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Abstract

This paper presents a computer-assisted proof of the existence and unimodality of
steady-state solutions for the Proudman—Johnson equation which is representative of
two-dimensional fluid flow. The proposed approach is based on an infinite-dimensional
fixed-point theorem with interval arithmetic, and is another proof by Miyaji and
Okamoto (Jpn J Ind Appl Math 36:287-298, 2019). Verification results show the
validity of both proofs.
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1 Introduction

Consider the following fourth-order nonlinear differential equation:

u"" = f(u) in 2 :=(0,7n), |
{u(O) =u(r)=u"(0)=u"(7) =0, M

where
f@) := Ruu" — u'u") + sin(kx), 2)
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R > 0, and k is a given positive integer. The aim of the present paper is to prove,
in a computer-assisted manner, that there exists a solution u satisfying (1) and that
this solution has a strict extremum at one and only one point in £2. The proof of the
existence and extremum of the solution of (1) implies unimodality of the solution for
the Proudman—Johnson equation:

Upxx + Ullyyxy — Uyxlyy = E(u”” —sin(kx)), —m<x<m, t>0, (3)
which is derived from the two-dimensional Navier—Stokes equations. For more details
about the Proudman—Johnson equation and the unimodality of the solution, see the
references [2—4] and references therein. In a previous paper, one of the authors proved
the existence and unimodality for (1) in a rigorously mathematical manner via the
multiple shooting method and multiple-precision interval arithmetic for R < 5000
[4]. In the present paper, we apply a verification algorithm FN-Int [5], which is based
on an infinite-dimensional fixed-point Newton-like formulation, and prove the solution
has a unique extremum in £2. The procedure does not need multiple-precision interval
arithmetic and for readers interested in the details of our computer program, the source
code is available for downloading from the first author’s web page. Our proposed
approach is another computer-assisted proof of unimodality of the solution for the
Proudman—Johnson equation. We do not describe in detail the relative merits of the
two approaches in the present paper but would like to point out a couple relative merits
as follows . The method described in [4] is applicable mainly to ordinary differential
equations, and the authors of [4] reported that there is a unimodal solution for k£ = 10,
as well as other values k. The approach presented herein is potentially applicable to
more direct multi-dimensional problems, and, for k = 2, we successfully prove the
existence of a unimodal solution for R < 10000, which is a wider range than reported
in [4].

This paper is organized as follows. Section 2 describes a fixed-point formulation
using an approximate solution and verification procedure. Section 3 is devoted to
details of the verification procedure. In Sect. 4, we report an enclosing result for the
solution of (1). The final section reports on verification results of unimodality.

2 Fixed-point formulation and verification procedure

From the imposed boundary conditions, u(0) = u(xr) = u”(0) = u” () = 0, we will
find the solutions of (1) in the function spaces X (=) by the closure in H L(2) of
the linear hull of all functions: sin(mx), m € N1 := {1, 2, ... }. In particular, because
our aim is to enclose the weak solutions of (1), we set X := X3. We note that

(Sin(mx)’ Sin(nx) )L2 — 59 if m= n,
0, otherwise

holds for any [m,n]” € N2, where (-,-);2 is the usual L2-inner product in £.
For ¢, := sin(mx), let Xy = span{d:m},'Z:] be a finite-dimensional approxima-
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tion subspace of X that depends on a positive integer parameter N which is not less
than k. The subspace Xy is the N-th truncation of the Fourier series of X. Let X,
be the orthogonal complement of Xy in X such that X = Xy @& X,. Because of
(ol 2, 10112, 19" 1.2} < 1|¢”|| 12 for ¢ € X (see proofs in Lemma 1), we define

the norm of X as ||l x = I1¢"l| 2 by 4117, = (¢, ) 2.
Next, we define a bilinear form B by

B(u,v) :=uv” —u'v": X x X - X°. 4)

Note that & = sin(kx)/k* is a solution of (1) for each R and k because B(ii, ii) = 0.
For each u, v € X such that

o o
u= ZAmd)ma UZZD11¢11, Am, Dy € R,
m=1 n=1
we can find the following:

1
B(u,v) =2 3 1n* A Dy [(1 = 1) in = (n + m)pm—n] )

m>1
n>1

F@ =5 0 A Ay [0 = min — O+ mn ] + . ©)

m>1
n>1

f'lulv =R(B(u,v) + B(v, u))

R
=5 2 AnDan® =) [(=m + W) pmin + on + W] ()

m>1
n>1

By using ¢g = 0 and ¢_,, = —¢,, form > 1, each B(u, v), f(u), and f'[u]v can be
expanded by {¢,,}°°_, as an element in X°.

Now, using the standard Newton—Raphson method, we compute uy € Xy satisfy-
ing

(uy, & )2 = (fun), ¢i)p2, 1<i<N ®)

approximately. We note that u ;y need not to be the exact solution of (8). Fig. 1 shows
plots of the approximate solution uy = ZZII (uN)m®m and its derivatives of (8) for
R = 5000, N = 400, and k = 2. The principal coefficients of the Fourier expansion
are as follows:

(un)1 = 1.999270784802591, (un)2 = 4.444486852702385 x 1072,
(un)s = —6.247933780811187 x 107, (un)s = 1.776479376506378 x 107°,
(un)s = —6.935979514533375 x 1077,
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Fig. 1 Plots of approximate solution and its derivatives

Remark 1 1fu(x) = > > | Apm(x) is asolution of (1) in £2, then from (6), i(x) :=
Zf: 1 (=" A, (x) also satisfies (1) in the same interval §2. Therefore, below, we
concentrate on the “maximum” type convex-upward solution, such as in Fig. 1.

Now we find the norm estimations in the following lemma.

Lemma 1 Foreach Vr, € Xy, it is true that

IWallx < Cullyl" 2 if ¥ € L*(£2). )
1 llz2 < Callallx, (10)
il < XYl (1)
Il 2 < ColIYlx, (12)
I¥sllLoe2) < Croll¥sllx, (13)
IVillze2) < Catllsllx, (14)
v leoc2y < Caall¥llx, (15)
where
Coe 1 = cy= ]2 C*Fﬁ,
N+1 S5t N 37N TN
o
Proof Below, we represent each element v, € X, by ¥, = Z Amdm € X, with
m=N+1
A, € R
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Proof of (9):
T e 1
2 _ 6 o " "
Il =5 2 mian = max 5 sl < gy x IV
m=N+1
Proof of (10):
T o 1
” 4 2
Wil =5 20 miAL = | max -5l = gy X Vsl
m=N+1
Proof of (11):
T o0
m2 _ T m2A2 2
AR _XNj A Nﬁgar;;mm X Ily = e Wk
Proof of (12):
||w||2=zi i x Yl € x [l
R ) W = N o mb X = (N 4+ 1)6 X
Proof of (13): From the Cauchy—Schwarz inequality, we have
(e.¢] (e.¢] o 1
— : _ 3
Wl = max| 3 Apsinen)| < 30 |Anl= Y m|An]—
m=N+1 m=N+1 m=N+1
7 X 1 1/2 00 1/2
i 2.6
(22 ) (53 ae)
m=N+1 m=N+1
1/2
2 & 1
= (; > ﬁ) el
m=N+1
then from
[e¢)
1
> e 5/ 0d = o1
Nyl N 5N
we obtain the conclusion.
Proof of (14): Because
oo o o 1
Wil = max | 3 mApsinenx)| < 30 mldnl= Y m|An]—
m=N+1 m=N+1 m=N+1
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+1 m=N+1
1/2
2 - 1
== Y =) Ivslx
b m
m=N+1

and

we have the conclusion.
Proof of (15): Because

o o0

o0
. 1
1912 = max Yo mPAysinimx)| < D0 mPAyl= Y mP|Anl—
T =N m=N+1 m=N+1 mn
s oo\, = 1/2
2.6
(22 ) (52 )
m=N-+1 m=N-+1
1/2
> = 1\
== X ) Ix
m=N+1
and
0 00
o= rra=g
m=N-+1 N

we have the conclusion.

O
Now we apply the verification procedure FN-Int [5, Sect. 2.1], where the name “FN-
Int” comes from “Finite,” “Newton,” and “Interval.” For the sake of self-containedness
of the manuscript, we give a detailed formulation for problem (1).
By setting

wi=UuUu-—upn, (16)
ry = —uy + f(uy) € Xay, 17

and
g(w) =R (B(w,w) + B(uy,w) + B(w,uy)) +mry: X — XO, (18)
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problem (1) can be rewritten as an equivalent residual form in order to find w € X
satisfying

w” =g(w) in 2 (19)

in a weak sense. The term oy in (18) is the defect of the approximate solution uy
and can be re-expanded as an element of X,y. Therefore, we can compute its inner
product with {¢; }lNz | and the L2-norm by interval arithmetic [7]. It is expected that, if
uy is an accurate approximation, some norms of w satisfying (19) are small.

By virtue of the property regarding B, the map g from X to X° is bounded and
continuous. Moreover, it can be shown that forall € X°, the linear problem " = v
has a unique solution & € X* (the proof follows the same procedure as in [1]). If we
denote this map as A~2, then A~2 : X° — X becomes a compact map because of the
compactness of the embedding H 4(2) — H3(£2). Therefore, (19) can be rewritten
as the fixed-point equation

w = F(w) (20)

for the compact operator F := A~2g on X.
Next, for u = anozl Apmdm € X0, we define Py : X0 — Xy as the truncation

Pyu = ZZ —1 An®m € Xy. Note that Py|x coincides with the Hoz-projection such
that

((u— Pylxu)’,vy);2 =0, Yoy € Xy, (21)
and from (9) of Lemma 1, we can find that
I — Pyullx < Cull — Py)u"" N2, ueX and u” € X°.
Now, we apply a Newton-like method to the fixed-point equation (20). Using the
projection Py, the fixed-point problem w = F'(w) can be uniquely decomposed as a

finite-dimensional (projection) part X 5 and an infinite-dimensional (error) part X as
follows:

{ Pyw = PyF(w), (22)

(I = Py)w = (I = Py)F(w).

Here I stands for the identity map on X. Suppose that the restriction of the operator
Py(I — F'[0]) : X — Xy to Xy has an inverse

(1 — F[Oy': Xy — X, (23)
where F’[w] denotes the Fréchet derivative of F at w. Note that this assumption is
equivalent to the invertibility of a matrix, and it can be checked numerically for actual

verified computations [6].
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We now define a Newton-like operator N : X — Xy by
N(w) := Pyw — [ — F'[0]]' Py (w — F(w)), (24)
and a compactmap 7 : X — X by
T(w) :=N(w)+ (I — Py)F(w). (25)
We find that, if [/ — F’ [0]];1 exists, then the two fixed-point problems,
w=T(w) (26)

and (20), are equivalent. If the approximate solution uy is sufficiently accurate, then
the operator A/ (w) for the finite-dimensional part of T will possibly be a retraction. On
the other hand, because of (9) in Lemma 1, the magnitude of the infinite-dimensional
part of T is expected to be small when the truncation numbers of X are taken to be
sufficiently large.

We must now consider how to find a solution of (26) in a set W C X, which is
referred to as a candidate set. For n > 1, an interval vector ¢ = [¢, ¢] for ¢, ¢ € IR" is
defined by

c={veR"|c=<v<¢)

(see [6, part 1, chapter 9]). Let IRY be the set of N-dimensional interval vectors,
and let [B;] € IRN. Because N = dim Xy, we introduce a finite-dimensional set
Wy C Xy which s a set of linear combinations of base functions in Xy with interval
coefficients {B;}1<i<n as follows:

N
WN:={Zb,-¢ieXN bieR, bjeBi, 1<i<N}. 27)

i=1

For o > 0, an infinite-dimensional set W, C X, and a candidate set W C X are
taken to be

Wy i={wy € Xy | lwsllx < o}, (28)
W= Wy + W,. (29)

Now, by defining an N x N matrix G = [G;;] by
Gij = (¢, ¢/ )2 — (&'01pj. ¢i )2, 1<i,j<N, (30)
we obtain a verification condition.
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Theorem 1 For the candidate set W C X defined by (29), let any element w € W be
represented by

W= WN + Wy, wy € Wy, wy € W,.

Letd = [d;] € IRYN denote an interval enclosure of the set whose i-th component
consists of

{(gw)—g'0lwy,¢i)2 e Rlwe W), 1<i<N. €1y

If. for an interval vector v = [v;] € IRV enclosing the solution x C IRY for the
linear equation

Gx =d, (32)
the conditions
v CB;,, 1<i<N, (33)
and
sup ||(/ — Py)F(w)llx <« (34)

weW
hold, then there exists a fixed point of F in W.

Proof For each w = wy + wy € W, since

N(w) =wy —[I — F'[0]]y (wy — Py F(w))
= [I — F'[01]y' Pn(F(w) — F'[0lwy),

by setting

N
vy i=N@w) =Y (n)igi, V=[xl € RY,
i=1

we obtain
Py(I — F'[0D)vy = Py(F(w) — F'[0lwy). (35

From the definition of Py, equation (35) is equivalent to

{61,872 = (1001612} vi = (o) = 101w 612, 1) =N,
i=1

(36)
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Then, condition (33) ensures that A'(w) € Wy. Condition (34) also shows that (I —
Pyn)F(w) € W,, so we obtain T(W) C W, which, by the Schauder fixed-point
theorem, ensures the existence of a fixed point of 7 in the candidate set W. O

Remark 2 Note that for all of the computation procedures in Theorem 1, we should
consider the effects of rounding errors.

Remark 3 1If we obtain a fixed point w € X by Theorem 1, we can also assure the
existence of a nontrivial solution u = uy + w € X for (1) with the error bound

lu —unllx < IWnllx + .

Moreover, since w can be written as w = wy + wy, wy € Wy, w, € W,, the
estimation (13) in Lemma 1 provides an L*°-error estimate:

lu —unlire2) < IWnllLe(2) + Croa. 37

3 Details of verification procedure
3.1 Finite-dimensional part
This subsection is devoted to the detailed estimation that satisfies (31). For each w €

W, setting w = wy + wyx € Wy + Wy and vy = uy + wy € Xy, we have

g(w) — g'[0lwy = R (B(un, ws) + B(wy, un) + B(w, w)) + ray

= R(B(vy, wy) + B(ws, vy) + B(wy, wy) + B(wy, wy)) + oy
(38)

from (18). We note that it is important to reduce the number of differentiations of
infinite-dimensional error part w, because we only know its norm and cannot treat w;
directly in computers. In order to do so, we use the following property regarding B.

Lemma 2 Foreachu, v, w € X, it holds that

(B(u,v) + B, u), w)2 = —(4u"w + 4u'w” +uw”,v);2. (39)
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Proof Because v”, u’w, uw’, and v have zeros at 0 and 7, applying partial integration,
we have

(Bu,v) + B, u),w);2 = (wv” —u'v" + v —v'u’, w);2
= (uv”, w)p2 — (V" w2+ (vu”, w)p2 — (Vu", w2
=" uw)p — (Vw2 + (u"w, ) — (W u"w) e
=—" vw)p— (W uw ) — (VW w) e+ (ww,v) e — (v u"w) e
=2V, Ww)2 — (V' uw )2+ (uw,v)2 — (V,u"w)e2
=2V, u"w)p2 + 2V, w2 + (Vw2 + (Vuw” )2 4+ (u"w,v) 02
—(v,u"w);2
=, u"w)p + 3V, w2 + (Vi uw” )+ (0w, v)2
=—(v,u”"w)p2— (v,u"w )2 —3(v,u"w )2 —3(v, u'w” )2
—(v, w2 — (v, uw” )2+ (" w,v);2
= —4(v,u"w )2 —4(v, w2 — (v, uw” )2
—(4u"w + 4w +uw” v);2.

O

By using Lemma 2, the orthogonality of Py, the Cauchy—Schwarz inequality, and
(12) in Lemma 1, the inner product with ¢; of B(vy, wy) + B(wy, vy) in (38) can be
bounded as

(B(vn, wy) + B(wy, vN), i )2
= —(dvy o) + 4o +one! w2
= —((I — Py) @y ¢) +dvyd! +ong]"), wi) 2
€ [—1, 11 x (I — Py)(dvyo; +4vyo! + onvd! )l 2 lwsll 12
C =1, 11 x [|(I = Pn)(@v}¢) + 4viyo) + vnd! ) 2Coa
C[-1,1]1 x (z1); Cla,

where z; = [(z1);] € R satisfies
(I — Py)(dvye; +4vye] +onvdDIl2 < (z1)i, 1<i<N. (40)

The inner product with ¢; of B(wy, wy) in (38) can be enclosed by zo = [(z2);] €
IRY as

(B(wy,wn), ¢ )2 € (z2)i 1<i=<N (41)

(see Sect. 3.3.2). Additionally, the inner product between ¢; and B (wy, wy) in (38) is
evaluated as

(B(ws, wi), @i )2 = (wyw] — wwy, ¢i )2 = (ws, $jwy )2 — (W, Giwl )2

€ =1, 1 (lwill 2 llgiwyll 2 + w2l wl ] 2)

C =1 1 (lwall 2 w2 + w2 wll]2)
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cl-1.1] (Ciaa + cfac*a)
c[-2,21C

by using ||¢;[[L~(2) = 1, (10), (11), and (12).
Consequently, setting z3 = [(z3);] € RN by

(ran, ¢i)2 C (z3)i, 1=<i=<N, (42)

the interval enclosure d; (1 < i < N)for (31) in Theorem 1 can be computed to satisfy
R (=1 11G@0iClo + ()i +[-2,21C20?) + (@) d 1=i<N.

3.2 Infinite-dimensional part

This subsection is devoted to the detailed estimation that satisfies (34). For each w €
W, since g(w) € X 0 and Py is the truncation of the Fourier series, we have

(I — PN)F(w) = (I — Py)A%g(w) = A72(I — Py)g(w)
= (I — PY)A™2(I — Py)g(w).

Thus, (9) in Lemma 1 gives us
(1 = PN)F(w)llx < Csll(I — Pn)g(w)l 2. (43)

We note that, for a practical verification, to keep overestimation as low as possible,
removing the Xy part of g(w) is important. From (18), we obtain

(I = Py)gw)l[2 = RII(I = Py) (B(w, w) + B(un, w) + B(w, un)) |2
+I(I = Py)ran 2. (44)

The L?-norm ||(I — Py)ran || 12 in (44) can be bounded by using interval arithmetic
with the fixed approximate solution u y. We take abound zg > 0 of the defect satisfying

(I = Pn)ranllp2 < zo. (45)

Next, let us consider the first L2-norm in (44). Setting w = wy + wy € Wy + W,
and vy = uy + wy € Xy, we obtain

B(w,w) + B(un, w) + B(w, uy)
= B(uy +wy, wy) + B(wy, uy) + Buy +wy, wy) + B(wy, uy +wy)
+B(wy, wy)
= B(vy, wn) + B(wy, uy) + B(vy, ws) + B(ws, vy) + B(wy, wy),
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and thus

(I — Py) (B(w, w) + Buy, w) + B(w, uy)) |2
< = Py) (B(vy, wy) + B(wn, un)) 2 +1Bvy, w2

(@) (b) (46)
+ 1B (ws, va)ll g2 + | B(ws, wi)ll 2 .

(©) (d)

The upper bound for part (a) on the right-hand side of (46) can be computed by
interval arithmetic. We define z4 > 0 satisfying

(I = Pn) (B(vy, wn) + B(wy, un)) 12 < z4. (47)

By using Lemma 1 and (28), and setting positive values zz > 0 for k = 5,6,7, 8
satisfying

lovllLe(2) < 25, (48)
vy llz=2) < ze. (49)
vy o) < z7, (50)
oy L) < zs, (51)

we find that the rest of the L2-norm terms are bounded as

() 11BN, w2 < lowllzey lwi Iz + oy @) w2

< z5l|lwsllx + z6Cxllws |l x
< a(z5 +26Cy),

(© IBws, oMl 2 < llwsll 2 lvi o) + lwill 2 vy (@)

3 2
= Cillwsllxzs + Cillwsllxz7

< aC%(z3Cy + 27),

(@) 11B(ws, w2 < llwallzoecy 1w 2 + llwillzoo o) lwill 2

< Coollwsllx lwsll x + Car llws |l x Cullws |l x
< @*(Cyo + Ci1 Cy).

Consequently, the infinite-dimensional part of (34) can be computed as

sup [|(1 = PN)F(w)ll2
weW

< Cy {R(Z4 + o(z5 + 26Cx) + aCf(ng* +z7) + O52(C>k0 + Ci1Cy)) + Z9} .
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In our algorithm, when the Reynolds number is large, the truncation number N should
be larger, because each d; and ||(I — Py) F(w)||;2 are proportional to R.

33z (1<k=<3)andz, (4 <k <9)
In this subsection, we describe detailed computations for z; € RV, 25,23 € IRV, and
7k € R (4 < k < 9) introduced in previous subsections.

Below, using (un)m, (WN)m, (WVN)m € R (1 <m < N), we express uy € Xy of
(8), any element wy € Wy (Wy is defined by (27)), and vy = uy + wy € Xy as

N N N
Uy = Z(MN)m(pmv wN = Z(wN)m(pmv UN = Z(UN)md)m,
m=1 m=1 m=1

respectively. Here, note that (wy)m € Bm, (WN)m € UN)m + Bn forl <m < N.We
also use the same symbols E>y and e, throughout the calculations, redefining them
as necessary.

3.3.1 Z1 = [(Z]),']

For eachi (1 <i < N), setting &,, = cos(mx), we re-expand

Eby = 41/A’,¢f + dvjo! + one)”

N
——4Z)nmwm%@—42)mmwm%@—Ejﬂwmwwa
m=1 m=1

N

= Z [l (47’” + lz)d)m‘i:t + 4mi (btém:l (UN)m
m=1

I
ol —
WE

i(4m?* + i) (i + Gmi) + 4mi* (i + Gi-m) | WONIm
—
_¢n17i

3
I
-

.
M=

[+ 2m20msi + G = 207200 | on)m € Xaw.

3
[}

Then, by using the interval (un), + B € IR enclosing (vy), for 1 <m < N, we
can compute e/, € IR (1 <m < 2N) satisfying

2N
EIZN S Ze‘;n(Pm C XoN.

m=1
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Therefore, (z1); > 0 (1 <i < N) for (40) can be taken to satisfy

2N 2N
I = PEWI2 < | D0 entm| =5 | Do @€)< Goi
m=N+1 L2 m=N+1
which is an upper bound for all wy € Wy.
3.3.2 Z; = [(22),']
The equation (5) implies
LA
B(wy, wy) = = n2WN)m (W [ — 1) bmgn — (m + 1)pm—n] € Xa.
2
m=1n=1

Then, by using the interval B,, € IR enclosing (wy),, for | < m < N, we can
compute e, € IR (1 <m < 2N) satisfying

N
B(wy, wy) € Z em®Pm C XonN.

m=1

Therefore, for each i such that 1 <i < N, we can take (z2); of (41) to satisfy
T
(B(wn, wn), ¢i )2 € 7€ C (z2)i,
which holds for all wy € Wy.

3.3.3 z3 = [(z3){]and z9

Using (6), the defect roy € Xon of (17) can be expanded as

N
NN = — Z m4(uN)m¢m

m=1
R
+5 n; n2UN)m N [ = ) pgn — M+ W n ] + P (52)
n>1

Then, interval arithmetic gives e, € IR (1 < m < 2N) satisfying

2N
ran = —uy + fun) € Y entm.
m=1
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In the actual computations for the right-hand side of (52), each (uy), € R(1 <m <
N) is translated to an interval that includes (uy),,.

Therefore, the interval vector z3 = [(23);] € IRY for (42) and the positive value
Z9 for (45) can be obtained to satisfy

T
EeiC(Z3)i, I1<i<N

and

33424

From (5), it holds that

Esy = B(vy, wy) + B(wy, un)

LA
=5 Z Z”z(vN)m(wN)n [(m = n)pgn — (m + n)Ppp_n]

m=1n=1
1 N N
+5 D 2 @N @ [0 = )b — (o + )b ]
m=1n=1
N

N1 —
M=

(72 (@0 N + WD) X (1= W)t
m=1n=1

—n2((WN)m (W) + N @N)n) X (M +1)pm—n] € Xon.

Then, by using B, € IR with (wy),, € By, and (uy), + B,y € IR enclosing (vy),
for 1 <m < N, we can compute ¢, € IR (1 < m < 2N) satisfying

2N
Ery € Zem(pm C Xon.

m=1

Therefore, (z4); > 0 (1 <i < N) for (47) can be taken to satisfy

N N
b
_ - 2
(I — Py)Eon]l2 < E emPm| =,/ > E er < z4,
m=N+1 L2 m=N+1

which is an upper bound for all wy € Wy.
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3.35 Z5,26,27,28

Foreach vy = uy + wy € uy + Wy, it is true that

N
<> 1Nl
m=1

N
<> Im@N)Iml
m=1

N

o Loy = max E (vN)m sin(mx)
xXeR 1
m=

N
Iy llzoe(2) = max | 3 - m(uy)m cos(mx)

m=1
N N
2 . 2
oyl (2) = max | — Y mn)psin(mx)| < Y ‘m (UNIm |
X
N N
3 3
oy ll L) = max |~ Z m> (V) cos(mx)| < Z ‘m (vN)m‘ )
m=1 m=1

Then, by using the interval (ux),, + B, € IR enclosing (vy), for 1 <m < N, we
can compute z5, Zg, 27, and zg for (48)—(51) by interval arithmetic, which holds for all
wy € Wy.

4 Enclosing results

This section reports on several computer-assisted results of (1) obtained by Theorem 1.
All computations were carried out on the Fujitsu PRIMERGY CX2570 M4; Intel Xeon
Gold 6140 (Skylake-SP); 2.3 GHz (Turbo 3.7 GHz) by using INTerval LABoratory
Version 11, a toolbox in MATLAB R2019a (9.7.0.1261785) 64-bit (glnxa64) devel-
oped by Rump [7] for self-validating algorithms. Therefore, all numerical values in
these tables are verified data in the sense of strict rounding error control in the math-
ematical sense (see [6, part 1, chapter 3]).

Table 1 shows some verification results for k = 2. In the table, | B;| := max{|b| | b €
B;} is obtained by the INTLAB function mag.

5 Verification of unimodality

In the final section, we prove the unimodality of enclosed solutions in the previous
section. Let u € X be a verified solution of (1). Then the following conditions assure
the unimodality of u [4, Lemma 3.2].

1. his areal number such that 0 < h < /2,
2. 0¢u' ([0, A) Ui/ ([xr — h, 7)),

3. sgn(u/([0, h]) # sgn(u'([7r — h, 7])),

4. 0 ¢ u”([h, m — h]).

@ Springer



Y. Watanabe, T. Miyaji

Table 1 Enclosing result of solutions of (1)

R N ]rsniast |B;|in (27) o z5

3.6 200 3.4781 x 10712 1.9960 x 10~17 0.13
4 500 3.9744 x 10714 5.1171 x 10715 0.72
6 600 45087 x 10~14 1.1173 x 10713 1.33
10 200 8.6760 x 10~14 9.7860 x 10~13 1.64
20 200 1.2000 x 10~13 1.1053 x 101 1.84
50 200 2.2333 x 10713 2.0384 x 10710 1.95
100 300 3.0734 x 10713 1.7145 x 10799 1.98
200 500 4.1260 x 1013 1.4938 x 10708 2.00
300 800 4.1963 x 10713 4.6477 x 10708 2.00
500 1300 3.6940 x 10~13 2.2259 x 10707 2.00
1000 2500 5.2464 x 10713 1.9390 x 10700 2.01
2000 5000 7.4400 x 1013 1.5585 x 10705 2.01
5000 15000 23017 x 10712 2.2700 x 10704 2.01
10000 30000 47822 x 10~ 1.8171 x 10703 2.01

The verified solution of (1) by FN-Int can be enclosed in the set as follows:

ueuy+Wy+W,, uyeXy, WyCXy, WeCX,, sup welly <o

Wy € Xy
Setting
N
un + Wy =Y Ve, Vm €IR,
m=1

there exist vy € uy + Wy and v, € W, suchthatu = vy + v,. Then, foreach x € €2,
(14) and (15) imply

u'(x) = vy (x) + v (x)

€ vy () + =1, 11 x VL]l (2)

N
C Y Vmmcos(mx) +[—1,1] x Cyia,

m=1

and

u’(x) = vx,(x) + v;/(x)

€ vy () +[=1, 11 x [[v{ [l Loo(e2)
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u'(x) >0 u'(z) <0
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Fig.2 Enclosing ranges of u’(J) (black) and u” (J) (blue dots) in each subinterval J (color figure online)

N
c - Z Vim? sin(mx) + [—1, 1] x Cioa.

m=1

Therefore, for a subinterval J of 2 = (0, ), we can enclose the ranges u'(J) and
u” (J) by interval arithmetic. Fig. 2 shows enclosing ranges of u’(J) (black) and u” (J)
(blue dots) in each J. Using this procedure, we can validate the unimodality of all
solutions in Table 1 with A = 27/5.
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