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Abstract

A multi-unit assignment valuation is a function represented by a weighted bipartite
graph. In this paper, we provide a characterization of such a function in terms of
maximizer sets of perturbed functions. We then present an algorithm that checks
whether a given bivariate function is a multi-unit assignment valuation, and if the
answer is “yes,” computes a weighted bipartite graph representing the function.
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1 Introduction

A valuation function is a function that for a given set of goods, returns the value of
the set. This paper deals with multi-unit valuation functions defined on non-nega-
tive integral vectors Z7, in which a vector x € Z'} represents a multiset of n discrete
goods. We consider a class of multi-unit valuation functions that are represented by
weighted bipartite graphs, which are referred to as multi-unit assignment valuation
functions.

Given a complete bipartite graph G = (V,N;V X N) with a weight function
w . VXN — Rand asupply functiong : V — Z_, a multi-unit assignment valua-
tion function f : Tg — R is defined by
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f(x):max{ 3 i)

(ij)eVXN

Y ¥(i.j) = x() ( € N),
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Y () < 9l) (€ V),

jeNn

Yi.)€eEZ, ((€eV,je N)} (x € Ty),
where

N={L2...n),  ®=) ol T¢={xezi Zx(i)seb}.

1S4 JEN

In the case where the domain of function fis restricted to zero—one vectors, fis noth-
ing but an assignment valuation [16], which often appears in the literature of auction
theory. In the following, we simply refer to function f as an assignment valuation
when no confusion arises.

It is known that the class of assignment valuations is a proper subclass of
strong-substitutes valuations (see, e.g., [13, 14, 17]). The strong-substitutes con-
dition for a multi-unit valuation [10] is a natural generalization of the gross-sub-
stitutes condition for a single-unit valuation due to Kelso and Crawford [8] (see
also Gul and Stacchetti [6, 7]), and the former condition inherits various nice
properties of the latter condition. In particular, strong-substitutes condition for
bidders’ valuations implies the existence of Walrasian equilibrium in the auction
market with multiple units of indivisible goods. Also, strong-substitutes valua-
tions are known to be equivalent to M®-concave functions in discrete convex anal-
ysis [4, 15] (see also [13, 14, 17]). This fact implies that an assignment valuation
also enjoys nice properties as a discrete concave function.

We are interested in a special case of assignment valuations with N = {1,2},
motivated by the “product-mix” auction used in Bank of England [9] (see also
[1-3]). The auction in Bank of England deals with two kinds of multiple discrete
goods. Each bidder of the auction expresses its demand to the goods by using a
set of “weighted bid vectors;” a weighted bid vector is a pair (b, w) of a bidding
price vector b € R? and its weight w € Z,,. It turns out that sets of weighted
bid vectors have a natural one-to-one correspondence with assignment valua-
tions, and the demand information represented by a set of weighted bid vectors is
the same as the one represented by the corresponding assignment valuation; see
Remark 4.1 in Sect. 4 for more details on this relationship.

Suppose that a bidder wants to participate the product-mix auction with its
own valuation function. In such a situation a bidder wants to know whether its
valuation can be represented as an assignment valuation, and if it is an assign-
ment valuation, the bidder also wants to know the representation by a weighted
bipartite graph. This motivates us to consider the following Bivariate Assignment
Valuation Checking Problem (BAVCP):

given a bivariate valuation function f : T4 — R with some positive integer
@, which is not necessarily an assignment valuation, answer whether fis an
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assignment valuation, and if the answer is “yes,” then find a weighted bipar-
tite graph representing f.

Our goal in this paper is to propose an efficient algorithm for solving this
problem.

To develop an algorithm for the problem (BAVCP), we first provide a charac-
terization of assignment valuations in terms of maximizer sets. For a bivariate
function f : Tg — R and a vector p € R?, we define a set

Di(p) = {x €T | f) =p'x 2 f() —pTy (v € Ty},

which is called a maximizer set (also called a demand set). As mentioned above,
every assignment valuation is an MP-concave function, for which the following char-
acterization in terms of maximizer sets is known; definitions of MP-concave func-
tion and MP-convex set will be given in Sect. 2.

Theorem 1.1 (cf. [11, 12]) A bivariate function f : Tq — R, is ME-concave if and
only if for every p € R? the maximizer set Dy(p)isan M “-convex set.

Since an assignment valuation is an M*-concave function, its maximizer set is
an M’-convex set, which is (the set of integral vectors in) a hexagon. We classify
MP-convex sets into three types based on the length of six edges: positive-type,
zero-type, and negative-type (see Sect. 2.2 for precise definitions), and show that
an assignment valuation can be characterized by a stronger property for maxi-
mizer sets.

Theorem 1.2 A bivariate function f : Tg — R with f(0,0) =0 is an assignment
valuation if and only if for every p € R? the maximizer set Dy(p)isan M i_convex set
of positive-type or zero-type.

We will also show that for an assignment valuation f, the information about its
representation can be obtained from maximizer sets of f that are M%-convex sets
of positive-type. Based on the results, we propose an algorithm for the problem
(BAVCP) that runs in O(®?) time, under the assumption that the value oracle for f
is available; given a vector x, the value oracle returns the value f(x).

Finally, we note that a closely related problem is discussed by Goldberg, Lock,
and Marmolejo-Cossio [5]. In our terminology, their problem is described as
follows: the input is an n-variate multi-unit assignment valuation f : Ty = R,
represented by a demand oracle, and the output is a weighted bipartite graph
representing f; given a vector p € R”, the demand oracle returns a vector in the
maximizer set Dy(p). The algorithm proposed in [5] runs in O(n|V|log W) time
with W = max{w(i,j) | i € V, j € N}. It is known (see, e.g., [13]) that a demand
oracle can be realized by using a value oracle in O(n? log(®/n)) time. Hence, if the
value oracle is available, then the algorithm in [5] runs in O(n*|V|log W log(®/n))
time. In particular, if n = 2 (i.e., fis a bivariate function), then the algorithm runs
in O(|V|log Wlog ®) time, which is incomparable to the running time O(®?) of
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our algorithm since |V| < ® and the parameter W does not appear in ours. Also, it
should be noted that our algorithm checks whether a given function is an assign-
ment valuation or not, while the algorithm in [5] does not.

2 Preliminaries

In this paper, we denote by Z_ (resp., Z, ) the set of non-negative (resp., positive)
integers.

2.1 Multi-unit assignment valuation and M’-concave function

A bivariate assignment valuation f : Ty — R is defined as follows by using
a complete bipartite graph G = (V,{1,2};V x {1,2}) with weight function
w: Vx{1,2} = Rand supply functiong : V - Z_:

D) =xG) G =1,2),

eV

Y@, D +y(,2) <o) (€ V),

f(x) = max { Z(W(i, Dy@, 1) + w(, 2)y(@, 2))

eV

yi,)ezZ, GeV,j= 1,2)} (x eTy),

2.1
where

D= o), Tp={reZ’ |x(1)+x2) <}
eV
We may assume, without loss of generality, that
Vi,i' € Vwithi#1{, w(i,1)#w@, 1) or w(i,2) # w(i’,2) (or both); (2.2)

if there exist distinct i, € V with w(i, 1) = w(i’, 1) and w(i,2) = w(i’, 2), then we
can replace @(i) with @(i) + @(i") and delete the vertex i/, which results in the same
assignment valuation.

It is known that a (not necessarily bivariate) assignment valuation has a nice dis-
crete structure called M”-concavity (see, e,g., [13]).

Proposition 2.1 A (bivariate) assignment valuation is an M%-concave function.
A bivariate function f : Ty — R is said to be M¥ -concave if it satisfies the fol-

lowing exchange property for every x,y € Ty:

(Mf -EXC) for eachi € N = {1,2} with x(i) > y(i), we have either (i), (ii), or
both:

) y(N) < @ and f(x) +f () < fx— x) +fO + 1),
(ii) there exists some i’ € N with x(i') < y(i") such that
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SO+ SfOo—xi+x)+fO+ 10— o)

where y; € {0,1}? denotes the characteristic vector of i € {1,2}, i.e., y; = (1,0)
and y, =(0,1). Note that x— y;,,y+ x; € Ty holds in the case of (i), and
X—=yxi+ xv. Y+ xi — x» € Ty holds in the case of (ii).

M®-concave functions can be characterized by a local exchange property: fis M*
-concave if and only if (M#-EXC) holds for every x,y € Ty with |[x — y||; < 4. This
local exchange property can be specialized for bivariate functions f as follows:

fl ) +fk+1,h+1) <flk+1,h)+fl,h+1) (kh)€Z%, k+h+2< ),
(2.3)
floh+ 1) +f+2,0) <fl+ Lh+ D) +fk+1,h) ((k.h)€Z%, k+h+2< D),
(2.4)
SO+ LR +fkh+2) S flk+ Lh+ D)+ flkh+ 1) (kh) €Z2, k+h+2 < D).
(2.5)

Proposition 2.2 A bivariate function f . Ty — Ris M “-concave if and only if it sat-
isfies the conditions (2.3), (2.4), and (2.5).

The conditions (2.3), (2.4), and (2.5) can be understood in terms of “triangles.”
For k,h € Z, we define an upper-right triangle T, .(k,h) C Z* and a lower-left trian-
gle Ty (k,h) C Z* by

Ty (k, ) = {(k,h), (k — 1, h), (k, h — 1)},
Tl](k9 h) = {(k’ h)» (k + 19 h)s (kv h + 1)}
The condition (2.3) means that the function f bends upward on

T,(k+1,h+ 1)U Ty(k, h). Similarly, (2.4) (resp., (2.5)) means that that f bends
upwardon T, .(k+ 1,h + 1) U T}, (k+ 1, h) (resp. T (k + 1, h + 1) U Ty (k, h + 1)).

2.2 MP-convex set and its properties

We also define Mf-convexity for a set S C Z2 as follows. For a non-empty set
S C 72, we say that S is an M" -convex set if it satisfies the following exchange prop-
erty for every x,y € S:

foreachi € N = {1,2} with x() > y(i), at least one of (i) and (ii) holds:
Dx—yy+x €S,
) x— x,+ xy, Y+ x; — x» € Sfor some i’ € N with x(i') < y(@’).

We present some properties on polyhedral structure of Mf-convex sets in Z2. M"
-convex sets can be described by simple inequalities.

Proposition 2.3 A bounded set S C 7% is an M"-convex set if and only if it can be
represented by the following system of inequalities:
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S = {((1),x2) € Z2 | & < x(1) < iy, Ay SX(2) < piy, Ay < x(1) +2(2) < py ).
(2.6)

We may assume that all inequalities in (2.6) are tight, i.e., it holds that

Ay =min{x(@) | x € S}, u; =max{x@) |x€ S} (=1,2),
Ay =min{x(1) +x(2) | x € S}, py = max{x(1) +x(2) | x € S}.

We see from the representation (2.6) that every bounded two-dimensional (2-d,
for short) MP-convex set S can be represented as a union of upper-right triangles
T,.(k, h) and lower-left triangles T, (k, h). _

Let S C Z2 be a bounded 2-d M%-convex set. We denote by S C R? the convex
hull of S. Proposition 2.3 implies that the convex hull § is represented by the
same set of inequalities in (2.6) and satisfies SN Z? = S. In addition, S is a con-
vex hull of the six integral vertices given (in clockwise order) as

(A1s 1), (o = Has 1)y (Hys o — 1)y (Hys A2), (Ag — Ao, 4y), (A1, 49 — 4y);
2.7)
this shows that S is a hexagon in general, while some vertices may coincide and
some edges may have zero length in a degenerate case.

This observation shows that an ME-convex set S can be identified with its con-
vex hull_S . Hence, we can deﬁne_an edge of S as the set of integral vectors in an
edge of S. Since the convex hull S is a hexagon with six edges in general, we can
define upper-horizontal (UH) edge, lower-horizontal (LH) edge, left-vertical (LV)
edge, right-vertical (RV) edge, upper-right-diagonal (URD) edge, and lower-left-
diagonal (LLD) edge (see Fig. 1).

We also define the length of an edge in an MP-convex set S by the length of the
corresponding edge in the convex hull S. We denote by

Cun(S),  CLu(S),  Ciy(S),  Lry(S), Lurp(S),  CLip(S)

the length of UH-edge, LH-edge, LV-edge, RV-edge, URD-edge, and LLD-edge; it
is possible that some edges may have length zero.
By using six vertices in (2.7), the length of six edges are given as

Fig.1 Six edges of an M" . '
-convex set UH edge %
5 2%
L Oy
2 %
)
)
2
¢ ]
@)
L Sy ]
| o | LH edge
1 1
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Fig.2 MP-convex sets of
positive-type

Fig.3 MP-convex sets of zero-
type

Cuu(S) = (Mg — Hy) — Ay,
?f”LH(S) =M — (/10 - ﬂz),
fLV(S) = Hy — (/10 - 21)7
Crv(S) = (o — Hy) — Ao, ( (2.8)
Lurn(S) = V201 — (o — 1)) = V2(s — (g — 1),

£iin(S) = V2o = A) = A) = V2((Jy — A1) = 4y). |

This immediately implies the following relations for the six edge lengths.

Proposition 2.4 For a two-dimensional M*-convex set D C Z2, it holds that

4(D) = (D) = £13(D) — Cry(D) = %(fum(m — (D).

Using the edge length, we classify bounded 2-d MP-convex sets. We say
that a bounded MP-convex set D C Z2 is positive-type (resp., negative-type) if
C1u(D) — Cyp(D) > 0 (resp. £ x(D) — £yp(D) < 0), and zero-type otherwise (i.e., D
is not two-dimensional or satisfies £ (D) — £yp(D) = 0). See Figs. 2, 3, and 4 for
examples.

2.3 Properties of M"-concave functions

We present some properties of M-concave functions used in this paper. See [13] for
more accounts on M%-concave functions.

For a bivariate function f : T, — R and a vector p € R?, the maximizer set
Dy(p) C Ty is defined as
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Fig.4 MP-convex sets of
negative-type

Di(p)={x €Ty | f)—p'x2f()—p'y(y € Tp)}:

Dy(p) is often referred to as a demand set in the context of auction, where f is
regarded as a valuation for multisets of goods. If D C Ty, is a two-dimensional maxi-
mizer set, then there exists a unique p € R? such that D = Dy(p); we call such p the
slope vector of D. '

M?®-concavity of a function can be characterized in terms of maximizer sets.

Proposition 2.5 A bivariate function f : Ty = Ris M “-concave if and only if Dy(p)
is an M"-convex set for every p € R2.

An MP-concave function can be extended to - polyhedral concave function. For a
function f : T4 — R, the concave closure f . Ty — Ris defined as

FoO)=inf(pTy+n|peR: nER, px+n2f(x) x €Ty} (v E€Ty).

By definition, f is a polyhedral concave function satisfying f(x) > f(x) for all
x €Ty

Proposition 2.6 For a function [ : Ty — R, if fis MP-concave, then f(x) = f(x)
holds for every x € Ty,

Let f : Ty — R be a bivariate M%-concave function. It follows from Proposi-
tion 2.6 that for every p € R?, the convex hull Dy(p) of the maximizer set of f coin-
cides with a maximizer set

(X €T | F)—p x2F0) —pTy (v € Tp)}

of the concave closure f. It is also known that a polyhedral subdivision of the poly-
tope Tq, can be obtained from the family {D;(p) | p € R?} of convex hulls of maxi-
mizer sets. These facts imply that the information about the set of 2-d maximizer
sets uniquely determines the function values of f. For two 2-d maximizer sets D and
D' of f, we say that D and D’ are adjacent if they share an edge of positive length.

Proposition 2.7 Let f : Ty — R be a bivariate MP-concave function with
f(0,0) = 0. Then, the function values f(x) (x € Tg,) are uniquely determined by the
following information:
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Bivariate multi-unit assignment valuations 367

e the family D = {D, | i € V} of two-dimensional maximizer sets of f, where V is
an appropriately chosen index set.
the adjacency relation among maximizer sets in D,

e the slope vector p, € R* of D, fori € V,

e lengths 1 y(Dy), Cyu(Dy), C1y(Dy), Cry(D;), Curp(Dy), £11p(D)) of six edges for
ieVv.

3 Characterization of multi-unit assignment valuations
and algorithm

Main results of this paper are presented in this section. We first provide a charac-
terization of bivariate assignment valuations by using the following condition for
maximizer sets:

(MS >) every maximizer set of fis an M-convex set of positive-type or zero-

type;
recall that every maximizer set of an M%concave function fis an M%-convex set. In
the following, we may simply say that a maximizer set of a bivariate M"-concave
function is of positive-type (resp. zero-type) if it is an M%-convex set of positive-type
(resp., zero-type).

We denote by M the family of bivariate M%-concave functions f : Ty — R with
£(0,0) = 0 satisfying the condition (MS>). We denote by A the family of bivariate
assignment valuations defined on T, That is,

M={f:Ty > R|f(0,0)=0, fisan M? -concave function satisfying (MS >)},
A={f: Ty —» R |fisan assignment valuation in (2.1)}.

We show that every bivariate assignment valuation satisfies the condition (MS>),
ie., A C Mholds.

Theorem 3.1 (necessary condition) Let f : Tq, — R be an assignment valuation in
(2.1), and assume that weight function w satisfies the condition (2.2). For every vec-
tor p € R?, the maximizer set Dy(p)isan M 5_convex set of positive-type or zero-type.

Theorem 3.1 follows immediately from the following properties of assighment
valuations. It should be noted that the condition (2.2) for the weight function w
implies that if a vector p € R? satisfies p = (w(i, 1), w(i,2)) for some i € V, then
such i is uniquely determined.

Lemma 3.2 Let f : Tq, — R be an assignment valuation in (2.1), and assume that

weight function w satisfies the condition (2.2). Also, let p € R? be a vector such that
the maximizer set D;(p) is two-dimensional.
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© Ifp # w(, 1),w(i, 2)) for alli € V, then D(p) is of zero-type.

(i) If p = (w(, 1), w(i, 2)) holds for some i € V, then D/(p) is of positive-type and
satisfies €1 y(D(p)) — Cuu(Dy(p)) = @(i,) with the (unique) vertexi, € V such
that p = (w(i,, 1), w(i,, 2)).

Proof of Lemma 3.2 is given in Sect. 4.

We then show that the inclusion A C M holds with equality. For f & M,
denote by D*(f) the family of positive-type maximizer sets of f, and by P*(f) the
set of slope vectors for maximizer sets in D*(f). The definitions imply the equa-

tion D*(f) = {D,(p) | p € P*(H)}-

Theorem 3.3 (sufficient condition) Let f : Ty, — R, be an MP-concave function
with f(0,0) = 0 satisfying the condition (MS>). Then, f is an assignment valuation.
Moreover, if PY(f) is given as {p, | i € V} with an appropriately chosen index set
V, then f is represented by the complete bipartite graph with vertex set V U {1,2},
weight functionw : VX {1,2} = R, and capacity function@ . V — Z_ given by

wi,j)=p() (G€eV,j=12), 3.1

() = C u(Dr(P) = Cun(Dp(P) (> 0) G EeV). (3.2)

Note that the weight function w given by (3.1) satisfies the condition (2.2)
since slope vectors in P*(f) are all different.

Theorem 3.3 is proved by using the following key lemma, stating that every
function f € M is uniquely determined by the information about positive-type
maximizer sets of f.

Lemma 3.4 For functions f,g € M, we have [ = g if the following conditions hold.:
P*(f) = P*(g), CLu(Dp(p)) = Cun(Dp(P) = E1u(Dy(p)) = Cun(Dy(p) (p € PH(f)).

Proof of Lemma 3.4 is given in Sect. 5.

Proof of Theorem 3.3 Given a function f € M, let us consider the assignment valua-
tion g represented by the weighted complete bipartite graph in the latter statement of
Theorem 3.3, i.e., the assignment valuation g : Ty — R is obtained from the com-
plete bipartite graph with vertex set V U {1,2}, weight functionw : VX {1,2} - R
in (3.1), and capacity function ¢ : V — Z_, in (3.2). By Lemma 3.2 applied to g
and the definition of g and w, we have P*(g) = {p, | i € V} = P*(f). It follows from
Lemma 3.2 (ii) that

CLa(Dy(p) = Cun(Dy(py) = @) = (D) — Cun(Dy(p) (G E€V).

Hence, we have f = g by Lemma 3.4. a

The following characterization of bivariate assignment valuations can be
obtained immediately from Theorems 3.1 and 3.3.
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Corollary 3.5 An MP-concave function f : Tqy — R with £(0,0) =0 is an assign-
ment valuation if and only if it satisfies the condition (MS>).

Based on the characterization of assignment valuations (Theorem 3.3, in
particular), we propose an algorithm that determines whether a given function
f : Ty = R is an assignment valuation or not, and if the answer is “yes,” com-
putes its representation.

Algorithm for Checking Assignment Valuation

Step 1: [Check M*-concavity] Check whether fsatisfies £(0,0) = 0 and the condi-
tions (2.3), (2.4), and (2.5). If f satisfies these conditions, then go to Step 2; other-
wise, assert that fis not an assignment valuation.

Step 2: [Check assignment valuation] For each 2-d maximizer set D of f, com-
pute the length of edges ¢} (D) and yy(D). If there exists some D with
1 u(D) < Cyp(D), (i.e., D is of negative-type), then assert that fis not an assign-
ment valuation; otherwise, go to Step 3.

Step 3: [Compute a weighted bipartite graph] Let {p; | i € V'} be the set of slope
vectors for positive-type maximizer sets of f with an appropriately chosen index
set V. Output the complete bipartite graph with vertex sets V U {1,2}, weight
function w : V X {1,2} — R given by (3.1), and capacity functionu : V — Z
given by (3.2).

We analyze the running time of the algorithm. Checking the conditions (2.3),
(2.4), and (2.5) in Step 1 can be done in O(®?) time by using the value oracle for f.
For a bivariate M*-concave function f, all 2-d maximizer sets and their slope vectors
can be computed in O(®?) time, as explained below. Once we obtain all 2-d maxi-
mizer sets, it is not difficult to compute their edge lengths in O(®?) time. Hence,
Step 2 requires O(d?) time. It is easy to see that Step 3 can be done in O(V) = O(d?)
time. Therefore, our algorithm runs in O(®?) time in total.

Theorem 3.6 Given a bivariate function f : Tq, — R, we can determine whether f is
an assignment valuation or not in O(®?) time. Moreover, if f is an assignment valua-
tion, we can compute the complete bipartite graph with vertex sets V U {1,2}, weight
Sfunctionw : Vx{1,2} - R, and capacity functionu : V — Z_ representing f in
O(®?) time.

We explain how to compute in O(®?) time all 2-d maximizer sets and their slope
vectors of a bivariate M®-concave function f, where we use the fact that every 2-d
MbP-convex set is given as the union of triangles T, (k, k) and T}, (k, h).

Algorithm for Computing All 2-d Maximizer Sets

Step 1: Let 7 be the set of triangles contained in Ty, i.e.,
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370 T. Otsuka, A. Shioura

T:={T, (kh) | k=1, h>1, k+h<®)
U{Ty(kh) | k>0, h>0, k+h<®—1}.

For each T € 7, set its slope vector p; € R? by

_ ) UUh) =flk=1Ln), flk,h) = f(k,h = D) if T = T, (k, h),
TZ\ (Fk+ 1,0) = f(k, h), f(k,h+ 1) = f(k, b)) if T = Tyy(k, h).

Step 2: If there exists no distinct 7, T" € 7 with p; = p, then stop. Otherwise,
go to Step 3.

Step 3: Select any distinct T, 7" € 7 with p; = py, delete T and T’ from 7, and
insert T U T, where we set py;» = pr. Go to Step 3.

Step 1 can be done in O(®?) time. Since a bivariate MP-concave function can be
extended to a polyhedral concave function, any two triangles contained in T4 with
the same slope vectors are adjacent. By using this fact, Steps 2 and 3 can be also
done in O(®?) time.

4 Proof of Lemma 3.2

We give a proof of Lemma 3.2. Let f : Ty, — R be an assignment valuation in (2.1),
and assume that weight function w satisfies the condition (2.2). Also, let p € R? be a
vector such that the maximizer set Dy(p) is two-dimensional.

By the formula (2.1) for f, the value

max {f(k, h) = p(Dk = p)h | (k, 1) € Ty}

is equal to the optimal value of the following optimization problem:

(P) Maximize Y (w(i, 1) = p(D)y(i, 1)+ Y (w(i.2) = p2)y(i. 2)
subject to )fi‘,/l) +y(,2) < @) (i € \lfe)‘,/
Yi)EZ, GEV.j=12)

and the set D(p) is represented by using optimal solutions of (P) as follows:

x(j) = Z v(i,j) G = 1,2), yis an optimal solution of (P)}.

(iHev

Di(p) = {x ez:

@.1)

The problem (P) can be decomposed into |VI independent problems (P;) (i € V)
given as

(P,) Maximize w”(i, 1)y(i, 1) + wP(i,2)y(i,2)
subject to (i, 1) + ¥(i,2) < (i), y(i,j) € Z, (j = 1,2)

with w’(i,j) = w(i,j) — p(j) G = 1,2). Denote by Y’ C Zi the set of optimal solu-
tions of (P;), which is given as
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x(1) +x(2) < @),

(1) +x(2) = @(i) if 0 < max(w?(i, 1), wP(i, 2)),

x(1)=0 if wP(i, 1) < max(0, w’(i, 2)), - 42
X2) =0 ifwh(i,2) < max(0,w?(i, 1))

* 2
Yi=3x€eZ,

That is, Y} is the set of vectors x € Zi satisfying

XD =), x2)=0 ifieV, ={eV|w(, 1)>max0,w( 2)},
X(1)=0, x2)=qG) ifieV,={eV|w(,2)>max0,w( 1))},
x(1) +x(2) = (i) ifieV,_={leV|w(, 1)=w(2)> 0},
x(1) +x(2) < @(i) ifieVy={i' €V |w(i 1)=wl({,2) =0},
x(1)=0, xQ2) <o) ifi€V  ={ieV|w,1)<0, w(,2) =0},
x()<@l), x2)=0 ifieV, ={i'eV|w(, 1)=0, w(,2) <0},
x(1)=x2)=0 ifieV__={'eV|w@, 1)<0, w(,2) <0}

We see that y is an optimal solutions of (P) if and only if (y(i, 1),y(i,2)) € ¥}
holds for every i € V. This relation and (4.1) imply that the set D/(p) is given as the
Minkowski sum of Y as follows:

Ds(p) = {x ez’

()= Y, ¥ G =1.2). GG DY) €Y (i€ V)} =P

@i)ev i€V
= (1), x2) € Z2 | 4y < x(1) < payy Ay <32 < iy, Ay < x(1)+2(2) < )
“4.3)
with
A =e(Vy), =@V UV,._U VUV,
h=oVy), =0V, ,UV,_UVyuyUuV_),
Ao=p(Vy UV, UV, ), Ho=p@(V\V_)).

Here, we denote (V') = Y., @) for V/ C V.
It follows from (2.8) that

£uu(D(P)) = £un(Dy(p))
=p + = pHy+ A+ A — A
=@V, UV _UVyUVi)+e(V,,uV,_ UV, UuV_ ) —e(V\V_D)
+o(Vi)+o(Vi)—e(V, uV,uV,0)
= @(V+= U Voo) - (O(V+=) = (P(Voo)~
4.4)

Suppose that p # (w(i, 1), w(i,2)) for all i € V. Then, we have V;, = @, which,
together with (4.4), implies £} 4 (D;(p)) — Cyn(Dp(p)) = 0, i.e., D(p) is of zero-type.
We then suppose that p = (w(i,1),w(i,2)) holds for some i€ V. Then,
such i=i, €V is uniquely determined by the condition (2.2) for the weight
function w. Hence, we have Vy, ={i,}, which, together with (4.4), implies
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1u(Ds(p) — Cyu(Ds(p)) = @(i,) > 0, i.e., Di(p) is of positive-type. This concludes
the proof of Lemma 3.2.

Remark 4.1 As mentioned in Introduction, the demand information of a bidder in the
product-mix auction in Bank of England is represented by a set of weighted bid vec-
tors [9]. We observe below that sets of weighted bid vectors and assignment valu-
ations can represent the same sets of bidders’ demand information. Moreover, we
show that sets of weighted bid vectors and assignment valuations have a natural one-
to-one correspondence.

A weighted bid vector is a pair (b, w) of a bid b € R? and its weight v € Z_,.
With a weighted bid vector (b, ), a demand set D(p;b, w) is defined as

x(1) +x(2) < o,

x(D)+y@2)=w if 0 <max(b(1) - p(1),b(2) - p(2)),
x(1) =0 if b(1) — p(1) < max(0, b(2) — p(2)),

x(2) =0 ifb2) - p(2) < max(0,b(1) — p(1))

D(p:b,w) =3x € Z.,

4.5)

Using a set of weighted bid vectors B = {(b;, w(i)) | i € V} with an appropriately
chosen index set V, we represent a demand set D®(p) given as the Minkowski sum of

D(p;b;, w(i)):
DP(p) = @ D(p:b;, (i), (4.6)

iev

We see from (4.2), (4.3), (4.5), and (4.6) that sets of weighted bid vectors can
represent the same sets of bidders’ demand information as assignment valuations.
Indeed, for a set of weighted bid vectors B = {(b;, w(i)) | i € V}, define a complete
bipartite graph G = (V, {1,2};V x {1,2}) with weight function w : V x {1,2} - R
and supply functiong : V — Z_, given as

w(i.)=b) GeV,j=12), () =w@) GeV),

and let f : Tg — R be the associated assignment valuation. Then, it follows from
(4.2), (4.3), (4.5), and (4.6) that DB(p) = Dy(p) for every p € R2. This shows that
sets of weighted bid vectors have a natural one-to-one correspondence with weighted
complete bipartite graphs representing assignment valuations. O

5 Proof of Lemma 3.4

To prove Lemma 3.4, we show that for each function f € M, its function values
are uniquely determined by the set P*(f) and the values £ y(D(p)) — £yn(D(p)) for
p € P*(f). To show this, we first investigate the structure of functions in M.

Let f € M, and denote by D the family of 2-d maximizer sets of f. Then, every
D € D is an Mf-convex set of positive-type or zero-type by the definition of M.
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Also, denote by D" C D the family of positive-type maximizer sets of f. Recall that
every D € D is an M¥-convex set and therefore D N Z% = D holds.

We classify maximizer sets in D according to their slopes. Denote by D(a, ff) the
maximizer set Dy(p) with p = (a, ). Fora, f,7 € R, define

Dy(a) ={D € D| ¢ x5(D) >0, D=D(a,f) for some g’ € R},
Dy(p) ={D €D | ¢ y(D)>0, D=D(,p)for some a’ € R},
Dp(y)={D € D | £yrp(D) >0, D =D(a',a’ —y) for some &’ € R}.

Also, define

By = {D € D | LH-edge of D has positive length

and is contained in the horizontal edge of T, },
By = {D € D | LV-edge of D has positive length

and is contained in the vertical edge of T},
By = {D € D | URD-edge of D has positive length

and is contained in the diagonal edge of Ty, }.

That is, By U By U By is the family of 2-d maximizer sets that touch the boundary of
the domain Ty, of f.

We observe that By, contains at most one maximizer set in Dy (a) for every a € R.
For D € D and a € R, we say that a is the slope of D in the (+1,0)-direction if
D = D(a, p) for some § € R.

Proposition 5.1 Let D, D’ be distinct maximizer sets in By, and a (resp., a') be the
slope of D (resp., D) in the (+1, 0)-direction. Then, we have a # o'; moreover, D is
closer to the origin than D' if and only if a > o'.

Proof This follows from the fact that f can be extended to a polyhedral concave
function f, and that the convex hull of a 2-d maximizer set of f corresponds to a
facet of the epigraph of f. O

For a sequence Dy, Dy, ..., D, of distinct 2-d maximizer sets of f, we say that it is

e an H-sequence if D, and D, | share a horizontal edge of positive length for
s=0,1,...,t—1(@.e., LH-edge of D, is the same as UH-edge of D, ,, or UH-
edge of D, is the same as LH-edge of D, ),

e a V-sequence if D; and D, , share a vertical edge of positive length for
s=0,1,...,t - L

e a D-sequence if D, and D, , share a diagonal edge of positive length for
s=0,1,...,t - L

See Fig. 5 for an example of H-sequence.
We show that there exists a unique H-sequence consisting of all maximizer sets
in Dy(a).
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Fig.5 An example of
H-sequence. The dotted triangle
represents the set T,

D,

Proposition 5.2 For every a € R with Dy(a) # @, there exists a unique H-sequence
Dy, Dy, ..., D, of all 2-d maximizer sets in Dy(a) satisfying the following conditions:

(@) D, € D* and its UH-edge has length zero,

(b)y Fors=0,1,...,t—1, LH-edge of D, is the same as UH-edge of D, ,,

(©) Dy(@) N By =(D,),

(d) D,=D(a,p,)(s=0,1,...,1) holds with some real numbers f, < f; < ==+ < f,.

Moreover, fors = 0,1, ... ,t, the length ¢ ;(D,) of LH-edge in D, is equal to
£iu(Dy) = D {EuDy) = £yuDy) |0 < 5 <5, Dy € DY), (5.1)

Figure 5 shows an example of H-sequence satisfying the conditions (a), (b), (c),
and (d). Since Dy, D, € D* and D, D5 ¢ D*, (5.1) implies that

CLu(D3) = C1y(Dy) = (C1u(Dy) — Cyp(Dy) + (CLu(Dy) — Cyu(Dy)) = 1+1 =2,
1u(Dy) = E1u(Dy) = £ u(Dy) — Cyu(Dy) = 1.

Proof of Proposition 5.2 We prove this proposition by using the following properties
of 2-d maximizer sets.

Claim 1 Let f € R be a real number with D(a, ) € Dy(a).

(1) IfD(a, p) & By and its LH-edge has positive length, then there exists a unique
real number ' with ' > B such that D(a, ') € Dy(a) and UH-edge of D(a, B)
is the same as LH-edge of D(a, ).
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(i) If UH-edge of D(a, p) has positive length, then there exists a unique real
number p" with p”" < B such that D(«, p"") € Dy(«) and LH-edge of D(a, B”")
is the same as UH-edge of D(a, p).

[Proof of Claim 1]  We prove (i) only since (ii) can be proved in a similar way.
Since D(a, f8) is a 2-d maximizer set, there exists a unique p € R? such that Di(p) is
a 2-d maximizer set and UH-edge of D;(p) is the same as LH-edge of D(a, ). Since
D(p) N D(a, p) is a horizontal edge, we have p(1) = a. Since f can be extended to a
polyhedral concave function, we have p(2) > f. O

Let D, be a maximizer set in Dy(a) such that LH-edge of D, is the highest (i.e.,
farthest from the horizontal edge of Ty); recall that | 4(D) > 0 holds for every
D € Dy(a).

We show that D, satisfies the condition (a). Assume, to the contrary, that
Cyu(Dy) > 0. Then, Claim 1 (ii) implies that there exists some maximizer set
D € Dy(a) such that UH-edge of D, is equal to LH-edge of D. This, however, is a
contradiction to the choice of D,. Hence, we have Z(D,) = 0. Since LH-edge of
D, has positive length, we have Z| (D) — £yu(Dy) > 0, i.e., D, € DY, implying the
condition (a).

Let Dy, Dy,...,D, be a maximal sequence of (not necessarily all) maximizer
sets in Dy () satisfying the conditions (a) and (b). It follows from Claim 1 that the
sequence satisfies the condition (d).

We prove that the maximizer set D, satisfies the condition (c). Assume, to the
contrary, that D, & By. Since £} y(D,) > 0, Claim 1 (i) implies that there exists some
maximizer set D € Dy(a) such that LH-edge of D, coincides with UH-edge of D.
This, however, is a contradiction to the maximality of the sequence. Hence, we have
D, € By, which, together with Proposition 5.1, that Dy(a) N By = {D,}, i.e., the
condition (c) holds.

We next prove that the sequence Dy, D,, ..., D, contains all maximizer sets in
Dy(a). Assume, to the contrary, that there exists some D’ € Dy(a) that is not in
{Dy, Dy, ..., D,}; this implies D’ ¢ By by the condition (c). We further assume that
LH-edge of D' is the lowest (i.e., nearest to the horizontal edge of Tg) among all
such maximizer sets.

Since D' ¢ By, Claim 1 (i) implies that there exists a maximizer set D" € Dy(«)
such that UH-edge of D" is the same as LH-edge of D'. Since D" is lower than D',
the choice of D’ implies that D" is contained in the sequence D, D, ..., D,. Since
UH-edge of D’ has positive length, we have D" # D,, by the condition (a). Hence,
we have D" = D, for some s > 0, implying that D’ is the same as D,_; by Claim
1 (ii), a contradiction to the assumption that D' & {D,, D, ..., D,}. Therefore, the
sequence contains all maximizer sets in Dy(a). This concludes the proof for the first
half of the proposition.

We finally prove the equation (5.1) by induction on s. Since D, € D" and
Zyu(Dy) = 0 by the condition (a), the equation (5.1) holds if s = 0.

We then consider the case with s > 0. It holds that
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C1u(Dy) = @Lu(Dy) — Cyn(Dy)) + Cyn(Dy)
= (ZLu(Dy) — Cyu(Dy)) + 1 u(Dy_y)
= (LuuDy) = CguD)) + D D) = D) |0 < s < s =1, D, € D*)
= Y {fuuDy) - £yuDy) |0 < 5’ <5, D, € DY),

where the second equality is by the condition (b), the third by the induction
hypothesis, and the last by the fact that if D,  D* then D, is of zero-type and
£1u(D,) = €yp(D,) holds. Hence, (5.1) holds. O

We can also prove the following properties of Dy (f) and Dy (y) in a similar way
as in Proposition 5.2. It should be noted that the two equations (5.2) and (5.3) for the
length of LV-edges and URD-edges given below are described in terms of the length
of LH-edges and UH-edges, where we use the equation

L

V2

(s=0,1,...,9.

CLu(Dy) = Cyn(Dy) = 1y (Dy) — Cry(Dy) = (Zurn(Dy) = 11p(Dy))

Proposition 5.3 For every f € R with Dy(f) # @, there exists a unique V-sequence
Dy, Dy, ..., D, of all 2-d maximizer sets in Dy, (f) satisfying the following conditions:

(@) D, € D* and its RV-edge has length zero.

(b)y Fors=0,1,...,t—1, LV-edge of D, coincides with RV-edge of Dy_,.

() Dy(p)ynBy ={D,}

(d) D,=D(a,p)(s=0,1,...,1) holds with some real numbers ay < a; < -+ < a,.

Moreover, for s =0, 1, ... ,t, the length ¢1y(D,) of LV-edge in D, is given as
£1v(D) = Y {E u(Dy) = CuuDy) | 1 <5 <5, Dy € DY, (5.2)

Proposition 5.4 For every y € R with D(y) # @, there exists a unique D-sequence
Dy, Dy, ...,D, of all 2-d maximizer set in Dy (y) satisfying the following conditions:

(@) D, € D* and its LLD-edge has length zero.

(b) Fors=0,1,...,t—1, URD-edge of D, coincides with LLD-edge of D,,.

(©) Dp(r)nBp={D,}.

(d) D;=Dj(ag,a,—y) (s=0,1,....1) holds with some real numbers
ay > a; > > a,

Moreover, for s =0, 1, ... ,t, the length ¢ g (D,) of URD-edge in D, is given as

Lurp(Dy) = V2 Y (61u(Dy) = Cuu(Dy) | 1 <5 <5, Dy €D}, (5.3)
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Recall that P*(f) denotes the set of slope vectors for all positive-type maximizer
sets. We show that vectors in P*(f) can be used to compute slope vectors of all 2-d
maximizer sets, including those of zero-type.

Proposition 5.5 For p € R?, Dy(p) is a 2-d maximizer set of zero-type if and only if
0 0 0 :
p € Py U Py U P \PY(f) with

Py = {(a(1),d' @) | 4.4 € P*(f), a(1) > (1), ) < ¢'(2)},
P = ((@(D).q() = ¢ (D) +4'2) | 4.4 € P*(H), 0 < ¢' (D —q(1) < ¢'(2) - ()},
Pop = (@@ = ¢ +q'(1),q2) 1 4.4 € P*(), 0<¢'(2) = q(2) < ¢'(1) = q(D)}.

Proof We denote D, = D;(p) in the following.
[Proof of “only if” part]  Suppose that D, is a 2-d maximizer set of zero-type.
Then, we have

fLH(Dp) = fUH(Dp)’ va(Dp) = l’ﬂRV(Dp)’ fURD(Dp) = fLLD(Dp)

by definition of zero-type. These equations, together with the fact that D), is a two-
dimensional set, imply that at least two of the edge lengths £ (D)), £1y(D,), and
z,”URD(Dp) are positive. Moreover, Propositions 5.2, 5.3, and 5.4 (condition (a), in
particular) imply that

e if £ y(D,) >0, then there exists some g € P*(f) such that g(1) = p(1) and

q(2) < p(2).
e if Z1y(D,) > 0, then there exists some ¢’ € P*(f) such that ¢'(1) < p(1) and

q'(2) = pQ).
e if Zyrp(D,) >0, then there exists some ¢” € P*(f) such that

q"(1) = ¢"(2) =p(1) = p(2), ¢"(1) > p(1), and ¢" (2) > p(2).
If £, 4(D,) > 0 and £, (D,) > 0 hold, then we have
q(1) = p(1) > ¢'(1), q(2) < p(2) =4'(2),
implying that p € PY,. If £, 4(D,) > 0 and £z, (D,) > 0 hold, then we have
q(1) = p(1) < 4"(1), q(1) = g(2) > p(1) = p(2) = 4" (1) = 4" (2),
implying that
p2) =p(1)—q"()+4"(2), q"2) —q(2)> 4" (1) — q(1) > 0,

ie, p€ P%D holds. Similarly, if #;y(D,) >0 and £ygp(D,) > 0, then we have
pE P(\),D.
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Fig. 6 Illustration of the two (0,9)]
sequences Dy, Dy, ..., D, )
and Cy, Cy, ..., C,.. Here, !
Dy =Dy(g),Cy = Df(q'), and
D, = C3 = D;(p) hold. The Ds
dotted triangle represents the set . D, | D)
Ty. Dy,D,,D,,D;and C, C, are
H-sequences, while D5, D,, D5 : D,
and C,, C,, C3,C,, Cs are
V-sequences

Cs Cy

i G &

(O,O)E,,,, Do N Co . ](9,0)

(134 b O O O
[Proof of “if” part] ~We assume p € (P}, U Py, U PVD)\P+(f), and show that
D), is a 2-d maximizer set. In the following, we consider the case p € P%V only since

the remaining cases can be proven similarly.
By the definition of P%v’ there exist some g¢,q" € PY(f) such that

p(1) =¢g(1) > ¢'(1) and ¢(2) < ¢'(2) = p(2). Propositions 5.2 and 5.3 imply that
there exist two sequences of 2-d maximizer sets

Dy.D,,....,D,;,D;, D,y ... D0, Dyy CpyCryos Gyt Coy Coppr vy Couyy C

with D, = D/(q) and C; = D;(q') satisfying the following conditions (see Fig. 6 for
illustration):

e Dy,Dy,...,D, |,D, is the H-sequence from the unique maximizer set D, in

Dyu(g(1)) n By to D,

e D,D,,,...,Du_,D,is the V-sequence from D, to the unique maximizer set D,.
in Dy (g(2)) N By,

o (), Cy,...,Ci_,Cy is the H-sequence from the unique maximizer set C, in
Du(g' (1)) N By to C,,

o C,Cyy,...,Ch_y, Cyis the V-sequence from C; to the unique maximizer set C..
in Dy(q'(2)) N By,.

We show that D, = C,; holds for some ¢ and s’ with 0 <# <t and s <5’ <s%
such a 2-d maximizer set satisfies D, = Cy =D, since D, € Dy(p(1)) and
C, € Dy(p(2)). To show this, we use the following properties on the geometry of
the two sequences.

Claim 1

(i) H-sequence Dy,D,,...,D, is closer to the origin than H-sequence
Cy,Cy, ..., C,
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(i) V-sequence C, ,....Cu. is closer to the origin than V-sequence
q s s+1 K} 8 q
D,,D,.,,...,D,.

Proof of Claim 1 We prove (i) only. Since D, € Dy(g(1)), Cy € Dy(¢'(1)), and
q(1) > ¢’(1), Proposition 5.1 implies that the maximizer set D, is closer to the
origin than C,. Hence, the statement of the claim follows since the H-sequence
Dy, Dy, ...,D,_,D, starts from D,,, the H-sequence Cy, Cy, ..., C,_;, C, starts from
C,. and the two H-sequences are disjoint. O

We see that maximizer sets C, C, ..., C,. are connected, and two sets C, and C..
are on the boundary of T4, This means that the sequence C,, C|, ..., C,. separates
T4 into two region, the one containing the origin and another one not containing the
origin. Moreover, D, Cy € By, D,., C,. € By, Dy is closer to the origin than C;, and
D.. is farther from the origin than C... This observation and Claim 1 imply that

{Dy. D, ....D} N {C,. Cyp1s ..., Cou} 2 0,

i.e., D, = C, holds for some ¢ and s’ with 0 < ¢/ < tand s < s’ < s*. This concludes
the proof for “if” part of Proposition 5.5. O

We now give a proof of Lemma 3.4. Proposition 5.5 implies that the set P(f) of
slope vectors of all 2-d maximizer sets for function f is uniquely determined by the
set PT(f). Using the set P(f) and the values | ;(D(p)) — £yu(D(p)) for p € P*(f),
we can compute the lengths of six edges of all 2-d maximizer sets with the aid of
the equations (5.1), (5.2), and (5.3) in Propositions 5.2, 5.3, and 5.4. We can also
obtain the information on the adjacency relationship among 2-d maximizer sets of f
by Propositions 5.2, 5.3, and 5.4. Hence, the function values of f at all points in T
are uniquely determined by Proposition 2.7. This concludes the proof of Lemma 3.4.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.

References

1. Baldwin, E., Klemperer, P.: Proof that the product-mix auction bidding language can represent any
substitutes preferences. Working Paper 2021-WO05. Nuffield College (2021)

2. Baldwin, E., Bichler, M., Fichtl, M., Klemperer, P.: Strong substitutes: Structural properties, and a
new algorithm for competitive equilibrium prices. Math. Programm. (2022) (published online)

3. Baldwin, E., Goldberg, P.W., Klemperer, P., Lock, E.: Solving strong-substitutes product-mix auc-
tions. arXiv preprint arXiv:1909.07313 (2019)

4. Fujishige, S., Yang, Z.: A note on Kelso and Crawford’s gross substitutes condition. Math. Oper.
Res. 28, 463-469 (2003)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1909.07313

380

T. Otsuka, A. Shioura

10.
11.

12.
13.

16.

17.

Goldberg, P.W., Lock, E., Marmolejo-Cossio, F.: Learning strong substitutes demand via queries.
In: Proceedings of International Conference on Web and Internet Economics, pp. 401-415 (2020)
Gul, F., Stacchetti, E.: Walrasian equilibrium with gross substitutes. J. Econ. Theory 87, 95-124
(1999)

Gul, F., Stacchetti, E.: The English auction with differentiated commodities. J. Econ. Theory 92,
66-95 (2000)

Kelso, A.S., Crawford, V.P.: Job matching, coalition formation and gross substitutes. Econometrica
50, 1483-1504 (1982)

Klemperer, P.: The product-mix auction: A new auction design for differentiated goods. J. Eur.
Econ. Assoc. 8, 526-536 (2010)

Milgrom, P., Strulovici, B.: Substitute goods, auctions, and equilibrium. J. Econ. Theory 144, 212—
247 (2009)

Murota, K.: Convexity and Steinitz’s exchange property. Adv. Math. 124, 272-311 (1996)

Murota, K.: Discrete convex analysis. Math. Programm. 83, 313-371 (1998)

Murota, K.: Discrete Convex Analysis. Society for Industrial and Applied Mathematics, Philadel-
phia (2003)

Murota, K.: Discrete convex analysis: A tool for economics and game theory. J. Mech. Institut. Des.
1, 151273 (2016)

Murota, K., Shioura, A.: M-convex function on generalized polymatroid. Math. Oper. Res. 24,
95-105 (1999)

Shapley, L.: Complements and substitutes in the optimal assignment problem. Naval Res. Logist. Q.
9, 45-48 (1962)

Shioura, A., Tamura, A.: Gross substitutes condition and discrete concavity for multi-unit valua-
tions: A survey. J. Oper. Res. Soc. Jpn. 58, 61-103 (2015)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Characterization and algorithm for bivariate multi-unit assignment valuations
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Multi-unit assignment valuation and M -concave function
	2.2 M-convex set and its properties
	2.3 Properties of M -concave functions

	3 Characterization of multi-unit assignment valuations and algorithm
	4 Proof of Lemma 3.2
	5 Proof of Lemma 3.4
	References




