activation functions(AF) 
named “sig,””sin,” “hardlim,” “tribas” and “radbas.” This 
section studies different activation functions and their 
influences on the outcomes of modeling the coefficient of 
discharge by the ORELM model. Also, in Fig. 6 different 
statistical indices calculated for five different AFs in both 
modes are illustrated. For sig, MAE, R, and VAF in the 
testing state are computed to be 0.019, 0.935, and 87.468, 
separately. For the training mode of sin, the estimations of 
RMSE, NSC and R are also acquired to be 0.081, 0.328 and 
0.373, individually. Additionally, VAF, R and MAE for the 
training mode of hardlim are estimated to be 1.519, 0.015 
and 0.068, separately. Additionally, SI, NSC and RMSE for 
tribas in the testing state are yielded to be 0.621, − 0.222 
and 0.364, individually. Moreover, MAE, R and VAF for 
radbas, respectively, are obtained to be 0.125, 0.0001 and 
− 416.193.

Figure 7 depicts a comparison between the DC values 
simulated by different AFs in both modes with the experi-
mental data. According to the simulation outcomes, the acti-
vation function sig exhibits better performance compared 
to the other functions. This activation function models the 

Fig. 8  Outcomes of statistical indices computed for ORELM models in both modes
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DC data in both modes with reasonable exactness. Thus, 
this activation function is chosen to model the DC by the 
ORELM model.

Sensitivity Analysis

A sensitivity analysis (SA) is performed in this section 
for different ORELM models. The outcomes of the sta-
tistical indices computed for different ORELM models in 
both modes are presented in Fig. 8. It should be noted that 
ORELM1 is a function of all inputs which recreates the DC 
data in terms of B/L, W/L,Ym/L and Fr. This model computes 
SI, VAF and NSC in the training state, respectively, equal to 
0.052, 85.923 and 0.836.

In contrast, four models (i.e., ORELM2 to ORELM5) 
simulate the DC values in terms of three inputs. For instance, 
ORELM2 estimates RMSE, MAE and R in the testing state, 
respectively, equal to 0.031, 0.019 and 0.924 and the impact 
of the Froude number is eliminated for it. Also, ORELM3 
estimates values of the target function in terms of B/L, W/L 
and Fr and the influence of Ym/L is neglected for it. It should 

be noted that R, SI and NSC for the testing mode of the 
ORELM3 are, respectively, acquired to be 0.936, 0.049 
and 0.852. Furthermore, the impact of W/L is omitted for 
ORELM4 and this model recreates the DC data in terms of 
the input variables such as B/L, Ym/L and Fr. Besides, NSC, 
VAF and RMSE for ORELM4 in the testing state, respec-
tively, are computed to be 0.836, 85.794 and 0.031. Further-
more, ORELM5 recreates the target function values in terms 
of W/L,Ym/Land Fr and the influence of the dimensionless 
parameter B/Lis disregarded for this model. Moreover, MAE, 
SI and VAF for ORELM5 in the training state are, respec-
tively, acquired to be 0.019, 0.053 and 85.518.

Figure 9 shows the comparison of the DC computed by 
ORELM models with the observed data in both modes. 
According to the sensitivity analysis, the ORELM 3 model 
forecasts the coefficient of discharge data in both modes with 
higher exactness than the other defined models. Thus, this 
model is chosen as the best model. In contrast, ORELM 4 is 
also identified as the worst artificial intelligence model. It is 
worth mentioning that by eliminating the parameters W/L 
and Fr, the modeling accuracy is dramatically reduced. So, 

Fig. 9  Comparison of coefficient of discharge computed by ORELM models with observed data in both modes
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these two dimensionless parameters are specified as the most 
effective input variables on the ORELM model.

Comparison with ELM

The outcomes of the best model (ORELM 3) are compared 
with the ELM in this section. Figure 10 depicts indices com-
puted for ORELMs and ELMs in both states. As shown, the 
ORELM model generates the coefficient of discharge data 

with higher exactness than the ELM. It should be noted that 
the correlation of this model with the experimental data is 
reasonably high. For example, the NSC, SI and MAE for the 
training state of the ELM model are equal to 0.833, 0.052 
and 0.018, separately. Moreover, R, VAF and RMSE for the 
ELM testing state are, respectively, achieved to be 0.845, 
85.320 and 0.031.

Figures 11 and 12 present the comparison of the out-
comes acquired by the ORELM and ELM models with the 
observed measurements alongside their scatter plots in both 
modes. Based on the results, the ORELM acts better than the 
ELM. In both modes, the ORELM model has less error and 
higher correlation compared to the experimental DC values.

Uncertainty analysis

This step discusses about the uncertainty analysis (UA) 
accomplished for testing the efficiency of the most power-
ful models. The UA is basically an efficient task conducted 
for the evaluation of the efficiency of numerical models 
(Azimi et al. 2019; Azimi et al. 2018). Therefore, the UA is 
done to assess errors forecasted via numerical models and 
examine the efficiency of this sort of models. Additionally, 

Fig. 10  Statistical indices obtained for ORELM and ELM models in both modes

Fig. 11  Comparison of outcomes acquired by ORELM and ELM 
models with observed data in both modes
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the blunder forecasted via the model is generally equiva-
lent to values reproduced using the model (Pi) minus 
observed data (Oi) 

(
ei = Pi − Oi

)
 . Moreover, e =

∑n

i=1
ei 

represents the average of the forecasted error. Besides, 
Se =

�∑n

i=1

�
ei − e

�2
∕n − 1 yields the standard deviation 

of predicted errors. It is worth mentioning that the negative 
sign of e demonstrates the underestimated efficiency of the 
model has, while the positive sign proves the overestimated 
efficiency. Moreover, the utilization of the parameters e 
and Se forms a confidence bound around errors forecasted 
through the Wilson score approach without the continuity 
correction. Thus, the use of ± 1.64Se, prompts a 95% confi-
dence bound. The UA variables of the best models are given 
in Table 2. In addition, the width of uncertainty bound and 
the 95% prediction error interval are denoted in this table 
by WUB and 95% PEI, separately. By considering the con-
ducted UA outcomes, ORELM 1, ORELM 2, ORELM 4 and 
ORELM 5 own an overestimated efficiency, while the effi-
ciency of the ORELM3 model is underestimated. Further-
more, for the GMDH and GSGMDH models, the WUB are, 
respectively, computed to be ± 0.002 and ± 0.007. Further-
more, for the GMDH, 95% PEI is acquired between − 0.002 
and 0.002, while for the GSGMDH, this value is acquired to 

be between − 0.007 and 0.007. It is worth mentioning that 
the standard deviation belonging to the predicted error val-
ues for the ORELM2, ORELM4 and ORELM% models are 
equal to 0.0310, 0.033 and 0.031, respectively. Moreover, the 
WUB for the ORELM1, ORELM2 and ORELM3 models are 
estimated to be ± 0.004, ± 0.004 and ± 0.003, independently. 
Moreover, the 95%PEI for ORELM3 is between -0.003 to 
0.003.

Partial derivative sensitivity analysis (PDSA)

This step attempts to execute a partial derivative sensitivity 
analysis (PDSA) for the most powerful ORELM model (i.e., 
ORELM 3). Basically, the PSDA is done for the identifica-
tion of the impact of input variables on the target parameter. 
However, the PSDA is defined as an approach introducing 
the changing pattern of the goal variable based on the input 
variables. In the case where the PSDA is in the positive state, 
it is concluded that implies that the target function (i.e., the 
DC) is expanding, while its negative state reveals that the 
target function is diminishing. Moreover, the relative deriva-
tive of each input variable in this technique is computed 
based on the target function (Azimi et al. 2017c). According 
to the PDSA outcomes, when the parameter B/L is increas-
ing, the PSDA also increases and part of the PDSA outcomes 
have a positive sign and the other part have a negative sign. 
Furthermore, the increased parameter W/L, the decreased 
PSDA and almost all the PSDA outcomes are computed 
positive for this parameter, while the increased the Froude 
number, the increased the PSDA (Fig. 13).

Superior ORELM model

According to the outcomes obtained from reproducing the 
DC of side slots through the ORELM technique, ORELM 
3 is introduced as the most powerful model. This model 
reproduces DC values in terms of B/L, W/L and Fr with 

Fig. 12  Scatter plots of 
ORELM and ELM models in 
both modes

Table 2  UA results for ORELM models

Model # samples e Se WUB 95% PEI

ORELM 1 281 4.462E−08 0.030 ± 0.004 − 0.004 to 
0.004

ORELM 2 281 7.971E−08 0.031 ± 0.004 − 0.004 to 
0.004

ORELM 3 281 − 1.539E−06 0.029 ± 0.003 − 0.003 to 
0.003

ORELM 4 281 9.988E−09 0.033 ± 0.004 − 0.004 to 
0.004

ORELM 5 281 9.699E−07 0.031 ± 0.004 − 0.004 to 
0.004
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acceptable accuracy. A computer code shown in Box 1 is 
provided to compute the DC of side slots for this artificial 
intelligence model.

Conclusion

The coefficient of discharge is the most crucial parameter 
for the design of a side slot. As the main goal, this paper 
attempted to reproduce the discharge coefficient (DC) of side 
slots installed on rectangular channels for the first time via a 
new machine learning (ML) model named “Outlier Robust 
Extreme Learning Machine (ORELM).” To do this, the 
variables affecting the DC were initially specified and five 
distinctive models were developed by utilizing them. Two 
different datasets were employed for validating the artificial 
intelligence models. Moreover, 70% of the laboratory meas-
urements were implemented for training the ORELM model 
and the rest (i.e., 30%) for examining them. It merits refer-
encing that the most optimal number of hidden layer neurons 

for this ML model was selected to be 14. Besides, the acti-
vation function sigmoid was detected as the most efficient 
activation function of this study. Then, the best ORELM 
model was specified by performing a sensitivity analysis. 
This model estimated the DC in terms of Fr, B/L, and W/L. 
In both modes (i.e., training and testing), this model had 
acceptable exactness. For instance, the RMSE, VAF, and SI 
for the training mode were estimated to be 0.029, 86.778 
and 0.050, respectively. The outcomes of the sensitivity 
analysis exhibited that W/L and Fr were the most important 
input variables for recreating the DC of side slots using the 
ORELM model. Moreover, the ORELM model outcomes 
were contrasted with the ELM results and it was proved 
that the ORELM has a better performance in both modes. It 
should be noted that an uncertainty analysis was executed 
for the ML model to exhibit that the ORELM had an under-
estimated efficiency. Furthermore, as the result of executing 
a partial derivative sensitivity analysis, it was concluded that 
increased the parameter W/L, increased the target function 
value with the same discharge coefficient. Lastly, a computer 

Box 1  MATLAB code for Cd 
calculation

clear all
close all
clc

%% Load data
x= xlsread('book3',1);
x1=x(:,1);      % x1 = B/L
x2=x(:,2);      % x2 = W/L
x3=x(:,3);      % x3 = Fr

%% ORELM calculation
InV=[x1 x2 x3  ]'; 
InW= [-0.0221549824001595,-0.835311193144052,0.224919154189856;0.719287719812920,-
0.167366445901125,-0.599803622623568;-0.00650433526433725,0.257416249505225,-
0.159997458431713;0.213036289846856,0.932633713440473,-
0.730704556364919;0.000185903512993191,0.353150101048125,-
0.242160715960291;0.473330718176328,0.265877252791127,0.882059896059631;0.93855117
1068002,-
0.641625347178029,0.553366881671859;0.971818558107311,0.480516288217315,0.62149602
3269410;-
0.291361423170063,0.846601404770675,0.230714389143196;0.112995340500700,0.02728807
07286107,-0.176349500715972;0.706329614058805,0.767812892278449,-
0.271721256173557;-0.269172684027907,-0.204457350230317,-0.788534298304387;-
0.205161905455947,0.386311352601174,0.212166209789151;0.114710367491446,-
0.166424356566838,-0.450709244307044];
BHI= [-0.378686203614173;0.964413664579395;-
0.111101320994282;0.665200010362408;0.0950159042215828;-
0.146177573807705;0.415389343641451;0.400886799611351;-
0.226618339415984;0.715035401020655;-
0.155825721424670;0.491850943674092;0.576941376486565;0.162277458901786];
OutW = [2.33322246734895;-9.34253457719491;-20.8459208957978;-
1.19389532669164;16.4814060279609;0.311530148165522;4.24882046495052;-
8.96309164289331;-
0.405585726621872;10.5277532689855;6.95666835319154;1.20653549649354;2.90630587751
609;-1.27697844276792];
Y1=(1 ./ (1 + exp(-((InW*InV)+BHI))))' * OutW;
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code was presented for engineers to estimate the coefficient 
of discharge of side slots using the ORELM model.
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