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Abstract

In this paper, we consider a quasi-linear parabolic equation u, = u”(x,, + u). It is
known that there exist blow-up solutions and some of them develop Type II singu-
larity. However, only a few results are known about the precise behavior of Type II
blow-up solutions for p > 2. We investigated the blow-up solutions for the equation
with periodic boundary conditions and derived upper estimates of the blow-up rates
in the case of 2 < p < 3 and in the case of p = 3, separately. In addition, we assert

1
that if 2 < p < 3 then lim, (T — t);Jr'E max u(x,t) = 0 z for any € > 0 under some
assumptions.
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1 Introduction

In this paper, we consider classical solutions u = u(x, t) of
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= (U +u)  for (x,1) € (=L, L) X (0,T) (1.1)
with the following periodic boundary condition
u(—L,t) =u(L,t) and wu(-L,H)=u (L,t) forte(0,7T) (1.2)

and positive initial data. If p >0 and L > %, then solutions of (1.1)—(1.2) blow
up in finite time, 7, which is called the blow-up time. It is well-known that when
0 < p < 2, they develop Type I singularity, that is,

1
limsup(7T — f)» max u(x,t) < oo.
t/T x€[-L,L]

(For instance, see [9].) On the other hand, if p > 2 then some of them develop Type
II singularity, that is,

1
limsup(7T — £)» max u(x,t) = oo.
msup(T —£)? max u(x. ) (1.3)

We call such solutions Type II blow-up solutions. (For instance, see [4, 6, 10].)
Since we are interested in Type II blow-up solutions, we consider the case p > 2.
A background of (1.1)—(1.2) is the motion of the plane curve by the power of its

curvature,

ax

4t _ _peN.

dt
where a is a positive parameter and N and k denote the outer unit normal vector and
the curvature of the curve at the point X, respectively. In the case where the curva-
ture is positive everywhere on the closed curve, we can parametrize the curve by

the normal angle x and u(x, t) = (a_a%lk(x, 1)) satisfies (1.1)~(1.2) with L = mx for
some m € Nand p = 1 + 1/a. Here, k(x, ?) is the curvature of the curve at the point
with N = (cos x, sin x).

If m =1and 2 < p < 4, then all solutions of (1.1) blow up of Type L. (See [3, 8].)
When m > 2 and p > 2, the behavior of solutions is different from the case of m = 1.
In [4], Angenent proved that there exists a Type II blow-up solution of (1.1)—(1.2)
for the case of p =2 and m > 2. He treated the classical curve-shortening flow of
a closed cardioid-like immersed curve with a self-crossing point (Fig. 1) which is
corresponding to the case of p =2 and L = mzx with m > 2. This is the first result

Fig. 1 An example of immersed
curves with self-crossing points
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for the blow-up rates of max,_; ;, u(x, t). Furthermore, he also proved that for this
blow-up solution, u in the case of p = 2,

1
Him(T —1)2** = fi .
tl/'n;( 1)? xerP_aL)fL] u(x,t) =0 foranye >0 (1.4)

[1, 5, 7] have investigated the blow-up rates of Type II blow-up solutions under the
following conditions for initial data

I wu(x,0) = u(—x,0) for any x € [-L, L],

I12) u,(x,0) < 0ifx € (0,L)and u,(x,0) > 0if x € (-L,0),

(I3) there exists #, > 0 such that u(x, 0) > 5, > 0 for any x € [-L, L],
I4) wu,(x,0)+ u(x,0) >0,%# 0forany x € (-L, L).

A typical example of the plane curve that satisfies (I1), (I12), (I3), and (I4) is a car-
dioid-like curve. The precise blow-up rates for p = 2 were established by Angenent
and Velazquez [5] under the assumptions (I1), (I2), and (I3), that is, solutions of
(1.1)—(1.2), u, satisfy

1 1
= (1 1 log1 T. 1.5
nax u(x, ) = (1 + o( ))\/T—IOgOgT— ast /' (1.5)
Moreover, in [1], the first and the second authors proved the same results as (1.5) for
solutions with the Dirichlet boundary condition.
Some results for p > 2 and m > 2 were provided by Poon [7]. Precisely, he

showed that solutions of (1.1)—(1.2) satisfy the following.

— Let p > 2,m > 2 and assume (I1), (I2), and (I3). Then there exists ¢, € (0, T) and
a constant C = C(p) > 0 such that u satisfies

p=2

max_ u(r.1) > C(p)( >F<llog L) " ifreq, . (1.6)

x€[-L, -1 )2 T—1t

— Let 2<p <3, m>2 and assume (I1), (I2), (I3), and (I4). Then there exists
t, € (0,7) and a constant C = C(p) > 0 such that u satisfies

max u(x H < C(p)\/ — ifre,T). (1.7)

In addition, [7] showed the same results for solutions with the Dirichlet boundary
condition.

Our purpose of this paper is to improve upper estimates of blow-up rates for
2 < p < 3 and provide one for p = 3 for solutions of (1.1) with the periodic bound-
ary condition (1.2). Precisely, our main result is as follows.

Theorem 1 (Main result) Let u be a solution of (1.1)—(1.2) with (1.3). Let L = mn,
where m > 2 is an integer. Assume (I1), (12), (I3), and (I14). Then the following hold.
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(1) Inthe case of 2 < p < 3, there exist t, € (0,T) and a constant C = C(p) > 0
such that u satisfies

max uCen) < C(p)( ) (1 g—)”(p“‘z’” ifre,T). (1.8)

(i) In the case of p = 3, there exist t, € (0,T) and a constant C > 0 such that u
satisfies

1
1 \3 / 1 .
< [ ——
xén[_aL),(L]u(x,t)_<T_t) exp(C IOgT—t) ifre(,,T). (1.9)

We remark that the result of Angenent (1.4) can be extended to the case of
2 < p <3 by Theorem 1 as follows:

Corollary 1 Let u be a solution of (1.1)—(1.2) with (1.3). Assume (I1), (I12), (I3), and
(I4). Then if 2 < p < 3 then

1
lim(T — t)/’+£ max u(x,t) =0 foranye > 0.
t/T x€[-L,L]

Let us comment on expected blow-up rates for p = 2,2 < p < 3, and p = 3. The
precise rate for p = 2 is known as (1.5). In the case of 2 < p < 3, the two inequal-
ities, (1.6) and (1.8), suggest that there exists y = y(p) > 0 such that the blow-up
rates for 2 < p < 3 are the form of

Ern[_ax u(x,t) = <<ﬁ)i<logﬁ>yw> ast /' T, (1.10)

where 222 < y(p) < p(3 p)

The blow-up rate for 2 < p < 3, (1.10), has a completely different form that for
p = 2. Since the exponent y(2) = 0, the estimate (1.10) fails for p = 2. Hence, the
more subtle correction term, which has log log form, appears for p = 2, (1.5). Fur-
thermore, Theorem 1 seems to support that the blow-up rate may drastically change
at p = 3. Indeed, the divergence of the upper estimate (1.8) as p — 3 is the reason
that y(p) might also diverge as p — 3 according to (1.10).

Let us explain our strategy to prove our main theorem briefly. First, we introduce
a function,

e 1 CAG—0) =
y, (o) :=/ —e A6 45,
o U(0,6)r

where 4 >0 and U(x,0) =¢ ﬂu(x T—¢e°) (6= log ) which is sometimes

called type I rescaling. The estimates for y,(7) play an 1mportant role in the proof
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of our main results. The function y, is the novel device employed in this paper. Sec-
ond, the function

W0 = (T - t)u(%,t)u(o, £p-1
(1.11)
- U(%,U)U(O, oyl

can be estimated from above. We note that the upper bound of W, (7) has different
forms in the cases of 2 < p < 3 and p = 3. The former case was obtained in [7], and
the latter case is newly proved in this paper. Finally, using the bound of W,(7), we
estimate y, from below for suitable 4, and we can obtain Theorem 1.

2 Upper bounds for solutions

When (I1), (I2), (I3), and (I4) hold, solutions u of (1.1)—-(1.2) also satisfy the
following.

— If (I1) holds then u(x, t) = u(—x,t) for any x € [-L, L] and ¢ € (0, T).

— If (I2) holds then u.(x,f) <0 if x€ (0,L) and t € (0,7) and u,(x,?) > 0 if
x € (—L,0)andr € (0, 7).

— If (I3) holds then u(x, ) > 5, > 0 for any x € [-L,L]and ¢t € (0, T).

— If (I4) holds then u, (x,?) + u(x,f) > 0 for any x € (—L,L)and ¢t € (0, 7).

Some features for u are already known (for instance, see [7]). For the readers’
convenience, we summarize them in the following proposition.

Proposition 1 Assume (I1) and (14). If0 < x < r /2, then u satisfies

u(x, t) > u(0, t) cos x, 2.1
b4 .
u(x,t) < u(0,t)cosx + u<§ t> sin x, (2.2)
and
T
. ul —,t
—u(0, 1) sinx < u,(x,1) < _u(x, Hsinx + <2 ) 2.3)

COoSx COoSx

Proof Since (I1) and (I4) imply u,(0,£) =0 and u,(y,f) +u(y,t) >0 for any
y€ (-L,L)yandt € (0,T), we have

u(x, 1) = u(0, ) cos x + / ) (u(y B + uy, t)) sin(x — y) dy > u(0, £) cos x
0
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and
X
u(x,t) = u(0,r)cosx + sinx/ <uxx(y, 1) + u(y, t)) cosydy
i 0
— cosx / <u(y 0+ u, r)) siny dy
0
< u(0,f)cosx + sinx/ ’ (uxx(y, 1)+ u(y, t)) cosydy
0
T .
= u(0,r)cosx + M(E’ t) sin x.
Next, it holds
/ (uxx(y, 1)+ u(y, t)) sinydy = u,(x,t) sinx — u(x, t) cos x + u(0, t).
0
This implies that
w,(x, 1) = —u(0, 7) sinx + / (u(y B + uy, t)) cos(x — y)dy > —u(0, ) sin x
0
and
u,(x,t) = —u(0, 1) sinx + cosx/ (uxx(y, 1)+ u(y, t)) cosydy
0
+sinx / <u(y 0+ u, t)) sinydy
0
< Cosx/2 <um(y, 1)+ u(y, t)) cosydy
0

+u,(x, 1) sin® x — u(x, t) sinx cos x

_ T .2 .
=u E’t cos X + u,(x, ) sin” x — u(x, t) sinx cos x.

Hence, we have

pa
. ul —,t
u(x, ) sinx < ’ >
ux(x,t)s—( ) + 2 . O
COS X COS X

P
Since it holds that u,(%,t) = u(%,t) (uﬂ<%,t> + u(%,t)) > 0 due to (I4), in
the case of p > 2, it can be verified
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(T—t)u(%,t) < /Tu<%,s> ds
t 1 r o
=_p_l/, /0 (u(y,s)‘“"”)xcosydyds 2.4)

1 /% cosy p
o p=1Jo u@.ty! .

In addition, by (2.1), u(y, ) > u(0, ) cosy holds under assumptions (I1) and (I4).
Therefore, u satisfies

1
Wp(t) < 20— 1)B(

13-p
27 2

><oo for2 < p <3, 2.5)

. . P e 261, .
where W, (1) is defined by (1.11) and B(a, f) :=2 i (siny)™ (cosy)™ dyis
the beta function. The estimate of (2.5) for 2 < p < 3 was given in [7]. Furthermore,
we prove the following theorem in the case of p = 3 in this paper.

Theorem 2 Let p = 3 and u be a solution of (1.1)—(1.2) with (1.3). Assume (I11), (I12),
(I3), and (I4). Then u satisfies

W(t
T Yog [(T = 03 u(o, z)] :
where W5(t) is given by (1.11) with p = 3.
Proof Let ¢ be fixed in (0, T) and
x(t) := arccos _
: (T = Du0.17° 2.7
We note that by the type II singularity of u, (1.3),
x(t) —» % ast /' T. 2.8)

It is verified by (2.4) that
1 5 cosy
T—-1t (E,z) < —/ d
(= Du{3 2 Jo uGaor®

x(0) z 2.9
_ 1 / cosy dy+ / 2 coSy dy
2 0 u(y’ t)z x(1) I/t(y, t)z

By (2.1), the first term is estimated as follows:
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x(t) x()
/ cosy dy 1 / 1 dy
o u(y,n? u(O, 0?2 Jo cosy

_ 1 1 + sinx(¢)
B (0 1)? log ‘ cos x(1) 210)

3
<« (0 o e [Z(T—t)u(O t)]

Furthermore, by (I12), (2.2), and (2.3), it holds that, for 0 < y < %, u(y, 1) <0,

(31) (31)
u (y,1)cosy N "o < (.1 + “\72 2.11)
u(y,t) u(y,ty —  u0,1) uy,t) ’

siny < —

u(x(t), 1) < u(0, 1) cos x(7) + u< - ) sinx(7)

S ) @1
(T — Hu(0, 1)? 2’

and

/% siny dy = cosx(r) 2/% u,(y,t)cosy dy
o U@, 1? u(x(t), 1)? x(t) u(y 1?

< cos x(t) 2 Su NEA t)

~ u(x(p), t)2 u(0,1) Sy u(y, t)

| ) | 1 (2.13)

= u(0, Hu(x(1), 1) + u(0, 1) u(z t) B u(x(1),t)
>

2

w0, t)u(%, t) '

Hence, the second term is estimated as follows:
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/% cosy P
y

) U, 1?
o] E
M(O, t) x(1) u(y3 t)

dy

1 2 siny
. dy
u(0, 1) sinx(#) J ) u(y,1)

k3 M(z t) 3

3 1 2 ux(y,t)d 2’ : 1 d

= 700, 02 sinx() Sy uGi0) (O, 1) sinx(t) Sy uGr0?
T
u(—,t) s

- 1 . log u(x(t), 1) N 2 / 2 siny

u(0, )2 sin x(¢) u(z t) u(0, 1) sin® x(1) S u(y.1)?

29

< L log ! + 1|+ S R

u(0, )2 sin x(7) (T_,)u<z t>u(0 02 u(0, )2 sin® x(?)

25 b

1 1 2

< - . + .
u(O, 0?2 sinx(t) g _ m(g t>u(0, 2 u(0,0?sin’ x(r)
2

(2.14)
Here, we use (2.1) for the first inequality, (2.11) for the third one, and (2.12) and

(2.13) for the fifth one. Therefore, by (2.9), (2.10) and (2.14), W,(¢) satisfies

1 1 B ,
R R AT st L [2(T t)u(O,t)].

Since

2 1 1 3 . 1
Wit < Linzx(t) + 5 log [2(T = (0, ” W)+ e

2
1 1 1 _ 3 l 2 1
< 2 [sin2 x(7) " 2 log [Z(T 1u(.2) ” M 2W3(t) * 2sinx(f)’

it holds that

2
1 1 1
W4(1) < \/ Linz i+ log [Z(T — Do, t)3]] +

sinx(¢)

Noting sinx(#) — last / T by (2.8), this implies that
Ws(1)
log [(T — 50, t)]

lim sup
17T

<3
2
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which completes this proof. O
In addition, we can give some properties of u for2 < p < 3and p = 3.

Corollary 2 Let2 < p < 3, u be a solution of (1.1)—(1.2) with (1.3) and assume (I11),
(12), (I3), and (I4). Then u satisfies the following.

(5

i) 1 =0
® f/“rl w0, 1)
(i1) If < x < L, then there exists C,, > 0 such that sup u(x,t) < C, < o0.

1€(0,T)

Proof We only prove the case of L = mz, where m > 2 is an integer, for the simplic-
ity of the description. The general case can be proved similarly.
It is obtained by (2.5) and Theorem 2 that

b4
o %) )
2 L _p(lizr). ! if2<p<3 (215
u(0,1) 20-1) \2° 2 (T — Hu(0, ryr
and
V.4 1
u(Z, log [(T—t)su(O, t)]
lim sup M < 3. lim sup ifp=3 (2.16)
t)T u(0, 1) 2 t)T (T — Hu(O, t)3

which implies (i) holds because of (1.3). Next, if /2 < x < =, then

[ e [ 2
o w1 YT fo uen ,),,1 (yt)vl

</2 cosy dy — (l—smx)
0 rr

o ”(z’f)

If2 < p < 3, then it is obtained by (2.1) and (2.15) that

-1 H
0< 1imu<f,t> / S5
/T \2 o u(y,nr!

u(z t)p_l
2 1B<1 3—p>=0_

<lm—— - =-B(\ =, ——
/T uw0,0p-1 2 \2° 2

If p = 3, then it is verified by (2.10) and (2.14) that
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/75[ cosy J
0 M(yf)2 Y

log [2(T — Hu(o, z)3]

(0 u(0, 17
1 1 2

* u(0, 1)2 sin x(1) ' (T - t)u(z t)u(O 1)? - u(0, 1)2 sin? x()
> ,

where x(7) is defined by (2.7). Hence, we have
0< (ﬂ' t>2/§ cosy
u\ =,
2y ukir @

u( t)z
A\

3
o los [Z(T — (0, 1) ]

2
u(%,t) 1 2u(%,t>
: -

u(0,)sinx(t) (T —u(0,)>  1(0, )2 sin” x(¢)

and it is obtained by (2.16) that

2 (3 cosy
lim (Z,z) dy=0 forp=3.
o1\ 2 o u(y,1)? Y P

They imply that if 2 <p <3 then for §<x< n there exists 7,(x) such that

/ SOV __ < 0. On the other hand, if £ < x < x then ,(x, f) cos x > 0 and
o u(y. .y ’

T cosy
</o ot >
=-(p- 1)/ (U, 1) + u(y, 1)) cos y dy
0
= —(p — D(u,(x,))cosx + u(x,n)sinx) <0 forany s € (0,7).

Hence, there exists C,(x) > 0 such that

. X
_1—smx</ cosy
u(x, ryp-1 z u(y, ryr-!

' cos
< sup / —yldy<—C*(x) ift,(x)<r<T.
<<t Jo  u(y, P~

Therefore, if 2 < p < 3 and% < x < &, then
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1
— i 1
u(x, t) < max <ﬂ> , sup u(x,1) p < oo.
C*(X) 0<t<t,(x)

Furthermore, if 7 <x <L, then u(x, 1) < supg,, () u(y, 1) < oo with % <y<mby
the monotonicity of # with respect to x > 0 due to (I12), which completes the proof of
(ii). O

3 The Proof of Theorem 1
Let u be a solution of (1.1)—(1.2) with (1.3) and consider rescaled function

o 1
Ulx,0) i=¢e ru(x,T—e )= (T —t)ru(x,1), 3.D
where ¢ :=log % This rescaling, which is called Type I rescaling, is widely used
in the literature, for instance, [4, 5, 7]. Then U is a solution of

U, = UP(U,, +U) - ]§U 32)

and satisfies

limsup max U(x,o0) = o
o/ 00 X€[-LL]

due to (1.3). In particular, it is shown in [7] under assumptions (I1), (I2), and (I3)
that there exists 7, > 0 such that

U,0,0)>0 foroc2>r, (3.3)

and

1
UQ,0)=(T -1t)ru(0,t) /00 asc /ooort /T.
(See Proposition 2.2 in [7].) We also note that [5, 7] provided a special traveling
wave solution of (3.2) to prove (1.5) and (1.6). In addition, [2] gave some details for

1
the special traveling wave solution. Precisely, [2] proved that if x > p~ 7 then there
exist e, > 0and R = R( - ;x) such that

1 €,.R' (x;K)
R"(x;x) + R(x;x) = + forx € R,
PR(;k)P=1  R(x;k)P (3.4)
RO:x) = K .
R'0;x)=0

with the following conditions.
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- £K=0< l,, >asrc/‘oo.

=i
- R(xx)<0ifx > 0.

— R(x;xk) \\Oasx / oo.

- R"(x;x) + R(x;x) > 0 for any x € R.

Let >0 and ¥ = U(0,7). Then U(x,0) := R(x+ e.(o— T);K') is a solution of
(3.2) with U(x, 7) = R(x;x).

Remark The traveling wave solution provided in [5] and [7] is the same as
V(x,0) :=R(—x—¢.(0c —7)ix). For small £, >0, U and V are called “slowly
traveling wave”.

The following properties for the special traveling wave solution had very
important roles in the proof of (1.6) and (1.7). (See Lemma 3.3 and 3.4 in [7].)

(R1) there exist positive constants E,(p) and E,(p) such that E| and E, depend only
on p and

E\(p) < ek < Es(p).
(R2) There exists 7, > 0 such that the solution R of (3.4) with k = U(0, 7) satisfies
U(x,7) > R(x;U(0,7)) foranyx>0and t > 7.
In addition, in [2], we derived additional information for R as follows. (See Theo-

rem 1 and 2 in [2].)

3_
(R3) If2 < p < 3, then KP_IR<£;K> =Lp(L22P) L s(1)ask /oo, where
2 »\2 2

B(-, -) is the beta function.

(R4) If p =3, then——=~
K

(5)
_\2 J
K

In the following lemma, we list the properties of U and R, which are needed to
prove our main result.

=1+4+o(l)ask / .

(RS) =—-14o0(l)ask /S oofor2<p<3.

Lemma 1 Assume (I1), (12), (I3), and (14). Let T and U be defined by (3.1). Then
there exist 7y, C,(p), C,(p) such that for © > 7, and the solution R of (3.4) with
kx = U(0, 7) the following hold.

1 U.0,7)>0andU(0,0) > UQO,7)ifc > 7 > 1
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394 K. Anada et al.

(i1) Cl—(p), < ey < Cz—(p)p Here, €y 1 is €, which satisfies (3.4) for
U0, r)r2 U0, t)r2
k = U(0, 7).
(i) If2 <p < 3, then
_Gw R(f;U(o,r)> < U(f,r) LG
U, ryr-1 2 2 U@, ryr-1

@iv) Ifp =3, then

Ci(p)log U0, 1)

/4 Cy(p)log U0, 7)
U0, 7)? ) <

<R<%;U(0»T)> < U(g’f U0, 7)>

(V) Ux,0) > R(x+ £y (0 —1):U0,7))if x> 0and 6 >t > 7.
(vi) =U(0,7) < R'(x;U(0,7)) < 0forany x> 0.

Proof (3.3) and (R1) can directly lead to (i) and (ii), respectively. (iii) can be
obtained by (R2), (R3), and the upper bound of W, (2.5). In addition, (iv) can also
be proved by (R2), (R4), and the upper bound of W3, (2.6).

(v) can be shown by (R2) and the maximum principle because if ¢ > 7 > 7,, then
U(x,o)and U(x,0) = R(x + ey0.n(c —7)U(Q, 1)) are solution of

V, = VIV +V) - 1V in (0, 00) x (7, 00)
p

with Ux,7) > R(x;U(0, 7)) = Ulx, 7), U(0,0) > U0, 7) = R(0;U(0, 7)) >
R(eyon(c —1):U0,7) =1V (0,6), R(xU®O0,7)) N0 as x—oco, and
Uix,o0) > e_%no > 0, where 7, is given in (I3). Furthermore, (vi) is obtained by
R'(x;U(0,7)) <0 and R”(x;U(0,7)) + R(x;U(0,7)) >0 for any x> 0. Indeed,
since R'(x;U(0,7))R" (x;U(0,7)) + R (x;U(0, 7)) R(x;U(0, 7)) < 0 for any x>0,
we have (R (xU(0,7)))” < (R (U0, 1))’ + R(x:U(0,7))° < U(0,7)* and thus
0> R'(x;U(0,7)) > —U(0, 7) which complete this proof. m|

In addition, we prepare the following lemma. For the solution U of (3.2) and
A > 0, we define

0 1 AGe0) g
WA(G) Z=/ —€ A )dO'. (35)

U, 5)

Lemma 2 Assume (I1), (I12), (I3), and (I14). Let 7, be given in Lemma 1. For A > 0 it
holds that

2
)

AU, 0)r

@ Springer



Upper estimates for blow-up solutions of a quasi-linear parabolic equation 395

Furthermore, v, satisfies
yi(0) <0 ifeo>1 3.7

Proof Since U_(0,6) > 0if 6 > 7,,, we have

!

0< / S L

2

U0, 5)7
__ 1 Ko
AU(0, o)
° U(0,5 i
AU, 0)2 P=DAe p0,6)

2
Hence, it is obtained by letting ¢’ /" oo that 0 < y,(c) < (AU(0, 0)m2)"1 < o0, that
is, (3.6) holds. Here, use has been made of

* U,0,6 5
[ oS eeas o
o U(0,5)r

Furthermore, by (3.6), we have

1
yi(o) = ————+ Ay;(6) <0

U, o)
which implies (3.7) holds. O

Next, we give lower estimates for y; as follows.

Lemma 3 Assume (I1), (I12), (I3), and (I4). Let 7, be given in Lemma 1 and
U E (14, ) be fixed arbitrarily. Then y, defined in (3.5) satisfies the following.

p3-p)

- If 2<p<3 and A=U(,u) »2, then there exists a positive constant
C, = C,(p) such that C, is independent of x4 and

v, (1) > ifu>rt2>r1,. (3.8)

U0, 7!
— If p=3 and 4= (logU(, /4))_1, then there exists a positive constant
C, = C,(p) such that C, is independent of y and

C,logU(0, 7)

U022 ifu>rt2>m1,. (3.9)

v, (1) >
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Proof The following notations are used in the proofs below:

M, (p, U0, 0)) = { Cp)log U0.0) (p = 3)

and

Cy(p) @<p<d).
C3(p)log U0, 0) ™3 (p = 3),

where C,(p) is defined in Lemma 1 and
P-Dp-2)
Cy(p) T3 (p = 2p +2)

M,(p,UQ,0)) := {

G(p) 1=

In contrast to the case of p = 3, M, and M, depend on p only in the case of 2 < p < 3
Let 7 € [z, u) be fixed and R be a solution of (3.2) with k = U(0, 7). By Lemma
1 (i), (iii), (v) and (vi), if o > 7 > 7,5, then U and R satisfy

Ml (p’ U(O’ 6))
U0, c)p-!

R(Z +euoo(c - 0:U0.0)) <U(F.0) <

2 (3.10)

and
_U(0,0) < U0, 7) < R’<§ + £ (0 — THEUCQ, r)) <0. @1

This implies that if ¢ > 7 > 7, then

1

W;(O') - )'WA(O') =—
U(0,0)m2
1 (T .
< WR (E + EU(O,T)(O' - 1);U(0, T))
, O P2
: 2 ey
< R(E + 8[/(0,7)(0' —1);U(0, T))

M, (p. U(0,6))) 76
x R’(% + £40.0(0 = TUO,7))

M,(p, U(0, Tt
_ %0, UQ.2) <R<E + £y (0 — 1)U, r)) e > .
Euo,7) 2 ' -

Hence, if ¢ > 7 > 7, then
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< M,(p, U0, 0))

€U,

—— 41
g4 <R(§ + £y (0 — 1)U, r)) e )

(o2

and it is obtained by integrating from 7 to co with respect to ¢ that

- W,{(T)

- / " (e—*w—f)%(a))g do

M,(p, U(O, o et
< Y- UO.0) e—wvﬂ<R(§-quhﬂa—rxvaxw)@”“ﬁ ) do.
(.12)

€U, T

When 2 < p < 3, we have

C o+l
—y(1) < — 3@)R<%;U(O,r)>@ v

EU0.7)

C3(p)A I
+ 3(’7)/ ¢Ho- T>R<2+5U(0,)(a r);U(o,T))“”“ 7 do.

EU0.7)

Since it is verified by (3.10) that

o0 —L—11
/ M= ”R( 2+ (o~ r);U(o,f))“‘”“‘” do

T

< Gy / — L ey,
© U©0,0)72 "7

1

Cz(l))er
W‘“(”’

PpB3— PG-p)
if A=U(0, u)~ ﬂ*p , then AU(O, r) 2 < 1for y > 7 > 7, and thus it is obtained by

Lemma 1 (ii) that

3(1’) ( U0, )><p—1><p =k

EU,7)
CP)Cy(p)
<1+ v, (1)
< €000 U0, )P A
_p p3-p)
L GOCETET e 2 |
(T
Ci(p) 4
(e L W
< + T 1 >T 2T
Cl(p) Yy H 0
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Furthermore, Lemma 1 (ii) and (iii) imply that if 2 < p < 3 then

=+ C ot
1 R(z;U(O,T)><[ DHp-2) > 1([7) . 1 .
€y V2 G U@, ry-!

Therefore, it is obtained that there exists C, = C,(p) such that C, is independent of
u and

if2<p<3,/4>TZToand/l= 1p(3_p)'

WA(T) > —
U, t)r-1 U0, y) >

Next, when p = 3, by (3.12), we have

- W,{(T)

- / " (fﬂa_ﬂw(a))G do

® M,(3,U(0, 5))e"*=7)

T Eu,7)

<- IC) _R(Z:0(0. f))

2’
0.0 (1og U, o))
C;(3)4 —Ao-1) 5
+ 83 / € 3 R(% + gU(O,r)(U - 1);U(0, T)) do
U,r) Jr ( log U(O, g)) 2
+ 3G;3) [*™ U, (0, &)e~Ho=D)

(S

)da

<R<g + £ (@ — DU, T)>

w

5

R(% + £y = DU, T)) * do

[T

2ey0,0) J= U(0,0)(log U(0,0))
(3.13)

1
Now, we can assume that U(0, 7)) > 3 and then it holds that

log U(0, 0) < log U(0, 7)

U0.0p < U0y 072

because f(s) = logS is decreasing for s > ¢3. Hence, it is verified by (3.10) that
/ . — T)R(z + £ (0 — DU, T))zd()'
* (logU(O, a))
© log U0, 0) -
< G,(3)> =0 g 3.14)
(92 / TUO.0p 7 (
C2(3)2 log U(0, 7) )
U007 AT

and
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/oo U,(0,0) oHo- T)R(Z + £y (6 — U, T)>Ea’0'
* U(0,0)(log U(O, 0'))

< C2(3) / U 0, 0) e A0 o

U, 0y ¢
: 1 A [T —A(o=7)
<GB <5U(0,r)5 5 / U, 00 d")
C,(3)3
5U0, 1)

(3.15)

If A= (log U(O, ;4))‘1, then Alog U(0,7) < 1 for u > 7 > 7, and thus, by (3.13),
(3.14) and (3.15), we have

C;(3)
0.0 (10g U0, 0))

C3(3)C2(3)2 Alog U(0, 7)
< <l . T)U(O T >V/,1(T)

. _3G,0)G0):
<§’U(O’ 7)) 10€ 0., U(0, 7)°

[T

C5(3)C,(3): .
< <l + %)Wa(ﬂ if u>rt2>r,.

Furthermore, Lemma 1 (ii) and (iv) imply that if p = 3 then

i z $C3) logUO,7)

: <_’U(0 T)> > TG3U0, 02
£u0.0(10g U0, 7))

and

1 < 1 y
eyonUO0,77  C;(3U(O,7)

Therefore, it is obtained that there exists C, = C,(p) such that C, is independent of
u and

(7) > €. log UO.7) ifp=3,u>7> da 1
——— ifp=3, >rpand A= ———

AUE T TPTATTER log U0, 1)

which completes this proof. O
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We make use of y; defined by (3.5) with Lemmas 2 and 3 and prove the fol-
lowing theorem.

Theorem 3 Assume (I1), (I12), (I3), and (I14). There exists a positive constant
C = C(p) such that the following hold.

U, u)

- If2 <p <3thenlimsup —— < C.
W/ MP(LP)
U,
- Ifp= 3thenlimsupl <L

ureo exp (Cy/u)

Proof First, we consider the case of 2 < p < 3. By (3.7) and (3.8), if 2<p <3,
pB-p)

u>7t>7yand A= U(0, u) »2, then it holds that

0> yi(r) =- — + Ay, (7)
U, r)r2
1 =]
> — _—
U(0, t)r-!
1 _2
> — > y,(T)e-be-2)
ol el

Hence, we have

(3—p)
(w(f)‘—@flwiz)) <Cp) ifr>1

and thus
__pB-p) __pB-p) .
w(u) oD — () e < Cylp)(u— 1) if p > 1,
where
p3—p)
Cip) = _
(p — D(p —2)Cr 2
(3-p)
In addition, (3.6) and (3.8) imply that if 2 = U(0, )" 7= then
1 1 C.(p)
v, (p) < - = and (7o) >

AU, = VO U, 7"

Therefore, it is obtained that
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p3-p)
U@, p) =
pB-p)

<) e (3.16)

pG-p)

(3—p)
< C,(p)(u — 1) + C,(p) w3 U(0, 70) 72 .

Since (3.16) holds for any u € (7, o) and 7, C, and C, are independent of y, it can
be shown that there exists C = C(p) such that

U,
lim sup (Hﬂ) <C.
H/ oo HPCP

Next, we consider the case of p =3. (3.7) and (3.9) imply that if 4 > 7 > 7, and
A= (log U0, )" then

0>y)(r)=— + Ay, (1)

1
U(0, 7)2
o 1 _ log U(0, 7)
logU(0,7) U0, 1)
v, (7)
T C,log U0, 1)’

Hence, there exists Cs such that

( 1 )2 "ol
log =— log
ll/,l('[) V/,l(T) V/,l(T)

2 U(0, 7)°
< og
C,logU(0, ) C,logU(0, )
2(21og U(0, ) — log(C, log U(0, 7)))
C,logU(0,7)
<Cs ifu>172r,

We note that Cs is independent of u. Since it is verified by (3.6) and (3.9) that
1 _ log U(O, u)

< =
Vi) < T00 02 = U007
and
C.,logU(0,7y) . 1
w(7p) 2 —20 ifd= —————,
U(0, 7y) log U(0, u)
we have
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2 U(o, ﬂ)z ’
( log U(O, M)) < <10g m)

2
<<log ! >
v, (1)

2
1
< Cs(u — 1) + <log WA(TO)>

UO,7° 1\’
C,log U0, 7y)

< GCs(pu—1) + <10g

Here, we note that log U(0, u) < U(0, u) for any u. Hence, it holds that
U, u)

exp(y/Csh)

UO,7)° \
Cs(u — log————F— ) —V/Csul
< exp \/ s(u—19) + < og C oz U, To)) SH

(3.17)

Since (3.17) holds for any u € (z;, o) and 7, C5 and C, are independent of y, it can
be obtained that there exists C = C(p) such that

. U@,
imsup ————— <1
s exp (Cy/u)

which completes this proof. O

Theorem 3 directly leads to the results of Theorem 1, that is, there exists
t, €(0,7)and C = C(p) > O such thatift, < ¢ < T then

p=2

)”‘3‘” for2 <p<3

1
T—1

1
1 \»
= < —
Xén[_aL>5L1 ulx, 1) = u(0,1) < C(p)( T t> <log

and

1
1 \3 1
= <(=— =
Xen[l_aL),(L] u(x,t) = u(0,1) < (T — t> exp (C log T t) forp=3
which completes the proof of Theorem 1.

Remark 1t has been shown in [4] (the case of p = 2) or [7] (the case of 2 < p < 3)
that

limu<%,t> = . (3.18)
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We can mention that (3.18) also holds in the case of p = 3 because (2.4) and Theo-
rem 1 (ii) imply u satisfies

1 r T

7=/ “5e)e
/ cosy
2(T—t) e
1 1

> —————exp <—2C\ [log >

AT = 1) -t
—lex llo 1 —2C4 /1o ! forany t € (¢,,T)
TP\ 3% T VT Y ®

and thus, if u (%, t) would be bounded as ¢ /' T, then we have a contradiction. O

In addition, we can obtain Corollary 1.
Proof of Corollary 1 [4] has shown that if p = 2 then
1
H S+e _
}1/HT1(T 1)2 xer[n_aL)’(L] u(x,t) =0 forany € > 0.

Furthermore, Theorem 1 implies that the same features hold in the case of 2 < p < 3
under assumptions (I1), (I2), (I3), and (I4) because of

p=2

t)p(z_m =0 inthecaseof2<p<3

. e 1
lim(T =1 <1°g T
and

. e 1
}I/II%(T 1) exp<C logT_

t> =0 inthecaseofp =3

for any € > 0. O

4 Conclusion

In this paper, we provided the upper estimation of the blow-up rates for solutions
of (1.1) with the periodic boundary condition (1.2) in the case of 2 < p < 3 and
p = 31in Theorem 1. No results on the upper estimate of blow-up rate are previously
known for p > 3. Our upper estimate for p = 3 is the first result for this issue.
Clarifying the relationship between the value of p and the blow-up rate of the solu-
tion is an interesting problem. As a known result, it was shown in [5] that solution with
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the rate of Type II appears at p = 2. Another known result was given in [7], where the
blow-up rate changes between p = 2 and 2 < p < 3. In addition to these, our results in
this paper suggest the need for a discussion on the possible change in the rate between
2 <p <3 and p = 3. The reason why the upper estimates for p = 3 of Theorem 1
differ from 2 < p < 3 is due to the drastic change in the behavior at % of the slowly
traveling waves R at 2 < p < 3 and p = 3 as proved in [2]. On the other hand, it is still
unclear whether the blow-up rate of the solution, in fact, changes for 2 < p < 3 and
p = 3, which is one of our future issues.

Although the precise form of the blow-up rate for 2 < p < 3 and the reason that gen-
erates the difference in blow-up rate between p = 2 and p > 2 is unclear, combining
our results in this paper with [7], we are closer to the conclusion that the blow-up rate
for 2 < p < 3 would have the form (1.10), which is different from p = 2.

In our proof, we use the slowly traveling wave R to evaluate the blow-up solu-
tions. This method is valid under periodic boundary conditions. However, this is not
directly applicable to the case of the Dirichlet boundary condition since the comparison
between the solution and R fails due to the boundary condition. And, in the case of
p > 3, the estimation of R(%;K) is more involved than the case of p < 3. Hence, our
strategy for upper estimates of the blow-up rate does not work well so far and there are
no results on upper estimates of the blow-up rates for p > 3. These are also our future
works.
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