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Abstract

In this note, we prove that the boundary of a (WI*P, BV)-extension domain is of
volume zero under the assumption that the domain €2 is 1-fat at almost every x € 9S2.
Especially, the boundary of any planar (W!-?, BV )-extension domain is of volume
Zero.
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1 Introduction

To simplify the definition of extension domains, we always assume Q2 C R” is a
bounded domain. Given 1 < ¢ < p < o0, adomain 2 C R", n > 2, is said to be a
(WhP Wla)-extension domain if there exists a bounded extension operator

E: WhP(Q) > WH®RY),

and is said to be a (W!-?, BV)-extension domain if there exists a bounded extension
operator
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E: W'P(Q) — BV(RY).

The theory of Sobolev extensions is of interest in several fields in analysis. Partial
motivations for the study of Sobolev extensions comes from the theory of PDE:s, for
example, see [18]. It was proved in [2, 22] that for every Lipschitz domain in R", there
exists a bounded linear extension operator E : wWkP(Q) > WKP(R") foreachk € N
and 1 < p < oo. Here WXP(Q) is the Banach space of all LP-integrable functions
whose distributional derivatives up to order k are L”-integrable. Later, the notion of
(e, 6)-domains was introduced by Jones in [9], and it was proved that for every (¢, 6)-
domain, there exists a bounded linear extension operator E : WkP(Q) > WEP(RM)
forevery k e Nand 1 < p < oo.

In [26], a geometric characterization of planar (Ll’z, Ll*z)-extension domain was
given. Here L%? (2) denotes the homogeneous Sobolev space which contains locally
integrable functions whose k-th order distributional derivative is L”-integrable. By
later results in [11, 13, 14, 21], we now have geometric characterizations of planar
simply connected (Wl’p  wlp )-extension domains for all 1 < p < co. A geometric
characterization is also known for planar simply connected (L%7?, L% P)-extension
domains with2 < p < oo, see [23, 29, 30]. Beyond the planar simply connected case,
geometric characterizations of Sobolev extension domains are still missing. How-
ever, several necessary properties have been obtained for general Sobolev extension
domains.

For a measurable subset ' C R", we use | F| to denote its Lebesgue measure. In
[7, 8], Hajtasz, Koskela and Tuominen proved for 1 < p < oo thata (W7, Wl’p)—
extension domain  C R” must be Ahlfors regular which means that there exists a
positive constant C > 1 such that for every x € Q and 0 < r < min {1, ‘l‘ diam Q},
we have

|B(x,r)] < C|B(x,r)N . (1.1)

From the results in [4, 10], we know that also (BV, BV)-extension domains are
Ahlfors regular. For Ahlfors regular domains, the Lebesgue differentiation theorem
then easily implies [0€2| = 0.

In the case where 2 is a planar Jordan (W!-?, W!-P)-extension domain, Q has to
be a so-called John domain when 1 < p < 2 and the complementary domain has to be
John when 2 < p < o0. The John condition implies that the Hausdorff dimension of
9 Q2 must be strictly less than 2, see [12]. Recently, Lucié, Takanen and the first named
author gave a sharp estimate on the Hausdorff dimension of 92, see [17]. In general,
the Hausdorff dimension of a (W!-?, W1-P)-extension domain can well be n.

The outward cusp domain with a polynomial type singularity is a typical example
which is not a (W12, W1.P)-extension domain for 1 < p < oo. However, it is a
(Wl”’, Wl’q)—extension domain, for some 1 < g < p < oo, see the monograph
[19] and the references therein. Hence, for | < g < p < oo, it is not necessary for
a (WhP Wl4)-extension domain to be Ahlfors regular. In the absence of Ahlfors
regularity, one has to find alternative approaches for proving [0Q2] = 0. The first
approach in [24, 25] was to generalize the Ahlfors regularity (1.1) to a Ahlfors-type
estimate
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|B(x,r)|? < C®P79(B(x,r))|B(x,r) N QI (1.2)

for (W7, WlP)-extension domains with n < ¢ < p < 0o. Here ® is a bounded
and quasiadditive set function generated by the (W!:?, W!4)-extension property and
defined on open sets U C R”", see Sect.3. By differentiating ® with respect to the
Lebesgue measure, one concludes that [0Q2] = 0 if Qisa (wh-r wha) extension
domainforn < g < p < oo.Recently, Koskela, Ukhlov and the second named author
[15] generalized this result and proved that the boundary of a (W1 P owha )—extension
domain must be of volume zero forn —1 < g < p < oco(andforl <g < p <ooon
the plane). For1l <g <n—1land(n—1)q/(n—1—¢q) < p < oo, they constructed as
a counterexample a (WI’P, wla )-extension domain 2 C R” with [9€2] > 0. For the
remaining range of exponents where | < g <n—landg < p < (n—1)q/(n—1—gq),
itis still not clear whether the boundary of every (Wl’p, w! *q)—extension domain must
be of volume zero.

Asis well-known, for every domain 2 C R”, the space of functions of bounded vari-
ation BV () strictly contains every Sobolev space W4 () for 1 < g < oco. Hence,
the class of (WI’P, BV)-extension domains contains the class of (Wl’p, Wl"f)-
extension domains for every 1 < g < p < oo. As a basic example to indicate
that the containment is strict when n > 2, we can take the slit disk (the unit disk
minus a radial segment) in the plane. The slit disk is a (Wl”’, B V)—extension domain
for every 1 < p < oo, and even a (BV, BV)-extension domain; however it is not
a (WI’P S wlha )-extension domain for any 1 < ¢ < p < oo. This basic example
also shows that it is natural to consider the geometric properties of (Wl’p , BV)—
extension domains. In this paper, we focus on the question whether the boundary of
a (WP, BV)-extension domain is of volume zero. Our first theorem tells us that the
(BV, BV)-extension property is equivalent to the (Wl’l, BV)—extension property.
Hence, a (W!!, BV)-extension domain is Ahlfors regular and so its boundary is of
volume zero.

Theorem 1.1 A domain Q C R" is a (BV, BV)-extension domain if and only if it is
a (Wl’l, B V)-extension domain.

Since, Wh1(Q)isa proper subspace of BV (2) with [lu|ly1.1(q) = llullsv (@) forevery
u € WH(Q), (BV, BV)-extension property implies (W1, BV)-extension property
immediately. The other direction from (WL BV)-extension property to (BV, BV)-
extension property is not as straightforward, as W' 1(Q) is only a proper subspace
of BV (2). The essential tool here is the Whitney smoothing operator constructed
by Garcia-Bravo and the first named author in [4]. This Whitney smoothing operator
maps every function in BV (£2) to a function in w1(Q) with the same trace on 9€2,
so that the norm of the image in W'!() is uniformly controlled from above by the
norm of the corresponding preimage in BV (£2).

With an extra assumption that 2 is g-fat at almost every point on the boundary
0%2, in [15] it was shown that the boundary of a (Wl’p , Wl’q)-extension domain is of
volume zero when 1 < g < p < oo. The essential point there was that the g-fatness
of the domain on the boundary guarantees the continuity of a W' 4-function on the
boundary. Maybe a bit surprisingly, the assumption that the domain is 1-fat at almost
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every point on the boundary also guarantees that the boundary of a (W7, BV)-
extension domain is of volume zero. In particular, every planar domain is 1-fat at
every point of the boundary. Hence, we have the following theorem.

Theorem 1.2 Let Q@ C R" be a (WP BV)-extension domain for 1 < p < 0o, which
is 1-fat at Lebesgue almost every x € 0X2. Then 02| = 0. In particular, for every
planar (WL-P | BV)-extension domain Q with 1 < p < 0o, we have |0Q2] = 0.

In light of the results and example given in [15], the most interesting open question
is what happens in the range 1 < p < (n — 1)/(n — 2) of exponents, without the
assumption of 1-fatness. For this range, we do not know whether the boundary of a
(WLP_ BV)-extension domain must be of volume zero. If a counterexample exists in
this range, it might be easier to construct it in the (W!?, BV)-case rather than the
(WP wl1)_case. Hence we leave it as a question here.

Question 1.3 Forl < p < (n—1)/(n—2), is the boundary ofa (WP, BV )-extension
domain of volume zero?

2 Preliminaries

1

loc

For a locally integrable function u € L, .(€2) and a measurable subset A C €2 with

0 < |A| < 00, we define

1
wy = ]fAu@) dy = WfA“(” dy.

Definition 2.1 Let 2 C R” be adomain. Forevery 1 < p < oo, we define the Sobolev
space WLP(Q) to be

WhP(Q) :={u € LP(Q) : Vu € LP(Q; RM)},

where Vu denotes the distributional gradient of u. It is equipped with the nonhomo-
geneous norm

lullwir@) = lullLr@) + IVullr(@)-

Now, let us give the definition of functions of bounded variation.

Definition 2.2 Let 2 C R”" be adomain. A functionu € L'(£) is said to have bounded
variation and denoted u € BV () if

| Du||(2) := sup {/ fdiv(¢)dx : ¢ € C;(Q; R™), |¢| < 1} < 00.
Q
The space BV (£2) is equipped with the norm

lullgv () == lull g + Dull(£2).
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Note that || Du|| is a Radon measure defined on €2 that is defined for every set F' C Q2
as

|Dul|(F) :=inf {||Du||(U) : F C U C 2, U open}.
Definition 2.3 We say that a domain 2 C R" is a (Wl’P, BV)—extension domain for

1 < p < oo, if there exists a bounded extension operator E: W7 (Q) — BV (R")
i.e. for every u € WHP(Q), we have E(u) € BV (R") with E(u)|Q = u and

IE@)pv@ny < Cllullwrrg
for a constant C > 1 independent of u.

Let U C R" be an open setand K C U be a compact subset. The p-admissible set
W, (K; U) is defined by setting

Wy(K; U) = {u € Wol’p(U) NCW):ul, = 1}.

Definition 2.4 Let U C R” be an open set and K C U be compact. The relative
p-capacity Cap,(K; U) is defined by setting

Capp(K’ U) = inf / |Vu(x)|pdx
ueW,(K:U) Juy

For an open subset A C U, we define the relative p-capacity Cap,(K; U) by setting
Capp(A; U) :=sup{Cap,(K;U) : K C A C U, K compact} .

For arbitrary Borel measurable subset £ C U, we define the relative p-capacity
Cap,(E; U) by setting

Capp(E; U) :=inf {Cap,(A; U) : EC AC U, Aopen}.

Following Lahti [16], we define 1-fatness below.

Definition 2.5 Let A C R” be a measurable subset. We say that A is 1-thin at the point
x € R if

. Capi (AN B(x,r); B(x,2r))
lim r =

0.
r—0t |B(x,r)|

If A is not 1-thin at x, we say that A is 1-fat at x. Furthermore, we say that a set U is
1-finely open, if R” \ U is 1-thin at every x € U.
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By [16, Lemma 4.2], the collection of 1-finely open sets is a topology on R". For a
function u € BV (R"), we define the lower approximate limit u, by setting

Uy (x) 1= sup {t eR: lim B Niu <1l _ O}
r—0t |B(x,r)|

and the upper approximate limit u* by setting

u*(x) :=inf {t eR: lim [Blx.r) N {u > 1} = 0} )
r—0+ |B(x,r)|

The set
Sy = {x eR" 1u,(x) < u*(x)}

is called the jump set of u. By the Lebesgue differentiation theorem, |S,| = 0. Using
the lower and upper approximate limits, we define the precise representative o :=
(u* + u,)/2. The following lemma was proved in [16, Corollary 5.1].

Lemma2.6 Let u € BV (R"). Then ii is 1-finely continuous at H"~'-almost every
x e R"\ §,.

The following lemma foru € W 11 (R™) was proved in [15, Lemma 2.6], which is also
a corollary of a result in [6]. We generalize it to BV (R") here.

Lemma 2.7 Let Q C R” be a domain which is 1-fat at almost every point x € 9S2.
Ifu € BV(R") with M|B(x e = c for some x € 02,0 <r < 1 andc € R. Then
u(y) = c for almost everyy € B(x,r) N 9S2.

Proof Let u € BV (R") satisfy the assumptions. Then the precise representative
ﬁ|B(X’er = c. Since |S,| = 0, by Lemma 2.6, there exists a subset Ny C R”
with |[N{| = 0 such that & is 1-finely continuous on R" \ N;. By the assumption,
there exists a measure zero set N> C €2 such that 2 is 1-fat on 92 \ N>. By Defini-
tion 2.5, one can see that B(x, r) N R is also 1-fat on (B(x, r) N d€2)\ N>. For every
y € (B(x,r)NaR)\(N; U Ny), since u is 1-finely continuous on it and any 1-fine
neighborhood of y must intersect B(x, r) N 2, we have u(y) = c¢. Hence u(y) = ¢
for almost every y € B(x,r) N 02. O

We say aset E C 2 has finite perimeter in €2, if xg € BV (2), where x g means the
characteristic function of E. We set P(E, 2) := || D xg||(£2) and call it the perimeter
of E in Q. To simplify the notation, P(E) is set to be P(E,R"). For every Borel
subset F' C €2, define

P(E,F):=inf{P(E,U): F CU C Q,U open}.

The following coarea formula for BV functions can be found in [3, Section 5.5]. See
also [4, Theorem 2.2].
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Proposition 2.8 Given a function u € BV (S2), the superlevel sets u; = {x € Q :
u(x) > t} have finite perimeter in Q2 for almost every t € R and

| Dull(F) =/ Pluy. F)dr

—00

for every Borel set F C Q. Conversely, ifu € L' () and

o
/ P(u;, Q)dt < o0
—00
then u € BV ().

See [1, Theorem 3.44] for the proof of the following (1, 1)-Poincaré inequality for
BV functions. For a cube O C R", we denote by [(Q) its side-length.

Proposition 2.9 Let 2 C R" be a bounded Lipschitz domain. Then there exists a
constant C > 0 depending on n and 2 such that for every u € BV (R2), we have

/Q lu(y) —ugldy < C||Du|(£2).

In particular, there exists a constant C > 0 only depending on n so that if Q, Q' C R”
are two closed dyadic cubes with %I(Q’) <1(Q) <41(Q) and Q = int(Q U Q")
connected, then for every u € BV (Q2),

/Qlu(y) —ug|dy < CI(Q)|| Du|(£2). 2.1

3 A set function arising from the extension

In this subsection, we introduce a set function defined on the class of open sets in
R" and taking nonnegative values. Our set function here is a modification of the one
originally introduced by Ukhlov [24, 25]. See also [27, 28] for related set functions.
The modified version of the set function we use is from [15], where it was used by
Koskela, Ukhlov and the second named author to study the size of the boundary of
a (WhP, wla)-extension domains. Let us recall that a set function ® defined on the
class of open subsets of R” and taking nonnegative values is called quasiadditive (see
for example [27]), if for all open sets U; C U, C R", we have

@ (Uy) < @(U2),

and there exists a positive constant C such that for arbitrary pairwise disjoint open
sets {U;}7° |, we have

Y P =CP <U U,-). 3.1
i=1 i=1
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Let @ C R" be a (W!P, BV)-extension domain for some 1 < p < oo. For every
open set U C R" with U N Q # @, we define

W W, = [uewr@nc@: u=0ma\ul.

For every u € W(f(U, ), we define
[(u) == inf {|Dv[[(U) : v € BV([R"), v|, = u}.

Then we define the set function ® by setting

k
Crw ) wimlogo 1
q)(U) — SllpueW(f(U,Q) (Ilu”lel’(UmQ)> s with = 1 L ifUNQ 75 @,

0, otherwise.
(3.2)

In [7], Hajtasz, Koskela and Tuominen proved that for an arbitrary (W7, Wl.P)-
extension domain with 1 < p < oo, there always exists a bounded linear extension
operator. For ¢ < p, the existence of a bounded linear (Wl'l’, Wl’q)-extension
operator is still open. However, in [15, Lemma 2.1], the authors proved that for
(WhP Wlh4)-extension domains there always exists a bounded, positively homo-
geneous (W17, W149)-extension operator. The next lemma is a version of this result
in our setting of (W!?, BV)-extensions that follows similarly to the proof of [15,
Lemma 2.1].

Lemma3.1 Let @ C R” be a (WP, BV)-extension domain. Then every bounded
extension operator E : WP (Q) — BV (R") promotes to a bounded, positively
homogeneous extension operator Ej, : WP(Q) — BV (R") with the operator norm
inequality || Ep|l < || E||.

The proof of the following lemma is almost the same as the proof of [15, Theorem
3.1]. One needs to simply replace || Dv|| La () by | Dv||(U) in the proof of [15, Theorem
3.1] and repeat the argument.

Lemma3.2 Let 1 < p < oo and let @ C R" be a bounded (WP, BV )-extension
domain. Then the set function defined in (3.2) for all open subsets of R" is bounded
and quasiadditive.

The upper and lower derivatives of a quasiadditive set function @ are defined by setting

D®(x) := limsup 2Bx.r) and D®(x) = liminf SB, r)).
r—0t |B('x’r)| r—0t |B(_x7r)|

By [20, 27], we have the following lemma. See also [15, Lemma 3.1].

Lemma 3.3 Let @ be a bounded and quasiadditive set function defined on open sets
U C R". Then D®(x) < oo for almost every x € R".
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The following lemma immediately comes from the definition (3.2) for the set func-
tion ®.

Lemma3.4 Let 1 < p < oo and let @ C R" be a bounded (W7, BV )-extension
domain. Then, for a ball B(x, r) withx € 02 and every functionu € W(f(B(x, r), Q),
there exists a function v € BV (B(x, r)) with v‘B(X one = U and

1 1 1
| DUI[(B(x,r)) <2®%(B(x, r)ullwirp,rng), Where e 1 - ;. (3.3)

4 Proofs of the results

cl.land 1.2.

Proof of Theorem 1.1 Let us first assume that Q C R” is a (BV, BV)-extension
domain with the extension operator E. Since W-1(Q) ¢ BV () with |ju|| BV(Q) =
llullwii (g forevery u € wb1(Q), we have

IE@Bv) < Clullpve < Cllullyiig)-

This implies that €2 is a (Wl’l, BV)-extension domain with the same operator E
restricted to W11().

Let us then prove the converse and assume that @ € R” isa (W!!, BV)-extension
domain with an extension operator E. Let Sq o be the Whitney smoothing operator
defined in [4]. Then by [4, Theorem 3.1], for every u € BV (£2), we have Sq q(u) €
whl(Q) with

Se.e@)llwiiq) < Cllullzv @)
for a positive constant C independent of u, and
[D(u — Sq,))[[(3€2) = 0, 4.1

where u — Sq () is understood to be defined on the whole space R" via a zero-
extension. Then E(Sq (1)) € BV (R") with

IE(Sq.e)llpy@y < CllSe.e@llwiig < Clullpv -

Now, define 7: BV (2) — BV (R") by setting for every u € BV (2)

ulx), if x e Q
T(u)(x) = . "
E(Sq o) (x), if x e R"\ Q.
By (4.1), we have T (1) € BV (R") with
1T lpv®ny < IESe,.e@)pv®n + lullpve) < Clullpv -
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Hence, 2 is a BV -extension domain. O

Proof of Theorem 1.2 Assume towards a contradiction that [02| > 0. By the Lebesgue
density point theorem and Lemma 3.3, there exists a measurable subset U of 92 with
|U| = |dK2| such that every x € U is a Lebesgue point of dQ and D®(x) < oo. Fix
x € U. Since x is a Lebesgue point, there exists a sufficiently small r, > 0, such that
for every 0 < r < r,, we have

— 1
|B(x,r)NQ| > 77 1BG DI

Letr € (0, ry) be fixed. Since |0 B(x, s)| = 0 for every s € (0, r), we have

[8(x.2) 0] 2 5 B (v, 5)] 2 55 1@ (42)

and

‘(B(x,r) \ B (x, g)) mﬁ‘ > [B(x.r) NG — ’B (x, %)‘ > gl

= o
(4.3)
Define a test function u € W7 () N C(R) by setting
1, ifyeB(x,f—l)ﬂQ,
u(y) = Fly—xl+2, ifye(B(x5)\B(x5)Nne, 4.4
0, ifye Q\B(x,%).
We have
1
r C 1
</ lu(I” + IVM(Y)IPdX) < —I|B(x,r)NQ|r. (4.5)
B(x,r)NQ2 r

Since u = 0 on Q\B(x,r/2), we have u € Wé’(B(x, r), 2). Then, by the def-
inition (3.2) of the set function ® and by Corollary 3.4, there exists a function
v € BV(B(x,r) withv|p o =uand

1
[Dv][(B(x,r)) < 205 (B(x, r)llullwirpu.nne)- (4.6)
By the Poincaré inequality of BV functions stated in Proposition 2.9, we have

/ [v(y) —vB@.nldy < CrDv||(B(x,r)). 4.7)
B(x,r)

Since 2 is 1-fat on almost every z € 9€2, by Lemma 2.7, v(z) = 1 for almost every
z € B(x,%) N3 and v(z) = 0 for almost every z € (B(x,r)\B (x, %)) N 9.
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Hence, on one hand, if vg(x ) < %, we have
1 r _
O = vaenldy = 5 |B (. 5) N Q| 2 clBex .
B(x.r) 2 4

On the other hand, if vg(y ) > %, we have

/B(N) [v(y) = VB, dy = % ‘(B(x, r)\ B (x, %)) 05‘ > ¢|B(x, r)|.

All in all, we always have
/ [v(y) — vB.»ldy = c|B(x, r)| (4.8)
B(x,r)

for a sufficiently small constant ¢ > 0. Thus, by combining inequalities (4.5)—(4.8),
we obtain

O (B(x, )’ N B(x,r)NQ| > c|B(x,r)|?

for a sufficiently small constant ¢ > 0. This gives

|B(x, r)|?

|[B(x,r)No| < |B(x,r)|—|Bx,r)NQ| <|Bx,r)| — CW.

Since D®(x) < oo, we have

, B(x,r)NaQ| . IB(x,r) N Q|
limsup —————— < limsup |1 — —————
r—0t |B(xar)| r—0t |B(x,r)|
B(x, r)|P1 -
< lim sup (1 - L)'l) <1—cDdx)P < 1.
Ot O(B(x,r))P~

This contradicts the assumption that x is a Lebesgue point of d€2. Hence, we conclude
that |02| = 0.

Let us then consider the case Q2 C RZ. By [5, Theorem A.29], for every x € 9L2
and every 0 < r < min {1, L diam (Q)}, we have

Cap1(QN B(x,r); B(x,2r)) > cr

for a constant 0 < ¢ < 1. This implies that 2 is 1-fat at every x € 9€2. Hence, by
combining this with the first part of the theorem, we have that the boundary of any
planar (Wh-P | BV)-extension domain is of volume zero. O
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