Revista Matematica Complutense
https://doi.org/10.1007/s13163-023-00483-0

n

Check for
updates

Linear representations of fundamental groups of Klein
surfaces derived from spinor representations of Clifford
algebras

Ewa Tyszkowska'

Received: 22 May 2023 / Accepted: 29 November 2023
© The Author(s) 2023

Abstract

We study actions of multiplicative subgroups of Clifford algebras on Riemann surfaces.
We show that every Klein surface of algebraic genus greater than 1 is isomorphic to the
orbit space of such an action. We obtain linear representations of fundamental groups
of Klein surfaces by using the spinor representations of Clifford algebras.

Keywords Riemann and Klein surfaces - NEC groups - Clifford algebras - Spin
representations

Mathematics Subject Classification Primary 30F99; Secondary 14H37 - 20F

1 Introduction

Let Cl,,—; ; be a Clifford algebra associated with a vector space V = K" for K = R
or K = C and a quadratic form Q; defined by

01,y xn) = (f 4+ .o+ xD) — 2 + ..o+ x2) for (x1, ..., %) € V.

We will identify vectors of V with their images in Cl,,—; ;. A multiplicative subgroup
M, _;; of Cl,—;; generated by an ortogonal basis of V is called a base group. Let
M,T_,’ =Myt n) CI,J{_I’ , for the subalgebra Cl:{_,’, preserved by an automorphism
of Cl,,—; ; which maps vto —v forallv e V.

We prove that for any Klein surface Y of algebraic genus d > 2 there are actions
of base groups G; = My41—4, for ¢t = 0,1 on a Riemann surface X of genus
g = 14 29%1(d — 1) such that the orbit space X /G, is isomorphic to Y. The surface
Y has a double cover Y being a Riemann surface. We show that for a proper Klein
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surface Y an action of G, can be defined in such a way that Y is isomorphic to the
orbit space X/ G;r for G,Jr = M{Ll_m. Let wy and y+ be the fundamental groups of
Y and Y. Using the spinor representation of a complex Clifford algebra Cly, | for an
odd d and spinor representation of complex algebra Cl;l|r 41,0 for an even d we obtain
linear representations p : 7y — GI(2™, C) and p : my+ — GI(2™, C), respectively,

form = d+§(2) and d(y) € {0, 1} such that d() = d mod 2.

2 Preliminaries

This chapter contains elementary information needed to understand the paper. Sections
on tensor algebras, exterior algebras, Clifford algebras and their spinor representations
are based on books [6, 7]; sections on NEC groups and Klein surfaces are based on
the book [3].

2.1 Tensor algebras and external algebras

Let V and W be vector spaces over a field K. The tensor product of V and W is a
K -vector space V ® W with abilinearmap j : V x W — V ® W such that for every
K -vector space Z and every bilinear map f : V x W — Z there is a unique linear
map f : V® W — Z for which f = f o j.

Vectors v @ w = j(v, w) forv € V and w € W are called elementary tensors. If
V and W are finite dimensional and {v;}| and {w;}]" are their basis, respectively, then
the set

fv®@w;:1<i<nandl<j<m}

isabasisof V@ W.SodimV @ W = dimV - dimW.
The tensor product of a finite family of K-vector spaces {V;}] is defined as

R Vi=(..(VieV)eV3)®..)Q V.

In the case when V| = ... = V,, = V the tensor product ®/_, V; is denoted by yen
and V®0 = K.

A multiplication of tensors is a bilinear map V&" x V& — y®+m which to each
pairoftensors | = V1 ® ...Qv, € V® and ) = w| ® ... ® wy,, € VO™ assigns
tensor

H-Hh=08...U0, QW Q... w, € V"

The tensor algebra of a K -vector space V is a direct sum T(V) = @,>0V®" with the
multiplication defined by

(o) (2e)-x( x5
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for Zp b 2qta 2eT(V).
An endomorphlsm A € End(V®") defined by the formula

A 1
(v1®...®vn)—ﬁngnava(1)®...®vg(n)

‘oeS,

fort =11 ®...®v, € V®" is called antisymmetrization. The vector space NV =
A(V®") is called the n-th exterior power of V and /\0 V denotes the field K.

Vector t = A(v] ® ... ® vy) is denoted by v; A ... A v,. If v; = v; for some
i # j,thent = 0. Thus dim /\" V = 0forn > dimV. Moreover, for any permutation
Tes,,

Ve(1) N oo AVUg(n) = SENTUL A ... A Up.
Consequently, if dimV = k and {v,-}’l‘ is a basis of V, then the set

(BBU{vy AccoAY, t 1 <0 <0<y <k}

is a basis of /\" V and

dlm/\ V= n'(k — n)'

The exterior algebra of a vector space V of dimension k is the direct sum A V =
&k_y /\" V with the multiplication defined by

t/\t’:A(t@t’)fort,t’e/\V.

This algebra is the quotient of the tensor algebra T (V) modulo the ideal generated by
tensors v ® v for all v € V. Moreover, dim A V = Y*_, ( ) =2k,

2.2 Clifford algebras

Let V be a finite-dimensional vector space over a field K. A quadratic form is a
function Q : V — K such that

O(av) =a’Q) forallve Vanda € K

and the mapping B : V x V — K defined by the formula

1
B(vr, v2) = 5101 +v2) = Q1) — Q(v2)] ey

is a bilinear form. It is said that the quadratic form Q is nondegenerate, if for every
0 # v € V there exists w € V such that B(v, w) # 0.
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The Clifford algebra associated with V and Q is an associative algebra CI(V, Q)
over K together with a linear map j : V — CI(V, Q) such that

(j()?> = Q@) 1forallveV )
and for every algebra A over K and every linear map f : V — A with
(f()?=QW)-14forallveV, (3)

there is a unique algebra homomorphism f : CI(V, Q) — A for which f = f o j.
Linear maps f : V — A satisfying the condition (3) are called Clifford maps. 1t is
said that the Clifford algebra is universal for Clifford maps.

Any two Clifford algebras associated with V and Q are isomorphic. The Clifford
algebra CI(V, Q) can be seen as the quotient of the tensor algebra 7' (V) modulo the
ideal generated by elements of the formv @ v — Q(v) - 1 forall v € V.

To simplify the notation, from now on we will write v instead of j(v) forv € V.
By Egs. (1) and (2) we have

2B(v,w)=QWw+w) — Q) — Q(w) = (v+ w)2 — v —wr=vw+wv
what implies that
vw 4+ wv = 2B(v, w). 4)
Let {v;}] be an ortogonal basis of V with B(v;, v;) = 0 fori # j. Then the set
(YU {viviy - vyt 1 <y < ... <) <} )

is a basis of CI(V, Q), where 1 denotes the multiplicative unit of C1(V, Q) being the
image of 1 € K under the projection TV — CI(V, Q).

The subalgebra of CI(V, Q) generated by 1 and all elements v;, v;, - - - v;, of above
basis with even [ is denoted by CI(V, Q). This subalgebra is fixed by an automor-
phism of CI(V, Q) which maps v to —v for all v € V. We have dimCI(V, Q) = 2"
and dimCI(V, Q)F = 2"~1. If Q = 0, then CI(V, Q) is isomorphic to the exterior
algebra A\ V. Otherwise, CI(V, Q) and /\ V are isomorphic only as vector spaces.

2.3 Spinor representation of a Clifford algebra

Let V be a finite-dimensional vector space over a field K and let Q be a non-degenerate
quadratic form on V. A subspace W of V is called a totally isotropic subspace, if
O (w) = 0 for all vectors w € W. In the case when W does not contain any non-zero
vector w with Q(w) = 0, it is said that W is an anisotropic subspace. A subspace W’
of V is called ortogonal to W, if B(w, w') = 0 for all w € W and w’ € W/, where B
is a bilinear form associated with Q by the formula (1).

There exists a Witt decomposition of V into a direct sum of three subspaces V =
W @ U & T such that W and U are maximal totally isotropic subspaces of the same
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dimension m, while T is anisotropic and orthogonal to W @ U . Moreover, for any basis
{wi, ..., wy} of W, there exists a basis {u1, ..., u,} of U such that B(w;, u;) = §;j,
where §;; are the Kronecker symbols. If the field K is algebraically closed, then T has
dimension 1 or 0 according to whether n = dimV is odd or even, respectively.

First assume that n isevenand V = W @ U. The set

Cl(\V,O)f={af :ac ClI(V,Q)}for f =wi---wy
is a subalgebra of CI1(V, Q) generated by
I sy - wi f 1 <in << i <m).

Since Q|y = 0, it follows that the algebra C1(U, Q|y) is isomorphic to the external
algebra A\ U which is spanned by the set

B={1}U{Mn Ao A 1 <ip <. <ip <m}.
Letg: AU — CI(V, Q)f and ¥ : CI(V, Q) — End(CI(V, Q) f) be given by
i Ao Aug) =ugy - --ug f forug Ao Au, € B
and
Y(a)(bf) = abf, fora,b e CI(V, Q),
respectively. Then the assignments
a— @) =¢ 'oy(a)ogforaeCl(V, Q) (6)

define an isomorphism 7 : CI(V, Q) — End(/\ U) called the spinor representation
of the Clifford algebra CI(V, Q).

In the case when K is algebraically closed and n = dimV = 2m 4 1, the Witt
decomposition of V has the form V = W & U & Lin(vg) for a subspace Lin(vp)

spanned by a vector vy € V ortogonalto V' = W & U with Q(vg) # 0. The mapping
Q' : V' — K defined by the formula

0'(v) = =0 Q(v) for v e V'
is a nondegenerate quadratic form on a vector space V' of even dimension 2m. Thus by
the previus case there exists an isomorphism 7 : CI(V’, Q") — End(/\ U). A linear
map f : V' — CI(V, Q)" defined by

f@) =vvforveV

is a Clifford map because f(v)2 = —Q(vy)QW) - 1 = Q'(v) - 1. Since algebra
CI(V’, Q') is universal for Clifford maps, there exists a unique algebra homomorphism
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f:Clv’, Q) — CI(V, O)t suchthat f = fojforj:V — CI(V/, Q). The
homomorphism f is an isomorphism because it is injective and

dlmCl(V, Q)+ — 2dimV—1 — 2dim\/’ — dlmCl(V/, Q/)

An isomorphism & = no f~! : Cl(V, Q)" — End(/\ U) is called the spinor
representation of the algebra CI(V, Q)*.

2.4 Non-Euclidean-crystallographic groups (NEC groups)

An NEC group is a discrete in the topology of R* subgroup A of the group Aut()
of isometries of the hyperbolic plane H with compact orbit space H/A. If an NEC
group A is contained in the group Aut™ (H) of orientation preserving isometries, then
it is called a Fuchsian group. Otherwise, it is said that A is a proper NEC group and
AT = A N Aut™(H) is called the canonical Fuchsian subgroup of A.

The basics of NEC group theory were developed by Wilkie [15], Macbeath [8]
and Natanzon [10, 11]. The algebraic structure of an NEC group A is given by the
so-called signature which has the form

oN) = (g mi,....m i {(nia, o onns), oo (et - s ). (D)

The number g is called the orbit genus, the integers m; are said to be proper peri-
ods, the brackets (n; 1, ...,n; ) are called period cycles and the integers n; ; are
the link periods of A. The set of proper periods may be empty as well as the set of
period cycles. In addition, an individual period-cycle may be empty too. For exam-
ple, the signature (g; +; [—]; {—}) has no proper periods and no period cycle; the
signature (g; —; [m]; {(—), (—)}) has one proper period m and two empty period
cycles. A Fuchsian group can be regarded as an NEC group with the signature
(h; +; [m1, ..., m:]; {—}), usually shortened to (h; my, ..., m).

If there is a sign + in the signature o (A), then the presentation of A consists
of generators a;, b; (i = 1,...,8),x (i =1,...,r), ¢cj,e; (1 =1,...,k, j =
1, ..., s;) and the relations

X =1, i=1,...,r,
Cijfl = Cij = (Cij—lcij)"” = 1, i=1, ...,k,] = 1, ey Siy
eicioe; = Cig;, i=1,...,k

X1 xpey---eglay, bil - - - lag, bg]l = 1.

If there is a sign — in the signature o (A), then we just replace the generators a;, b;
byd; (i =1,...,g) and the last relation by

xl"'xrel"'ekdlz"'d;:l-

The last relation in the presentation of A will be called long relation.
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The generators a;, b; are hyperbolic, d; are glide reflections, x; are elliptic, e; are
hyperbolic or elliptic, and ¢;; are reflections.

Any generators of an NEC group satisfying the above relations are called canonical
gener ators.

In [8] Macbeath proved the following

Theorem 2.1 Let A and A’ be NEC groups with signatures (7) and
U(A/) = (g/; :l:; [m/15 R m:-/]; {(n,1y17 R n/l,S{)’ R (n;C/J? R n;C/,S;C/)})’

respectively. Let P; = (n; 1, ...,n; ) and Pl./ = (n; [roves n; Y,) be the period cycles
? i}

in o(A) and o (A"), respectively. Then A and A’ are isomorphic if and only if the
following conditions are satisfied:

(i) the sign in o (A) is the same as in o (A'),
(ii) g =g, r=r"andk =k,
(iii) (m',...,m.,) is a permutation of (my, ..., m;),
(iv) there is a permutation ¢ of {1, ..., k} such that s; = s;)(l.)fori =1,...,k
(v) if the sign is " + " then either for each i, P/ is a cyclic permutation of Py or for
each i, P} is a cyclic permutation of the inverse of Py; if the signis " — ", then
for each i either P/ is a cyclic permutation of Py or is a cyclic permutation of
the inverse of Py ;).

There is a closed subset E C H associated with an NEC group A, called a fundamental
region of A. It has the property that for every z € H there exists A € A such that
A(z) € E and this X is unique if A(z) € IntE. The hyperbolic area p(A) of E depends
only on the signature of A. If o (A) is given by (7), then

r ks
w(A) = 27 ag+k—2+z<1—mii>+%zz<l_L> - ®

PR
i=1 i=1 j=1 bJ

where @ = 1 or @ = 2 according to whether the sign in o (A) is — or +, respectively
(e.g. [5, 14]). An abstract group with an algebraic structure determined by a signature
(7) is an NEC group if and only if the right hand of (8) is positive.

If T is a finite index subgroup of an NEC group A, then it is an NEC group itself
and there is a Hurwitz-Riemann formula, which says that

[A:T]= % )
2.5 Klein surfaces
An NEC group with a signature
o= 5 [=1{(=), .5, D (10)
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is called a surface NEC group. The orbit space of the hyperbolic plane H under the
action of this group is a surface of topological genus y with k boundary components
which is orientable or non-orientable according to whether the sign + or — occurs in
the signature. The integer oy + k — 1 is called the algebraic genus of the surface,
where o = 2 in the orientable case and « = 1 in the non-orientable case.

A Klein surface is a compact topological surface equipped with a dianalitic struc-
ture. A Riemann surface can be seen as an orientable Klein surface without boundary.
Preston proved in [12] that any Klein surface Y of algebraic genus d > 2 is an orbit
space H/I" for some surface NEC group I' with the signature (10).

Alling and Greenleaf [1] constructed certain double cover Y T of Y being a Riemann
surface. If T is a proper NEC group, then Y+ ~ H/I'* for the canonical Fuchsian
subgroup 't < T with the signature (d; +; [—]; {—}) which consists of all preserving
automorphisms of A. If Y is an orientable surface without boundary, then Y consists
of two connected components Y; and Y, with different analytic structures each one
homeomorphic to ¥ and there is an anticonformal isomorphism from Y; to Y.

By Proposition 3 of May in [9], an automorphism group of Y = H/ I is isomorphic
to the quotient group A/ I" for some NEC group A containing I" as a normal subgroup.
Soan action of a finite group G on a Klein surface of algebraic genusd > 2 is associated
with a short exact sequence of homomorphisms

| >T > AS G-, (11)

in which A is an NEC group and I' is a surface NEC group isomorphic to the
fundamental group of the surface. This action is denoted by (A, 8, G).

If there does not exist another NEC group containing A properly, then A is called
a maximal NEC group and G = A/ T is the full automorphism group of the Klein
surface. The detailed exposition of maximality can be found in [4].

A signature o is called maximal, if for every NEC group A’ with a signature o’
containing an NEC group A with the signature o and having the same Teichmiiller
dimension, the equality A = A’ holds. For any maximal signature o, there exists a
maximal NEC group with the signature o. The lists of non-maximal signatures are
given in [2, 4].

3 Clifford actions on Riemann surfaces

3.1 The maximal base subgroups of Clifford algebras

We start this chapter by introducing a notation that will be valid throughout the entire
paper. Let ¢ and n be two integers such that 0 < ¢t < n. By Cl(n — ¢, t) we denote

the Clifford algebra C1(V, Q) associated with a vector space V = K" for K = R or
K = C and a quadratic form Q, defined by

0:(w)=(f+...x0) — (... +xDforv=(x,...,x) €V. (12)
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We use the same symbols for vectors of V and their images in the algebra Cl(n — 1, ).
There is an automorphism of Cl(n — ¢, t) which maps v to —v for all v € V. The
subalgebra of Cl(n — ¢, t) fixed by this automorphism will be denoted by Cl(n —¢, ) ™.

Let B ={vp}’1’ be the canonical basis of V' such that v, = (x1,...,x,), where
xp = land x; =0 fori # p. By the base group of the algebra Cl(n — t, t) we mean
its multiplicative subgroup M,_; ; generated by vy, ..., vp.

Lemma 3.1 Forn > 1, the base group M, _;; of the algebra Cl(n — t, t) has order
2n+1.

Proof InCl(n —1t, t) an element v, satisfies the relation vlzJ = Q;(vp) - 1 what implies

that vf, =1forp=1,...,tand v,% = —1 for p > t. Moreover, for p # r, we have
VpUr + VUV = 2B;(vp, v) = 0, where B, is the bilinear form associated with Q.
Thus v, v, v;l = —v,. The element —1 is central in the group M,,_; ; and the quotient
M, _;:/{—1) is an abelian group generated by n elements of order 2 what implies that
IMy—t¢| = 2l ]

By the proof of Lemma 3.1 we get the relations in the group M, _; ; which will be
used later in the paper.

Corollary 3.2 The generators vy, ..., v, of the group M,_;; fort = 0, 1 satisfy the
following relations:

t2= 1 :2v12 =1, v;‘, =1, v,,vw;l
vy = vyforl <p,g<n and qu,,vq_l = v;lforp #q,

t:O:vé: 1, v%:vﬁforl <p.q Snandqupvf =v;1f0rp75q.

=v1v12)f0rp > 1,

3.2 Clifford actions defining Klein surfaces

An action of the base group M,_;; on a Riemann surface X of genus g > 2 will
be called a (n-t,t,g)-Clifford action. This action is full if M,_;, is the group of all
automorphisms of X. We restrict our attention to Clifford actions for which the orbit
space X /M,,_;; is isomorphic to a Klein surface Y of algebraic genus d > 1. In this
case we will say that Y is definable by the (n — ¢, t, g)-Clifford action.

Let M, , = Cl(n —t, )" () My—y ;. The orbit space Y’ = X/M,!_, , is a double
cover of Y which will be called the Clifford double cover defined by the (n-t,t,g)-
Clifford action.

Theorem 3.3 Every Klein surface Y of algebraic genus d > 2 is definable by a (n —
t,t, 8)-Clifford action for g = 1 + 29t d — 1), n =d + landt = 0, 1. If Y is
a proper Klein surface except a sphere with three boundary components, then the
Clifford double cover defined by this Clifford action is isomorphic to the canonical
double cover of Y and in the exceptional case this is true only for t = 0. Moreover,
for any Klein surface of genus d > 3, there exists a full (n — t, t, g)-Clifford action
defining a Klein surface homeomorphic to Y.

Proof Assume that Y is a Klein surface of algebraic genus d > 2 with k boundary
components. Then Y is isomorphic to the orbit space of the hyperbolic plane H under
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the action of a surface NEC group A with a signature o given by (10) in which the
sign is 4+ or — according to whether Y is orientable or not, respectively. To simplify

the notation we will write "sign(o) = +" or "sign(c) = —". In the first case A
is generated by hyperbolic elements a1, by, ..., a,, b, and reflections c1 g, ..., ¢k
and connecting generators ey, ..., ¢ which satisfy the relations [e;, ¢; 0] = 1 for
i=1,...,kand

la1, b1]---lay,byler - - - ex = 1.

In the second case there are generating glide reflections di,...,d, instead of
hyperbolic generators and the long relation has the form

d%...d)%gl...ekzl.

Let M,,_; be the base group of the algebra Cl,_;; fort = 0,1 andn = d +
1 = ay + k, where « = 2 or « = 1 according to whether "sign(c) = +" or
"sign(oc) = —", respectively. In order to find an action of the group M,_;; on a
Riemann surface for which the orbit space is isomorphic to Y we need to find a smooth
epimorphism 8 : A — M,,_;; for which I" = kerf is a torsion free Fuchsian group.
Then M,,—;; >~ A/ T is an automorphism group of the Riemann surface X = H/T.
By the Hurwitz—Riemann formula, X has genus g = 1 + 29*1(d — 1) and

X/My_y;=~H/T)/(A/)T)>H/A =Y.

The preimage A’ = 0! (M,"_, ,) is a subgroup of A with index 2 and the orbit space
X/M,_, , ~H/A is adouble cover of Y.

Using the relations listed in Corollary 3.2, we will define an epimorphism 6 :
A — M, _;; for which the long relation is preserved and all generating reflections of
A are mapped to elements of order 2 and none product of generators of the group A
containing an odd number of anti-conformal elements is mapped to 1. These conditions
guarantee that kernel of 6 is a surface Fuchsian group.

We start with the case when Y is a Riemann surface uniformized by a surface
Fuchsian group A with a signature o (A) = (y; +; [—]; {—}) for some y > 2. For the
base group M;,—; ; withn =2y, let6 : A — M,_;; be induced by:

0(a;) = vav2i—1, Ob) =vyvpiforl <i <y —1 (13)

and 6(a,) = v,—1,0(by) = v, if yisevenorf(a,) = v,—2v,—1 and O(b,) = v, if y
is odd. Thanks the relations listed in Corollary 3.2 we have ]_[3/:1 [6(a;),0(b;)] = 1.
So I = kerf is a surface Fuchsian group and the Riemann surface X = H/ T has an
automorphism group A/I" = M,,_;; such that X/M,,_, ; ~ H/A =Y.

The pre-image A’ = G_I(M,'Ltm) is a surface Fuchsian group which by the
Hurwitz—Riemann formula has signature (2y — 1; +; [—]; {—}). We can choose ele-
ments Ay, By, ... A2, _1, By,—1 as the canonical generators of A’, where for even

y:
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A =a;, B; = b; forl <i<y-1
Ay_14i = A2y—lby—iA2_yl_1a B,_14i = A2y—lay—iA2_yl_1 forl<i<y-—1
Ay 1 =ayby, By, 1 =bya,.

and for odd y:

Ai =byaib,', By =b,bib," for 1 <i <y —1
Ay 1yi=a;, By,_14i=b forl<i<y-—1
Ay 1=ay, By 1= b)2,~

We leave to a reader checking that ]_[lzifl [A;, Bi] = 1 and that 0-images of
Ay, By, ... Az, _1, Byy_ generate the group M,j;t’,. The orbit space Y/ = X/M,flm
is isomorphic to Riemann surface 7/A’. The quotient group Z; ~ A/A’ acts in
natural way on Y’ and the orbit space is isomorphic to Y.

Next, we assume that A is a proper NEC group with a signature (10) and A™ is
its canonical Fuchsian subgroup consisting of all conformal elements in A. If there
exists a smooth epimorphism 6 : A — M,,_; ; which maps all conformal generators
of A to elements of the group Mn*_t’, and maps all anti-conformal generators to
elements outside M,;"_t’,, then 6(AT) C M,f_,’t because any element of A™ is a
product of the canonical generators of A containing an even number of anti-conformal
elements. If additionally, the generators vy, ..., v, of M,_;, are 6-images of anti-
conformal elements of the group A then they are themselves anti-conformal and since
any element of M,f_m is a product of even number of these generators, it follows
that M, , € Aut™(X) = 6(A™). Consequently, M, , = 6(A") >~ AT/T for
I' = ker6 which means that the group M;Z,,, acts on the Riemann space X >~ H/T’
and the orbit space is isomorphic to the canonical double cover YT = H/A™T of
Y = H/A. So in order to prove that Y is definable by a (n — ¢, ¢, g)-Clifford action
for which the Clifford cover is the canonical double cover of Y, we need to define a
smooth epimorphism 6 : A — M,_; ; such that the image 6 (1) of any generator A of
A belongs to M,;'Lm if and only if A is conformal, and all generators v, of M,,_; ; are
0-images of anti-conformal elements of A. Using the relations given in Corollary 3.2,
it is easy to check that 6 defined below is a smooth epimorphism which satisfies the
above conditions. The definition is divided into a few cases depending on parameters
y,k and ¢, where ¢ = 1 is y is odd and ¢ = 0 if y is even.

A smooth epimorphism 6 : A — M, o can be defined as follows:

(1) sign(c) = —,y =landk > 2
0(dy) = vi,60(e1) = 0(e2) = vivey1,0(ej) =1 for 3 < j < k and 9(c;p) =
Vg1 Vi) fori =1,...,k—1, 6(cko) = 0 (ck—10)-

2) sign(c)=—,y > 1, y+k>3

0(cjo) = vivavyyjforl < j <k,0(d;) =viforl <i <y —1and0(e;) =
Ifor2 <j<kIfk > 0,then0(d,) = v, and O(ey) = vf,g. If £k = 0, then
0(dy) = (Vv2)°vy.

3) sign(c) =+,y >0,k >0and2y +k >3
0(ai) = v2i—1V2p+k, 0(b;)) = vaiv2y4k, for 1 < i < y, 0(cjo) =
Vi, 4 for j=1,...,k, 8(e)) = vlzg and e; =1 for j > 1.
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(4) sign(c) =4,y =0and k > 3
O(e1) = viv,0(e2) = vovg,0(e3) = wvpv; and O(e;) = 1 for j > 3,
0(ck—10) = 0(cko) = vivavk, and O(cjo) = vivovjqp for j=1,...,k—2.

Next, we define a smooth epimorphism 6 : A — M,,_; ; as follows:

1) y>0,k>0anday +k >3
0(cip) =v; for 1 <i <k,
0(ei) = vir1vi1 for 1 <i <k, 0(er) = (M vegrvien) 07,
if sign = —, then0(d;) = vgyjfor1 < j <y,
if sign = +, then 6(a;) = vi42i—1v1, 0(b;) = vpgoivy for 1 <i <y,
2) y=0andk > 3:
if k = 3 then 0(c19) = vy, 0(c20) = viv2, O(c30) = viv3 and O(e1) = O(er) =
0(e3) = 1( the exceptional case in which Y is not double definable),
if Kk > 3 then O(c19) = vov3vg, O(cip) = vy for2 < i < k, O(e;) = v3vy,
O(ej) = vovip for2 <i <k —1,0(ex) = (B(er) - - - Oex—1)) .
(3) y =3,k =0andsign(o) = —
0(dj) =vjforj=1,...,y — land 6(dy) = (v2v3)!~*v,,

By browsing the lists of non-maximal NEC signatures we check that the signature
(10) is non-maximal only in few cases listed in Table below.

non-maximal surface signatures d
@+ -1 {=D 3
@+ =1 (=)D 2
©O; +; [ {(=), (=), 9D 2
@& = [=1{(=), (=D 2
@ = =L (D 2
G = [=1:{=D 2

For d > 3, the signature (10) is maximal. There exists a maximal NEC group with
any given maximal signature which is not contained properly in any other NEC group.
Let A’ be a maximal NEC group with a signature (10) for d > 3. By Theorem 2.1,
NEC groups with the same signatures are isomorphic. Thus there is an isomorphism
7 : A’ — A. Composing T with & we get an epimorphism 6’ : A" — M,_;,
with kernel I which defines a full action (A’,6’, M,_; ;) on the Riemann surface
X = 'H/T. It means that M, _; ; is the group of all automorphisms of X. Otherwise,
there would be an NEC group A” containing A’ as a proper subgroup, against the
assumption that A’ is maximal.

Corollary 3.4 Foragivenintegern > 3,letg = 142" (n—2) and letn(z) € {0, 1} such
that ny = n mod 2. Then for any t € {0, 1} there are at least n (n —t, t, g)-Clifford
actions defining non-homeomorphic non-orientable Klein surfaces of algebraic genus
n — 1 and there are at least 1 + % such actions defining non-homeomorphic
orientable Klein surfaces of algebraic genus n — 1.
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Proof Let (y, k, @) be atriple of nonnegative integers such thatn = ay +k,a € {1, 2},
and y # 0if o = 1. For « = 1, there are n such triples because y can be any integer
in the range | < y < n and k is uniquely determined for a fixed y. For ¢« = 2,
y can be any integer in the range 0 < y < w and we get 1 + # different
triples. Let o be a signature (10) corresponding to a given triple (y, k, o), where
sign(o0) = — for « = 1 and sign(o) = + for « = 2. There exists an NEC group
A with the signature o and the orbit space ¥ = H/A is a Klein surface of algebraic
genus d = n — 1 > 2 which is non-orientable or orientable according to whether
a = 1 or o = 2, respectively. According to Theorem 3.3, the surface Y is definable
by a (n —t, t, g)-Clifford action for g = 1+ 2"(n — 2) and ¢ € {1, 0}. O

4 Linear representations of surface NEC groups

In the previous chapter we proved that every Klein surface Y of algebraic genus d > 2
is the orbit space of a Riemann surface under the action of a base group of some Clifford
algebra. Using the spinor representation of this algebra, described in section 2.3, we
will get a linear representation of the fundamental group of Y or linear representation
of the fundamental group of the double Clifford cover of Y depending on whether d is
odd or even. For this purpose we need Clifford algebras under an algebraically closed
field. Therefore in this chapter we assume that Cl(n — ¢, r) for t = 1, 0 is the Clifford
algebra associated with a complex vector space V = C" and a quadratic form Q;
defined by (12) and M,,_; ; is the base group of Cl(n — ¢, t) generated by images of
vectors of the canonical basis {v;}_; of V. Vectors of this basis and their images in
Cl(n — t, t) will be denoted with the same symbols. By o1, 02 and 03 we denote the
following Pauli matrices:

0 1 0 —i 1 0
a=|; ol-2=|; o and 03 = o -1l
Theorem 4.1 Let n,, : Cl2m — 1,1) — End(Z) be the spinor representation of

the Clifford algebra C12m — 1, 1) for a vector space Z of dimension 2™. Then in
some basis of Z the endomorphism n,, (v),) is represented by a matrix A, p, where

Ay =01, A2 = —ioy and for m > 2 the matrix Ay, p is defined as follows:
_ | Am—1p 0 — —
App = |: 0 Amoip |’ p=1,....m—1, (14)
_ | Am-1.p-2 0 _
App = |: 0 Ametpe |’ p=m+2,...,2m, (15)
[0 -D, _ 0 Dy (—1)
Am,m = [Dm 0 i| and Am,m—H = I:Dm(_l) 0 ’ (16)
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with

Dy, 0

D2:o3andDm:[ 0 —D,_
o —

i| for m > 2.

Proof Let {vp}’;:1 be the canonical basis of a vector space V. = C" for n = 2m.
Then the maximal totally isotropic subspaces W and U of dimension m in Witt
decomposition V.= W @ U can be spanned by sets {w}]" and {u,}]’, respectively,
where

1 1
w) = §(v1 —Up), U= §(v1 + vy),

1 1
wy = E(z’vnﬂ,p —vp)and up = E(ivnﬂ,p +uvp)for2 < p <m.

The images of these vectors in Cl(n — 1, 1) satisfy the relations:

2:

Wp

O,Mizoandwpuj—i—ujw,,zép,jfor p,j=1,...,m. a7

For f = wy - - - wy,, the subalgebra Cl(n — 1, 1) f = {af : a € Cl(n — 1, 1)} of
Cl(n — 1, 1) is generated by

B={f1U{uj,---uj f:1<ji<...<jix<m}.
The external algebra Z = /\ U of dimension 2" with basis
(U{ujyAn...Auj 1< ji<...<jr<mj (18)

is isomorphic to the Clifford algebra associated with vector space U and the zero
quadratic form Q1|y.Letg : Z — Cl(n — 1, 1) f be given by

o) =f, oujy Aujp Ao AU ) =ujuj, - uj f.

The spinor representation 7, : Cl(n — 1, 1) — End(Z) of the algebra Cl(n — 1, 1) is
defined by

Nm(a)(u) = (p_l(a(p(u)) foraeCl(n—1,1)and u € Z.

For an ordered subset S = {z1,...,z2x} C Zand z € Z, let Z A z denote an ordered
set{z1 A z,..., 2k A z}. There is a sequence

BicBycC...C By,
of ordered subsets of /\ U such that By = {1, u1} and B = B; U (B; Aujt1) for
J=1,...,m—=1.808By = {1, ui,uz,uy Auz}, B3 = {1, ur, uz, uy Auz, uz, uy A

us, uy A us, uy A uy A uz}and so on. In particular, the set 3, is the basis of Z given
by (18). Let A, , € Mamyom(C) denote the matrix of 7, (v,) in this basis.
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For m = 1, the canonical basis of V consists of two vectors
vi =u; +wi and vy = u; — wi. (19)
Thus by the relations (17) we have
n D) =~ (1 +wpwi) = uy
and

Mm@ = ¢~ (wr +w)urwy) = ¢~ (winiwi) = ¢~ (1 — wyw)wy) = 1

what implies that A | = (1) (1) = o1. By similar calculation we get A| 2 = —io?.
Nowlet P ={l,....m—1}and R ={m +2,...n}form > 1. Vectors v; and v,

are given by (19) while for p = 2, ..., m we have
Up = (up - wp), Un+l—p = (up + wp)(_i)- (20)

Since for all p € P U R vector v), is a linear combination of vectors #; and w; with
1 <i < m — 1, it follows that 7,,(v,)(u) € Lin(B;,—1) and 1, (v,)(u A uy) €
Lin(B,,—1 A u,,) for any u € B,,_;. It means that there are zero square matrices of
dimension 2”~! in the right upper corner and in the left lower corner of the matrix
M, for all p € P U R. Moreover, if p € P, then 0,,(vp)(u) = nu—1(vp)(u) and
Nm (Up) (U A tty) = (Mm—1(0p)(U)) A u,, what implies that there is the matrix A, 1,
in the left upper corner and in the right lower corner of the matrix A, ,. Thus the

endomorphism 7, (v,) in basis B, = Bu—1 U (B—1 A uy) has the matrix
— Am_lvp
Am,p—l: 0 Am],pjl fOprP.
Since 0y, (Vng1- )W) = Nu—1(Wp—1—j)@) for j =1,...,m —land u € B,,_1, it
follows that 7,, (v,) has the matrix
_ Am—l,p—Z 0
Am,p = |: 0 Amfl,p72 for p € R.

It remains to determine the matrices M,y ,, and My, 1. Ifu = uj, AL .. Auik € By—1,
then by the relations (17), we have n,, (wy,,)(u) = 0 and 0, (uy,)(u A uy,) = 0. Thus

M (V) (@) = N (. — Wi) (1) = N () @) = (=10 Aty 21)
and
M (U)W A ) = 1 (—wy) (U A thyy) = (= 1D* (22)
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L -D . .
what implies that A, , = lg Om for some diagonal matrix D, €
m

Mom-1 . om—1(C). Similarly, for vy,4+1 = (um + wim)(—i) we have

M (Vm1) (@) = (= DX (=) (u A ) and (Ui 1) @ A ) = (= DF(=i)u

0 Dy, (=1)

what implies that A, 41 = |:D (=i 0
1 (—

] . By simple calculation form = 2

we get

0 -—o 0 o3(—i
Amm = A22 = |:o3 03] and A mi1 = Azz = |:03(—i) 3(O )]‘

For m = 3 we have

0 0 —o3 O 0 0 —o3i O

o 0o 0 o o 0 0 o
Anm=1o0 0 o o |¥™Awm=1_c0 o o 0
0 —o3 0 0 0 o3i 0 0

These two examples help us to notice that

_ Dy, 0
Dm - [ O _Dm—l}

for any m > 2. This is a consequence of relations (21) and (22) and the fact that

By = Bu-1U (Bm—l A Zm).

Theorem 4.2 Let p,, : Cl(n,0)™ — End(Z) be the spinor representation of the
Clifford algebra Cl(n,0)* for n = 2m + 1. Then the homomorphisms (i, (v, vp)
with 1 < p < 2m are represented in some basis of Z by A1 = (—i)o2, A1p =
(—i)oy for m = 1 and by matrices Ay, p given by (14), (15) and (16) for m > 1.

Proof Let {v;}}] be the canonical basis of a vector space V = C" forn = 2m + 1.
There exists Witt decomposition V. = W @ U @ Lin(v,) for W and U generated by

m m

1
and {u,,:z(ivn_p—}-vp)} ,
p=1

1
{w,, = E(ivn_,, — v,,)}

p=1

respectively. Here W and U are two maximal totally isotropic subspaces of V and v,
is a non-isotropic vector ortogonal to V' = W @ U with respect to the bilinear form
By associated with Qg. The subspace V' is spanned by the set {v,-}’f_1 and it has a
non-degenerate quadratic form Q’ defined by

Q'(v") = —Qo(vw) Q) for v" € V.

Let us notice that Q' = Qql|ys because Qo(v,) = —1. A linear map f : V' —
Cl(n, 0)* given by f(v') = v,v’ satisfies the condition f(v')?> = Q'(v')-1forallv’ €
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V'. Thus by universality of the Clifford algebra CI(V’, Q"), there is an isomorphism
f:Cl(V’', Q") — Cl(n,0)*" such that f o j = f for the canonical map j : V' —
CI(V’/, Q). It is induced by

f(vp)zvnvpforpz1,...,n—1.

Let n,, : CL(V', Q) — End(_ /A U) be the spinor representation of the algebra

CI(V', Q). Then i,y = nm o £~ : CI(V, Q)F — End(/\ U) is an isomorphism
such that

mm (Uavp) = nm(vp) for p=1,...,n - L.

In order to determine the matrices A,,, , of endomorphisms 1, (v,v}) in basis B, of
/\ U we can use formulas

vp=up—wpand v, p, = (—i)(up +wp)forp=1,...,m

and the relations (17) which are satisfied in the algebra CI(V’, Q) by vectors w),
and uj. By repeating the argumentation from the proof of Theorem 4.1 we get that
matrices Ay, , are defined for m > 1 by (14), (15) and (16); and for m = 1 we have
A1 = (=i)oz, and A3 = (—i)o7.

Theorem 4.3 Let wy be the fundamental group of a proper Klein surface Y of algebraic
genus d > 2, wy+-the fundamental group of the Riemann surface Y being a double
cover of Y and letm = (d +d2))/2 for dy € {0, 1} such that doy = d mod 2. If d is
odd, then there is a linear representation p : wy — Gl1(2", C) with image generated
by the matrices Ay, 1 ... Ap,2m defined in Theorem 4.1. If d is even, then there is a
linear representation p : wy+ — GL(2™, C) with image generated by the matrices
Am1 ... Amom defined in Theorem 4.2.

Proof According to Theorem 3.3, any proper Klein surface Y of algebraic genus
d > 2 is definable by a (n — t, t, g)-Clifford action (A, 0, M,_; ;) forn =d + 1,
g =1+ 2d+1(d — 1) and ¢ € {0, 1} and the Clifford cover defined by this action
is isomorphic to the canonical double cover YT of Y. Here A is a surface NEC
group isomorphic to the fundamental group of Y and 6 : A — M,_,; is a smooth
epimorphism. By composing 6 with the spinor representation of the algebra Cl(n —#, ¢)
for even n or with the spinor representation of the algebra Cl(n — ¢, )™ for odd n, we
get linear representations of the fundamental groups of ¥ or Y T, respectively.

Letm = ‘12& and let ¢ = d mod 2. For an odd d, the spinor representation
nm of the algebra Cly 1 associates with every generator v, of the group My 1 an
isomorphism of a vector space Z of dimension 2. By Theorem 4.1, there is a basis B
of Z in which endomorphisms 7, (v,) are represented by matrices A,, , € G12™, C),

where A1 =01 and A; = —iop form = 1 and A, ), are given by (14), (15) and
(16) for m > 1. Thus we get an epimorphism p =no6 : A — G C GI(2", C) onto
the group generated by matrices A, 1, ... Apy.2m-

If d is even, then there is a spinor representation n,, : Cl;:’0 — G1(2™, C) such that
the generators vivy, ..., vy,—1v, of the group M;“ o are represented by matrices given
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in Theorem 4.2. Thus composing 0|+ with 1, we get an epimorphism p : AT — G
onto the group generated by these matrices.

Corollary 4.4 Forany oddd > 3 and m = ‘%, there exist a Klein surface Y >~ H/A

of algebraic genus d and a linear representation p : A — GI(Q2™, C) which maps
bijectively canonical generators of a canonical presentation of A to matrices Ay 1, . - .,
A2 m defined in Theorem 4.1.

Proof Let A be an NEC group with the signature (y; —; [—]; {(—)}) fory =d > 3.
Then Y = H/A is a Klein surface of algebraic genus d. Let dq, ..., d, be generating
glide reflections of A and let cjo and e; be generators of A associated with the only
period cycle. Then e; = (d12 . d}%)’l, C%o =1 and elcloefl = cy9. There is a
homomorphism 6 : A — My,; induced by 6(d;) = vi4; fori =1,...,y,60(ci0) =
vy and O(e;) = vfl 1 The generator e; is redundant because it can be expressed
by di, ..., dy,. So generators of A correspond bijectively to generators vy, ..., Vg41
which according to Theorem 4.1 are represented by matrices My, 1, ..., Am.d+1 by
the spinor representation of Cly 1.

Corollary 4.5 For any even d > 2 and m = %, there exist a Klein surface ¥ =~
‘H/A of algebraic genus d and a linear representation p : A — G1(2™, C) which
maps bijectively canonical conformal generators of a canonical presentation of A to
matrices Am.1, - - .. Am.2m defined in Theorem 4.2.

Proof An NEC group A with the signature (y; +; [—]; {(—)}) fory = % is generated
by elements ay, by, ..., ay, b, and cjp such that C%o = 1 and elcloel_l = ¢y for
er = (la1, b1l --lay, by])’l.There is a smooth epimorphism 6 : A — M, o forn =
d 4+ 1 induced by 0(a;) = voi—1vn, 0(by) = vojv, fori =1,...,y,0(c1p) = viv2v,
and 6(e1) = v}, where ¢ = y mod (2). The generator e; is redundant and the other
conformal generators of A are mapped to generators vivy, ..., Up—1V, of the group
MI o Which according to Theorem 4.2 are represented by matrices Ay, 1, ..., Am2m+t1

form = ‘7’ by the spinor representation of the algebra Clj{)0
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