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1 Introduction

The purpose of this paper is to study the initial-value problem for the heat equation:

~ _ ~ : n—1
[u,(x,t)—Axu(x,t) in R"1 x (0, T), 0

i(x,0) =u for x € R*" 1

where the initial function u lies in the completion of L'gschitz functions in certain
weighted Orlicz—Slobodetski type space denoted by Yljé (2), @ is a N-function. It

consists of all v € L® () (the Orlicz space generated by @), for which the seminorm

12, ;=/ / ® ('”(x) - ”(y”) =D gy a2)
& Re-1 JRo-1 lx — vl lx — y|"
is finite.

As our main result formulated in Theorem 7.2, we prove that if @ satisfies certain
assumptions (Assumption B in Definition 6.1), then the solution u of (1.1) lies in the
Orlicz—Sobolev space WLY(R"~! x (0, T)), i. e. ii, together with its all first order
partial derivatives belongs to LY (R"~! x (0, 7)), where W is in a sense conjugate to
® (see Definition 2.1). The natural representative pair of admitted functions would
be functions generating the logarithmic Zygmund spaces: ®(A) = A(In(2 + A))% and
U = A(n2 + 2)*H, where & > 0. They cannot grow to fast. The conjugate
of ® is equivalent to exp!/% near infinity and does not satisfy the Aj-condition.
Logarithmic Orlicz spaces are of particular interest in functional analysis, see, e.g.
[4,14,19,21].

For regularity results dealing with the initial data in the classical Besov spaces
Bg’q (2) we refer to papers: [20,43,51,58-60] and to their references.

Our motivation to ask about regularity in the Orlicz setting comes from the fact
that many mathematical models in the nonlinear elliptic and parabolic PDEs aris-
ing from the mathematical physics seem to have a good interpretation only when
stated in Orlicz framework, see e.g. [3,6,15,16,37,54]. Moreover, not much is known
about regularity established for the heat equation with initial data in the Orlicz—
Slobodetskii-type spaces, even in the nonweighted ones, where N-function @ is
essentially different than A”. We focus on the paper [30] for an approach with an
initial condition in the Orlicz space. For another result in this direction we refer
to our recent paper [24], where we have proven that if Orlicz function R satis-
fies certain assumptions (Assumption B from Definition 6.1), then the solution u
of (1.1) lies in the Orlicz—Sobolev space WLR(Q x (0, T)). The difference between
an approach presented here and our previous one is that now we provide the estimates
between Orlicz—Sobolev-type spaces and Orlicz—Slobodetskii-type spaces defined
by the possibly different Orlicz functions ® and W. This motivated us to consider
weighted Orlicz—Slobodetskii setting, while our previous analysis did not require
weights.

Weighted Sobolev—Slobodetskii spaces have appeared in many issues, stating
from classical literature mostly by the Russian school: [42] (which appeared before
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Well posedness and regularity for heat equation 679

fundamental paper by Slobodetskii [50]), [31, Section 9] [35,39,47,56,57]. Those
works were involving measures being the power of the distance from the boundary:
dist(x, 92)* See also books [32,38,53] and later works [1,22,26,36,40,41,46,55].

Weighted Orlicz—Slobodetskii spaces involving general weights have appeared in
old papers by Lacroix [34] and Palmieri [45]. Recently first author and Dhara [11,12]
were investigating properties of the extension operator from Orlicz—Slobodetski type
space to Orlicz—Sobolev space in the weighted setting. See also [7,8,29,32,38], for
some interesting related results.

Except the standard arguments based on Young and Jensen’s inequalities and the a
priori estimates, we propose an approach based on obtained here pointwise estimates
for the time-maximal functions of # and its first order derivatives (see Lemmas 4.4,
5.3 and 6.4) and Stein type theorem due to Kita, see Theorem 4.1 obtained in [28].

The estimates for solutions of the heat equation are of interest to many mathe-
maticians form various branches of mathematics including the probability theory and
analysis on metric spaces, see e.g. [2,5,10,13,17,18,44,48], and the references therein.

2 Notation and preliminaries
2.1 Basic notation

Let Q@ C R” be an open set. By C®(Q) we mean set of functions which
have smooth extension to certain open neighborhood of 2. If f is defined on a
set A € R”, by fxa we mean the function f extended by 0 outside A. Let

Mh(tp) = sup,.q % f(to—r., fo-+r) h(t) dt be the Hardy-Littlewood maximal function
ofhelL],

tion of function w € Lllo .

(R) [52]. We will be also dealing with the time-directional maximal func-
(R"=! x [0, 00)), the function

1
Mzw(x, tp) := sup — w(x, 1) xga-1 % (0,00) dt 2.1
t>0 <" J(tg—r,t0+r)
(defined for almost every (x, 7g)). Having to norms || - || and || - ||; defined on a Banach
space X, we will write || - || ~ || - ||1 if norm || - || is equivalent to || - ||; on X. Having two

functions @, W defined on [0, co) we will say that ¥ dominates @ (® < W) if there
exist constants Cy, C» > 0 such that ®(x) < C1 WV (Cyx) for every x > 0. Functions
®, ¥ are called equivalent if ¥ < & and & < W.

The notation “<” will be used in usual manner, namely, if &, ¥ : A — R are given
functions, where A is some abstract domain (it can be either a subset of Euclidean
space, as well as a set of functions), we will write that ® < W if there is a constant
C > 0 such that ®(a) < CW¥(a), for every a € A. When n € N, we denote:
Q' =10,1""1, 0 =1[0,1]" = Q' x (0, 1). By Lip(2) we denote space of Lipschitz
functions defined on the set 2 C R”, while by Lipo(£2) we denote those elements

of Lip(£2) which have compact support in Q. If x = (x1, ..., x,) € R”, then x’ will
stand for (xq, ..., x,-1) € R, By In x we denote the natural logarithm of a positive
number x.
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680 A. Katamajska, M. Krbec

2.2 Orlicz, Orlicz—Sobolev and Orlicz—Slobodetskii spaces
2.2.1 Orlicz space

When W : [0, o0) — [0, 00) is a nondecreasing convex continuous function such that
W (0) = 0 and lim;_, o, ¥ (¢) = 400, the space

LY (Q) = If € L}OC(Q) : /Q\Il(slf(x)Ddx < oo for some s > 0]

is called Orlicz space (see e.g. [49]). Itis a Banach space equipped with the Luxemburg

nornmi:
Q A

As is well known, when W(X) = A? and p > 1, then LY (Q) = LP() is the usual
Lebesgue space. The same notation will be used for vector functions, u : Q — R™,
with the formal difference that instead of |u(x)| we shall work with the Euclidean
norm of the vector u(x).

We shall write that & € Aj if it satisfies the A,-condition: W(21) < CW¥(}),
for every A > 0, with a constant C independent of A. Symbol ¥ € Af will mean
that the Legendre conjugate of W, that is, W*(s) := sup,.o{st — W(z)}, satisfies the
As-condition.

We will be using the following statement (see e.g. [9, Proposition 2]).

Proposition 2.1 Let M be a Young function and (X, i) be the measurable space
equipped with the measure 1. Then the expression

”f”L\D(X,M),Ol = 1r1f [)\. > O N / ‘-IJ (
X

defines a complete norm on

|f§)|) (d) < a] .

L\I’(X, nw) = If € L}OC(X) :/ W(s|f(x)]) u(dx) < oo for some s > O]
Q

for each o € (0, 00). Moreover, all norms || - ”LW(X,pL),Ot’ o € (0, 00) are equivalent.
2.2.2 Orlicz—Sobolev space

Let 2 € R”" be an open bounded domain, £k € N, and ¥ : [0, o0) — [0, c0) be a
nondecreasing convex continuous function such that W(0) = 0 and lim;_, o, W (¢) =

+00. The Orlicz—Sobolev space WX P () is the linear set

{ue L}OC(Q) : D% € L\p(SZ) forevery o : || < k} 2.2)
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equipped with the norm:

lullwioy = D IDull v

o:la|<k

Here D*u means the distributional derivative of u. B
We define the space Wclfé(b (£2), (respectively W]Z’ ® (£2)) as the completion of C*°(£2)

(respectively Lip(£2)) in the norm of the space Wk (Q).

2.2.3 Orlicz—Slobodetskii space Y¥>®

Let Q € R” be an open bounded domain, ¥, ® : [0, c0) — [0, o) be nondecreas-

ing convex continuous functions such that ¥(0) = ®(0) = 0 and lim;_, o, Y (¢) =
lim;_, 0o ® (1) = 4+00. By Y¥-®(Q) we denote the space of all u € LY (Q), for which

the seminorm
1) / / o (|u(x> - u(y>|) dxdy 03
QJo |x — ¥ lx — y["

is finite. We equip it with the norm:

lullyw.e gy == llullpvg) + I, Q),

where

u
T

T, Q) = inf{k ~0:1° (A sz) < 1}

is the Luxemburg-type seminorm.

Analogously one can define YYPu, M), I®(u, M), and J®(u, M), where M C
R¥ is an arbitrary n-dimensional rectifiable set (n < k) and instead of the Lebesgue
measure we consider the n-dimensional Hausdorff measure H" defined on M.

By Yo‘g’q)(Q) (respectively Yiy ’q>(§2)) we will mean the completion of set

C®(Q) N YYV®(Q) (respectively Lip(2) N YY*(Q))

R¥ is an arbitrary n-
’CD(M)) we mean the

with respect to the norm ||u|lyv.e ). Analogously, if M

dimensional rectifiable set (n < k), by Yoqé’cD(M) (resp.
completion of set

-
v
Yy

C® M) N YYV-?(M) (respectively Lip(M) N YY" ®(M))

in the norm Y'Y ® (M), where by C*(M) we mean the set of functions which are
defined on certain neighborhood of M in R¥ and are smooth as functions on R¥.

Remark 2.1 Let Q C R” be an open domain with locally Lipschitz boundary, ¥ (1) =
D) = |A|P, 1 < p < 0. Then
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682 A. Katamajska, M. Krbec

lu(x) — u(y)|? l/p
el oo gy ~ ||u||u<m>+(// dxdy)

s |x —y|pHn=2

1
which is the norm of u in the Slobodetskii space WI_F’p(a Q), see e.g. [33].

2.3 Basic assumptions

In the sequel we will be dealing with the following assumptions comming from papers
by Kita [27,28].

Definition 2.1 (Assumption A (Kita pair)) We assume that a, b : [0, co) — [0, 00)
are strictly positive continuous functions such that

(@) fol a(s)/sds < oo, [° a) g = 4o0:

(b) b(-) is non-decreasing, liIISlS_)oo b(s) = +o0.

(c) there exist constants ¢; > 0, so > 0 such that
Sa(t)
Tdt <cib(c1s) forall s > s9, 2.4)
0

and in the case so > 0 mapping s — “FS) is bounded when s # 0 is near to 0.

We define
t t
d(1) :=/ a(s)ds and W(r) :=/ b(s)ds, wheret > 0. 2.5)
0 0

Remark 2.2 We always have & (1) < 5\I/(C 1), with universal constants, so that
® < V. Moreover, the following three statements (a), (b), (c) are equivalent (see e.g.
Proposition 5.1 in [25]):

(a) W e Af
(b) @ and W are equivalent Orlicz functions,
(c) ® e AS.

Example 2.1 Simple computation shows that pair (®(1), ¥(1)) = (A(log(2 +
M), A(log(2 + 1)*t!) where o > 0 is a Kita pair.

2.4 Trace operator

Let us briefly recall basic claimg from [23, Theorems 3.10 and 3.13]. The original
formulation holds with u € C°°(£2) however, the proof follows by the same arguments
with no difference for u € Lip(£2) as well.

Theorem 2.1 ([23], embedding theorem, inequalities in modulars) Let Assumption A
be satisfied (see Definition 2.1) and let Q2 be a bounded domain with locally Lipschitz
boundary. Then we have
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(1) If (2.4) holds with so = 0, then for every u € Lip(S2),
/ W(|lu))H" " dx) + 1 (u, 9)
0
<C (/ W(Cilu(x)])) dx +/ \IJ(C2|Vu(x)|)dx) , (2.6)
Q Q

with constants C, C1, Cy independent of u.
(i1) If (2.4) holds with some sg > 0, then for every u € Lip(S2),

/ W (u)VH " dx) + 1% (u, 9Q)
02

§C</ \I'(C1|u(x)|)dx+/ \D(C2|Vu(x)|)dx+/ |Vu(x)|dx),
Q Q Q
2.7)

with constants C, C1, Cy independent of u.

Theorem 2.2 ([23], embedding theorem, inequalities in norms) Let Assumption A be
satisfied (see Definition 2.1) and let Q be a bounded domain with a locally Lipschitz
boundary. Then there exists a constant D such that for every u € Lip(S2) we have

”M”y\v,w(ag) S D”M”WI\P(Q) (28)
2.4.1 Trace operator

Let the assumptions in Theorems 2.1 and 2.2 be satisfied and let u € Wi;g(Q).

Consider any sequence u,, € L(S2) convergent to u in the norm of the space W!-¥ ().
Then {u,,} is a Cauchy sequence in ¥'¥"®(9Q) (convergence in the norm), so that it
converges some element u € Y, '~ (9€2). It is easy to observe that # is independent
of the choice of the sequence {u,,} € L(£2), converging to u. It allows to extend the
standard definition of the trace operator:

Tru:= lim u, =ic¥, " ?OR), (2.9)
m—0oQ
where the convergence holds in the norm of ¥'¥®(3Q).
As a consequence we obtain the following result.

Theorem 2.3 ([23], embedding theorem) Let Assumption A be satisfied (see Defini-
tion2.1) and let 2 be a bounded domain with a locally Lipschitz boundary. Then trace
operator Tr : WLl’ly(SZ) — YLLP’(D(SQ) is well defined by expression (2.9) and there

exists a constant D such that for every u € WI{’\IJ (2) we have

I Tr ullywepo) < Dlullwivg)- (2.10)

@ Springer



684 A. Katamajska, M. Krbec

3 Heat kernel estimates

Letu € Lip(0€2). We will define function u € Lip(2) such that Tr ¥ = u using the
Gaussian kernel. Let

E(s, t) = exp(—s2/4t), s>0,r>0

2"_1(7'”)(”_1)/2
and E(x, 1) := E(jx|,1), x e R"™', 1 >0,

be the heat kernel. Then E obeys the following properties

1.
/Rn—l E(x,t)dx =1 foreveryt > 0,
2.
IIL"B R d(X)E(x,1)dx = ¢(0) forevery ¢ € Lipo(R"™1),
3.

E.(x,t) = A E(x,1).

We will start our construction with the case when 2 = (, and assuming that
u € Lipo(Q).

We define

Jrnr u(ME(x—y, 0)dy = (E(-, 1) *u)(x) when 7 >0,

u(x) when r =0,
3.1

Hx, 1) = (e "2u)(x) = [

where g * u is the usual convolution. We have the following observation.
Lemma 3.1 Forany u € Lipo(Q’) we have i € Lip(Q). In particular Tr i = u.

The remaining estimates and our final result will be established in several steps
presented in in the sequel.

4 Estimates of function
4.1 Presentation of main results

We start with the following result.

Proposition 4.1 ([23]) Let u € Lip(R"™') be supported in Q,, and u be defined by
(3.1). Then for any A > 0 and any convex function R : [0, c0) — [0, o0) and for any
T > 0, we have
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/ / ('”(x ”') dx'dt < T/ R(M) dx. @1
Rn—l )\,

In particular, if R is a N-function, we have |[u|l & gy < lullLror-

Our goal is to show that in some cases the function & can have better integrability
properties than u. As main result of this section we obtain the following lemma.

Lemma 4.1 Let it be given by (3.1), where u € Lipy(Q’). Moreover, let (O, W) be

as in Assumption A (see Definition 2.1) and suppose that ® satisfies the following
estimate:

O(xy) < D(1+ G(x)+ Gx)P(y)), with D independent of x,y, “4.2)

and continuous, nondecreasing function G such that fol G(c|Int|)dt < oo for any
constant ¢ > 0. Then

A(x. t C
/ w ('”(x )|) dxdt < 1 +/ cb( |”(X)|) dx, for every . > 0, (4.3)
(x.0eQ A ’ g

||ﬁ||LW(Qf><(0 1) ~ ||M||L0>(Q) (4.4)

where constant C > 0 above is independent of u.

Remark 4.1 1. The condition (4.2) implies that ® satisfies A,-condition near infinity,
i.e. there exists N > 0 and C > 0 such that ®(2y) < C®(y) whenever y > N.
2. Assume that ®(s) = s“h(|In s|) where A is continuous, positive for positive argu-
ments, nondecreasing and satisfies A,-condition near oo (in the sense of definition
given above). Then

D(xy) 31+ G(x)+ Gx)P(y), where G(x) = max{x®, ®(x))}.
Indeed, this follows from the following estimates:

@ (xy) =x"y*h(|Inx|+ [Iny]) < x*y* (h2[Inx]) + h(2[Iny]))
S x4y (I +h(Inx]) + h(lIny))
=Y (x) +x¥P(y) +x7y" = y(P(x) + x%) + x7D(y)
3 G)y* + G)P(y)
G+ G)P(y).

3. Inthe original formulations of Lemmas 4.1 and 4.1 we assume u € C* instead of
u being Lipschitz. The statements we formulate now hold true without any changes
in their proofs.
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4.2 Proof of Lemma 4.1
The proof will be proceeded by the known results of Kita [28, Theorems 2.1 and 2.7]

and sequence of lemmas where we derive certain pointwise estimates.

Theorem 4.1 ([28]) Let a(s), b(s), ®(t), V(t) be as in Assumption A (see Defini-
tion 2.1), with so > 0. Then there exist constants Cy, C2, C3 > 0 such that

/Rn V(G| f () dx < CISO/Rn | f ()] dx + Cz/R" O(Mf(x))dx,

forall f € L'Y(R"), where Mf (x) is the Hardy—Littlewood maximal function of f (x).
Lemmad4.2 Let f > —2 and

Fg(x) =x /OO gPe1dyq. 4.5)

Then there exist constants Cy, C1 (depending on B) such that for every y € R4 we
have

sup Fg(x) < Coxysc, + Fg(¥) xy<c;-

(x=y}
Proof Function Fjg is increasing up to certain xg and it is bounded. Therefore inequal-
ity follows with Co = sup F < [~ ¢#*le™9dq, C) = xp. i

Lemma4.3 Lets e Ry, t > 0,a > 0and

1
Ey(s, 1) i= t—aexp(—s2/4t),

1 ~
B, (s, tg, r) := —/ Eq(s, 1) xr=0dt.
2r Jo—r,to+r)

Then for any s, ty, r > 0 we have

~ 3 1 52 1
sup By (s, 10, 1) S Eq S’Eto +@Fa—2 — +@X 2,

>0 8to fo<gey

where Fg(x) is given by (4.5), C is the same as in Lemma 4.2.

Proof We start with the case 0 < r < %0. Let us find the negative integer k < —2 such
that 1025 < r < t92%t1, so that for B = By (s, to, r) we have

1 1 _s2
B S — —()lé‘_ﬂ dt
(to—r,to+r) t

2

2r
< L e G0 L1ty — 1 1o+ 1) < Eq (s éto
~ 2kl’0 0 ’ ~ o ’ 2 ’
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because when ¢ € (ty — r, to + r) we have ’7" <t< 3% and [(fg —r, to+ 1) =2r <
2k+2t0.
. . . 2
In case ’70 < r < ty, we have (we change variables, substituting ¢ = %)

2ty 2
B < L ie_iTtdt
~\20Jo ¢
1 52 1 52
< — 1 — @20 ddg = —F, »(—).
~ 20 (Sto)/stzq € q g2 @ 2(8t0)
0

Finally, if r > 1y, we proceed similarly as above, to get

1 2r 1 2

s

B < — —e W dt
2r Jo t¥

1 52
S @Fa—z (8_r) ,

2

2 . .
then we use Lemma 4.2 (note that g < §70 =: y) to get in this case

1 2
BS ——xp + ——Fy2 = X 2
~ J2a SSTI>IO g0 "¢ 81 gﬁfto
Therefore the estimate holds in all considered cases. |

Lemma 4.4 Letu € L'(Q)), Q' = [0, 11"}, and @ be given by (3.1), M? is as in
(2.1). Then there exists constant C1 > 0 such that for any ty > 0 we have

- 3
M (iixe=0)(x, t0) < (Tou) (x, Eto) + (Tiu)(x, 2t9) + (Tou) (x, 2C11p),
where
Tt = [ Ex =0l dy,

1 12
(T, 1) :=/ Fus ('x i )|u<y>|dy,

Ro-1 X —y|nml 2 4t

1
(Tou)(x,1) ::/R T X, eyl lu(y)|dy.
n— - -

The estimate holds with some constant which is independent of u, x, t.
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688 A. Katamajska, M. Krbec

Proof Applying Fubini’s theorem we obtain

1

2r Jg—t,10+r)
1 -
S5 (/ Enl(lx—yl,t)lu(y)ldY) X0 dt
2r (to—r,to+r) Rr-1 2

1 ~
_ / (— / Eact (lx — . t)Xr>odt) ()| dy.
Rr—1 2r (to—r,to+r) 2

Now it suffices to apply Lemma 4.3. O

lu(x, Dl xi=o0dt

Remark 4.2 We observe that under the notation in Lemma 4.4 we have

1. when u is nonnegative then (Zou)(x,?) = u(x,?), in general (Zou)(x,?) =
|u|(x, t) (see 3.1);
2. C;isasin Lemma 4.2 with 8 = ?

Lemma 4.5 Letu € L' (R*™) and let (Tiu)(x, to) be as in Lemma 4.4. Then for any
convex function R and every tg > 0 we have

/ R(Tlu)(x,to)dxi/ R(Clu(y)]) dy,
Rn—l Rn—l

where C = erH |z|_(”_l)F?(|z|2)dz.

Proof We have

1 lx—y[?
o F ( Ay

g ~(Clu(y)]) dy

R((Tiu)(x, 1)) = R /
Rn—1

~ 2
and C = [pui |x_}l,|n,1 F%(lx‘mfl )dy = [pa-i |Z|7("71)F%(Iz|2)dz. Therefore
by Jensen’s inequality

“R(Clu(y)]) dy.

! lx—y|
x—y[+1 Fus

R((Ylu)(x,to))i/ lx—yl 7 ( T10 )
R}l*l C

Integrating the above expression over R"~!, then applying Fubini’s theorem, we get

o g (u;tgﬁ) =
[ r@eanas= [ (] 2 dx| REClu(y))) dy

— [ RClutrdy.
Rn—1
This finishes the proof of the lemma. O
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Lemma 4.6 Let 75 be as in Lemma 4.4, R be an arbitrary convex function and Q' =
[0, 11"~ Then for any t > 0 and measurable function u supported in Q' we have

/R((me,r»dw/ R(C(1+ | I u(o)]) dox.
o’ Q'

with constant C > 0 independent of u.

Proof If x € Q" and y € Q/, then |x — y| < +/n — 1. We have

1
£:=/ R((Tou)(x, 1)) dx =/ R(// T — yp1 X nt ”(y)dy) @
o / o lx—yl i<"=—<7)

It suffices to show that

1
5 Jra-1 R(ColInt|lu(y))dy when t < 61—4 “6)
Jrn1 R(Colu(y))dy when 1 > &
where Cy is independent in u. We start with the case ¢ < &. For this, let
C(x,t):= ! d
(x, 1) := o WX{K\XTZJ%} Y,
o2
A(x,t) = [y e :t< X 4y|
We have
acni= [ aayT= dz = I(x = Q') N {lz] = 2V,
Ax,1) ze{x—Q"IN{lz1=2v/7}
Let us fix x = (x2,...,x,-1) € Q/ and consider the mapping
0. 1) 3 x1 = [{(x1. 32 .. xa—1) — Q' N {lzl = 2V} =2 fi(xp).
We will show that fj(x;) takes its minimal value at x; = 1/2. Indeed, let x =

(x1,x) € (0, 1) x (0, 1)"2. We have

f1(x1)=/ U X1 2odr zdz’]dm.
Z]E{)C|7(0,1)} z/e{x/f(O,l)”—z} {lzl Z4t |le }

Define for s € (0, 1):

hs) :=/ o 2idZ
Z,E{x,f((),])”_z} {Iz [#=4t—s°}

Cls) =17 ex — (0, 1)"2: |7 > 4t — 5%).
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Note that as for s; < s, we have C(s;) € C(sp), therefore function s +— h(s) is
nondecreasing. Moreover, let

A =[-1 N L1 - L1
(xl)'_ [_ +~x17~x1] [ 2 2] [ 235}7

11
B(x1) = [-1+xy, X1]\ [—— —]

Then |A(x1)| 4+ |B(x1)| = 1, sets A(x1), B(xy) are disjoint and inf{h(|zll2) 4
B(x1)} = h(}) = sup{h(|z1]?) : 21 € [-3. 51}. As we have

At = / h(lz1 Pz + / h(lz1 Pz
z1€A(x1) z1€B(x1)

=/ h(lz1 Pz + / h(|z1|2)dz1—/ h(lz1P)dz |
ze[—1, 1] 21€B(x1) ziel-3. ANAGD

2°2

sets B(x;) and [—%, %]\A(xl) have the same measure, therefore the expression in
brackets {...} is nonnegative. Therefore f(x;) achieves its minimal value when
{...} = 0, in particular when A(x;) = [—%, %], B(x1) = @, i. e. in case when
X1 = %

By an obvious modification of the above argument we have

|AG, D] = 1{(1/2,...,1/2) = Q') N {Iz] = 21}
=1(1/2,..., /2" ' n{lzl = 2V},

and right hand side is nonzero provided that 2./t < |(1/2,...,1/2)| = /n —1/2.
When ¢ < 1/16 this is always satisfied and in that case C(x, t) > 0. Moreover, by
simple observation we have

1
Clx, 1) =/ / N
A X — yl” I (-5 0Nz1=1) |z
V=1
—1 21 n—1
= dz =wpoInr| Y =wy_oln—
/{1§ZISJ2':}7} |z|—! n 1 n 27

-2
"Z\lnt| =: a; + az| Int|.

IA

where w,_> is measure of unit sphere in R"~2 is the case n > 2 and wo = 2. On the
other hand

C(x,t) =

’ _l
(357 0 n(zizny 121"

X 1

1
’ nfldzz/ nfldZ
(G570 Inlzizng- (-3 Hrt 2l (Wzlznngz©.Hr1 12l
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1
z : 1 / ;ldZ =27V, s Inr|
2n- 1<|Z\< |Z|n

=202y ln (1) >6—(n—2)w,—>21In2.
n 4\/; = n

This easily implies
supye o C(y, t)

—_— 4.7
’6]4]1nf o €, t) S

supt €[0

By Jensen’s inequality, Fubini’s theorem and the above estimates we can estimate
further:

.c</ / o P <t <) b e D)) dyd
X u X
/ Clx. 1) CDHEYID A4y

| |n o1 X x=yl* _n—1
S/ / x—y {t<=—F—<% }d)C R(C( + |1nt|)|u(y)|)dy
Q, Q/ C(.x,t)

4.7)
g /Q/R<C(1+|1nr|)|u<y)|)dy,

where C is independent on u.
When ¢ > 6—14 the computations become simpler as then we have

1 - 1 g
lx — yln—1 XKW x =yt Xf<lx—yl = ’

which implies

1
R _ , dy) <R 4" u(y)d
(/Q/ ] x{t<|x1)‘2}u(y) y) < (/Q u(y) y)

< [ r@tuoay,
o

We are now in position to prove Lemma 4.1.

Proof of Lemma 4.1 Let A > 0 and denote

c :=/ / w('mx””) dxdi
(0’1) U )\:
— / (/ v (|u(x, Dl Xte(o,l)) dt) dx.
A\ Jr x
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692 A. Katamajska, M. Krbec

We apply Theorem 4.1 to the internal integral, then Fubini Theorem, to get

2
£<// (M (@(x, f)Xte(o l)))d dt
t

+ 5o // | (x, )|Xte(01)d dr.
This is further estimated with the help of Lemma 4.4:

(ITou(x, 5t C (T 2t
£<// ( |Ou(x2)|)ddt+// ( (1u(x >))dxdl

" J(0,1) "J(0,1)
T 2
+/ / q)(C(( 2u) (x, Clt))) dxdt+so// Iu(x,t)ld d
/ (0’1) )\, R ! )\.

= A+B+C+D.

Applying Proposition 4.1 and Lemma 4.5 with R = @, we obtain

R RICEIY

Moreover, according to Lemma 4.6, we have

CS/ / ‘I>(C2(1+I1n2C1t|)|u(X)|)dx§/ / O (C3(1+[Inz)]u(x)]) dx,
0,1 J o 0.nHJo

with some general constants Cy, C, C3 > 0. This together with (4.2) gives C <
1+ fQ’ CD(@) dx. To get (4.3) it suffices to note that if so > 0, then

2:/ m(x’t)'dxdtf/ (I)*(l)dxdt+/ qn(lﬁ(x’t)l) dxdt
0 o A 0 0 A
|1 (x)]
Y

The last estimate follows from Proposition 4.1. This implies (4.3). Inequality (4.4)
follows directly from (4.3) and Proposition 2.1 after the substitution A = [[ul| (o).
O

5 Estimates of function V,
5.1 Presentation of main results

Our approach will be based on the following results.
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Well posedness and regularity for heat equation 693

Proposition 5.1 (Lemma 3.3, [23]) Foranyk € {1,...,n — 1}, any0 < ¢ < % and
any u € Lipy(Q’) such that dist(supp u, dQ’) > ¢, we have

ou — ~
’—u(x,f) S/ P(x —yl,0) (M) dy + Clu(x)|, where
8.xk o’ |x—y|
P(s. 1 ! L 5% % whens € R, in particul
= _— t
(s, 1) (Va7 7 e~ % ,when s € R, in particular,
|z|? o~ 1
P(|z|,t) =2E(z,t)—, whenz e R""",C = ——.
4t 2me - ¢

Proposition 5.2 ([23]) For any convex function R, any 0 < ¢ < % and any function
u € Lipy(Q’) such that dist(supp u, Q") > & we have

c - 1
// R(|Vxﬁ|)dxdt§/ / R( () ”(x”) — dxdy
1,1 rJo lx — yl lx —y|"

+ / R(Calu(x)|) dx, 5.1
Q/

] =2 2, —|w? _ 2Jn—1
Wlth Cl - 2 n-— 1fRn71 |w| e lwl dw) C2 - \/2;7-8.

In particular, when V,u denotes the spatial gradient of u, we have

c - 1
// R(|in?|)dxdt,§/ / R( tu() “(x”) 5 dxdy
rJo.1 Jor lx — yl lx — y|"~

+ / R(Calu(x)])dx
Q/

=R Cuw @)+ [ RCaluwDdx,
Q/
Proof We use argument preceding (3.5) in the proof of Lemma 3.2 in [23], to get the
slightly more precise statement. O

Corollary 5.1 ([23) If u € Yf’q)(Q’) is supported in the interior of Q' then the
spatial derivative of U satisfies |Vyi| € L*(Q).

Remark 5.1 As before we remark that the original formulations of Lemmas 5.1 and
5.2 and Corollary 5.1 deal with u € C35°(Q’) instead of u € Lipo(Q’) but their
statements hold with Lipschitz u by the same arguments.

Remark 5.2 Estimate (5.1) shows that

// R(|Vxﬁ|)dxdt§//R(C]|u(y)_u(x)|) w(x’y)_zdxdy
rJo,1 Jor lx =yl lx — y|”

+ / R(Calu()]) dox,
Q/
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694 A. Katamajska, M. Krbec

1

lx—=yl*

where w(x, y) = This implies the estimates in the norms

IVxtilipreg) S llullyrr oy

where Y, Cf 'R(Q/) is weighted Orlicz—Slobodetskii space introduced in [11,12]. In par-
ticular more precise statement than that in Corollary 5.1 holds.

Corollary 5.2 Let Y :,D, ’Lq) (Q") denote the completion of Lipschitz functions in Ya? @
(O).Ifuey 5 ’LCD(Q/ ) is supported in the interior of Q' then the spatial derivative of
u satisfies |Vyit| € L*(Q).

Note that we have Y*®(Q") € ¥*®(Q").

Our main goal is to show that in general stronger property follows. Namely, that
under an assumption u € Y Zp ’¢(8 Q), where u is supported in the interior of Q" and
(W, ®) is as in Assumption A (see Definition 2.1), we have |V,i| € LY (Q). Let us
recall that in general we have ® < W (see Remark 2.2) and it may happen that @ ~ W.

The main result of this subsection reads as follows.

Lemma 5.1 Let 0 < ¢ < 1/2 and u be given by (3.1), where u € Lipo(Q’) and
dist(suppu, dQ’) > &. Moreover, let (®, W) be as in Assumption A (see Definition2.1)
and ® satisfies the following estimation:

P(xy) < C(1+ Gx)+ Gx)P(y)), with C independent of x, y, (5.2)

where G is continuous, nondecreasing, locally bounded and such that

2
1 [ G(c|Int
sup / Ma’t<oo
0

S | Int|
S<§

for any ¢ > 0. Then for every A > 0

/ /W(W_“)') dxdt
(0’1) ! )\.
§1+// ! _2d>(l|”(x)_”(y)|) dxdy+/ @('u(x)|)dx, and
Jor lx—=y|" A lx—=yl / A

(5.3)
IViti(x, Dllpw gy S llullyeo o). (5.4)

Remark 5.3 Constant bounds in the above estimations depend on € > 0.

5.2 Proof of Lemma 5.1

First we prove several auxiliary claims. We shall proceed quickly when the proofs are
similar to that of the previous subsection.
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Well posedness and regularity for heat equation 695

Lemmas.2 Lets e Ry, t > 0,0 >0,y >0and

_ 1 S2 Y
Eyp(s,1) = (—) exp(—s?/4t),

1o \ 4t
1

= Eot,y(S,t)Xt>0 dt.
2r (to—r,t0+r)

BO(,}/(sv tO? r) :

Then for any s, to, r > 0 we have

B, (s, 10,7) < E, 30) + s 4
su 5,10, 7) S Egy s, = — D s — 2,
D(P; o,y (5, 10 oy 710 $2a Nty =2 810 Xtoz% 2o Xt0<%

where Fg(x) is given by (4.5), C2 = Ca(a, y) > 0 is a given constant.

Proof The proofis the little modification of Lemma 4.3 with the difference that instead
of E, (s,t) we now deal with Ea,y (s,t) = E, (s, t)(%)”. Repeating the proof of
Lemma 4.3 we observe that

~ 3
Ba,)/(ss tO» r) 5 EO(,)/ (S, EIO)

incase 0 <r < %.Incase % <r < 19 we have the estimation

_ 1 2to 1 SZ Y 2
Eyy(s,t) S —/ ——) e #dt
’ 2t Jo ¥ \ 4t

152 [ 2 1 52
q“ e dg = @Fa+y—2 (—) ;

N
~ 52 81y fs2 )
810

while in case r > fy we compute that

< 1 52
BDt‘)/(S’t()vr) ~ @Fohi»yfz E .

Using Lemma 4.2 dealing with y = % and B = a + y — 2 > —2, we obtain that

when & < r

B < L F s*
5, 1) < — o — 2
o,y SZO‘ a+y 8[() X&;Tzsto

X 52 )
sza @>l‘0

with some positive constant C» > 0 depending on o + y. This completes the proof.
O
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696 A. Katamajska, M. Krbec

Lemma 5.3 Let u € Lipy(Q’) and u be given by (3.1). Then for any ty > 0 we have

AﬁWJmmumnaéPw—ﬂ—nCﬂ?;%ﬂ)d

1 x —y|?
+/ 2 i (l yl )
o=ty | — 2 8t
(Iu(x) - M(Y)l) dy

lx =yl

1 mu>—uON)
+/’ ( dy + lu(),
ontya<igly k=T =] Y

where constant C» > 0 does not depend on u.

Proof According to Proposition 5.1 we have

1 ~ 1
~ |qu|Xt>()dt 5/ (_/ P(|x - y|, t)Xt>0 dt)
2r Jug—r,t0+r) 0" \2r Jio—r1+r)

(OO 4y 4o,

|x — ¥

Now it sufﬁces to estimate % f(to—r,to+r) P(|x—y|, t) x>0 dt with help of Lemma 5.2
witha = ,y =1 O

Lemma 5.4 Leti € {1,2,3} and (P;ju)(x, t) be defined by:

(Pou)(x, 1) :=/ P(lx — yl|,1) (M) d
o lx — vl

_ P _
(Pru)(x, 1) ;:/ 1 (Fus (Ix vl )(IM(X) u(y)|> dy
0'N{y:= 210 y' Y 4t Ix — yl

1 _
(waxnzz/" _I(W@) u@ﬂ)d
o'N{y: t<‘)‘ “ } [x — y|* Ix — vl

where Cy > 0 is the same as in Lemma 5.3 (it does not depend on u). Let0 < € < 1/2

be given and u € Lipo(Q’) be such that dist(suppu, 9 Q/) > €. Then we have for any
to >0

~ 3
M (Vi xi-0)(x, 10) < (Pou) (x, EZO) + (Pru)(x, 2t0) + (Pau)(x, 2t0) + [u(x)].
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Well posedness and regularity for heat equation 697

Moreover, let R be such that

R(xy) S (1+G(x)+ G(x)R(y)), where, (5.5)
Y2

sup l/ Mdt < 00. (5.6)

<18 Jo |In¢|

and G is nonincreasing and locally bounded. Then for any convex function R we have
forany T > 0

/ /R((Piu)(x,t))dxdt,SH—// ! _ZR(“‘(X)_”(”') dxdy,
01 Jo rJorlx =yl lx—yl

where i € {0, 1, 2}, with some constant C > 0 which is independent of u.

Proof In this proof constant C > 0 will denote some general constant independent of
u. It can be different even in the same line. We start with the estimate of Py. For this,
we apply arguments from the proof of Lemma 3.2 in [23], to get

/ /R((Pou)(x,t))dxdt
0.1y’

5// 1 R(C'u(x)_u(y)|)dxdy,
Jor lx —y|n—3 lx —y

whenever T > 0. For reader’s convenience we submit them. As C; := fRﬂ—l P(x —
y|, t)dy > 0 does not depend on ¢, we have from Jensen’s Inequality:

R((Pou)(x. 1)) = R ((/ (P(Ix —yl,t)) (Cllu(y) —u(x)l) dy))
' C lx — vl
S/ (P(Ix—yl,t))R(Cllu(y)—u(x)I) J
' Ci lx — ¥l
Simple computation shows that for any s > 0

2\ D2 o
/ P(s,t)dt < (—) /2 q("—3)/26—€l dg < ¢~ (@=3) < S—(n—Z)’
©.7) 4 :

7

and we apply the estimate (5.5) on R involving x = C1,y = W

The proof of the estimate of PP; goes more or less along the lines of that of
Lemma 4.5. Namely, we observe that for x € Q'

R ((Piu)(x, 1)) =

1 Ix — yI2\ (lu@x) —u(y)]
R —— F3 . ) d
(/Rnl lx — y|*—1 %X{tz‘x4¢2'2} ( 4t lx — | Kx.yeQ Y
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Fn 2 (_‘x_y‘z) -
5 P Kz 2y g (Cl0) —u®)l J
T JRe-t Cc |x — ¥l Hryee! ) 43
where we choose C = fRn—l |x_y1|” an 3(|x i )dy = f]Rn 1 ‘n 1Fn 3 (121 dz.

Therefore

/ / R ((Piu)(x, 1)) dtdx <
7J(0,T)

//%{A(x,y)}R(CM) dxdy, where
rJor |x — y|" lx — ]|

lx — yI?
A 3 = Fn—, —_— x— dt
*, y) /(O,T) = ( 4t Kz leal2 )

Now it suffices to verify that for small s,
T §2 T 2 )
< —dr< <
/0 Fn 3 (4t)xé <C2dt N/i ; dt<s|Ins| Ss.
3c,
Now let us estimate P,. We have (with C = ﬁ),

R((Pau)(x, 1))

1
Teyi=T Xi<Clx—y? i /
R(fQ’ﬂ(y:tdxfy\z} Lyl C(“;‘ ” (C( ) ‘”(‘) ”‘”‘)dy) =AC) if |Q'N{y:t<Clx—y[}}|>0
0 if |Q'N{y :1<Clx—y2}|=0.

Where we chose at first the positive constant

1 I
Coen=[ — ey d =/ d
x, 1) /Q, ey OB g T X o

We can assume that C in the condition # < C|x — y|? is bigger than one and that

C(x, t) is positive. This is because if C; < C; we have A(Cy) < A(C»), therefore if

we enlarge C, then we get R((P3u)) < A(C), which is sufficient for our analysis.
Observe that

1 1 1
C(x,t) > _ dw = — dw
e /}-[0,1/2]”1 |w|”_lxlw‘>% 2”_1/ q=1/2,1/2p-1 [w|"~ Jw =1 Xlul> 7z

1
> T Ay 1 dw 2 (L I,
/\k-B(O,é) |w|r=1 A>Tz

when ¢ is sufficiently small. On the other hand we always have C(x,t) < (1 +
|Int]), foreveryt € (0, 1), therefore

(1+1]Int)) SCx,t) S (1 +|Int]), whent < Cp, and x € Q',
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where C does is some general positive constant. Combining this with Jensen’s inequal-
ity we obtain the following inequality for small ¢:

I
R((Pou)(x,1)) < R(/ |x—y|'1*1Xt<C\X—y‘2 (C(x, t)M) dy)

C(x,1) lx — yl
T X <Clrs P () — u(y)|
—vy|n— < X— u — U
5/ =yl Y R(C(x,t)—y) dy
, C(x,1) lx — yl
1
—yln— X Clx—v|? —
j/ le—yp—T X1<Clx—y| R<C(1+|lnt|)lu(x) u(y)l)d
, 1+ |In¢| lx — ¥l

Let £ := C(1 + |In¢]),y = W Using the condition (5.5) on R(¥7) and
estimating further, we get

/ /R((qu)(x,t))dxdt
©0.co) @/
1 min{7,Clx—y|?} 1
5/ / - / ——di{ dxdy
Jorlx =yt o 1+ |Int|
1 1T Ch ) GO + | Int
+// . / ((+|n|))dt dx dy
o =y L Ix =yl Jo 1+ [Inz|

. / / 1 1 /min{mx—y'z} G(C(l+]Ine))
e I 14 |In¢|

<R (M) dx dy
|x — vl

,51+/ / 1 _ZR(Iu(x)—u(y)l) dx dy
rJor lx = yI" lx — vl

When T > t > Cy, the estimates become simples as then we have

1
Ty =T XCo<t<C|x— —
R((Pau)(x,1)) < R(/Q/ xr—yp-T XCo<r<Clx—y? (b(x)M) dy)

b(x) lx — yl
1
- / VC/Cormp= (b(x)m(x)—u(yn) iy
T b x — |

where we chose b(x) = fQ, “/C/COW dy ~1(asx € Q/). Therefore and by
Jensen’s inequality

R((Pau)(x, 1)) 5/ ! R(C'”(x)_”(y)|) dy. (5.7)
0

x =y lx —
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After integrating it over (Cp, T) X Q/ and using (5.5) again, we obtain

/ /R((qu)(x,t))dxdtjl—k// : _2R(|u(x)_u(y)|)dxdy,
€o.1)J Q' o lx=ylI" lx =yl

which finishes the proof. O

Proof of Lemma 5.1 We note that for an arbitrary A > 0 we have by Theorem 4.1,

Vu(x,t Vu(x,t
I::/ / \11(' xu(x, )|)dxdt=/ ’/\y(l i (x, )|X’E(O’1))dt] dx
(0’1) / )\. / R )L
V,i(x, t M2V, i(x, t
S,SO/ / |Vt (x )|dtdx+/ [/q)( |V (x )|Xt€(0,l)) dt] dx
’ (0’1) )\, / R )\.

=: L+ L,.

Moreover, | f(x, )| < M?f(x,t) and fQ |h(x, )| dxdt < &*(1) + fQ O(|h(x, 1))
dxdt,hence L1 < 1+ L, and it remains to estimate the expression L;.
According to Lemma 5.3 we have (with the same notation)

2
M|Vt xi=0) (x, 10) S D (i) (x, 1) + [u(x)).
i=0

Applying Lemma 5.4 with R = ® and observing that CIJ(ZA}ZI aj) < Zl; z‘;zl ®(4a;)
S+ ijl ®(a;), we arrive at

2
@Piu)(x, 1) 4lu(x)]
<1 o (T ®
Ly S +§0///(0’]) ( . )dxdt+/Q/ ( . )dx

1 1 lux) — u(y)| ()|
51+////|x—y|"—2q’(i X — 9] )d“l”//q’( 2 )dx'

This gives (5.3). The choice of Ao = I®(u, Q') + lull (o) implies

/ \y(lvxﬁ(x,t)l) <c
0 A0

which together with Proposition 2.1 gives (5.4). This ends the proof of the lemma. O

6 Estimates of function 9, %
6.1 Presentation of results and discussion

Our goal here is to continue our estimates of heat extension operator, dealing now with
the time derivative of u.
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We start with the following lemma. The Lemma was originally proven for u €
Cgo (Q). We remark that assumption u € Lipo(Q’) does not change final conclusion
and the proof under such assumption follows by the same arguments.

Lemma 6.1 ([23]) Let u € Lipy(Q’), u be given by (3.1), 0 < ¢ < % and let
dist(supp u, Q") > &. Then we have

85( N
—(x,
ot |x — yl

< 61/ S(x =yl 1) (M) dy+528i2|u(x)|, where
Q/

1 K s\’ 1 52
S, 1) i=——o—  —+ | — ——¢~ 4, in particular
TN T {M (M) ] "7 b

A= (Y B o
S(|Z|’t)_HZ\/f+(2\/f) ]E(Izl,t) T when z € R"7°, 6.1)

with Cy = 2n, Cy = #(ﬁ)%*% S —1).

A wishful thinking would expect the inequality of type

// R(|a,2z(x,z)|)dxdz§/ / R('”(y)_”(x”) ! — dxdy
+Jo,1 Jo lx — vl lx — y[”

+/ R (Ju(x)]) dx,

dealing with an arbitrary convex function R. It seems quite difficult to prove such an
inequality. However, we have obtained such result under the special assumption stated
below.

Definition 6.1 (Assumption B)

1. R(A) = AP(A), where P(ab) <1+ P(a) + P(b),
2. P is nondecreasing,
PR

3. Function —= is nonincreasing for large arguments.

Remark 6.1 ([23])

1. Condition 1., 2., and 3. above imply P (x") < C, P(x) for big arguments. It gives
inequality P(y) < C,y* for large arguments, with any « > 0.

2. Letus consider P(A) = (In(2 + 1))%, with any @ > 0. Then P satisfies 1, 2, and
3. Moreover, P(1) < 1 + 2B, with any 8 > 0.

3. We have that [ P(%)ds < oo for every a > 0.

We obtained the following result (formulated originally for u € C° an).
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Proposition 6.1 ([23]) If R satisfies an Assumption B (see Definition 6.1), then for
any function u € Lipo(Q’) we have

/ / R (|0;u(x, 1)) dxdr <1 +/ R (lu(x)|) dx
"J(0,1) o’

+/’/ Rcmw—uun) 1 — dxdy.
Jo lx — vl lx — yI"

Remark 6.2 1t follows from the proof of Proposition 6.1 presented in [23] that when

Bu(x, t) :=/ S(lx — v, 1) (M) dy,
o

lx — ¥l

then for any u supported in Q” and any R satisfying Condition B, we have

/ / R(Bu)(x,t))dxdtSl—}-/ / ! _2R(|M(x)_u(y)|>dxdy,
+Jo,1) o lx =yl lx — ¥l

forevery 0 < T < oo.

It is clear from Proposition 6.1 that under certain assumptions on function R, condi-
tionu € YLR ’R(Q’) implies 3,7 € L®(Q). Following our previous schema, we would
like to prove that the condition u € Y‘D’d’(Q’) implies 0;u € L‘I’(Q), where (P, V)
is as in Assumption A. We do not know if this is true in general. However, we have
the following result.

Lemma 6.2 Let 0 < € < 1/2, u € Lipo(Q’) is such that dist(suppu, 8Q/) > € and
u is given by (3.1). Moreover, let (O, W) be as in Assumption A (see Definition 2.1)
and © satisfies Assumption B (see Definition 6.1). Then we have for every A > 0:

J L) P
(0 1) / )\. / )\4
|ln|x—y|| (IM(X)—M(y)I)d J 62
///1|x—y|"2 x—y ) ©2)
/ / xp(w) dxdr51+/ c1>(|“(x)|) dx +
©,1) / A / A
// 1 _zln(|u(x)_u(y)|)¢>(|u(x)_u(y)|>dxdy. 6.3)
rJo lx =yl Alx =yl Alx =yl
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Remark 6.3 Note that under the assumptions of Lemma 6.2 we have

/ /\p(w) dxdt
onJdo A
1 1 u(x) —u(y)|
5”//// |x—y|"—2+5¢(i ] )d”y
+/ @('”(;)l) dx. (6.4)

and parameter § > 0 above can be taken arbitrarily. Moreover, the above inequality is
very close to the inequality:

/ / W(W_’”)') dxdt
o.nJo A
1 1|M(x)—u(y)|)
<1 (O} e dxd
~ Jr/f//lx—yl”‘2 (?» Ix — yl e
[ (x)]
+//q>( - )d

We do not know if (6.4) holds with § = 0.

We are now in position to prove the presented result.

6.2 Proof of Lemma 6.2

We start with the following result which extends Lemma 5.2.

Lemma 6.3 Lets e Ry, > 0,0 >0, v(x) =x + x3 and

Eyq, U(S 1) =

1
t“ (2\/_) exp(—s /4t)

1 ~
Ba,v(satO: r) = _/ E()(,U(Svt)xf>0dty
2r (to—r,to+r)

Then for any s, ty, r > 0 we have

3 1 s? 1
SupBav(s tOvr) otv s, EIO + ==X 52 +sﬂxto<%’

=0 52 41y "0= 405 3
with some constant C3 > Q.

Proof We note that under an assumption of Lemma 5.2 we have Ea w(s, 1) =

E, ! (s, 1) + E 3 (s, t). The estimate follows from Lemma 5.2 by summing up the
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estimates for E ! (s t) and E 3 (s, 1), after we note that Fg(x) < 1 for large argu-

ments, so that F| ﬂ( ) can be estlmated by constant when 7y < 5— . On the other hand
Fg(x) ~ x for small X. O

Lemma 6.4 Let u € Lipy(Q’) and i be as in Lemma 6.2 and let S(s, t) be as in
Lemma 6.1. Then for any t > 0,

M2@ix0-0) (5, 1) < / s (|x 2 ) (M) iy
o lx =yl
1 lx — y|? (|u(x)—u(y)|)
+ d
/Q’ﬁ{y:tz”;éz} lx —y|* 4t Ix — | y

1 —
+/ : (Iu(X) u(y)l) dy + |u ()|
oniyr<Bgly Ix =yl lx =yl

= (Cr)(x, 1) + Coaw)(x, 1) + (C3u) (x, 1) + [u(x)],

with some constant C3, which is not dependent on u.
Proof According to Lemma 6.1, we have

1

Z (to—r,to+r)
1 [(x) — u(y)|
/ (2—/ S(lx —YI,I)X»odt) <— dy.
0 \ 2" J(tg—r,19+r) lx — ¥l

Using the notation of Lemmas 6.1 and 6.3 we have S(s,t) = E %,v(s, t). Therefore
the result follows from Lemma 6.3 applied with & = 7. O

0t | xe>0dt S Ju(x)| +

We are now to establish our crucial estimates for d;z2. We have the following result.

Lemma 6.5 Letu € Lipy(Q’) andui be as in Lemma 6.2, i € {1, 2,3} and (Ciu)(x, t)
be the same as in Lemma 6.4 and R satisfies Assumption B (see Definition 6.1). Then
we have

/ / R ((Ciu)(x, 1)) dxdt
©.nJe

§1+// : _2R(|”(x)_”(y)|) dxdy, 6.5)

Jorlx =yl lx — vl

/ / R ((Cou)(x, 1)) dxdt

o.nJo

<1+/ / Ilnlx—ylzl (Iu(x)—u(y)l)dxdy’ ©6.6)
o lx =yl lx =yl
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/ / R ((Cou)(x, 1)) dxdt
©o,1)JQ’
<1 +/ / 1 - ln(Iu(x) —u(y)l) R (IM(X) —u(y)l) dxdy. (6.7)
rJor lx = yI" lx — ¥l lx — yl

/ / R ((Csu)(x, 1)) dxdt
0,1 Jo’

5// 1 2R(Iu(x)—u(y)l) dxdy. ©6.8)
rJor lx =yl lx =yl

lu(x)—u@)|
lx—yl

Proof Denote for simplicity h(x, y) :=
several steps.

Step 1 (proof of 6.5). The estimate for i = 1 is a consequence of Remark 6.2 as
(Cru)(x,t) = Bu(x, 31).

Step 2 (reduction argument). We note that for 0 := 2o — 1, @ € (1/2, 1):

. The proof will be divided into

1L =y
(Cou)(x, 1) =/ 5 0 ——h(x, y)dy, where
onizER2E nwn () -yt 4
1 )
+/ L n|x e, ) dy
Q’ﬂ{y:tz%,(%) <h<%} [x — | 4t
L =y
h(x,y)dy

g/ =
Q/ﬂ{y:tz%,}»%} [x —y|" 4t

= Biu(x, t) + Bou(x, t) + Byu(x, t).

By the convexity argument R(Z?:1 Biu) < % 21‘3:1 R(BBju)and R(Ca) < 14+R(a),
therefore it suffices to prove (6.5) with B;u instead of Cu.

Step 3 (proof of (6.6) and (6.7) with Bju instead of Cu).

For this purpose we note that

1 19
Bluf// ) ﬁt_l_gﬂdygl_f_i =1 %
0Nyl n oy =(hyey 1X = Y

Hence R(Bju) < 14 R(t™%), consequently

1 1
// R(Blu)§1+/ R(t™%)dt < 1.
’JO 0

Step 4 (proof of (6.6) and (6.7) with Bou instead of Cpu).
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1 —-1/2 ) .
S fQ,m{y;,Z \x4—cy3|2} Wt /2 dy ~ 1, we can apply Jensen’s inequality to get

R(Bou) 5/ 1 ~12p (Ch(x,y)) dy.

0ntyz i (1) chgeyydy v = yIn = NG
(6.9)
with some constant ¢ > 0. We have from Assumption B P (<L ) < 1+P(h)~|—P(%) <
P( J) on the considered set of integration. Therefore R( ) L hP(f/—}i) <

1
N

! 1 1 1
I: /// R(Bgu)(x,t)dxdtN///A |X—y|”_2lP(\/;) h(x,y)dydxdt
/ / / : ( : )dt h(x,y) dydxdt,
— X, oy X
' '|x—y|”2 ()51 NG VX, 2\)(” Y

where A :={Q' x Q' x (0,1) : t > |x yl (\[)9 <h< \[} Now we estimate the

hP( ﬁ) on this set. This implies

internal integral in brackets {. . . } denotmg itby X. Note that when € (h, h'?%), we
get P(h) < P(l) < 1+ P(h) (see Remark 6.1, part 1). This (and the conditions & <

J’ h > 1) imply that X < P(h) f"z Lar ~ P(h)|Inh|. On set of integration we
have the condition & < |x€y| with some constant C > 0. Therefore both inequalities
hold:

1 _
IS////%R(}Z(%)’))dxdy and
[Inf(x, )l
I<//// lx — y|"— s R(h(x, ) dxdy,

which implies our assertion.
Step 5 (proof of (6.6) and (6.7) with Bzu instead of Cou).
For this purpose we apply inequality

1 _ ch(x,y)
< L L, (e Y)
R(B3u)N/ t R( i ) dy,

2 _ -2
0'Nyir= B )= 1y 1 =yl

which is obtained by similar arguments as the ones to get (6.9). Observing that
P(<L ) < P(h), we get, by similar computations as in previous step that
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1
J::/ / R(B3u)(x,t)dxdt5/// L Rhe. y)) dyduds
/ Blx—ylr—=t
/ / / Lark Rtur, ) dyaxat,
'S |x_y|n max{($)2, u )\ y 1

where B :={Q' x Q' x (0,1) : t > |x;g3' Jho> %}. This easily gives the desired

estimates.

Step 6 (proof of (6.8)).

To this goal we again use the fact that when 7 is sufficiently small, i.e. t < #( for
some fy € (0, 1), we have

Ji N , .
/ O'fyir< 4,C);z} T dy ~ 1 and then we apply Jensen’s inequality to get

7 h
R(C3u) 5/ LR (—) dy
Q’ﬁ{y:t<‘x “ } lx — y|" \/;
1 h
=/ ——h(x,y)P (—) dy
o'N{y: t<|t4cv‘ } |)C - ,V|" «/;
= X,y y
0N <ER2E =y e =" Vi

1 h
+/ ———h(x.y)P (—) dy
0'Niy: <20 >' B y)>(2)0) lx — vl Jt
= Ax, 1) +B<x,t),

recalling that & = 2« — 1. Now we estimate A(x, t) and B(x, t) separately. To deal
with A, we note that (as h < (}5)9), we have P(%) <14 Ph)+ P(\iﬁ) < P(%).
Consequently

1
I :=// A(x,t)dxdt
'Jo
X*Vz
o L s () e () aef e
S _ — | — — ydx.
Jor lx = yI"=t | Jo lx —yl \Vt Vit

Now we estimate the integral in brackets {-} denoted by Y. Note that on set of integration
we have |xlv| < % moreover, P(1) < Af for arbitrary ¢ > 0 (see Remark 6.1).
Taking this into account we get:

lx—y[?
Y 5/ T g -y,
0

where 8 = 2(1 — o — ¢) > 0, (it is enough to take sufficiently small ¢). This implies
L S 1.
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To estimate the term with B we note that on set of integration we have P(%) <
P (h), so that

=y

1 1 -
b ::// B(x,t)dxdtg// /4C3 1d1 $ R(h(x, v)) dydx
'Jo Jor lx =yI" | Jo

1
S// ————— R(h(x,y)) dydx.
oo lx —yI"”

The estimates when ¢ > #y become simpler as on set if integration we have /4C3fy <
|x — y|, therefore we omit them. Lemma is proved. O

Proof of Lemma 6.2 The proof if obvious modification of the proof of Lemma 5.1 and
is based on Lemmas 6.4 and 6.5. O

7 Final results

We are now to present our main results. For this purpose we introduce the new space
of functions. Let 2 € R" be a Lipschitz boundary domain. By Y, l\gf (0€2) we will

mean the modification of the space Y¥'®(92), where the seminorm:

Id’(u,asz)z/ / @('”(x)_”(y)|) ! —do (x)do (),
i oo |x — ¥ lx — y|"

is substituted by

12 (u, 99) ;:/ / cb('”(x)_”(y)') |In 'x_fyda(x)da(y),
e Joo [x — | lx — y|"

where o is the n — 1-dimensional Hausdorff measure on 02. By Y iy ,‘o"g(a Q) we will

mean the completion of set {u € Lip(d2) N Y,‘}jf(a )} in the norm of Yl\fé,q) (092).
Our first final result reads as follows.

Theorem 7.1 (Theorem about extension) Let Q@ C R" be a bounded Lipschitz bound-
ary domain, u € Y L 10 (8 Q), where (¥, @) is as in Assumption A (see Definition 2.1)
and let ® satisfy Assumpnon B (see Definition 6.1). Then there exists function
ue WLI’\I/ () such that Tr u = u, moreover, we have

/\IJ(|ZI|)dx+/‘lf(|Vﬁ|)dx
Q Q

<1 +/ ®(Ju|)do (x)

// Ilnlx—y|2| (Iu(x)—u(y)l)dxdy.
lx — y|" lx — yl
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Consequently
||l/l ” WI*W(Q) < C ||M ” yl‘f;)(afz)a

with constant C independent of u.

Remark 7.1 As a consequence of Theorem 7.1 we obtain inequality

/\y(|ﬁ|)dx+/ W (|Vii]) dx
Q Q

<o 1 [ (x) —u(y)|
<G 14+ [ ®(uhdow) + R dxdy,
99 0o Jag |x — yln—2t lx —y

with an arbitrary 6 > 0 independent on u. Note that fag O(lul)do(x) < 1 +
fm W (Ju|)do (x), so this inequality is very close to the following one:

/\P(|ﬁ|)dx+/\11(|V17|)dx
Q Q

< |1+/ \IJ(|u|)da(x)+/ / ! _2c1>(|”(x)_”(y)|)] dxdy,
30 aeJoaq 1x — yI" lx — yl
1.1)

and the above implies norm inequality ||| yy1,v @ = Cllullyv.eyq)- If one could find
extension operator # — u from u defined on €2 to u defined on €2 for which inequality
(7.1) holds, it would imply that trace operator from Theorem 2.3, acting from W ¥ ()
to YV ®(9Q), is a surjection. However we have not proven such property dealing with
heat extension operator, our result seems to support that conjecture.

Proof of Theorem 7.1 Using standard covering arguments (see e.g. the book [33],
or [34]), suitable partition of the unity on 92 and the biLipschitz equivalence of sets
B(xo, r) N, where xo € 92, r is sufficiently small, with the cube @ = Q' x (0, 1) =
(0, 1)", we observe that the proof reduces to the case when we deal with the heat
extension operator from Q' to Q. Then we use Lemmas 4.1, 5.1 and 6.2. This requires
to verify the condition (4.2) and (5.2).

We start with the verification of (4.2). We have

D(xy) =xyP(xy) Sxy(1+ Px)+ P(y) =xy +yP(x) +xP(y) =: L.

Let G(x,y) := max{x, ®(x)}. When y > 1 we have y < ®(y). Consequently
L 2 G(x)wheny < 1and £ X G(x)®(y) when y > 1. This implies

Dxy) 2 Gx) +Gx)P(y).

The verification of the condition fol G(|Int|)dt < oo follows from the following two
estimates:
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1 w=ln% o —w
|Int|dt = we  “dw < 00,
0 0

1

1 w=In 0o
/ |Int|P(|Int)dt ="' / wP(w)e Ydw
0 0

o0 P o0
<1 +/ w? (ﬂ) e Pdw < 1 —l—/ wre dw < oo.
1 w 1

This completes the proof of (4.2). To verify (5.2) we have to check that

2
1 [ G(c|Int
sup / Mdt<oo for any ¢ > 0.
0

1S |Int|
S<7

This follows from chain of inequalities where s < 1/2:

l/sz Gellnt)) l/sz clint| +clnr|P(Int])
0 0

s [1In¢| s [1n¢]

2

1 S
<14 —/ P(|Int]ydr,
s Jo

s —Inl foo o0 P
/ P(|Int|)dt R / P(w)e Ydw :/ w (ﬂ> e Ydw
0 —21Ins —2lIns w

w>In4 o0 —w e —w/2 o0 —w
< we  Ydw < e dw= e Ydw =ys.
—2Ins —2Ins —Ins

]

Our final result establishes regularity properties of solutions to heat equation with
the initial condition in weighted Orlicz Slobodetskii space.

Theorem 7.2 Let u € YLCIi’ljg(R"_l x {0}), (regularity property) (¥, ®) be as in
Assumption A (see Definition 2.1), ® satisfy Assumption B (see Definition6.1), T > 0.
Moreover, let i € WZO’Cl (R*=1 x (0, T)) be the solution to heat equation

(7.2)

3 Iﬁt(x, 1) = Au(x,t), in R" 1 x (0, T)
u(x) =1 . 1
u(x,0) =u(x) on R"™" x {0}

Thenu € WLl"II(R”_l x (0, T)) and we have

/ W(|i1]) dxdt +/ W(|Vir]) dxdt
R7=1x(0,T) R=1x(0,T)

<1 +/ D (Jul)dx
Rn—1
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1 — —
+/ / [In |x lelq) (IM(X) u(y)l) dxdy:
Re—1 JRe-1 [x — y[" lx — vl

@l 1w (®i-1x 0.7y S ||u||yl‘:é®(Rzl—l)v

and constants in the above estimates are independent of u.

Proof The proof is based on the choice of suitable Lipschitz resolution of unity on

L Ao },GN with the control of Lipschitz constants and supports of the ¢;’s where
supp¢, - Q and Q s are unit cubes. The we provide the estimates for u; = u¢;.
The details are left to the reader. O

Example 7.1 The pair (& (1), V(1)) = (A(log(2 + A))*, A(log(2 + )Y where
a > 0 obeys assumptions of Theorems 7.1 and 7.2.

Remark 7.2 [Open questions]

1. We do not know what is the optimal space for the initial data u to have the solution
of (7.2) in Orlicz—Sobolev space whY (@R x (0, T)).

2. It would be interesting to know under what conditions one has:u € Y,fl*d’(Q) =
ie Wal;z“’ (2x (0, T)) where 2 is the given domain and w;, w; are given measures
defined on 2 and 2 x (0, T'), respectively.
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