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Abstract

In this paper we investigate the dynamical properties of weighted translation operators
acting on the Schwartz space S(R) of rapidly decreasing functions, i.e., operators of
the form 7y, : S(R) — S(R), f(-) = w(-) f(-+1). We characterize when those oper-
ators are hypercyclic, weakly mixing, mixing and chaotic. Several examples illustrate
our results and show which of those classes are different.
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1 Introduction

One of the most important spaces of classical analysis is the Schwartz space S(R)
of rapidly decreasing functions, i.e., the space consisting of all smooth functions
f:R — Csuchthat || f||y < oo forevery N € N, where || - || 5 is the norm on S(R)
defined by the formula

N\ ca
£y = max sup (14x2) " | rO0)|.
0<i<N
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It is well known that the space S(R) equipped with the locally convex topology
generated by the family of norms {|| - ||y : N € N} is a Fréchet space. The goal of this
paper is to investigate the dynamical properties of a natural class of operators acting
on this space, namely the class of weighted translation operators

Ty: SBR) = SR, f() > w) f(+ D),

where w: R — C is a smooth function. It is easy to see that such an operator is well
defined (and thus continuous by the Closed Graph Theorem) if and only if the function
w belongs to the space of smooth functions of moderate growth, i.e., the space O (R)
consisting of all smooth functions f: R — C such that for every k > O thereis/ € N
with |w(k) (x)| < (l + xz)l for every x € R. The space Oy (R) is also known as the
space of multipliers of S(R) since w € Oy (R) if and only if for every f € S(R) also
w- f eSMR).

Let us briefly recall the basic concepts of linear dynamics. Let X be a Fréchet
space and let 7 € L(X) be a continuous linear operator. For every n > 1 the operator
T": X — X is defined as the nth iterate of 7, i.e,

T" :=To---oT.
——
n times

The operator 7: X — X is called hypercyclic if there exists x € X such that the set
orb(x, T) := {T"x n > 1}

is dense in X. Such an element x is called a hypercyclic vector of 7. By the famous
Birkhoff’s Transitivity Theorem, an operator 7" acting on a separable Fréchet space X
is hypercyclic if and only if it is topologically transitive, i.e., for every two nonempty
open sets U, V C X there is n € N such that 7"(U) NV # (. The operator T is
called weakly mixing if the operator 7 x T is topologically transitive, i.e., for every
four nonempty open sets Uy, Us, Vi, Vo C X thereisn € Nsuch that 7" (U;) NV #
¢ and T"(Uz) N Vo # #. The operator T is called mixing if for every two nonempty
open sets U,V C X there is N € N such that 7"(U) NV # W foreveryn > N.
Finally, T is called chaotic if it is hypercyclic and has a dense set of periodic points
(a point x € X is called a periodic point of T if T¥x = x for some k € N). From
the very definitions it is clear that every mixing operator is weakly mixing and every
weakly mixing operator is hypercyclic. For a detailed exposition of the subject of
linear dynamics we refer to the monographs [1,9].

The first example of a hypercyclic operator goes back to Birkhoff who proved that
the translation operator 7 : H(C) — H(C), f(-) = f(-+1) is hypercyclic (see [2]).
In fact Birkhoff’s operator is an example of a composition operator and the dynamics
of this kind of operators was later on studied by various authors (see [8] for composi-
tion operators on spaces of holomorphic functions, see [3] for composition operators
on spaces of real analytic functions, see [10] for weighted composition operators on
Banach spaces of continuous functions and L, spaces, see [11] for weighted com-
position operators on the space of smooth functions). Surprisingly, as shown below,
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composition operators are never hypercyclic when acting on the space S(R). Let
us note that recently (see [6]) a description was found of those smooth functions
¥ : R — R for which the composition operator Cy : S(R) — S(R), f +— fois
well defined.

Fact1 Let v: R — R be a smooth function such that the composition operator
Cy:SR) = SR, f = f o iswell defined. Then Cy is not hypercyclic.

Proof Let f € S(R) be arbitrary. There exists M > 0 such that | f (x)| < M for every
x € R.Ifn € N, then ’(Cl’/’/ f) (x)’ < M for every x € R. This clearly implies that
Cy is not hypercyclic. O

The second important example of a hypercyclic operator goes back to MacLane who
proved that the differential operator D: H(C) — H(C), f — f’ is hypercyclic (this
was later on extended even to infinite order differential operators on H (C), see [4]).
By easy arguments from linear dynamics, differential operators are also hypercyclic
on the space of smooth functions on the real line. This is not the case if we consider
these operators on S(R).

Fact2 Letag, ..., a, be a sequence of complex numbers and let
n .
P: SR) — SM). P(f) = aif?.
i =0

Then P is not hypercyclic.

Proof Let ¢: S(R) — C be the continuous linear functional defined on S(RR) by the
formula

Mﬁz/ F)dx.

Then for every n € N
o
s =dj [ fooar.
—00

If f would be a hypercyclic vector for P, then the set {¢(P" f) : n € N} should be
dense in C. This is impossible. O

The above considerations show that many classical hypercyclic operators are not
hypercyclic when considered on the Schwartz space. Our aim was to find a natural class
of operators acting on S(R) and to study them from the point of view of linear dynam-
ics. Motivated by weighted bilateral shifts acting on sequence spaces, we decided to
study weighted translation operators on S(R). In Theorem 1 we give a characterization
of hypercyclic weighted translation operators. It is not a surprise that this class is equal
to the class of weakly mixing weighted translation operators. In Theorems 2 and 3 we
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characterize the class of mixing and chaotic weighted translation operators. In fact, in
Theorem 4 we show that those classes are equal. In the last sections we present some
tools which help to decide if a given function w induces an operator T, with some
dynamical properties. Using those tools we construct examples showing which of the
considered classes of weighted translation operators are different.

2 Hypercyclic, weakly mixing, mixing and chaotic weighted
translation operators

In this section we characterize the dynamical properties of weighted translation opera-
tors acting on the Schwartz space S(IR). In the first theorem we show that hypercyclicity
of these operators is equivalent to weak mixing. This is not surprising since for many
natural operators the situation is the same (see [11] for weighted composition opera-
tors on the space of smooth functions, see [ 10] for weighted composition operators on
Banach spaces of continuous and integrable functions, see [12] and [7] for weighted
backward shifts and weighted bilateral shifts on sequence spaces). Let us emphasize
that there are hypercyclic operators which are not weakly mixing (see [5]).

Theorem 1 Let w € Op(R). The following conditions are equivalent:

(i) The operator Ty,: S(R) = S(R), f(-) —= w(:) f(- + 1) is weakly mixing.
(ii) The operator Ty,: S(R) — S(R), f(-) = w(-) f(- + 1) is hypercyclic.
(iii) The following conditions are satisfied:

(a) Forevery x € R we have w(x) # 0.
(b) For every compact set K C R there exists an increasing sequence of natural
numbers (ny)ien such that for every j, 1 > 0

. n—1 (O]
sup (1 —{—xz)] (lk—[ w(x +n)> ]H—Oo> 0

xeK—ng =0

and

@)
J 1 k—00
su 1+ x? 0.
XEK—I:nk ( ) (l_[nk w(x — I’l))

n=1

Proof (i) = (ii) This is obvious since every weakly mixing operator is hypercyclic.
(ii) = (iii) To prove that (a) holds, let us assume to the contrary that there is xg € R
such that w(xp) = 0. Then for every n € N and f € S(R) we have 7, (f)(xp) = 0.
This shows that T;, cannot have a dense orbit.

In order to prove that hypercyclicity of T, implies condition (b), let us fix a compact
set K C R. Without loss of generality we may assume that K = [—D, D] for some
D > 0. It is easy to see that is enough to show that for every ¢ > 0 and every N € N
there is a natural number k > N such that forevery 0 </ < N

@ Springer



Dynamical properties of weighted translation operators... 107

k-1 Q)
N

sup (1 + x2> H w(x +n) <e (1)

xeK—k =0
and
@)
N 1
sup (1 + xz) — <e. )
xekK +k [T wx —n)

To prove the desired statement let us consider the set U C S(R) consisting of all
functions f such that

1<)f(1)(x)‘ <Mforxe[-D,D], 0<I<N 3)
and
AN
max sup <1+x ) ‘f()(x)‘ < Ce, 4)
0<I=N xeR\[-D—1,D+1]
where

(N 4+ D!@2D + 2)N+1-i
M =2 max -
0<i<N (N +1-—10)!

and C is a positive constant depending on D, N and w that will be fixed later.

Claim I The set U is nonempty.

Proof of the claim. Any smooth function supported on [—D — 1, D 4 1] which is equal
to the polynomial

(x + D +2)N+!

on the interval [— D, D] belongs to U. O
Claim 2 The set U is open.
Proof of the claim. Let g € U. Then there exists § > 0 such that

146 < )g(l)(x)‘ <M—Sforxe[-D,D], 0<I<N

and

A\ |,0
max sup (1+x ) ‘g (x)‘ < Ce —4.
0<I<N yeR\[-D—1,D+1]

One can easily check that

{feSR):Nf—glyv<8}CU

which proves the claim. O

@ Springer



108 M. Golinski, A. Przestacki

Claim 3 There is k > N such that the inequalities (1) and (2) hold for0 <[ < N.

Proof of the claim: By Claim 1 and Claim 2 the set U is nonempty and open. Since

T, is hypercyclic, we can find k € N large enough to ensure that

TEWU)YNU #@and [-D, D]+ kN[-D+1,D + 1] =¢.

Let f € U be such that Tlﬁ(f) € U. By (4), we obtain that for 0 <[ < N

swp (1422)" |k

xeK—k

N
< sup (1+x2> ((Tj(f))<l)(x) < Ce.
XeR\[=D—1,D+1]

Using the product rule we obtain that for0 </ < N

! k—1 =
sup (1 n x2>N 3 <l> (]‘[ w(x + n)> D% 4k < Ce.
xeK—k i=0 L =0

For [ = 0 this gives

NN
sup (1 + x ) < Ce
xeK—k

k—1
(1_[ w(x + n>) flx+k)

n=0

andforl <[ <N

s 0
14 x? + +k
xes;;[ik( X ) <}:£ w(x n)) fx )

(=)

xeK—k

l k—1
< CE-I—Z(i) sup (1+x2)N (1_[ w(x+n)> f(i)(x+k) .
i=1 n=0

Since f € U, it satisfies the condition in (3), and we obtain from (5) that

k—1

1_[ w(x +n)

n=0

N\
sup (1+x ) < Ce
xeK—k
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Dynamical properties of weighted translation operators... 109

and from (6), for 1 </ < N, we get

v | /=1 O
sup <1+x2> (Hw(x+n))

xeK—k

n=0
Lo k-1 G
2\N
<C8+M§<i>x:}£k(l+x) (’E)w(x—i—n)) .

This easily gives (using an induction argument over /) that there exists a positive
constant M such thatfor0 </ < N

I
N k-1 O
sup (1 +x ) l_[ w(x +n) < MCe,
n=0

xeK—k

Choosing the constant C sufficiently small we get that the inequality in (1) is true for
0<I=<N.

In order to prove the inequalities in (2) one needs to observe that if g € U is such
that f = TX(g) € U, then for x € R

ey = —TE=0
[Ty wix —n)

Since g € U, we get that forevery 0 </ < N

N N
sup (l +x2) ‘g(l)(x)‘ < sup (l +x2) ’g(l)(x)‘ < Ce
xeK+k xeR\[-D—1,D+1]

and proceeding as earlier we obtain that the required inequalities hold.

(iii) = (i) To show that T, is a weakly mixing operator let us take nonempty and
open subsets Uy, U, Vi, V, of S(R). We need to show that there is n € N such that

T£(U1) NVy # @ and TIZ(Uz) NVy #3.

Since compactly supported smooth functions are dense in S (R), we can find compactly
supported smooth functions fi, f>, g1, g2 and constants ¢ > 0, N € N such that

{(he SR):IIfi —hlly <e} CUiand{h e SR) : lIgi —hlly <€} CV;
for i = 1,2. Let us assume that the supports of the functions f1, f2, g1, g» are con-
tained in a compact set K and let (ny )N be an increasing sequence of natural numbers

which existence is assumed in condition (b). For i = 1, 2 we define the function /;
via the formula
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Ji(x), xek,
. — 8i (Xx—nk)
hi(x) Tia— x € K +ny,
0, otherwise.

If & is large enough, then the functions /; are well defined, compactly supported and
smooth. For i = 1, 2, from the assumptions, using the product rule and the fact that
the derivatives of g; are bounded we obtain that

N gi(x —ng) v k
[ - — 00
Whi — filly = Omax sup (1 +x2> (l‘["kl ) 0.

<J=N xeK+n ne1 WX —n)

The same arguments show that fori = 1, 2

_ )
NI : k—
1T h — gilln =  max - sup (1 +x2) (1_[ w(x +n)fi(x)) =% 0.

=J=N xeK—ny =0

Therefore, if k is large enough, then fori = 1, 2wehavethath; € U; and Ty (h;) € V;.
This completes the proof. O

The next theorem characterizes the class of mixing weighted translation operators
on S(R). In Example 3 we will show that this class is strictly smaller than the class
of hypercyclic operators (note that for weighted composition operators acting on the
space of smooth functions on the real line those classes are equal, see [11]).

Theorem 2 Let w € Oy (R). The following conditions are equivalent:

(i) The operator Ty,: S(R) — S(R), f(-) — w() f(- + 1) is mixing.
(ii) The following conditions are satisfied:

(a) Forevery x € R we have w(x) # 0
(b) For every compact set K C R and for every j,1 >0

| k-1 )
J —
sup (1 +x2) <1_[ w(x + n)) k—oo> 0

xeK—k =0

and

j 1 O k

2 —> 00
sup (1 +x ) 0.
xeK+k [T, wx —n)

n=1

The proof of this theorem is similar to the proof of Theorem 1. We include the proof
for the convenience of the reader.
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Proof (i) = (ii) Since every mixing operator is hypercyclic, we obtain from Theo-
rem 1 that w(x) # Oforevery x € R. In order to show that the condition (b) is satisfied
letus fix ¢ > 0 and N € N. We consider now the nonempty and open set U from the
proof of Theorem 1. Since Ty, is mixing, T£(U )N U # ¥ for every k large enough.
Repeating the arguments from the previous proof we obtain that for 0 </ < N and k
large enough

k-1 )
N\
sup (l+x) (Hw(x+n)> <e€
n=0

xeK—k
and
!
AN 1 U]
sup (1 +x ) —_ <e.
xeK+k [Ty wx —n)
This is enough.

(ii) = (i) Let U and V be nonempty and open subsets of S(R). We need to show
that Tu’j (U) NV # @ for every k large enough. Since compactly supported smooth
functions are dense in S(R), we can find compactly supported smooth functions f, g,
constants € > 0, N € N such that

(heSR):|If—hllyn<e}CcUand{heSR):|lg—hly <€} CV.

Let us assume that the supports of the functions f, g are contained in a compact set
K and let us define the function % via the formula

fx), x ek,
g(x—k)
h(x) == H:Z’;lw(x*n)’ X € K+k7
0, otherwise.

If k is large enough, then the function % are well defined, compactly supported and
smooth. Using the product rule and the fact that the derivatives of g are bounded we
obtain that

<J=N xeK+k ’;:1 w(x —n)

()
N —k N
|h — flly = max sup (1+x2) ( gx—k) ) koo
0=/ I

The same arguments show that

- 0
N
k _ 2 k— o0
ITih = glly = max sup (1+x) <| |w(x+n)f(x)> k= g,

=J=N xeK—k =0
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Therefore, if k is large enough, then 7 € U and Tlfj (h) e V. |

The following result gives a description of chaotic weighted translation operators
on S(R). Surprisingly, for those operators, the existence of a dense set of periodic
points already implies that they are chaotic (a similar situation holds for weighted
bilateral shifts, see [12]).

Theorem 3 Let w € Oy (R). The following conditions are equivalent:

(i) The operator Ty,: S(R) = S(R), f(-) = w(:) f(- + 1) is chaotic.
(ii) The operator Ty: S(R) — S(R), f(-) — w()f( + 1) has a dense set of
periodic points.
(iii) The following conditions are satisfied:
(a) Forevery x € R we have w(x) # 0.
(b) For every compact set K C R there exists d € N such that for every j,1 > 0

| fkd—1 0
sup (1+x2)'/ (1_[ w(x+n)) 22

xeK—kd i

and

O]
J 1
sup (1 +x2> T k=00 0.
xeK+kd [T, wx —n)

Proof (i) = (ii) This implication is obvious.
(ii) = (iii) First we show that the condition (a) holds. To do this let us assume that
there exists xo € R such that w(xp) = 0. This implies that every periodic point of T,
vanishes at xo which clearly implies that (ii) cannot hold.

In order to prove that () is satisfied let us take an arbitrary compact set K C R.
Condition (i) implies that there is p € S(R) which is a periodic point for 7y, and
satisfies the condition

[p(x)] > 1forx € K. @)
We can find d € N large enough to ensure that
Tl‘lfp = pand K + nid N K + nad = ¢ for all integers ny # nj.

Now, since T,’;d p = p forevery k € N, it is easy to check that the function p must
satisfy the following equations

p(x—kd)
l—l—ﬁilw(x_n), x €K +kd, k>1,

p(x) = (8)
(H’,‘,‘i?)l w(x +n)) p+kd), xeK—kd k>1.
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Using induction with respect to I we will show that for every [ > 0 the following

holds: for every j > 0

| fkd—1 )
J
sup (1 +x2) < 1_[ w(x +n)) k_)—oo> 0

xeK—kd n=0

and

J 1 ® k
sup (1 +x2) = ~%0.
xeK+kd [[Z, wx —n)

Step 1 Letl = 0. Since p € S(R), forevery j >0
2\/ k—o00
sup (1+x2) Ip(o)] =0
xeK—kd

and

J -
sup (1 +x2) [p(x)| koo 0.
xeK+kd

Together with (7) this proves (9) and (10) for / = 0 since

kd—1

1_[ w(x +n)

n=0

2 ./
sup (1 +x )
xeK—kd

2 .l
< sup <1+x>
xeK—kd

n=0

J
= swp (147) [pw)|
xeK—kd

and

sup (1 +x
xeK+kd

2)1' 1
]_[fldzl w(x —n)
p(x —kd)

]_[ﬁil w(x —n)

J
= sup (14x2) p0ol.
xeK+kd

< sup <1+x>
xeK-+kd

kd—1
(l—[ w(x +n)> p(x + kd)

&)

(10)

Step 2 Assume that the inequalities (9) and (10) are true for 0, 1, ...,1 — 1. We will

show that they are true for [.
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Since p € S(R), forevery j >0

J
sup (1 +x2) ‘p(l)(x)‘ ko 0
xeK —kd

and

J -
sup (1 + x2> )p(l)(x)‘ k—oo> 0.
xeK+kd

Using (8) we get that

. kd—1 @)
sup (1 +x2)j (( [ v +n)) p(x +kd)> ke

xeK—kd n=0

and

. 0
sup (1 i x2>.l px — kd) k—00 0.
xeK-+kd T, wx —n)

By the product rule, the inductive hypothesis and the fact that p and all its derivatives
are bounded we get

| ska—1 )
sup (l—i—xz)] (H w(x+n)> p(x 4+ kd) IH—OO>0 (11)
xeK—kd n=0
and
J 1 @
sup (1 +x2> | p—ka)| =20, (12)
xeK+kd [[hz) wx —n)

From (7) it follows that |p(x + kd)| > 1 forx € K — kd and |p(x — kd)| > 1 for
x € K + kd. Together with (11) and (12) this proves the inductive hypothesis.
(iii) = (i) By Theorem 1 the operator Ty, is hypercyclic and therefore we only need
to show that 7, has a dense set of periodic points. To do this we will prove that for
every compactly supported smooth function f there is a sequence (ps)sen of periodic
points of T,, which is convergent to f in S(R).

Let f € S(R) with supp f C K = [—D, D]. Letd be a natural number for which
conditions in (iii) are satisfied and such that K ==d N K = (. For every s € N we
define a function p;: R — C by the formula
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f(-x)s .XGK
(x—nsd
%, xeK+nsd, n>1

ps(x) = —nsd—1
(M wex +5) Fc—nsd). x € K +nsd. n

IA
|

0, otherwise.

The functions p; are smooth and will show that they are in S(R). In order to do this,
let us fix N € N. From the definition of the functions p; it follows that

ARG
Ipslly = max sup (1+27)" [ p® )]

SI=N xeR

EARING)
= max sup sup (l—i-x) ‘Ps (x)‘.
0<i<N ye7Z xeK+nsd

Since the function f is compactly supported, there exists a constant C such that

max_sup ‘f(i)(x)) <cC. (13)
0Si=N \cR

Using this we obtain that

max sup ‘P.gi)(x)‘ = jmax sup ’f(i)(x)’ < C.

0<i=N xek <i=N yeK

Now using the assumptions, the inequality in (13) and the product rule we get that

2\V | a
max sup sup <1+x ) ‘p()(x)‘
0<I<N y>1 xeK+nsd

O]
N —nsd
= max sup sup (l+x2) (%)

Oflanzl xeK+nsd k=1 IU(X — k)

l / N 1 )
< C max sup sup Z(,)(l+x2) —_—— < 00
0<I<N ;>1 xeK+nsd =0 J Hz;l wx — k)

and

AV |«
max sup  sup <l+x ) ’p‘g)(x)‘
0<i=N n<—1xeK+nsd

—nsd—1 O
N
= max sup sup (1 +x2> 1_[ wx +k) ) f(x —nsd)
0<I=N n<—1xeK+nsd k=0
—nsd—1

/ ()
< C max sup sup Z (j) (1 +x2>N ( l_[ wx +k)> < 00.
0

0<I<N ,<_
SI=N p< 1xeK+nsdj= k=0
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This gives that || ps||y < co. Now, it is easy to see that for every s € N
T;dps = Ds
and that the sequence (ps)sen converges to f in S(R). O

From Theorems 2 and 3 we immediately obtain the following corollary.

Corollary 1 Let w € Oy (R). If Ty : S(R) = SMR), f(-) = w(-) f(- + 1) is mixing
then it is chaotic.

We will show now that even more is true.

Theorem 4 Let w € Oy (R). The following conditions are equivalent:

(1) The operator Ty,: S(R) — S(R), f(-) = w(-) f(- + 1) is chaotic.
(ii) The operator Ty,: S(R) — S(R), f(-) = w(-) f(- + 1) is mixing.

Proof By Corollary 1 it is enough to show that if 7, is chaotic, then it is mixing. So
let us assume that 7y, is chaotic. To prove that T, is mixing let us fix a compact set K .
By Theorem 3 we know that w(x) # 0 for every x € R and that there exists d € N
such that for every j,/ >0

| skd—1 @

sup (1 —l—xz)‘/ 1_[ w(x +n) ) (14)

xeK —kd =0
and
J 1 ® k
2 — 00
sup (I +x 0. (15)
xeK-+kd ( ) (]—[flil w(x — n))

Claim 1 Forevery | <s <d — l andevery j,l >0

j | s 0 .
sup (1 + x2> l—[ w(x +n) ==0. (16)
xeK—kd—s =0
Proof of the claim. Letus fix 1 <s <d — 1and j,! > 0. By the product rule
kd+s—1 ORI NV @ fkd4s—1 =0
< [ w(x+n)) =2(i> (l_[w(x+n)) ( I1 w(x+n)> .
n=0 i=0 n=0 n=s

Since w € Oy (R), there exists m € N such that forevery 0 < j </ andevery x € R
we have

‘w(j)(x)‘ < m(l + x>,

@ Springer



Dynamical properties of weighted translation operators... 117

Therefore

kd+s—1 @ s—1 1| fkd+s—1 (=)
( ]—[ w(x+n)> §C1_[(1+(x+n)2)mz ( ]_[ w(x+n)) ,
n=0

n=0 i=0 n=s

where C is a constant which does not depend on k. This gives that

i | ras= )
sup (1+x2) (1_[ w(x+n))

x€K—kd—s n=0

s- 1| skd+s—1 (=i
<C swp A+ [Ja+@+nH") ( I1 w(x+n)>

xeK—kd—s n=0 i=0 n=s

=C sup (14 (x—s)%)/

xeK—kd

s—1 1] fkd—1 (=0
XH(l+(x—s+n)2)mZ <]_[ w(x+n)) )

n=0 i=0 n=0

Now, if k is large enough and x € K — kd, then
) s—1 '
(1+ (x — )%/ H(l +(x —s +m)H)" < (1 4 x2)/Hmstl

n=0

This proves (16) since by the above computations and by (14)

j | s )
sup <1+x2) (1_[ w(x+n))

xeK—kd—s n=0

1| ka1 (=)
<C sup (1+ x2)dtms+l Z 1_[ w(x +n) =<,
xeK—kd =\ .=

Claim 2 Forevery 1 <s <d —1

J 1 O
sup (1 + x2) o 2o,
xeK+kd—s 1,2 wx —n)
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Proof of the claim: The proof of this claim is very similar to the proof of Claim 1. One
needs only to observe that

1 1 kd
Ted— = Hka ‘ 1_[ w(x —n).
r[n:lY w(x —n) Hn:l w(x —n) n=kd—s+1
O
Claim 1 and Claim 2 easily give us that
| k-1 @
J
sup (l+x2) Hw(x+n) k_)—oo> 0
xeK—k =0
and
J 1 O
sup (1 + x2) 7 i 0.
xeK+k T2, wx —n)
By Theorem 2 this implies that T, is mixing. O
3 Examples

The aim of this section is to illustrate our results and to show which of the considered
classes of weighted translation operators on S(R) are different. We start with the
following proposition which gives a wide class of examples of mixing and chaotic
weighted translation operators.

Proposition 1 Let w € Oy (R) be such that w(x) # 0 for every x € R.

(i) If there exists O < ¢ < 1 and ny € N such that |w(x)| < ¢ for x < —ny, then for
every compact set K C R

| k-1 O
J —
sup (1 +x2) | | w(x +n) k—oo> 0 forevery j,1 >0. (17)
xeK—k =0

(ii) Ifthere exists C > 1 and ng € N such that |\w(x)| > C for x > ng, then for every
compact set K C R

O]
' 1
sup (l +x2)/ <]_[ ) k>0 0 forevery j,1 > 0. (18)

xeK+k ];:1 w(x —n)
(iii) If there exists 0 < § < 1 and ng € N such that lw(x)| < § for x < —nyg
and lw(x)| > %for X > ng, then the operator Ty,: S(R) — SR), f(-) —
w(-) f (- + 1) is mixing and chaotic.
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Proof (i) Without loss of generality we can take K = [—D, D], where D € N. In
order to show that (17) holds let us first observe thatif kK > D + ng + 1, then

k-1 O
(H w(x + n))

n=0
@)

Lo\ (kDm0 =0 k—1
SO (Lo
i=0

n=0 n=k—D—ng+1

Since w is smooth, for every every i > 0 there exists C; > 0 such that for every
keN

@)

k—1
sup H w(x +n)
x€[-D,D]—k n=k—D—no+1
1 0]
= sup l_[ w(x +n) < C;.
x€[-D.D] n=—D-—np+1

Therefore, to prove that (17) holds it is enough to show that

j k—D—ng (O] .
sup (1 + x2) ( 1_[ w(x + n)) 225 0 for every j,I > 0.
k

x€[—-D,D]— 0
(19)
By the product rule we get that
k—D—no 0
( H w(x + n))
n=0
k—D—no (20)

1! .
D S Ry AT
'« . k—D—np*
(0, sik—D—ny =0 0 k=D—no n=0
{0+ Fik—p—ny=l

Letiq,...,ix—p—ny = O be such thatiog + --- 4+ ix—p—p, = L. If x € [-D, D] —k,
then forn = 0,...,k — D — ng we have that —D — k < x +n < —ng. Since
w € Oy (R) there exists m € N such that for every 0 < j <[ and every x € R we
have |w(j)(x)| < m(1 +x2)m.Using the assumptions we get that forx € [—D, D] —k
and k large enough
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k—D—ng
1_[ w' (x +n)| = 1_[ w(x + n)| - H w' (x + n)
n=0 0<n<k—D-—ng 0<n<k—D-—ng
in=0 iy #0

1
< Ck—D—l’l0+l—l . ml . (1 + (—D _ k)2>m '

Thus, from (20), for x € [-D, D] — k and k large enough we get

k—D—ng O
< 1_[ w(x+n))

n=0

1
< (k=D —ng+ 1) 11 kD=not1=l 0 (1 4+ (=D — k)z)m

Therefore

j k—D—ng (O]
2
sup - (1 +x ) ( 1_[ w(x + n))

xe[-D,D el

<4+ ED-kb») - k=D—=no+ 11!

k— 00

w k=D=not1=l il (1 4+ (D - k)2)ml k2o,

This proves (19).
(ii) The proof of this part is similar to the proof of the first part of the proposition.
The only difference is that one needs to use the formula for higher derivatives of the
function m
(iii) The last assertion in the proposition follows immediately from the first two parts,
Theorems 2 and 3. O

Example1 Let w € Opy(R) be such that w(x) # 0 for x € R and satisfies
limy_, _ o |w(x)| = 0and lim,_, , |w(x)| = co. Then, by Proposition 1, the operator
Ty: SR) - SR), f(-) = w()f(-+ 1) is mixing and chaotic.

Example2 Let w: R — R be any smooth function such that w(x) = % if x <0,
w(x) =2ifx > land w(x) # O forx € [0, 1]. Itis clear that such a function belongs
to Oy (R). By Proposition 1, the operator T, : S(R) — S(R), f(-) = w() f(-+ 1)
is mixing and chaotic.

The following proposition is an useful tool to construct examples of weighted
translation operators with various dynamical properties.

Proposition2 Let w € Oy (R) be such that w(x) # 0 for every x € R and let
K =[—D, D], where D € N.
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(i) Assume that there exist ¢ > 0 and no € N such that |w(x)| > ¢ for x < —ng. Let
(ni)ken be an increasing sequence of natural numbers such that for every j > 0

. |ng—1
J
sup (1+x2) | | w(x +n) k_)—oo>0.
xeK—ny n=0

Then for every j,l > 0

. ng—1 (O]
sup (1 +x2)] (H w(x +n)) IH—OO> 0.

xeK—ng n=0

(ii) Assume that there exist C > 0 and ng € N such that |{w(x)| < C for x > ng. Let
(nk)keN be an increasing sequence of natural numbers such that for every j > 0

1
[T5, wix —n)

k— 00

2\/
sup (1 +x )
xeK+ny

Then for every j,l > 0

; 1 O]

2\ k— 00
sup (1 +x ) 0.
xeK+ng sz=1 w(x —n)

Proof (i) Proceeding exactly the same way as in the beginning of the proof of the first
part of Proposition 1 we get that the assumptions imply that

. |nk—D—ng

sup (1 —i—xz)J 1_[ w(x + n) Ll 0 forevery j >0. (21)
xe[—D,D]—ny n=0

Moreover, in the same way, we obtain that to prove the desired statement it is enough
to show that

ng—D—ng @

J
sup (1 +x2) 1_[ w(x +n) ko 0 forevery j,/ > 0.
x€[—D,D]—ny n=0

(22)
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By the product rule we get that

0

ng—D—ng
1_[ w(x +n)
n=0
I ng—D—ng
- Y g 1 e
. io!. . ing—D—ng! -
10,...,1,”(,1),,,020 n=0
i0++++ing —D—ny=l
I nr—D—ng
= Z il i : | 1_[ wx +n)
. . 10+ -lpg—D—ngp- -
10,...,1,,k,1),,,020 n=0
i0+"'+ink—D—n0=l
1—[ w) (x 4 n)
X —
wx +n
0<n<nx—D-—ngp (x +m)
in#0
Letig, ..., in—p—ny = Obesuchthatio+---+i, _p_p, =1.1fx € [-D, D] —ny,
then forn = 0,...,ny — D — ng we have that —D — ny < x +n < —ng. Since

w e Oum (R) there exists m € Nsuchthatforevery0 < j </andevery x € R wehave
|w (x)| < m(1 4 x*)™. Using the assumptions we get that for x € [—D, D] — ni
and k large enough

w(irl)(x+n) ml 2 ml
[T —asnl= (14 Ep-m?)

0<n<nyp—D-—ny
in

Therefore

nr—D—ng 0

1_[ w(x + n)

n=0

ng—D—ng l 1

I m 2\"
<| [T we+m| -ox=D=no+ "1 (14 (=D =np?)" .
0 c
n=

For x € [-D, D] — ny and k large enough we have that

l ml
(e —D —no+ D117 (1 Y (-D— nk)2> < (1 4 x2ymi++,

cl
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Thus, from our calculations we get that

nr—D—ng @

J
sup <1 + xz) 1_[ w(x +n)
x€[—D,D]—ny 0
jpmiti41 | D=0
< sup (1 +x2> 1_[ wx +n)|.
xe€[—D,D]—ny n=0

By our assumptions, the right hand side goes to zero as k goes to infinity. This proves

(22).

(ii) The proof of this part is similar to the proof of the first part of the theorem. The only

difference is that one needs to use the formula for higher derivatives of the function
1

wien) .
In the following example we construct a weighted translation operator on S(R)

which is hypercyclic and is not mixing (and thus not chaotic).

Example 3 Let w € Oy (R) be a real valued function with the following properties:

(i) w(x) =2 forx > —2and for x € [—2Kt!, -2k —2k=1 _ 1] fork e N;
(i) w(x) =1/2forx e [-2Fk —2K-1 2Kk _1]fork e N
(iii) w is decreasing on [—2F — 2k=1 — 1, —2k —2k=l1fork e N;
(iv) w is increasing on [—2% — 1, —2%] for k € N;
) wx)wx —2851 =1forx e [-2K -1, —2%]and k € N.

It is clear that we can find such a function in Oy, (R). From Proposition 1 we obtain
that for every compact set K C R

0]
J 1 N
sup (1 +x2> T k=00 0 forevery j,[ > 0.
xeK+k [T wx —n)

Now, if K = [—D, D], where D € N, then one can easily check that that for every
j=0

i 2k42k=1_p—1| .
sup (1 + x2> 1_[ w(x +n)| —= 0.
x€[—D,D]-2k—2k=14+D =0
By Proposition 2 we get that
i 2k4ok=1_p—1 ® .
sup (1 —|—x2) [T wa+m] [—=o0
x€[—D,D]-2k-2k=14 D n=0
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forevery j, [ > 0. By Theorem 1, this gives that 7y, is hypercyclic. Let us now observe
that for K = {—1} we have that

2k—1 2k—1
sup 1_[ wx +n) = 1_[ w(—2k —14n)=1.
xeK=2% ;0 n=0

This shows that T, is not a mixing operator and thus also not chaotic.
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