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Abstract

In the present paper, we consider the nonparametric regression model with random
design based on (X, Y)>0 a RY x RY-valued strictly stationary and ergodic contin-
uous time process, where the regression function is given by m(x, ) = E(¥(Y) |
X = x)), for a measurable function ¥ : R — R. We focus on the estimation of the
location ® (mode) of a unique maximum of m (-, ¥) by the location @T of a maxi-
mum of the Nadaraya-Watson kernel estimator it (-, ¥) for the curve m(-, ). Within
this context, we obtain the consistency with rate and the asymptotic normality results
for @t under mild local smoothness assumptions on m(-, ¥) and the design density
f () of X. Beyond ergodicity, any other assumption is imposed on the data. This paper
extends the scope of some previous results established under the mixing condition. The
usefulness of our results will be illustrated in the construction of confidence regions.
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1 Introduction

Nonparametric estimation has been the subject of intense investigation for many years
and this has led to the development of a large variety of methods. Because of numer-
ous applications and their important role in mathematical statistics, the problem of
estimating the density and regression function has been the subject of considerable
interest during the last decades. One of the most commonly used classes of estimators
is that formed by the so-called kernel-type estimators. For more theoretical aspects
along with statistical applications the interested reader is referred to Tapia and Thomp-
son [71], Wertz [74], Devroye and Gyorfi [23], Devroye [22], Nadaraya [57], Hérdle
[38], Wand and Jones [73], Eggermont and LaRiccia [30], Devroye and Lugosi [24]
and the references therein. Recently, a number of statistical problems has found an
unexpected solution being investigated by a “modal point of view”. This investiga-
tion includes classical processes such as clustering. This has led to a renewed interest
in the estimation and the inference for the mode. The estimation of the conditional
mode of an outcome variable given the regressors, is called modal regression. Modal
regression is an alternative approach to the usual regression methods for exploring
the relationship between a response variable Y and a predictor variable X. Unlike
conventional regression, which is based on the conditional mean of Y given X = x,
modal regression estimates conditional modes of Y given X = x. Modal regression
is a more reasonable modelling approach than the usual regression at least in two
scenarios. Firstly when the conditional density function is skewed or has a heavy tail.
When the conditional density function has skewness, the conditional mean may not
provide a good representation for summarising the relations between the response and
the covariate. The other scenario is when the conditional density function has multiple
local modes. This occurs when the relation of X and Y contains multiple patterns. The
conditional mean may not capture any of these patterns, so it can be a very bad sum-
mary; see Chen et al. [17] for an example. This situation has already been pointed out
in Tarter and Lock [72]. Modal regression has a wide variety of applications includ-
ing the analysis of traffic and forest fire data [31,75], econometrics [45,50,51], and
machine learning [33,68]. For example, Kemp and Santos Silva [45] argue that the
mode is the most intuitive measure of central tendency for positively skewed data
found in many econometric applications such as wages, prices, and expenditures [45,
p. 93]. For more recent reviews and further details on the subject the reader is referred
to Chen [16] and Chacén [14].

We will start by providing some notation and definitions that are needed for the forth-
coming sections. Let (X;, Y{)(>0 be a R? x R7-valued strictly stationary and ergodic'
continuous time process defined on a probability space (2, F, P). Let g(-, -) be the
density function of the random vector (X, Y¢), f(-) be the density of X; and p(-)
the density of Y. For a given measurable function v/ (-) and x € R¢ the regression
function, whenever it exists, is defined to be

m(x, ) =EW(Y) | X =Xx).

! The definition is provided in the “Appendix”.
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Some asymptotic properties of kernel regression estimators... 813

In this situation, we have the random design regression model and X is called
the design variable and Y the response variable. The random design model is very
important in clinical studies, where the design variable usually represents the age of
a particular individual receiving treatment, and Y is the quantity whose dependence
on the age of the patient is investigated. A typical example (from forensic medicine)
is given by Hérdle and Marron [39], where Y stands for the liver weight of female
persons (depending on their age). Inequalities x < y holds for all the components,
ie,x; <yjforall j =1,...,d. The introduction of the function v (-) allows us to
include some important special cases:

e ¥ (Y) = 1{Y <y} gives the conditional distribution of Y given X = x.

e ¥ (Y) = Y* gives the conditional moments of Y given X = x.
In the present paper, we focus on estimating the location ® and the size m(®, )
of a unique maximum (mode, peak) of the (unknown) function m (-, ). Our method
is indirect in the sense that the estimators of ® and m (@, 1) are based on a kernel
estimator 77 (X, ¥) of the regression curve m(x, ). We will use the Nadaraya—Watson
estimator which is defined by

! /Tw(Y)K x— X\
Th% 0 ! ht . 1 T X — X
if K dt #0
— 1 T x — X, U oThe Jo ht '
mr(x, ¥) == — | K ( )dt T
Tht Jo ht
]/Tllf(Y)dt T /TK(X_X‘>dt 0
— s 1 =Y,
T Jo t The Jo ht
where K (-) is a kernel, AT is a positive sequence of real numbers such that
hd
(i) lim hr =0, (ii) lim Th% = +o0, or (iii) lim —L = +4o0. (1.1)
T—00 T—00 T—-oolog T

The condition (i) is used to obtain the asymptotic unbiasedness of the kernel (density
or regression) type estimators. We need more restrictive assumption on a7 for the
consistency, this is given by the condition (ii), one can refer to Parzen [61]. In general,
the strong consistency fails to hold when either (i) or (iii) is not satisfied. Now the
chation © (mode) and the size m(®, ) are estigated by the respective functionals
Or and 7ii7(Or, Y) pertaining to m(-, ¥), i.e., Ot is chosen through the equation

(O, ¥) = sup (X, ¥), (1.2)

xel

where the maximum is running over some compact set ¢ C R?. Note that @T exists
if K (-) is continuous; however, it may not be unique. In fact, it is known that kernel
estimators tend to produce some additional and superfluous modality. In this context,
one can consider

Or = inf {t € € such that my(t, ) = supmr(x, w)} ,

xed
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814 S.Bouzebda, S. Didi

where the infimum is taken with respect to the lexicographic order on RY. However,
this has no bearing on asymptotic theory; our results are valid for any choice of @t
satisfying (1.2). To ensure both uniqueness and measurability of @, one could use
the so-called mode functional on C(C€) apparently introduced by Eddy [28] which
considers the infimum of the maximised locations and whose measurability is also
proved in a paper of Eddy [28]. Alternatively, Grund and Hall [35] have suggested to
break ties at random if necessary. Anyway, the validity of our proofs will not be affected
by potential non-measurability of @, since we can always replace probabilities by
outer probabilities when necessary with no further changes in the proofs, this issue
is discussed in Ziegler [79], and also Ziegler [77,78], Herrmann and Ziegler [41].
As it is mentioned in Ziegler [79], estimating the mode and size of a maximum of
a nonparametric curve by the corresponding functionals of a kernel estimator of the
curve is not new; it stems from the closely related problem of estimating the mode of
a density. In continuation of Parzen [61] pioneering work on density estimation and
estimation of the mode, Eddy [28,29] and Romano [66] tackled optimality questions
of the kernel density estimators of the mode. Romano [66] seems also to be the first
to consider data-dependent bandwidths in this framework. In another paper, Romano
[65] examined the limiting behaviour of bootstrap estimators of the location of the
mode, an idea used later by Grund and Hall [35] in the context of bandwidth selection
by minimising the bootstrapped L j,-error for the mode estimator. It is worth noticing
that the conditional mode function estimate of the predictor is used for the first time by
Collomb et al. [18]. The kernel type estimators were studied extensively in different
setting of dependencies, we cite among many others Samanta and Thavaneswaran
[67], Ould-Said [59], Quintela-Del-Rio and Vieu [64], Berlinet et al. [5], Ferraty
et al. [34], Ezzahrioui and Ould-Said [32], Benrabah et al. [3] and the references
therein. Quintela-Del-Rio and Vieu [64] motivated the use of the conditional mode by
pointing out that the prediction of Y-values given the X-values is achieved through
the regression function estimation. Finally, when the process is considered to be i.i.d.,
the almost sure convergence along with the mean convergence of the conditional
density were obtained by Youndjé [76]. Ota et al. [60] proposed a new estimator of
the conditional mode that is able to avoid the curse of dimensionality and at the same
time is computationally scalable, thereby complementing the above existing methods.
Within the framework described above, our aim is to establish consistency and asymp-
totic normality results (which in turn can be exploited for the construction of confidence
intervals) for the estimators @t and (@7, ¥) for the location and the size of the
peak under some mild local smoothness conditions on the regression function m (-, 1)
and the design density f(-) (mostly imposed locally in a neighbourhood of ®@). Those
results will be valid for a wide class of kernels not necessarily having compact sup-
port. This includes, in particular, the Gaussian kernel which is widely used in practice.
Mixing is some kind of asymptotic independence assumption which is commonly
used for seek of simplicity but which can be unrealistic in situations where there is
strong dependence between the data. Extending non-parametric functional ideas to
general dependence structure is a rather underdeveloped field. Note that the ergodic
framework avoids the widely used strong mixing condition and its variants to measure
the dependency and the involved probabilistic calculations that it implies (see, for
instance, Masry [55]). It is worth noticing that the ergodicity is implied by all mixing
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conditions, being weaker than all of them. Further motivations to consider ergodic
data are discussed in Laib and Louani [48,49], Didi and Louani [27], Bouzebda et
al. [12], Bouzebda et al. [8], Bouzebda and Didi [9-11] and Krebs [46], in some of
these references the definitions of the ergodic property of continuous time processes
are given. In the present work, we do not assume anything beyond ergodicity of the
underlying process. It is worth noticing that strong mixing implies ergodicity; see e.g.,
Remark 2.6 on page 50 in combination with Proposition 2.8 on page 51 in Bradley
[13]. Hence the present work extends the scope of applications compared to the exist-
ing works. On the other hand, we mention that there exist interesting processes which
are ergodic but not mixing according to Andrews [1] and Bradley [13]. An example
of an ergodic and non-mixing process was considered in Sect. 5.3 of Leucht and Neu-
mann [52]. Indeed, assume that the process {(7;, A;) : i € Z} is strictly stationary with
T; | T;—1 ~ Poisson(};), let 7; be the o-field generated by (7;, A;, Tij—1, Ai—1, .. .).
We assume that A; = k(A;—1, T;—1), where « : [0, 00) x N — (0, 00). However, this
process is not mixing in general; see Remark 3 of Neumann [58] for a counterexample.
We refer to Leucht and Neumann [52] for further details and motivations for the use
of the ergodicity assumption. One of their arguments, is that for certain classes of
processes, it can be much easier to prove ergodicity rather than mixing assumption. It
is known that any sequence {&; : t € Z} of i.i.d. random variables is ergodic. Hence,
it is immediately clear that {Y : t € Z} with

Y'[ = 19(( < Et—1, gt)v (8t+17 8[+23 .. ))

is also ergodic. Didi [25] has constructed an example of a non-mixing ergodic contin-
uous time process. It is well known that the fractional Brownian motion {WtH 1t >0}
with parameter H € (0, 1) has strictly stationary increments. Otherwise, the fractional
Gaussian noise, defined for every s > 0 by

(GH 1t >0y = (wH

Ao—w >0l

is a strictly stationary centered long memory process when H € (%, 1) (see for
instance, Beran [4, p.55] and Lu [53, p.17]), hence the condition of strong mixing

is not satisfied. Let {G{ : t > 0} be a strictly stationary centered Gaussian process
with correlation function

R() = E[GoG].

Relaying on the work of Maslowski and PospiSil [54], Lemma 4.2, it follows that the
process {G : t > 0} is ergodic whenever

lim R(t) =0,
t—00

which is the case for the process {G{? : t > 0}. The ergodicity hypothesis seems to be
the most naturally adapted and provides a better framework to study data series, for
example, generated by noisy chaos.
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816 S.Bouzebda, S. Didi

To the best of our knowledge, the results presented here, respond to a problem that
has not been studied systematically until recently, and it gives the main motivation
to this paper. Indeed, we establish the exact rate of strong uniform consistency of the
estimators @T and we characterise the limiting law. To prove our results, we base our
methodology upon the martingale approximation which allows to provide a unified
nonparametric time series analysis framework enabling one to study systematically
dependent data. This methodology is a quite different approach, in the i.i.d. context,
compared to the existing ones.

The layout of the article is as follows. The assumptions and asymptotic properties
of the estimators are given in Sect. 2, which includes the optimal convergence rates
and the asymptotic normality of the estimators Or. Some concluding remarks and
possible future developments are mentioned in Sect. 3. To avoid interrupting the flow
of the presentation, all mathematical proofs are presented in Sect. 4.

2 Main results

Let us introduce some notation and definitions. Let @ = («q, ..., ag) be a multi-index
of the nonnegative integers «;, set |o| = Z?:] o;, and let

B dl|
~ 0T  (0x)™

o

denote the partial differential operator of order «. For o = 0 set D* = id, for identity.
For continuous real-valued functions ¢;(-) and &,(-) that are s-times continuously
differentiable on RY,

|
P = > | w_“—m(é)wﬂ;z)(m%).
B:p=a

We will use the notation
Dity — (i) ¢
G1=¢ fori=1,...,s.

Let us define the partial derivatives of order one of the regression estimator by

R Mr(x, (1
) x, 9) = ( L. 1””)

fr(x)
MO x, ) frx) — FP 0 Mrx, )
fE® '

The derivatives of order « = 1, 2 of the estimators fr(x) and Mt (x, V) are defined

as follows ’
1 x—X
(@) (@) t
x) = / K <—> dt,
Jn Th%“‘ 0 ht
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and
(@) (@)
My (x,¢) = Thd+°‘/ v (YK ( = )dt

We denote by m(l)(~, ¥) the gradient of the function m(-, ¥) : RY — R, that is,
mW (., ¥) is the d x 1-vector of the partial derivatives of m (-, V)

" 9 9 T
mY () = PPN mG,¥), ..., —m(,¥) ) .
X1 0x4

Using the definition of the conditional mode function, i.e. the mode of m(-, ¥), we
have

.
mM (@, y) = <im(®, V), ..., im(@, w)) =0. 2.1
dx1 0xy

Similarly, it follows from the statement (2.1) that
T
(), (9 = 0 . = .
mp (O1,¢) = | —mr(Or, V), ..., —mr(O1,¥) ) =0.
0x1 0xy

We denote by m@ (-, ¥) the Hessian of the function m (-, ¥), that is, m® (-, ¥) is the
d x d-matrix of the second partial derivatives of m(-, ¥) . Furthermore, assumption
(A.7) implies that

m®@,¥) <0, and @ (Or,¥) < 0.

By the definition of @T, we have m(Tl)((-)T Y¥) = 0 so that

g (@r, y) — iy (©, ) = -y (©, ). (2.2)
For each i € {l,...,d}, Taylor’s expansion applied to the real-valued application
%nﬁg”(-, ) implies the existence of @%(i) = (% (1), ..., O% ,()T
9 9 4 2
— i (Or, ) — — i (®, ¥) = mr(O5(i), Or;,—0)),
o, MO, ¥) — ST (O, v) ; Tman, @O, V)@ = )
O% () — 0, <|Or,; — 0], je{l,....d}.
(2.3)
Define the d x d matrix Hy = (Hr; j)1 < i, j < d by setting
2
Hy; ;i = ——mr(O%3), ¥).
T,i,j axiaxi mT( T(l) W)
Equation (2.2) can then be rewritten as
Hr (@1 — ©) = —n{ (@, ). @2.4)
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818 S.Bouzebda, S. Didi

The last relation will play an important role in our proofs, in particular for the asymp-
totic normality. To formulate our assumptions, some additional notation is required,
for some constant § > 0 small enough, let n € N be such that T = én, and T} = j4,
for j =1, ..., n. Let F; be the o —field defined by

Fi=0{X;,Yy) : 0<s <t}
Set F; to be the o-field defined by
Fi=0{X;,Ys):0<s5 <Tj}.
Let S; 5 be the o-field defined by
Sts i =0o{Xs, Ys), Xp):0<s <51 <r <t+6}

Let G, := o{(X;,Ys) : 0 <s <t}, and for § > 0 small enough, let ggf*fs(-) and
pgf -3(-) be the conditional densities of (X, Y) and Y respectively, given the o —field
Gi—s. Finally, if ¢ (+) is a real-valued random function which satisfies ¢ (1) /u — 0 a.s.

asu — 0, we write £ () = 04, (). In the same way, we say that ¢ (u) is Og. (u) if
¢(u)/u is a.s. bounded as u — 0.

2.1 Assumptions

In our analysis, the following assumptions are needed.
(A.1) The kernel K (-), is a probability density function compactly supported,

(1) Kernel K is assumed to be Lipschitz with ratio Cx < oo and order y, i.e.,
IKx) — K&)| < Cklx=x 7, (x,x) e R*;
(i) fra IX[IK (x)dx < o00;
(A.2) There exists I' < o0, such that, for all x € €,

suplm(x, ¥)| < T;

xe€

(A.3) (i) Recall that € is a compact set of R4, Assume, for all x € €, that there exists
A > 0 and finite constant 0 < 7 such that

A fX)<mn;

(ii) the density f(-) is an element of C*(R?);
(A4) Foreveryt € Ry, forevery x € RY,

(i) The conditional density fX}:‘*‘s (+) of X given the o-field F;_s exists a.s. and

is an element of C2(RY);
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Some asymptotic properties of kernel regression estimators... 819

(i1) For any 6 > 0 small enough

lim l/ P ®dt = £, as:
0

(A.5) Foreveryt € R, forevery x € R?,

hm sup
T—00ycRrd

/ fxl‘s(x)dt fx)|=0, as.,

for any § > 0 small enough;
(A.6) Forany ¢ and r such thatz € [0, T]and r <r <t + § we have

®
E(y (Y)ISts) = E(v (Y)IIXr) = m(X,);

(ii) there exist constants Cy, > 0 and 8 > 0 such that, for any couple (x, x) €
RZa’ ,

m(x, ) —mx', )| < Cy |x—x|°;

(iii) For any k > 2 and any § > 0,

E ([t ovn)

15.6) =E ([t ovn)

X.).

and the function ®(x, ) = E (|¢*(Y)| X = x) is continuous in the neigh-
bourhood of x;

(A.7) For any fixed x € R,

(i) m(x, ¥) is twice differentiable on R?, the matrix m@® (x, v) is continuous in
a neighbourhood of ®, and m® (@, ) is nonsingular;
(i) m® (@, ¥) is bounded on R¥.

Comments on hypotheses

Conditions (A.1) are very common in the nonparametric function estimation literature.
Notice that the condition (A.1) is classical in the nonparametric estimation procedures.
In particular, by imposing the condition (A.1)(i), the kernel function exploits the
smoothness of the density function or the regression function. If we loose the condition
that the kernel function K (-) must be a density, the convergence rate could be faster.
Indeed, the convergence rate can be made arbitrarily close to the parametric n~" as
the order increases. In fact, Chacén et al. [15] showed that the parametric rate n~!
can be attained by the use of super-kernels, and that super-kernel density estimators

automatically adapt to the unknown degree of smoothness of the density. The main
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820 S.Bouzebda, S. Didi

drawback of higher-order kernels in this situation is the negative impact of the kernel
may make the estimated density not a density itself. The interested reader is referred
to, e.g., Jones et al. [44], Jones and Signorini [43] and Jones [42]. They set some kind
of regularity upon the kernels used in our estimates. Notice that the transform of the
stationary ergodic process (X, Yi)i>0 into the process (Wz(Yt))tzo is a measurable
function. Therefore, making use of Proposition 4.3 of Krengel [47] and then the ergodic
Theorem, we obtain

N B 2
lim — f W2 (Y)dt =]E[1p (Yo)] as., 2.5)
0

T—ooT

Condition (A.3)(ii), is a technical condition that simplifies our proofs, precisely, we
assume that the density function f(-) is bounded away from zero and infinity on the
compact set ¢ in a similar way as in Ziegler [79], Stute [70], Harel and Puri [40],
Debbarh [20]. For any set B C R? and € > 0, denote by B€ the set of all x € R? such
that there exists y € B with ||[x — y|| < €. One can use that f(-) is continuous and
strictly positive on €€, but this will add much extra complexity to the proofs. Condition
(A.4) involves the ergodic nature of the data as given, for instance, in Gyorfi et al.
[36]. Assuming that pg‘*‘S (-) and ggHS () belong to the space @0 at least, of continuous
functions, which is a separable Banach space. Moreover, approximating the integral

T T
/ pg‘*“ (y)dt and / ggHS (X, y)dt by their Riemann’s sums, it follows that
0 0

T n
Ol R D WAL

i=1

n
—a Y ),
j=1
and

T n
-1 /(; ggt—a (x, y)dt = ! Zggli—s (X, )

i=1

n
=n"1 ) g (x,y).

j=1

Since the processes (XT_ i YT_ ; )j=1and (YT ; ) j>1 are stationary and ergodic (see Propo-
sition 4.3 of Krengel [47]) following Delecroix [21] (see, Lemma 4 and Corollary 1
along with with their proofs), one may prove that the sequences (pg(H)ﬁ (¥))j>1 and
(ggw'*m (X,y)) j>1 of conditional densities are stationary and ergodic. Moreover, mak-
ing use of Beck [2]’s theorem (see, for instance, Gyorfi et al. [36], Theorem 2.1.1), it
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follows that

1 T
lim sup |— / p9=t (y)dt — E(p9= (y))‘
T—o00yeR T Jo
1 T
= lim sup —/ pg“s(y)dt—,o(y)‘ =0,a.s.
T—ooyer | T Jo
and
, LG g
lim sup = [ g7 (x,y)dt —E(g7(x,y))
T—>00 ycrd T Jo
1 T
= lim sup —/ gg‘*‘s(x, y)dt — g(x, y)‘ =0,a.s.
T—00 ycRa T Jo

It is then clear that both the conditions (A.4) and (A.5) are satisfied. Condition
(A.6)(i) is usual in the literature dealing with the study of ergodic processes. The
hypothesis (A.6)(ii) is a regularity condition upon the regression function. For the
condition (A.6)(iii), we can refer to the following examples.

Example 2.1 Consider the regression model ¥; = m(X;) + €, where the random
variables ¢,’s stand as martingale differences with respect to the o-field S, 5,7 <t <
r + 8, generated by {(X;, &), (X;) : 0 <s < r,r <t <r + §}. Clearly, we have

E[Y:|Sy5]1 = m(Xy),

almost surely.

Example 2.2 Consider the regression model Y; = m(X;)+0o (X;)€;, where the random
variables €; are centered and independent of the process (X;);>0. Taking S, s as the
o-field generated by {(Xs) 0<s < r}, it follows, for ¢ < r, that

E[Y;|Sy,51 = Elm(X) + 0 (X)&1Sy 51 = m(Xy) + o (X)Ele;] = m(X,),

almost surely.

Remark 2.3 For notational convenience, we have chosen the same bandwidth sequence
for all margins. This assumption can be dropped easily. If one wants to make use of
the vector bandwidths (see, in particular, Chapter 12 of Devroye and Lugosi [24]).
With obvious changes in the notation, our results and their proofs remain true when

(e8]
T -

ht is replaced by a vector bandwidth ht = (h . h(Tl)), where min h(Ti) > 0.1In

this situation we set ht = I—[flzl h(Ti), and for any vector v = (vy, ..., vg) we replace
v/h by (vl/h(l), ey vd/h(Td)). For a better understanding we will use real-valued

bandwidths throughout the text.
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822 S.Bouzebda, S. Didi

2.2 Theoretical properties

Below, we write Z 2 N, o2) whenever the random variable Z follows a normal law

2

with expectation p and variance matrix o, — denotes the convergence in distribution

P . e
and — the convergence in probability.
2.2.1 Consistency

The following theorem gives the almost sure consistency result.

Theorem 2.4 Under the hypotheses (A.1)—(A.4) and (A.6), for any n large enough, we
have

1/2
=~ log T
||®T—®||=O(h€)+0 <Tid> , a.s.
T

The proof of Theorem 2.4 is postponed to the Sect. 4.
2.2.2 Asymptotic normality

To establish the asymptotic normality of @T, observing the statement (2.4), we have
to prove that the numerator suitably normalised is asymptotically normally distributed

and that the denominator converges in probability to m(Tz) (@T, Y).Let Gbethed x d
matrix defined by, fori, j = 1,...,d,

ad d
Gij= —K(u)— K (u)du.
" /I‘Qd ou; W ou j (wdu

Let us introduce the matrix V (@, ¥), the d x d matrix defined by, fori, j =1,...,d
E(y>(V)|X = ©)
()

The main result to be proved here may now be stated precisely as follows.

Theorem 2.5 1. Under the assumptions (A.1), (A.3)(i)—(ii), (A.4) and (A.6), for any
n large enough, we have

Jrid b @, v) 2 N, Ve, ).

2. If the assumptions (A.1)—(A.5), (A.6)(i) and (A.7) are fulfilled, we have, as T —
09, fﬁfrz )(~, V) converges uniformly to m® (-, ) on the compact set €. Then, for
any n large enough, we have

Vi,j(©,9) = Gi,j

JThE (@1 - ©) B N0, n® (@, v)1"'V(©, v)imP (@, y)1 ). (2.6)
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The proof of Theorem 2.5 is postponed to the Sect. 4.

Confidence set

The asymptotic variance in the central limit theorem depends on the unknown func-
tions, which should be estimated in practice. Let us introduce the matrix V (O, ¥)
an estimate of V (@, 1), thatis a d x d matrix defined fori, j = 1,...,n, by

= (O, ¥?)

Vij(©,9) = ——=—"—0GCi ;.
fr(©7)

The asymptotic variance is estimated by

[ (@, v)1' V(Or, v)[m @r, )1~

Furthermore, from (2.6), the approximate confidence region of ® can be obtained as

~ ~ ~ 1/2
(177 @r, )17 7 @, w1 @r. )1 ]
/Thz#] ’

where ¢y, denotes the (1 — o) —quantile of the multivariate normal distribution. Note
that ¢, is not unique since ® is assumed to be a vector. Sinotina and Vogel [69] used a
different approach to construct confidence sets derived as suitable neighbourhoods for
maximum points of a regression estimator. The approach relies on the concentration-
of-measure inequalities for the regression estimators.

(ONS (:jT:l:Ca

Remark 2.6 1t can be observed that our proofs constitute a generalisation of those used
in the kernel density mode. Hence, one can obtain easily the corresponding results for
the mode density estimators as a particular case of our setting. More precisely, one can
consider the kernel estimator of the conditional density of Y given X = x, defined by

1 T /y—Y, x — X
md o * U)K LT X
x—
By 1% = —— — < , for — (h t)dt;éo,
«_
_ K( t)dt Th§ Jo T
Th$ Jo ht

where K(-) is a kernel, it is a positive sequence of real numbers tending to O at a
specific rate. We refer to Bouzebda et al. [8] for more details about the framework of
functional ergodic discrete time processes.

Remark 2.7 Chen et al. [17] considered that the conditional (or local) mode set at x is
defined as

9 92
M(x) = {y : 5p(y [ x) =0, a_y2p(y [ x) < 0}, 2.7
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824 S.Bouzebda, S. Didi

where p(y | x) = p(x,y)/f(x) is the conditional density of ¥ given X = x. As a
simplification, the set M (x) can be expressed in terms of the joint density as:

9 92
M(x) = {y : ap(x,y) =0, a_y2”("’y) < 0}. (2.8)

At each x, the local mode set M (x) may consist of several points, and so M (x) is in
general a multivalued function. Under appropriate conditions, as we will show, these
modes change smoothly as x changes. Thus, local modes behave like a collection of
surfaces called modal manifolds in Chen et al. [17]. In our setting, we have considered
the extension of the work of Ziegler [79] to the multivariate ergodic setting. The
approaches are different and the extension of Chen et al. [17] to the ergodic setting
is of interest. The proof of such a statement, however, should require a different
methodology than that used in the present paper, and we leave this problem open for
future research.

Remark 2.8 In continuous time, data are often collected by using a sampling scheme.
Several discretisation schemes have been proposed throughout the literature including
deterministic and randomised sampling. The interested reader is referred to Masry
[56], Prakasa Rao [62,63], Bosq [7] and Blanke and Pumo [6]. To simplify the idea,
we consider the density estimator of f(-) based on {X; : ¢t € [0, T']} and let {X(#) :
k=1, ...,n}beits sampled discrete sequence. The sampled estimator of the density
f () is then

- X,
frx) = hdZ( )

As in Masry [56], we only recall two cases of designs: irregular sampling and random
sampling.
Deterministic sampling. Consider the case where the instants (fx)1<x<, are deter-
ministic irregularly spaced with

1
inf |tjx1 —ti| = —,
1§k§n|j+ il T

for some T > 0. For 1 < k < n, consider G; := o (X (#))
the o-field generated by {X; : 0 < s < #}. Obviously,
(Gr)1<k<n 1n an increasing family of o-fields.

Random sampling. Assume that the instants (#)1<x<, form a sequence of uni-
form random variables in the interval [0, T'] independent of
the process {X; : t € [0, T']}. Define

O<tu<---<1tp, <T

as the associated order statistics. Notice that (tx)1<k<n
are the process observation points. Obviously, the spacings
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between these points are all positive. As a consequence, tak-
ing Gy := o (X (ty)) the o-field generated by {X; : 0 < 5 <
¢}, it follows that (Gi)1<k<, is a sequence of increasing
o -fields.

We would like here to mention that the penalisation procedure for the choice of the
mesh § of the observations gives an optimal rate of convergence as demonstrated in
Comte and Merlevede [19], we leave this problem open for future research in the
framework of ergodic processes.

3 Concluding remarks

In the present paper, we are mainly concerned with the nonparametric regression
model, where the regression function m(-, ) is given by m(x, ) = E(¢(Y) | X =
x)). For a measurable function ¢ : R? — R, estimation of the location ® (mode) of
a unique maximum of m(-, ¥) by the location O of a maximum of the Nadaraya—
Watson kernel estimator m(-, ) for the curve m(-, ¥) is considere/egi. Within this
context, we obtain consistency and asymptotic normality results for @1 under mild
local smoothness assumptions on m(-, ¥) and the design density of X. It is worth
noticing that the ergodic framework covers and completes various situations compared
to the mixing case and is more convenient to use in practice, in this sense our work
extends the already existing research in the literature. We have illustrated how to use
our results to construct the confidence set for the mode @. In a future research one
could consider the same estimation problem for stationary and ergodic discrete time
processes in the case of censored data. It will be of interest to relax the stationarity to
the local stationarity and establish similar results to those presented in this work, which
requires a different mathematical methodology than the one used in this document.
We leave this problem open for further investigation.

4 Proofs

This section is devoted to the proofs of our results. The previously defined notation
continues to be used in what follows.
From the definition of @ in (1.2) and @, we have

Im(Or, ) —m(©, ¥)| < WT(@E ¥) —m(©Or, )|
+mr(Or, ¥) — m(®, ¥)|
Sup |;ﬂ\T(X, W) - m(X, W)|

xed

IA

r + |sup mr (X, ¥) — sup m(x, ¥)

xeC xe€
< 2sup|mr(x, ) — m(x, ¥)|. 4.1)
xed
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826 S.Bouzebda, S. Didi

Consider the following decomposition

01(x) == (Wr(x, ¥) — Wr(x, ¥)) — m(X, ¥)(fr(x) — fr(x)),

(4.2)
Rr(x, ¥) := —Br(x, ¥)(fr(x) — fr(x)), 4.3)
V7
Brx.y) = 1&YLL), (4.4)
fr(x)
. . O1(x, ¥) + Rr(x, ¥) f(x)
mr(X, ) —mX,¥) = Br(x, ) + ® ) 4.5)
where
Fr(x) = L/TE[K <X_X‘> | A ]d;
T - Th% 0 hT t—§ )
Wr(x, 1) = LfTw(Y)K (X_X‘)dt
T(X, ¥) = 7 Jo t i ,
and

_ 1 T X—Xt
Yr(x, ¥) = T_h%/o ]E[l/f(Yt)K< I ) |-7:t—5] dt.

The following simple lemmas will play an instrumental role in the sequel.

Lemma4.1 Let (Z,),>1 be a sequence of real martingale differences with respect to
the sequence of o —fields (F, = 0(Z1, ..., Zy))n>1, where is the o-field generated
by the random variables Z1, ..., Z,. Set

For any p > 2 and any n > 1, assume that there exist some nonnegative constants C
and d,, such that
E [Zflfn_l] < Cp_]p! d?, almost sure.

n

Then, for any € > 0, we have

62
n

where
n
2
D, =Y d}.
i=1
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Lemma4.2 Let Ax A bean index set and for each (n, n/) € Ax A, let {Zi(n, n/), i>
1}, be a sequence of a martingale difference such that |Z;(n, 77,)’ < B a.s. then, for

all € > 0 and all sufficiently large n, we have

P {
The following proposition describes the almost sure consistency of mr(x, ¥) with
rate.

> Zitn.n)

i=1

62
>€p < ZCXP{—W}.

Proposition 4.3 Under assumptions (A.1)—(A.4) and (A.6), we have

1/2
. B log T /
sup |mt(X, ¥) —m(x, ¥)| = O(hy) + O y , as. (4.6)
xe€ Tht

Proof of Proposition 4.3.

Making use of conditions (A.2) and (A.3), we infer readily that

suplinT(x, ¥) —m(x, )|

xe€
Or(x, ¥) + Rr(x, ¥) f(x)

— sup | Br(x, ¥) +

xe€ JX) Jr(x)
I ) + Rr(x,
< sup [Br(x, Y| + ;- sup Crtx ) & Rl 1/’)‘. @.7)
xe€ xe€ 7

Lemma 4.4 Didi and Louani [26] Let (X()i>0 be a strictly stationary and ergodic
process, under (A.1) and (A.4), we have then

frx)
Sx)

— 1‘ =045(1), as T — o0. 4.8)

xe€

Proof of Lemma 4.4

Notice that we have the following decomposition

fr®) — fx) _ fr®) - fr®) + fr® = f(x)
J(x) f(x)

1
= g (AT + Pr), 4.9)
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828 S.Bouzebda, S. Didi

where

Frx) = —/ [( )m 5}(11‘

Two terms to be investigated, we first take a closer look to the the second term F; 7 (X).

We have
Freo = —— [ B[k (325) 15 |4
2100 = o / ) 1R | dr = 0

_ Thdf /Rd ( )ffr S(u)dudt — f(X)

=_/ / K () f73(x — hrr)drdt — f(x).
T Jo Jre

Taylor expansion of f Fis (x — hpr) in neighbourhood of x with assumption (A.4)(1),
yields

P = hrr) = 7O x) + hrV 5o (x),

where x* is between x and x — arr. It follows from assumption (A.4)(i) that

|7 = ) = T )| < Chrlrl.
Making use of assumptions (A.1)(iii) and (A.4)(ii), it follows that

1 T
Fr(x) = ChT/ vl K (r)dr + —/ fror@de — f(x)
Rd T Jo
=o(l), as. (4.10)

Now, we will focus on the first term of decomposition (4.9), G 7(x), it is clear that

F (x):L Tk (22X glg (X \Fos | ) dr
1,7 Thd ]’lT hT t—§

= Thd Zsz(»o

T k=1

where
T =nd, Ty =ké
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and

Ty _ _
= [ (6 (52) ol (52
Ti—1 T ht

We observe that the sequence {Z1x(X)},k = 1, ..., n, is a sequence of martingale
differences with respect to the o —field

Fici1=0(X; :0<s < Ti_1).

Under assumption (A.1), the kernel K (-) is acompactly supported probability function,
then we obtain

T; _ —
|Zra0] = / k ‘K (X h Xt) - [K (X h Xt) 'E‘S}
Tee1 T T

< 28sup| K (x)|

xe€

= 25K,

dt

where

K = sup|K1(%)].

xed

Now, for any € >, making use of Lemma 4.2 we obtain
]P {

The right-hand side of the last inequality is the general term of a convergent series,
hence, for sufficiently large T we conclude by Borel-Cantelli lemma that

n=1

> Zrax)

212
Pyt 8né~K

Th
85K2

2 pdy2
> e(Th%)] < Zexp{—ﬂ}

= 2exp{—

n
> Zrax)
k=1

> e(Th%)} < o0,

which means that
Fir(x)=0, as. 4.11)

The proof is achieved by combining the statements (4.10) and (4.11). O
The following lemma gives the rate of convergence of fr(x) over a compact set €.
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830 S.Bouzebda, S. Didi

Lemma 4.5 Didi and Louani [26] Under assumption (A.1), we have

sup| fr(®) — fr®)| = 0 log 7\ . as. 4.12)
xe¢ Thi

Proof of Lemma 4.5

We refer to the Theorem 1 of Didi and Louani [26]. As in the proof of (4.11) in Lemma
4.4 we obtain the result by using Lemma 4.1 instead of Lemma 4.2. O
In order to complete the proof of Proposition 4.3, we will will show Lemma 4.6 and
Lemma 4.7 given hereafter.

Lemma 4.6 If hypothesis (A.1)(i), (A.3), (A.4)(i), (A.6)(ii)-(iii) are fulfilled, we have

1/2
- log T /
sup [Wr(x, %) — Ur(x, ¥)| = O - . as. (4.13)
xe€ ThT
Proof of Lemma 4.6
Fork = 1,...,1, let x¢, € €. Consider a covering of the compact set € by a finite

number / of spheres Sy centered upon by xy, with radius
d+q+1
r=hT,
we have that
I
¢C U Sk.
k=1

Then we have

sup [Wr(x, ¥) — Wr(x, ¥)| < max sup [Ur(x, ) — Wr(x, )|

xel I=k=<lyes,

+max |Wr(xk, ¥) — Wr (X, V)|

+ max sup |Pr(xk, ¥) — Ur(x, ¥)|
15k§lxe$k

=W 7 (X, X¢) + Vo, 7 (Xk) + W3, 7(X, Xp).

Making use of the Cauchy-Schwarz inequality together with assumption (A.1)(),
(A.3), (A.6)(iv) and Lemma 4.4, we readily obtain

WX, ¥) — Wr (X, ¥)l
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< fT|w(Y>|K<X_X‘>—K<X"_Xt)
= Thi frx) Jo ' ht ht

S —ra )dt)“ [ (0 (52) -5 (225))
= The fr(x) ' 0 ht ht

dt

]/z«f Cx
d _
< 7 mx)( / ERG) z) VIO 1% —xg)
Ck

< —% Ix—xll Ous (E[¢? (Yo)

h%—‘rlf(x) X Xk ( [ 0 ])

C
< ﬁnx — ¢l Ous (E 92 (Y0)])

T

Ck hr
ST Ous (E[v? (Y0)])

C
= T/é Ous (E[V? (Y0)]). (4.14)

Considering the right hand side of statement (4.14) together with the fact that £ [102 (YQ)] <
00, we obtain for

1/2
€T = €0 <log T/Th%) ,
that
| 1/2
er "W (X, Xg) = Oy <—> ) (4.15)

Th% logT

Making use of similar arguments as those used for W 7 (X, X¢), we infer that

| W (x) — W (xp)|

1 T X—X[ Xk—X[
< — E Yol | K —K Fios | dt
~ Thi Jo [W( t”‘ ( ht ) < ht )‘l tg]
C T
= E[ }dt
Tht Jo

x—x¢| Ck T
The W/O E [y (YOl | Fis] dt

hT ck (1 (T
T hd“ (7/(; E[ly (Yol Iﬂ—a]dt>

Ck
77 © EIVOOID.

IA

IA

| /\

I /\
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Using the fact in (2.5), we get
1 T
lim — / E[y (YolFi-s]dr = E[¥(Yo)].
T Jo

This implies that we have

1/2

_ 1

ETI\I’[3,T(Xa X() =0 (W) , a.s. (4.16)
T

Now we deal with Wy 7 (X, y, sx). Observe that

1 T X—Xt Xk—X[
g o voo (< (557 =2 (057 ) oo
T

n
Ry, j(x)|,
—1

Wy 7 (Xk)

= max
1<k<l

1
——— max
T h¥ 1<k<It |~
T J

where

R Tj x — X x — X;
T,j (Xk) = K A —-E|K A |Fi—s | ) dt,
T T T

J

where
T =nd and T; = js.

We observe that the sequence { R, j (X¢) } is a sequence of martingale differences

adapted to the filtration

0<j=n

-7:j—l =0((X5,Ys):0=<s < Tj—l)-

For p > 2, making use of Jensen and Minkowski’s inequalities, we get

B[R] 0 | 2|

T; X x )
E |:</;j,- ¥ (Yy) (K (XkTTt) —E [W(Yt)K (thT t) |.7:t—5i|) dt) | fj_2:|'
T; B -
<7 () e [poror (2% ]
Tj—i ht ht
/ — 1/p
oo

P
| fj,2i| dt

5 /
i
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X — X P /p g
-E [E [w(Yt)K< t) I}'Hs] | 7'_]'72} ) dt
T
T _ 1/p\?
gf (2]E [wP(Y[)K” (LX‘) |J—‘,»,z] ) dt
Tj—i ht
T; Xk —
gy / E [wm)m(
T. .

Jj—i

X‘) |fj_2] dt, 4.17)

Furthermore, by assumption (A.6)(iii), we get

)]
oo (332)15.]

=E' [V7 (Y0 | Sis] Kp( h )" }

ot (52) 7
(5
+E|:|hp(x)|Kp< >|

-X
<E [KP (X g ‘) | ]—'j_2:| < sup  |hp(X) — hp(x)| + |hp(x)|>
T Ix—uj| it

<nXE [Kf’ (X — X‘) | ~7:j—2] ,

where 7(x) is a constant. We infer from condition (A.4)(i) that

~-X
E[K(h ) ur,-_z] =[x (%) A

= h%f KP(w) fr Fi-2 (X — arw)dw
Rd‘H
<hdK|”. (4.18)

E HW’(YoKP ("

=E ’ [W”(Yt)K”<

=E |h,,(Xt)| KP (

<E |hp(Xt)— hy(x)| K?

:ﬁ
I\)
| I

Notice that the Eq. (4.17) can be rewritten using Eq. (4.18) as follows

E [Ré’,,»(x;c) | fj_z] < 2PC(x)8h% | K IIP
< piCP~2d}, 4.19)
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where C = 2 ||K || and
d} =25C(hT|K .

Let

D, _Zdz Zzah%nKn_O(Th)

j=l1

An application of Lemma 4.1 and keeping in mind that et = €g (log T/ Thd) 12 , We

get, for any €9 > 0,

n

P { max Ry i (xp)| > ep(Th

1gkszzl 1. (%) | > er(ThY)
]:

/

<Y P> Rr ()| > er(Thy)

k=1 j=I

2 Thd 2
< 2lexp cr(Th)

" 2(Dy + C(Thi)er)
e3(Thd) (1/Ths)

12
O(Thé) +2C (Th$) €0 <1;§1§)
T

<2l exp

e2(The)* log T /Thé.

1/2
d log T
O(Thy) (1 + €0 (;i,%) )

=2l exp {log 7266 }

<2lexp{—

= 2AT~5C,

where C is a positive constant. The right-hand side of the previous inequality, is the
general term of convergent series, hence for 7' large enough, we obtain the following
statement via the Borel-Cantelli lemma

ZIP’ max ZRT,(xk) > ep(Th) ™'} < oo

n=1
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This, in turn, implies that
1/2
1 - log T
T_hi‘}gl?;(l .ZRT’j(Xk) =0 ( T , a.s. (4.20)
j=1 T
By combining (4.15), (4.16) and (4.20) with Lemma 4.4, we obtain that,
1/2
- log T
sup | Wr(x, ¥) — Ur(x, ¥)| = O y ., as. 4.21)
xe€ ThT
Therefore the proof is complete. O
We next evaluate the term Bt (X, ) defined in (4.5).
Lemma 4.7 Under assumptions (A.1) and (A.6)(i)—(ii), we have
sup | Br(x, ¥)| = O (hg’i) . (4.22)

xe¢

Proof of Lemma 4.7

FiI'St, we WIH use the nOtatiOn
h hT h )

Bi(X, )
frx) |

We let

sup | Br(X, ¥)| = sup

xe€ xe€

Observe that assumption (A.6)(i) implies that

Bi(x, ¥) = ¥r(x, ¥) — fr(x)m(x, )

1 T
= ?/(; E[(¥(Y) —m(x, %)) Knp(x — Xo) | Fis]dt

=%/OTIE[
:%/OTIE[

Knp(x = X0) m(Xe, ) —m(x, ¥)) | Fios]dr.

1 T
7/0 E[Knp(x — XOE [(¥ (Y) — m(x, ¥)) | St—s.5] | Fies]dt

Ky (x = X0 (E [y (Yo) | Xdd = m(x, ¥)) | Fes]dt,
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Under assumption (A.6)(ii), we have

1 T
|IBI(x, ¥)| < sup  [m(Xy, ) —m(x, ¥)] 7/0 E[Kpny(x —X0) | Fios]dt

[lu—x||<hTA

T
< cwxﬂhﬁ%/ E[K (X_X‘) |ﬁa]dr
Tht Jo ht

= CyAPhE fr(x).

A

We obtain that

sup | Br(x, ¥)| = O (hq’i) . as. (4.23)
xe€
The proof of the lemma is therefore completed. O
Recalling (4.21), the proof of Theorem 4.3 is completed by combining Lemmas 4.4,
4.5 and 4.7. O

In the following lemma, we give the almost sure convergence of Or.

Lemma 4.8 Under the hypotheses of Theorem (2.4), we have, as T — o0,
101 — ©] *> .

Proof of Lemma 4.8
The uniqueness hypothesis of the conditional mode of the regression gives
Ve > 0,3n(e) > 0; V& : |@ — &l > € = [m1(©, ¥) —m(&, ¥)| > n(e).(4.24)

Combining conditions (4.24) and (4.1), we obtain, for any fixed x € € all € > 0, that
there exists a & > 0 such that

PO - 0| =€} <P {SUPIMT(X, V) —mX, ¥)| = é} . (4.25)

xel

Which gives the desired result provided that the right-hand side of Eq. (4.25) converges
almost surely to zero. The proof is therefore completed by using Proposition 4.3. O
The following lemma gives the uniform convergence of fﬁ(TZ ) (x, ¥) over the compact
set €. To simplify our reasoning, from now on, all our will be given in the univariate
setting. The extension to the multivariate setting follows easily.

Lemma 4.9 If assumptions (A.1)(ii), (A.3), (A.4)(i), (A.5), (A.6)(i) and (A.7)(i) are
fulfilled, we have, as T — oo,

sup Hn’i? x, ¥) — m® (x, 1p)” —> 0, almost surely. (4.26)
xe€

@ Springer



Some asymptotic properties of kernel regression estimators... 837

Proof of Lemma 4.9

We first observe that we have

Vi (2)
_ Mr(x,
m(Tz)(x, ¥) = (M)

)
(7 1 ) — f O 0 r e, )
- 72
2£ ) (" 9) £ ) = FO M (x, 1))
B 3
Py 2fVM x y)
f® 12(x)
+A7T(x, ¥) 2P fx) = fP(x))
3

_ Lot (Y)K@)("__Xt)dt
S Tth’“/o v ht

2f(1)(x) 1 (1)
e ) voos (5 a

2fVx)? P\ 1 / (x - Xt)
- Y .

Let us define

= 1 T -X

(1) 1

—*iiz(,f;‘) [W“( LIt
2<f<”(x>>2f<x) P

+( £ / [(Yt)K< hr )'ft“s}dt

Consider the following decomposition

P x, ) —mPx, ¥) = al x, ¥) — P x, ¥)
+ P x, ) —m@ (x, )
= Am X, V) + Ara(x, ¥). (4.27)
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To achieve the asymptotic uniform convergence over the compact set € of the term
At,1(x, ¥) in the decomposition (4.27), we have to prove that
sup

2)
wp) e ([ oo (358 a
T 2 X—Xt
— f E [w(Yt)Id ) (—) m_s} dr) H = 04.5(1), (4.28)
0 ht
(€3]
ilellé Thd+1 (/ VK < ht )dt
r X—Xt
— / E [w(Yt)K“) (—) ma} dt) H = 04.5(1), (4.29)
0 ht
T _
s ([ wovor (S ) a
T 0 T
T _
- / E[W(Yt)K (X Xt>|ﬁ_s]dt)H=oa.s(1), (4.30)
0 ht

Using a simple integration par parts and Lemma 4.6, we obtain proof of (4.28)—(4.30),
and combining Assumptions (A.1), (A.3), (A.4), (A.6)(1)—(ii) and statements (4.28)—
(4.30) we obtain

sup
xeC

sup[lAt,1 (X, ¥) || = 0a.s(1). (4.31)

xel

Remark that

MOx,y)  2fPM x, %)

@) — -
e =T F2x)
) 2 2
PCIEARE) f(X)% fE®)M&. ) 4.32)
3

We now treat the second term At (X, ¥) in (4.27). We have

At (x, )

1 1 T x — X

_ 2) t

) Th%“/o E[w(Yt)K ( It )lﬁ_‘s]dt
2fWx) 1 r o (X=Xt

T P® Th¢+1/o E[‘[’(Y‘)K ( = )'F‘*S]d’
2PV fx) — fPx\ 1 T x—X

+< 7 ﬁ/ vk (52 i

MOy PN ) CUDEE ) = fOE) M )
F®) F2®) £

@ Springer



Some asymptotic properties of kernel regression estimators... 839

! 1 ! x—X
=— |7 @2 (22t )
= I <Th%+2 ‘/(; E |:1/’(Yt)K ( Iy ) |_7:t_5j| dt — M7 (x, lﬁ))
Zf(l)(x) 1 T 0 x— X, N
— £2(x) Th%+1 /(; E [w(Yl)K (T) |-7:t75j| dt — My (%, ¥)

2(f V) fx) — fP(x) I x—X
+< ) TT%/O E['ﬁ(Y;)K( . t) |f[,5} dt — Mx, ) ).

To achieve the asymptotic uniform convergence over the compact set € of the term
At2(x, ¥), we have to show the following statements

LI (Y)K(X_X‘)f di — Mx, 9| = 0g.,(1
Thd/(; I:W t ]’ZT | [5} - (Xsllf = Oq.s )’

sup
xe€ T
(4.33)
1 r x—X
sup || —— E YK(I)(—t) }'_i|dt—M(l)X, = 04.5(1),
sup Tthm/O [w B ) 1P O, ¥) ()
(4.34)
/TE[WY)K@ (X_X‘) 7 }dr MO (x, ) (1)
sup | —— _ _ - X, = 0445(1).
xeg Th%-"_2 0 ! hT =
(4.35)

Observe that statement (4.33) may be rewritten as follows

LM elpevox (222 15, lar - m
Tih%./o |:W( 0 ( . )\ [75:| t—MX,y)

1 T x—X;
7/0 E[W(YL)K< = )Iftfa]dt—m(x,llf)f(x)

T

sup
xel

= sup
xe€

The desired result can be obtained in similar way to the statement (4.23). We have

MDY x, ¢) = (mx, ¥) f(x)D
=mVx, ) f&x) +mx, ) fPx). (4.36)

On the other hand, under assumption (A.6)(i), we have

! /TE kO (X220 15, L ar
Th%+1 0 ‘ ht =
1 r x—X
_ () t
=g |, 2o (55 o]t

1 r (X=X
:W/o E|[mX)K o | Fies | dt
T
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hd+1 / /dm(u)K(l)( )f]:‘ S(u)dudt.
R

By integrating by parts we infer that

U@ = mw 7@ - U@ =m O 7w+ m (7).

1 u X—u
Y] (eY] —
ViV = hK <hT>—>V(u)_ K(hT )

By integrating by parts and the change of variable y = % combined with Taylor
expansions of order one, under assumptions (A.4)(i), (A.5) and (A.7)(i), we readily
obtain

1 r x — X
- 1) t
hd Jy ]E[I/I(Yt)K ( I )|-7:t—8i|dt
I 7
~7igfy ([ (557) 7,
+/ K(Xh_“)< W ) £F-5 (w) + m(u) (fft—é)(l) (u))du)dl

g Lk Gt (s s (7))

T /0 /Rd K (m® +0tm) (700 + o)) dydr

I £ AW
s [ xw (m(x)+0<hT>>((f ) (x)+0(hT>) dyds
0 JRd

1 T
- <m<1>(x) <— / fft—é(x)dt>
T Jo
17 M
+m(x) (7 [ () (x)dt)) [ k@y+ 0w
0 R4

. 1 (T 1T/ 2 \O
=m ) (— | s Hﬁ(x)dr) +m(x) (— [ () (x)dr) + 0GB
T Jo T Jo

where

0= (7)o

is a stationary and ergodic process. Therefore, one have (see Krengel [47], Theorem

4.4),
1 T
lim sup | fo Fos (xydr — [ f —5(x)] =0 (4.38)

T— OOXERd
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where

Elg ] =rVw.

By combining the statements (4.37) and (4.38) we conclude proof of (4.34). Moreover,
statement (4.35) may be proved in the same way as in statement (4.34), keeping in
mind that

MO, y) = (m D v ) +mex v 10 0)

=m®x, ) fx) +2mV(x, v) fV(x)
+m(x, ¥) P (x).

By applying integration by parts twice, we obtain (4.34). Combining statement (4.33),
(4.34) and (4.35), yields to

sup | A12 (X, )| = 0a.s (D). (4.39)
xe€
Statements (4.31) and (4.39) complete the proof of Lemma 4.9. O

Proof of Theorem 2.4

Under assumption (A.3)(ii) and using Taylor expansion of m(@®T, ) around ® we
obtain

m(@r1,¥) =m(®, ) + (01 — ©)m® (01, ¥)(Or1 — ©), (4.40)

where ©7 is between Ot and O, it follows from equations (4.1) and (4.40) that

|©1 - 0| [n®©%, v = 0 (sup AT (x, ) = m(x, 1//)|> .

xe€

Using Lemma 4.8 and condition (A.7)(ii), one obtains

lim Hm@)(@;, w)H - ”m@)(@, w)H £ 0.

T—o00
Therefore,
l&r—®|* =0 <SUP lmr(x, ¥) — m(x, Iﬂ)l) ) (4.41)
xe¢
which is enough, while considering Proposition 4.3, to complete the proof. O
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Proof of Theorem 2.5

By using formula (2.4), we readily obtain
Thd+2 "\(1) @ — Thd+2 6 _ ® "\(2) @*
T Mt (©,v) = T (O1 ) mr (O, V),

where @} is arandom variable taking his values between ® and Or. From the hypoth-
esis made on Or it results that @7 also converges a.s. towards @. The continuity of
function m@ (-, Y¥r) leads

lim m@ (@71, y) =m® (@, ).
T—o00
For T large enough, we have almost surely

AP @F, ) - m>(©, 9| = sup

xe€

AP )~ m @ x, )|
+|[m@ @ y) —m @@, ).
The uniform convergence in probability mT)( V) to m® (-, ) over ¢ implies

the convergence of the sequence mT)(QT, V) in probability to the non-null real

m@® (@, ¥). The conclusion results from the asymptotic normality of m(l)(O V).
Since

lim fr(0) = f(x)

almost surely and uniformly on the set €, refer for details [26]. Notice that we have

- M i (n

M x, ) fx) — FOEMrx, )
(%)

N 1 J(x) T o) (X - Xt)
R <Thd+‘ /0 L T A

()
f (X) / w(YY)K< X‘)ds), (4.42)
ht

where

AV ) = — [f(X) / ' Y (YOKD (X_—X‘) dt
T ThiH £2(x) 0 ht

@ Springer



Some asymptotic properties of kernel regression estimators... 843

_Xt>dt} ’

T X
i fO®) fo V(YK (

and

~ x — X
st [ oo (52

—hr fP(x) /O E[w(Yt)K< _X‘)ma]dr]

We will make use of the following additional notation

‘ @ —hrfPYx) [T o (x - xt)
Wix, ) = TR Y (Y)K - dt,

Ai(x, ) = (Wix, ) = E[Wi(x, ¥)|Fi-2]),

2 N W (x, ¥) 1) 2
=== | [K (u)] du

where

W (x, ¥) = E(yP2(V)[IX = x).

Observe that

TrEHV2 (D 9 = i x, v0) )
(TR (f(x) = hr f D (x)

Thit! F2x)
n T
l M (X=X _ o (X=X _
X ;/TH <W(Yt)K < = ) E |:1/f(Yt)K (—hT ) |]:lzi|> di
=2 8w, (4.43)

Lemma 4.10, stated below, will play an instrumental role in the proof of Theorem 2.5.

Lemma 4.10 Under assumptions (A.1), (A.3)(i)—(ii), (A.4) and (A.6), as n — 00, we
have

ZA X, ¥) = Z(Wxx, ) — E[Wix, ¥)IFi—2]) 2 N0, 02 (x. ¥).

i=1
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4.1 Proof of Lemma 4.10

It is easily seen that (W;(xX, ¥))1<i<x is a sequence of martingale differences with
respect to the sequence of o —fields (F;—1)1<i<n. Therefore, we have to check the
following two conditions.

(a)

S E[AFx 0IFi-2] > o2x

i=1
(b)
nk [Aiz(x, 1!/)]1{|A,.(X’(/,)|>6}:| = o(1) holds, for any € > 0.

These conditions are necessary to establish the asymptotic normality related to discrete
time martingale difference sequences (see, for instance, Hall and Heyde [37]).

Proof of (a)

First, observe that

n

S B[R ] - SE[830x | ie]

i=1 i=l1

n

3 (E[Wix )| Fima])?].

i=1

Note that, for 7;_1 < t < T;, we have St—s s C F;_2. Therefore, making use of
condition (A.6)(i), we obtain

|E[W; (x, ¥)|Fi2]|
_ 1 _
I (f®) —hrf (x))E[w(Yt)Km(xhXt)|ﬁ_2}d,
T

(Thi)yl/2 f2(x)
L (f®=hrfOx) (T (X=X |~
ST P T,._]E["”(Yt)”( ( = >|f’—2}d’
My (f&) —hrfOx) (7 x — Xt
T (Thé)l/2 f2(x) Ti_]]E[K(l)< ht )|ﬁ_2}dt'

Using Taylor’s formula combined with assumption (A.4), we obtain

n

> (E[Wix. )| Fia])

i=1

2 2 n .
f&x) —hrfPx)\ M T x—y\ .5
s( ) T Z(/T I/RJK(I)< = ) 7 2(y)dydt>
- i=1 =
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(D) M3 h "
_ ( f(x) ;:T f (x)) ( f / KD @) 2 x - hTz)dzdt)
fx) Ti—1

D MG hg
(f(X) fz(TXJ)” (X)> - ( (f f]: 2(x)dt> +0(hT))

he FO )\ M3 hd 2 \2
(f(x) fz(TxJ; (X>) j T;Z(gf'*z(x)) +0 (1)
=o(

2

i=1

where

2

T;
gf”(x)=< fT ff'”(x)dr) ,
i—1

is a stationary and ergodic process. So the sum + Zl 1 gl ~%(x) has a finite limit, (see
Krengel [47, Theorem 4.4]), which is

s 2
Ble/ 0] = 0100 = ( fo fﬂx)dt) =522 (). (4.44)
Moreover, observe that by assumptions (A.3), we have
(f —htfPx) 1
= o -
£2(x) IS + O(hr) = f( ) +o(1).

Using Jensen inequality and Assumption (A.6)(iii), we obtain

n

Z [W? (x. 9| Fi ]

hr £ 1 T; - X 2
(f(X) B (X)> Th4E[</T._ vk (3 )ar) Iﬁ-z}
F® - hTf(])(X) 1 h 2 o (X=X : :
( fz(X) Th% /FiflE E 1// (Yt) (K <T>) ‘8[,5 }—7:1—2 dl
S —hrfD(x) 1 (h o (X=X 2 |
( ) T%/TE P20 ) (K (T)) |7 [t
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According to Assumption (A.6)(iii), the function ®; (-, 1) is continuous in the neigh-

bourhood of x, we have

D E[WEx, )| Fia]

i=1

2
Fx) —hr fO(x) 1 (% m (X=X 2 .
= <f2(x) Tl#/;i_lE [ D2 (X, ) — Pa(x, W)I(K (T)) | Fica | dt

2
f®O—hrfPx\ 1 f o (X=X\\ |-
+< Foo ) g fy Bl (k0 (57)) 1 e

2
R .
= < fZ(X) Th% “xf‘tll‘ljsthqDZ(Vv ¥) — Pa(x, ¥)|

T; _ 2
< E[(Km (J)) |5”i—2]df
T ht
fx) —hrfD(x) 2@2(x, y) [T (X=Xt 2 _
+< 12 The /THE (K < hr )) | Fia | dt

! Ti 1) X—Xt 2
:m(®2(x’w)+o(hT))_/T. E (K (T)) |Fia | dr.

By a first order Taylor expansion of the function fr 7;_2, for x* in [x — ATV, X], we

obtain
S E[Wix )| Fis]
i=1

i B 2
- <I>zd(x,W) ! E (Ka) (X_X‘)) |Fia | d1
Thsz(X) Tiy hr

L o(x,Y) /T/ " 2<x—u> Fr,_,
__Th%fz(x)[; L (k) ) fr 7 (wduds

oo
=SS [ (xkO) 0 - mvavar
i=1 /Ti-1 /R

Tf2(x)
_ o) (I (T A %
T 520 (;;/TH fr (x)dt+0(hT)> /}Rd (K ) (v)dv.

It is clear, whenever § is small enough, that the quantities

T;
([} 7o)
Tio ielN
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may be approximated by

(6 e <x>)

Consequently, using the ergodic and stationarity properties of the process (X;)T1>o0, it
follows that

ielN

To

1< T; Fr,_, T
- Z / Jr T xdt | =E ( fT(X)dt> + o(1)
n j:l ijl

)
=f0 E (fr()) di + o(1)
=45f(x)+ o(l).

It follows that

; ba(x, V) 2
;E[W,Z(x, lﬂ)’}",;z] = e (K(l)) )y + 0.

This implies that

Do (x, ¥)

0 (K<1>)2 (y)dy, as T — oo. (4.45)

SE (W2 )| Fia ] =
i=1

Proof of (b)

Using the inequalities of Holder, Markov, Jensen and Minkowski’s inequalities,
together with Assumption (A.6)(iii), we obtain for all ¢ > 0 and all p and ¢, such that

that

E[AT; 0T (jar,; l>e)]
< @AY, ODVI(P{lATi(X)] > eh/P

< e PE[| AT ()]
e—24/p T; x—X x — X,
- R YOK® (;) —IE[ YOKD (;) Fio ]
(Thﬁi-)qu‘?(x) |:/T11 ¥ (Yo ht ¥ (Yo hr ‘ 2
224 ¢—2q/p Ti E v W (X X, 2q 4
<-- - K il
T (ThEya f2ax) Jr 'w v ( ht ) '
B 224 ¢—2q/p Ti 2 m\% (x—X
= m o E |:E (¥ (YOI |Ss] (K ) (T)} dt

2q
dt:|
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229 ¢=2q/p T; 2 ¢
o e Mg [mq<xt, v (k) (7" ‘)] dr
(ThT)q qu (x) J1;, ht

224 ¢—=2q/p
sup  |hog (v, ) — hog (X, ¥)| + hog (x, %)

S P —
(Th&)? £24(x) \ |x—v]<hr

R (CONCIT

224 ¢—24/p Ti 2 (x—u
_ 0) :
= T e (hag (%, ¥) + 0(1)) /R (K ) ( . )f(u)dudt

Ti—1
224 §¢—24/p

2q
= o) .
= Gty g (a9 o) /R (kD) W fx— hrwdu.

By a first order Taylor’s expansion, we have

E[AT; ®)Ljar, m)>€)]

224 ¢—2q/p H (K(l))Zq V) ”
B (Th%)w—l)fzq—l(x) (h2g (%, ¥) +0(1))

— o(1). (4.46)

Combining statements (4.45) and (4.46), we obtain

(Th%+2)]/2 <ﬁ%1)(x’ W) — %%1)(X, 1//)) 2) N (0’ M (K(l))z (y)dy) .
R4

f(x)
(4.47)
Lemmas 4.9 and 4.10 combined with Theorem 2.4 complete the proof of Theorem
2.5. O
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5 Appendix

For the sake of clarity, introduce some details defining the ergodic property of con-
tinuous time processes. Let Z = {Z;};>0 be a continuous time process taking values
in some measurable space (E, Z) on which is defined a probability measure w. For
8 > 0, let T be a §-shift transformation, i.e., (Y% (x)); = Xs+s. A measurable set A
is 8-invariant if it does not change under 8-shift transformation , i.e., T (A) = A.

Definition 5.1 (§-ergodicity) A continuous time process Z = {Z,},>¢ is §-ergodic if

every measurable §-invariant set related to the process Z has probability either 1 or O,
in other words, for any §-invariant set A, u(A) = (u(A))>.
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This definition means that if we take the process X and slice it into time blocks of
length § then the new discrete time process (Z‘S, 72, Z%g, Zg‘g, ...) is ergodic. For
discrete time processes, we refer, for instance, to Krengel [47] for the definition and
details on the ergodic property.

Definition 5.2 (Ergodicity) A continuous time process Z = {Z,};>¢ is ergodic if it is
§-ergodic for every § > 0.

It is well known from the ergodic theorem that, for a measurable function g and a
stationary ergodic process Z = {Z;};>(, we have

T—o00

1 T
lim 7/ 8(Z)dt = E(g(Zo)). (5.1)
0

We refer to the book of Krengel [47] for an account of details and results on the ergodic
theory.
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