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Abstract

L-convex sets are one of the most fundamental concepts in discrete convex analysis.
Furthermore, the Minkowski sum of two L-convex sets, called L,-convex sets, is
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tion that the convex hull of an L,-convex set is a box-TDI polyhedron. Two different
proofs are given for the polyhedral description. The first is a structural short proof,
relying on the conjugacy theorem in discrete convex analysis, and the second is a
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1 Introduction

In discrete convex analysis (DCA), L-convex functions form one of the most funda-
mental classes of discrete convex functions [17, 18, 20]. The concept of L-convex
functions, as well as their variant called L-convex functions,' sheds new light on
algorithms in combinatorial optimization. For example, Dijkstra’s algorithm for
shortest paths can be viewed as an instance of L-convex function minimization [24].
L-convex functions have applications in several other fields including computer
vision [28], operations research (inventory theory, scheduling, etc.) [1, 2, 29], and
economics and auction theory [21, 28]. Furthermore, the infimal convolution of two
L-convex functions, called L,-convex functions, are the most intriguing objects in
the duality theory in discrete convex analysis [18, Chapter 8]. L,-convex functions
are known to coincide with the conjugate of M,-convex functions, the latter corre-
sponding to polymatroid intersection investigated in depth in combinatorial optimi-
zation [27].

Concepts of discrete convex sets are even more fundamental than those of dis-
crete convex functions, but at the same time, capture the essential properties of the
corresponding discrete convex functions. For example, the set of minimizers of an
L-convex function is an L-convex set. Moreover, a function is L-convex if and only
if the set of minimizers of the function modified by an arbitrary linear function is
always L-convex [18, Section 7.5]. The set version of L,-convexity is defined as the
Minkowski sum (vector addition) of two L-convex sets.

The objective of this paper is to investigate the polyhedral description of L,-con-
vex sets. That is, we aim at obtaining a system of inequalities whose solution set
coincides with the convex hull of a given L,-convex set. Such polyhedral descrip-
tion forms the basis of a standard approach in combinatorial optimization, called
polyhedral combinatorics [26, 27]. Polyhedral descriptions are known for other
kinds of discrete convex sets, including L-convex, Lb-convex, M-convex, and M*
-convex sets. Polyhedral descriptions are also known for M,-convex and Mg—con—
vex sets, which correspond to polymatroid intersection. In addition, the polyhedral
description of multimodular sets has recently be obtained in [15]. It is worth not-
ing that integrally convex sets [18, Section 3.4] do not seem to admit a polyhedral
characterization because every set consisting of {0, 1}-vectors is an integrally convex
set, which fact implies that every {0, 1}-polytope is the convex hull of an integrally
convex set.

In this paper we obtain polyhedral descriptions of an L,-convex set, together with
the observation that the convex hull of an L,-convex set is a box-TDI polyhedron. Two
versions of the polyhedral description of an L,-convex set are given, Theorem 3.1 and
Theorem 4.1. The former is a basic form, while the latter is a refinement with reference
to a graph representation depending on the constituent L-convex sets. Although the
basic form follows from its refinement in Theorem 4.1, we give an independent short
proof for Theorem 3.1 relying on structural results in discrete convex analysis such as

! «L” stands for “Lattice” and “L%” should be read “ell natural.”
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Implication: Props. 6.1-6.3
Result on Theorem 3.1 — Theorem 4.1 Theorem 5.1
La-convexity: (polyh. descr.) (polyh. descr.) (box-TDI)
i) i) N )
Proof method: DCA DCA Var. elimination
Ma-opt. (3.17) Ms-opt. (4.14) Fourier-Motzkin

Fig. 1 Logical structure of this paper

the conjugacy theorem and M,-optimality criterion. Two different proofs are given to
the refined form in Theorem 4.1. The first is a structural proof, which is similar in vein
to the proof of Theorem 3.1 but uses more detailed versions of the conjugacy theo-
rem and M,-optimality criterion. The second is a direct algebraic proof, which is based
on Fourier—-Motzkin elimination applied to the combined system of inequalities for the
constituent L-convex sets and does not use any results from discrete convex analysis.
The obtained result (the basic form in Theorem 3.1 without resort to the refinement in
Theorem 4.1) has several implications in discrete convex analysis, including an alterna-
tive proof of the fundamental fact that a set of integer vectors is a box (interval) if and
only if it is both Li—convex and Mg-convex. The logical structure of the paper may be
summarized by the diagram in Fig 1.

This paper is organized as follows. Section 2 recapitulates basic facts from discrete
convex analysis, focusing on L-convex and L,-convex sets. The main results are given
in Sects. 3 and 4 with illustrative examples and structural proofs. The proof by the Fou-
rier—Motzkin elimination is given in Sect. 5. Applications of the obtained results in dis-
crete convex analysis are shown in Sect. 6. Finally, Sect. 7 concludes the paper with a
summary of our present knowledge about the polyhedral description of discrete convex
sets, and Appendix gives definitions from discrete convex analysis.

2 Preliminaries

Basic facts about L-convex and L,-convex sets are introduced in this section.

2.1 Basic notation

LetN = {1,2,...,n}. For a vector x = (x|, x,, ..., X,) and a subset / of N, we use nota-
tion x(I) = Y., x;. The inner product of two vectors x and y is denoted by (x, y). For
a subset / of N, we denote by e’ the characteristic vector of /; the ith component of e’
is equal to 1 or 0 according to whether i € I or not. We use a short-hand notation e for
el which is the ith unit vector.

For vectors a € (RU {—})" and b € (R U {+00})" with a < b, the box (rectan-
gle, interval) between a and b is denoted by [a, b]g, i.e.,

[a,blg ={xeR" |a; <x; <b; (i=1,2,...,n)}.
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226 S. Moriguchi, K. Murota

For integer vectors a € (ZU {—o0})" and b € (Z U {+0})" with a < b, the box of
integers between a and b means [a, bl N Z". The convex hull of a set § (C Z") is
denoted by S.

For two vectors x,y € R", the vectors of componentwise maximum and mini-
mum of x and y are denoted, respectively, by x V y and x A y, i.e.,

@Vy) = max(,y). (@AY, =min(y) (= 1L2...0)

The vector with all components equal to 1 is denoted by 1, that is,
1=(1,1,...,1) = €.

2.2 L-convex sets

A nonempty set S (C Z") is called L-convex if it satisfies the following two
conditions:

X,YyES = xVy, xAyES, @2.1)

xeES,ueZ = x+ul es. 2.2)

The first condition (2.1) means that S forms a sublattice of Z". A polyhedron P
(€ R™)is called L-convex if

X, yEP = xVy, xAy€EP, 2.3)

xeEP,ueR = x+ulepP. 2.4)

The reader is referred to [22, Proposition 2.5] for characterizations of L-convex sets.
The following polyhedral description of an L-convex set is known [18, Section 5.3].

Theorem 2.1
(1) AsetS C Z"is L-convex if and only if it can be represented as
S={xeZ'|xy-x;<y; (LjEN) 2.5)
Jor somey; € ZU {+00}(i,j € N) satisfying
vi=0 (€N) (2.6)
and the triangle inequality:
Yitvuzvi (@, kEN). 2.7)
Such y;; is determined from S by

Yy = sup{xj - X; | x € S} @i,j € N). (2.8)
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Minkowski sum of two L-convex sets 227

(2) A polyhedron P C R" is L-convex if and only if it can be represented as

P={xeR"|xj—x;<y; (iLjEN)} (2.9)
Jor some y; € RU {+o0} (i,j € N) satisfying (2.6) and (2.7). Such y; is deter-
mined from P by

vy = sup{x; —x; | x € P} (i,j EN). (2.10)

Remark 2.1 Here are additional remarks about the polyhedral descriptions in
Theorem 2.1.

— The correspondence between S and integer-valued y with (2.6) and (2.7) is bijective
(one-to-one and onto) through (2.5) and (2.8).

— The correspondence between P and real-valued y with (2.6) and (2.7) is bijective
(one-to-one and onto) through (2.9) and (2.10).

— For any y; € RU {400} (i,j € N) (independent of the triangle inequality), P in
(2.9) is an L-convex polyhedron if P # (. We have P # J if and only if there exists
no negative cycle with respect to y;, where a negative cycle means a set of indices
Iyl ooy by suchthaty, , +vy,, +-+y ; +v; <0

— The convex hull of an L-convex set S is an L-convex polyhedron described by inte-
ger-valued y; € ZU {+o0}(i,j € N).

— For any integer-valued y; € Z U {+o0}(i,j € N), P in (2.9) (if P # @) is an integer
polyhedron and S = P N Z" is an L-convex set with S = P.

The intersection of an L-convex set with a coordinate hyperplane is called an
L%-convex set. That is, a nonempty set S C Z" is called L-convex if

S={x|x0eT} (2.11)

for some L-convex set T C Z"*!, where x € Z" and (x,0) € Z*"' in (2.11). For an
Lb-convex set S in Z”, the set

T={x+al,a)|x€S,a€ Z} (2.12)

is L-convex in Z"*!. Thus the concepts of L-convex sets and L-convex sets are
essentially equivalent. Moreover, an L-convex set is Lf-convex.

Similarly, the intersection of an L-convex polyhedron with a coordinate hyperplane
is called an L-convex polyhedron. That is, a polyhedron P C R” is called L-convex if

P={x|(x0) €0} (2.13)

for some L-convex polyhedron Q C R"*!. For an L%-convex polyhedron P in R”, the
set

O={x+al,a) | x€P,a € R} (2.14)

is an L-convex polyhedron in R"+!. An L-convex polyhedron is L-convex.
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228 S. Moriguchi, K. Murota

The polyhedral description of an L%-convex set (resp., polyhedron) can be
obtained from Theorem 2.1 with the aid of the relation (2.11) (resp., (2.13)).

Theorem 2.2

(1) AsetS C Z"is Li-convex if and only if it can be represented as
S={xe€Z"|a;<x; <p; (i€N), Xj = X; < Vij (i.jEN)} (2.15)

Jor some a; € Z U {—o0}, f; € ZU {400}, and y; € ZU {+0} (i,j € N) with
Yi = 0(i € N) such that y;; defined fori,j € N U {0} by

Yoo =0, Vi=vip To=-% Vy=05 (i,jEN) (2.16)
satisfies the triangle inequality:
Vit¥iu=2¥u G keNU{0}). (2.17)
Such a;, p;, v;; are determined from S by
a; =inf{x; | x € S}, p;,=sup{x;|x €S} (i eN),
vy = sup{x; —x; | x € S} (i,j € N).
(2) A polyhedron P C R" is L¥-convex if and only if it can be represented as

P={xeR"|a;<x;<f; GEN), x;—x; <y; (i,jEN)}

Jor some a; € RU {—oo}, f; € RU {+o0}, and y; € RU {+o0} (i,j € N) with
Yi =0 (i € N) such that y; defined by (2.16) satisfies the triangle inequality
(2.17). Such a;, ;. v; are determined from P by

a; =inf{x; | x € P}, p,=sup{x;|x€P} (i €N),

yj=sup{x,—x, | x€P}  (i,jEN).

The statements made in Remark 2.1 can be adapted to L*-convexity. The reader
is referred to [18, Section 5.5] and [22, Proposition 2.3] for characterizations of
L%convex sets.

2.3 L,-convexsets

A nonempty set S C Z" is called L,-convex (resp., Lg-convex) if it can be represented
as the Minkowski sum (vector addition) of two L-convex (resp., L%-convex) sets [18,
Section 5.5]. That is,

S={y+z|ly€eS;,z€S8,},
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Minkowski sum of two L-convex sets 229

where S, and S, are L-convex (resp., Lf-convex) sets. Similarly, a polyhedron P C R”
is called L,-convex (resp., Lu convex) if it is the Minkowski sum of two L-convex
(resp., L¥-convex) polyhedra An L- convex set is an L,-convex set, but the converse
is not true. Similarly, an L-convex set 1s L -convex, but the converse is not true. An
L,-convex set (resp., polyhedron) is L convex because L-convex sets (resp., poly-
hedra) are L-convex.

It is a basic fact that an Lu -convex set (resp., polyhedron) is precisely the intersec-
tion of an L,-convex set (resp polyhedron) with a coordinate hyperplane,” which is
proved in Proposition 2.2 below. We first note a simple fact.

Proposition 2.1

(1) ForanyT C 7", define (T) := {x | (x,0) € T}. If T, and T, have the property
(2.2), then (T, + T,) = (1)) + @o(T)).

(2) Forany Q C R"™!, define p(Q) := {x | (x,0) € Q}. IfQ, and Q, have the prop-
erty (2.4), then o(Q, + Q,) = @(Q)) + ¢(Q»).

Proof We prove (1) only, while (2) can be proved in the same way. For any
T,,T, C Z"*!, we have

T, +T1,)={x|(x0 €T +T,}
= {-x | (-x90) = (ysa) +(Z7ﬁ)’ (yaa) € Tl’ (Z9ﬂ) € TZ}
={y+Z|(y,(Z)ET1, (Z,—(Z)ETz},

whereas
o(T)+e(T) ={y+z]1(1.0)€T.(z.0) € T,}.
Therefore,
o(T) + o(T,) € (T, + T>).

The reverse inclusion (2) holds under (2.2). Take any x € (7, + T,). Then there
exist (y, ) € T, and (z, —a) € T, satisfying x = y + z. By (2.2), we have

)—a,)=@-al,00 €T, @ -a)+al,1)=(z+al,0) €T,

from which follows that x =y +z = (y — al) + (z + al) € o(T)) + @(T3). O
Proposition 2.2

(1) Foreach Ly-convex setT C 7"\, S := {x € Z" | (x,0) € T}isan Lg—convex set,
and every L,-convex set S C Z" arises in this way.

2 This fact is stated in [18, p.129] without a proof.
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230 S. Moriguchi, K. Murota

2) For each Ly-convex polyhedron Q CR™!, P :={x€R" | (x,0) € Q} is an
L -convex polyhedron, and every Ltl -convex polyhedron P C R" arises in this
way

Proof We prove (1) only, while (2) can be proved in the same way. Let T be an
L,-convex set, which is represented as T = T, + T, with two L-convex sets 7 and
T,. By the property (2.2) of L-convexity, we have (T, + T,) = @(T}) + @(T5) in the
notatlon of Proposition 2.1. This shows that S = @(T) = (T, + T,) = @(T)) + ¢o(T5)
is L -convex. Conversely, let S be an Lu convex set. By definition, S can be rep-
resented as =S, + S, with two L¥%convex sets S, and S,. Then S; = @(T,) and
S, = @(T,) for some L-convex sets 7, and T,. Let T = T + T,, which is L,-convex.
It then follows from Proposition 2.1 that S = @(T,) + @(T) = (T, + T,) = (7).
O

3 Polyhedral description of L,-convex sets
3.1 Preliminary considerations

LetS=S8,+S,={x|x=y+2z y€S,,z€S,}beanL,convex set, where S; and S,
are L-convex sets. By Theorem 2.1, we can represent S; and S, as

Si=l ez ly-y<r (.)eE) G.1)

S, =1z€2"15-5 <7 (i) € B}, (3.2)

where E;,E, C (N x N)\{(i,i) | i € N}, y<“ € Z (finite-valued) for all (i,j) € E,,
and y(z) € Z for all (i,j) € E,. We do not impose triangle inequality on

y® = (yi(jk) | (i,j) € E}), which is allowed by Remark 2.1. The objective of this pre-

liminary section is to derive a plausible system of inequalities to describe S.
In (3.1) and (3.2) we have

=y <y () €E, (3.3)

g-u<v. () €Ey. (3.4)

)

Suppose that there are indices (iy,j;,...,i,.Jj,) such that (i.j.) € E, and
(i,41,J,) EE, for r=1,2,...,m, where i, , = i;. By adding inequalities (3.3) for
@,j)=(,.j,) withr=1,2,...,m and (3.4) for (i,j) = (i,y;,j,) withr=1,2,...,m
we obtain

m

Z(y, +z)—2(y +z)<2y(” Z v,
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Minkowski sum of two L-convex sets 231

Since y + z = x, it follows that

m

T M e (A DR Y A IF Ao (3.5)
r=1 r=1

Ly L1y

For any (i,j;,...»0yj,)> (3.5) is a valid inequality for S, which means that
every element x of § satisfies (3.5). By choosing any family F of such indices
({ysJ1s -+ > LysJm)» We obtain a system of inequalities indexed by F, for which we
have

Sc{xez"|3.5) for all (i}, ..., i Jm) € F}. (3.6)

The inequality in (3.5) has a characteristic feature that each coefficient of the
variable x belongs to {—1,0,+1} and there are as many “+1” as “—1” among the
coefficients. The main message of this paper is that an L,-convex set can indeed be
described by such inequalities with a suitable F.

3.2 Theorems

The following theorem gives a polyhedral description of an L,-convex set (or poly-
hedron). The constants y;; in (3.7) and (3.8) will be determined in Theorem 4.1 in
Sect. 4.

Theorem 3.1
(1) An L,-convex set S C Z" can be represented as
S={xezZ"|x(J)—x(I) <y, forall(,J)with |I| = |J|,InJ = @} (3.7

for some y;; € Z U {400} indexed by (I, J).
(2) An L,-convex polyhedron P C R" can be represented as

P={x€eR"|x(J)—x(I) <y for all I,y with |I| = |J,InJ =6} (3.8)

for some y;; € RU {400} indexed by (I, J).
Proof The proof is given in Sect. 3.3. O

The following example shows that the number of variables in an inequality
x(J) —x(I) £ yyy, which is|I| 4+ |J], is not bounded by a constant.

Example 3.1 Let n=2m be an even integer, and consider the L,-convex set
S =S, + S, defined by L-convex sets

Si={yeZ" |y, Syy (i=1,2,...,m)}, (3.9
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232 S. Moriguchi, K. Murota

S, ={z€Z" | 7941 Sz ((=1,2,....,m)}, (3.10)

where z,,; = z;. The description of § = §; + 5, is given by
S={xeZ" | (xy+x3+ - +x_) - +x,+-+x,)<0}, (3.11)
which is shown later in Example 4.4 in Sect. 4.2. All variables are involved in a sin-

gle inequality.

By Proposition 2.2, an Lg-convex set is nothing but the intersection of an L,-convex
set with a coordinate hyg)erplane. Hence Theorem 3.1 immediately implies the fol-

lowing theorem for an LJ-convex set (or polyhedron).

Theorem 3.2

(1) An Lg-convex set S C 7" can be represented as

S={xeZ"|x(J)—x(I) <y, for all (I,J)

with |[I| — |J]| € {-1,0,1},InJ = @} (3.12)
for some y;; € Z U {400} indexed by (I, J).
2) An Lg-convex polyhedron P C R" can be represented as
P={xeR"|x(J)—x(I) <y, for all (I,J)
(3.13)

with |I] — |J| € {=1,0,1},1nJ = @}

for some y;; € RU {400} indexed by (I, J).

Example 3.2 Consider S = {(0,0,0),(1,1,0),(0,1,1),(1,2,1)}, which is Lg-con-
vex (but not Li-convex). Indeed we have S =5, + S, with two Li-convex sets
S, =1{(0,0,0),(1,1,0)}and S, = {(0,0,0),(0, 1, 1)}. (This is an example taken from
[23, Example 3.11].) All four points of S lie on the hyperplane x; — x, + x; = 0, and
it is easy to see, by inspection, that

S={x€Z’|x;—x,+x,=0,0<x,<1,0<x <1}
={xEZ3|x1—x2+x3§0, =X +Xx, —x3 <0,
xlsl, —x1S0,x3S1, _X3SO}

gives a polyhedral description of the form of (3.12) in Theorem 3.2.
Remark 3.1 The inequality x(J)—x(I) <y, in (3.8) can be rewritten as
(¢! —e€!,x) <y, where (-,-) denotes the inner product, and ¢! and e’ are the char-

acteristic vectors of / and J, respectively. This shows that if the polyhedron P is full-
dimensional, the normal vector of a facet of P is of the form of c(¢/ — e!) with ¢ # 0.

Remark 3.2 Theorem 3.1 as well as Theorem 3.2 is consistent with the general
result [31, Proposition 7.12] on convex polytopes (bounded polyhedra) that the
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Minkowski sum of two L-convex sets 233

normal fan of the Minkowski sum of two polytopes P, and P, is the common refine-
ment of the individual fans, which means that each normal cone of P =P, + P,
is the intersection of a normal cone of P, and that of P,. By Theorem 2.1, every
normal cone of P, (k =1,2) is spanned by vectors of the form ¢/ — ¢'. These two
facts, when combined, indicate that each normal cone of P is spanned by vectors
of the form ¥, )« c;(e/ — e') with coefficients c; € R for some set K of pairs (i, /),
where I :={i| (i,j) € K}and J := {j | (i,j) € K} may not be disjoint. The expres-
sion (3.8) shows that we can take ¢; = 1, from which follows that I nJ = @ can be
assumed.

3.3 Proof of Theorem 3.1

In this section we prove Theorem 3.1 for an L,-convex set (or polyhedron) using
concepts and results from discrete convex analysis [18]. The reader is referred to
Appendix A.1 for the definitions of L,-convex and M,-convex functions.
ForasetT C Z", in general, the indicator function 6; : 7" — {0, +o0} is defined
by
_J 0O (e,
or() = { +oo (x ¢ T).
For an integer-valued function /1 : Z" — Z U {4+o0} (with h(x)) < +oo for some
Xy € Z"), the (integral) conjugate function i’ : 7" — Z U {+o0} is defined by

B (p) = sup{(p.x) —h(x) | x€ 2"}  (p€Z). (3.14)
The (integral) subdifferential of h at x is defined by
oh(x) ={p e Z" | h(y) — h(x) > {p,y—x) for ally € Z"}. (3.15)

A vector p belonging to dh(x) is called an (integral) subgradient of h at x.

Let S C Z" be an L,-convex set, and denote its indicator function by g, that is,
g=205: 7" — {0,+c0}. Since S is an L,-convex set, g is an L,-convex function.
Let f denote the conjugate function of g, that is, f = g°*. By the conjugacy rela-
tion between L,-convexity and M,-convexity ([18, Theorem 8.48]), the function
f 12" - ZU {40} is an M,-convex function, and g = f*. In addition, f(0) =0
and f is positively homogeneous, since it is the conjugate of an indicator function.
We make use of a fundamental relation

S=0f0)={pe | Oeargmzin{f(z)—(p,z)}}, (3.16)
which can be proved as

ofO)={p /M2 P.y)VyeZD} ={p|f P)=0}={p|gp)=0} =S5.

See Section 8.1.3 (in particular, (8.17) and Fig. 8.1) of [18] for the correspondence
between indicator functions and positively homogeneous convex functions in dis-
crete convex analysis.
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234 S. Moriguchi, K. Murota

In (3.16), the function f(z) — (p, z) is M,-convex. For a general M,-convex func-
tionh : Z" - R U {+0o0}, it is known as M,-optimality criterion [18, Theorem 8.32]
that a vector z* € Z" with h(z*) < 400 is a minimizer of /4 if and only if

h(z*) < h(z* + ¢’ —e) 3.17)

for all (1, J) with |I| = |J|and I N J = @. This condition (3.17) for h(z) = f(z) — (p, z)
and z* = 0 reads

(¢/ —e'.p) < f(e = ).
Combining this with (3.16), we obtain
S={pez"|( ~e p)<fle’ =€), VU, J) 1 || = InJ =@}

This gives the desired polyhedral description in (3.7) with y;; = f(e/ — €!).

The expression (3.8) for an L,-convex polyhedron can be established in a similar
manner by using the polyhedral version of the conjugacy relation between L,-con-
vexity and M,-convexity, which can be derived easily from the conjugacy between
polyhedral L-convex and M-convex functions in [18, Theorem 8.4]. Theorem 3.1
also follows from Theorem 4.1 to be established later.

Remark 3.3 The number of inequalities necessary to describe an L,-convex set in Z"
can be exponential in n. This can be seen as follows. Consider a matroid intersection
problem, and let B be a common base. The set of the characteristic vectors of com-
mon bases is an M,-convex set contained in {0, 1}". Let Q denote the convex hull of
this M,-convex set. The tangent cone of Q at €8 (the characteristic vector of B), to
be denoted by Qj, is an M,-convex polyhedron and the extreme rays of tangent cone
Qp correspond to common bases adjacent to B. The adjacency relation in matroid
intersection has been investigated in [8, 12], and an instance of a common base with
exponentially many adjacent common bases has been constructed in [13]. Let B be
such a common base with exponentially many adjacent common bases. Then the
tangent cone Qp has exponentially many extreme rays. Next consider the dual cone
of Oy, and call it P. By the conjugacy between M,-convexity and L,-convexity ([18,
Theorem 8.48]), P is an L,-convex polyhedron, and its facets correspond to extreme
rays of Q. Moreover, P is an integral polyhedron, implying that P is the convex hull
of an Ly-convex set S = P N Z". It follows that the description of this L,-convex set
S requires exponentially many inequalities.

4 Refinement of the polyhedral description
In Theorems 3.1 and 3.2 we have identified inequalities of the form x(J) — x(I) < y;,

to describe L,-convex and Lg-convex sets (and polyhedra). In this section we estab-
lish their refinements in Theorems 4.1 and 4.2 with the aid of a graph representation.
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!

3

G1 G2

Fig.2 Graphs for L-convex polyhedra (Example 4.1)

4.1 Graph representations

Let S =S8, + S, be an L,-convex set with two L-convex sets S, and S,. By Theo-
rem 2.1, each L-convex polyhedron S, (k = 1, 2) is described as

Si={yezZ'ly -y <ry () € B}, @.1)

where E, C (N x N)\{(i,i) | i € N} and yl.(].k) € Z (finite-valued) for all (i,j) € E,.

We do not impose triangle inequality on y® = (yl;k) | (i,j) € E}), which is allowed
by Remark 2.1.

With reference to (4.1) we consider a directed graph G, = (N, E}) with vertex set
N ={1,2,...,n}and edge set E,. Each edge (i,j) € E, is associated with a length of
yl.(.k ). We denote the reorientation of G, by G5=(N,E5), where
ES 1= {(,)) | (,i) € E,} and an edge (i, j) of G5 has length y;iz). The union of G, and
G5 is denoted by G,+G;=(N,E UE}) or simply by G,=(N,E,) with
E, = E, U ES. Parallel edges may exist in G, = G| + G5. When necessary, an edge
connecting i to j in E; (resp., EY) is denoted by (i, )), (resp., (i,),). That is, (i, /); € E|
and (i, )), € E3. The edge lengthy in G, = (N, E,) is defined for e € E, by

© {y,.j.” (e = (i.j)y €Ey.
y(e) =

4.2
vi (e=(0.j), € E3). “2

For k = 1,2, each graph G, contains no negative cycles by S, # @ (Remark 2.1).
Let A(i, j;G,) denote the minimum y(k)-length of a path connecting i to j in G;, where
A, j;G,) = +ooif there is no such path. Define A(j, i;G;) 1= 1, j;Gy).

Example 4.1 Let S = S| + S, be an L,-convex set defined by

Sl={yeZ4|y2—y1S3,y3—y2§5,y4—y3§8,yl—y4§7},
Sz={ZEZ4|ZI_Z3SZ, Z4_lela ZZ_Z3S3a
Z4_22S5, Z3_Z4S2}'
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The graphs G, and G, associated with S| and S, are illustrated in Fig. 2, where vertex
i is shown by | ; | and

@ _ @ _ @ _ @O _ A
N =30 13 =5 1y =8 vy =T

@ _ @ _ @) _ 2 _ 2 _
=2 vy =Lorn =3 1y =5 1y =2

The graph G, = G, + GJ is also shown.

We represent a directed cycle in G, as a (cyclic) sequence of edges:
C=ee,e,_je,,wWheree, € E fork =1,2,...,¢ and the head (terminal vertex) of
e, is the tail (initial vertex) of e, for k = 1,2, ..., Z with the convention of e, ;, = ¢,.
When we speak of a cycle, we always mean a directed cycle in this paper. We denote
the length of C by

14
7(C) =Y rep= D, v+ Y vl 4.3)
k=1

(iy),€C (i)eC

A cycle C is called simple if the vertices on C are all distinct.
We call a cycle mixed if it contains edges from both E, and E7. For a mixed cycle
C, we define its break vertices (i1, j,, ... , i, J,,) and an inequality associated with C by

x({.]]77]m})_-x({l]99lm})sy(c)7 (44)

which is used to formulate Theorem 4.1.

The break vertices (i},j,,...,iy,.j,) are defined as follows. Assume, without
loss of generality, that a mixed cycle C is represented as C = ee, -+ €,_,e, With
e; € E; and e, € EJ, which is possible by a cyclic permutation of the edges in C.
The first break vertex i, is the tail of e,, which is also the head of e,. In general,
a break vertex i, is the tail of ¢, € CNE; and the head of ¢,_, € C n E7 for some
k (=:s,), whereas j, is the head of ¢, € CNE, and the tail of ¢, € C N ES for
some k' (=: t,). Including the break vertices we may represent C as

C=lijle - ¢, |j1|ez]+1 s, |1 R U2|ez2+1
—_—— ———— ——

E, E E,
. . . 4.5)
h esm—l |lm| esm etm I-]ml etm+1 ey |l1 |

—_—— N —

E, ES

Note that s;, =1and 5, <t.<s, ., —2forr=1,2,...,m with s5,,;, =¢+1, and
that e, € E, if s, <k <t and ¢, €EJif 1, +1 <k <5,y — 1 Forr=12,....m,
an interval of E-edges starts at vertex i, and ends at vertex j,, and an interval of
EZ-edges starts at vertex j, and ends at vertex i,,,. We often refer to an interval of
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E-edges (resp., ES-edges) as an Ej-interval (resp., ES-interval). The index m is equal
to the number of E\-intervals in C, which is also equal to the number of E;—intervals.

Example 4.2 The concepts introduced above are illustrated for G, = G, + G5 in
Fig. 2.

— For a simple mixed cycle C = (1,2),(2,3),(3,4),(4, 1),, there is a pair of break
vertices (i},j;) = (1,2). We have y(C) =3+ B3 +2+4+1)=9and x, —x; <9in
4.4).

— For a simple mixed cycle C = (1,2),(2,3),(3,4),(4,1),, there is a pair of
break vertices (i;,j;) =(1,3). We have y(C)=B+5)+(2+1)=11 and
X, —x; < 1lin (4.4).

— For a simple mixed cycle C = (1,2),(2,3),(3,4),(4, 1),, the break vertices are
given by (i;,j;) = (1,2) and (i,,/,) = (3,4). We have y(C) =3+3+8+1=15
and x({2,4}) —x({1,3}) < 15in (4.4).

— For a simple mixed cycle C = (3,4),(4,1),(1,3),, there is a pair of break
vertices (i,j;) = (3,4). We have y(C) =8+ (1+2)=11and x, —x; <11l in
(4.4).

— A simple mixed cycle C = (3,4),(4,2),(2,3), has the same break vertices
(i},j;) = (3,4) as above and a longer length with y(C) = 8 + (5§ + 3) = 16. This
results in x, — x5 < 16 in (4.4), which is weaker than (implied by) x, —x; < 11
in the above.

— A non-simple mixed cycle C = (2,3),(3,4),(4, 1),(1, 3),(3,4),(4, 2), has a pair
of break vertices (i},j;) =(2,1), and y(C)=G+8+7)+(2+2+5)=29.
The associated inequality x; —x, <29 is implied by other inequali-
ties in (4.4) associated with simple mixed cycles, as follows. The edge set
of C is the union of two simple mixed cycles C) = (2,3),(3,4),(4,2),
and C? = (3,4),(4, 1)(]2()1,3))2. The cycles CV and C® have break vertices

(i(ll),j(ll)) =(2,3) and (i1 Ji) = (3, 1), respectively, and give rise to

Xy =X <yp(CY)=5+(24+5) =12,
X =% < y(CH)=@8+7)+2=17.

These two inequalities, when added, imply the inequality x; —x, <29 corre-
sponding to the non-simple mixed cycle C. It is generally true that the inequality
(4.4) for a non-simple mixed cycle is implied by other inequalities in (4.4) asso-
ciated with simple mixed cycles.

Remark 4.1 In Example 4.2, we have seen a structural reason (non-simplicity) for
redundancy. Another (obvious) reason for redundancy is numerical coincidence.
Such numerical redundancy is likely to occur, for example, if y and y@ in the
given descriptions in (4.1) satisfy triangle inequality. There may be other reasons
that lead to redundancy in inequalities in (4.4). It is left for the future to clarify the
condition for redundant inequalities.
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4.2 Refined theorems

With the terminology and notation introduced in Sect. 4.1, we can state the fol-
lowing theorem, which is a refinement of Theorem 3.1. In (4.6) as well as in
4.7), (i1,j1»--- »iy»Jj,,) denotes the break vertices of a simple mixed cycle C in
G, = G, + G5 and y(C) is the length of C defined in (4.3).

Theorem 4.1

(1) An L,-convex set S C Z" represented as S = S| + S, with S, and S, being L-con-
vex can be described as

S={xeZ" [x({ji,-- i) = x{iy, ..., i D) < 7(O),

C : simple mixed cycle in G, }. (4.6)

(2) An L,-convex polyhedron P C R" represented as P = P, + P, with P, and P,
being L-convex can be described as

P={xeR"|x({j,....j. ) —x({i,....i,}) L y(O),

C : simple mixed cycle in G, }. S

Proof Two different proofs are given in this paper. The first is a structural proof,
which is a refinement of the proof (Sect. 3.3) of Theorem 3.1 and relies on more
detailed versions of the conjugacy theorem and M,-optimality criterion in discrete
convex analysis. The second is a direct algebraic proof, which is based on Fourier—
Motzkin elimination and does not use results from discrete convex analysis. The
structural proof is given in Sect. 4.3 and the algebraic proof in Sect. 5.2. O

Remark 4.2 Theorem 4.1 is a refinement of Theorem 3.1 in the following respects.

1. Theorem 3.1 identified the form x(J) — x(I) < y,; of the inequalities, but the bound
¥y 1s not investigated. In contrast, Theorem 4.1 gives an expression of this y;;
in terms of the given data of the constituent L-convex sets (or polyhedra). In
particular, triangle inequality is not assumed, which is natural and convenient in
applications.

2. Theorem 3.1 involves all pairs (Z, J) of disjoint subsets / and J in (3.7) (or (3.8)),
whereas the expression (4.6) (or (4.7)) in Theorem 4.1 refers to only those pairs
(1, J) which correspond to simple mixed cycles.

Theorem 4.1 is demonstrated below for the L,-convex set in Example 4.1.
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Example 4.3 Recall the L,-convex set S =S, + 5, in Example 4.1, for which the
associated graphs are shown in Fig. 2. In Example 4.2 we have seen typical cases of
the inequality in (4.4) associated with a mixed cycle in G,. By inspecting all simple
mixed cycles in G, we arrive at the following system of inequalities to describe S:

x—x3 217, x —x, <11,

X, —x; <09, Xy —x3 <21, x,—x, <15,
.X3 _.xl S 11, .X3 _.xZ S 12, X3 _.X4 S 17, (4.8)
x,—x 217, x4—x,<18, x, —x3 < 11,

Xy + x4 —x; —x3 <15,

where redundant inequalities are omitted. In Sect. 5 we show an alternative method
to derive these inequalities.

Example 4.4 For the L,-convex set S = S, + 5, defined by (3.9) and (3.10) in Exam-
ple 3.1, the graph G| + GZ is a cycle (1,2, ...,m — 1,m). There is only one simple
mixed cycle C, for which (iy,j,,...,1,.j,,) = (1,2, ...,m — 1,m). This cycle corre-

sponds to the inequality (x; +x3 + +++ +x,_;) — (x; + x4, + --- +x,) < 0in (3.11).

By the simple relation between L,-convexity and L -convexity (Proposition
2.2), Theorem 4.1 above can be adapted easily to an Lﬁ -convex set (or polyhe-
dron). Let S =S, + 5, € Z" be an L -convex set, with S, and S, being L%-convex.
Each S, is described as in Theorem 2.2 with 7 70 in (2.16). Consider a graph
G, =N,E)with N =N U {0} and E, = {(i,j) | y(k’) <+, i,j EN, i #j}. Let G
be the reorientation of G,, and let G, = G, + G° The notion of a mixed cycle C
can be defined naturally on G,, and 7(C) will denote the length of C defined simi-
larly to (4.3) using yij .

Theorem 4.2

(1) An Lu -convex set S C Z" represented as S =S, + S, with S| and S, being
L5 convex can be described as

={x€Z"|¥=x0) € Z"", x({j.....jn}) — ¥({i}, ... .i,,}) < 7(O),

C : simple mixed cycle in G, }.

(4.9)

(2) An Lh -convex polyhedron P C R" represented as P = P, + P, with P, and P,
being Lh -convex can be described as
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P={xeR"|x=(x0) €R"™, X({j,....jn}) = X{i}, ... 0,,}) < F(O),
C : simple mixed cycle in G, }. (4.10)

Proof This follows from Theorem 4.1 with Propositions 2.1 and 2.2. O

4.3 Proof of Theorem 4.1 by discrete convex analysis

We give a proof of Theorem 4.1 relying on results from discrete convex analysis,
which is similar in vein to the proof of Theorem 3.1 but uses detailed versions of
the conjugacy theorem and M,-optimality criterion. To be specific, while we used
the M,-optimality criterion of [18, Theorem 8.32] to prove Theorem 3.1, the proof
of Theorem 4.1 here is based on another form of M,-optimality criterion [18, Theo-
rem 8.33] that is applicable when an M,-convex function is represented as the sum
of two M-convex functions. We shall use concepts such as M- and M,-convex func-
tions as well as L- and L,-convex functions. For definitions of these concepts, the
reader is referred to Appendix A.1.

4.3.1 Step 1 (using DCA structural results)

Let S € Z" be an L,-convex set, represented as § = S, + S, with L-convex sets S; and
S,. Denote the indicator functions of S and S; by g and g, respectively; that is, g = d;
and g, = 6 for k = 1,2. Since S, is an L-convex set, each g, : Z" — {0,+o0}is an
L-convex function. By S = §; + S,, the function g is equal to the (integral) infimal
convolution g,[]g, of g, and g,, that is,

g = (g,0g)x) = inf{g, () + @ | x=y+zy.2€ 2"},

which shows that g : Z" — {0, +o0} is an L,-convex function.

Let f; denote the conjugate of the function g, thatis, f, = g; for k = 1,2. By the
conjugacy theorem [18, Theorem 8.12], each f, : Z" - Z U {4+o0} is an M-convex
function, and g, = fk'. In addition, f,(0) = 0 and f; is positively homogeneous, since
it is the conjugate of an indicator function.

Define f = f| + f,, which is an M,-convex function. We have

f=h+h=g8+8 =08 =¢" (4.11)
where the equality g} + g, = (g,[Jg,)" is in [18, p. 229, (8.38)]. We also have
=0+ =10/, =80s=2¢ (4.12)

where the equality (f, + ;)" = f{[f; is due to [18, Theorem 8.36]. Thus we obtain
f =g and f* = g, which allows us to use the expression S = 0f(0) in (3.16) with
f =fi +/,. Therefore,
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S =0f0) = (p € 2" |0 € argmin{f@) ~ (p.3)} )

4.1
=peZ' [0 cagmin((i0 - PN +A@) )

In (4.13), the functions f,(z) — (p, z) and f,(z) are M-convex. For a general M,-con-
vex function i : Z" - R U {+oo} represented as i = h; + h, with M-convex func-
tions i, and h,, the second form of M,-optimality criterion [18, Theorem 8.33] states
that a vector z* € Z" with h(z*) < 400 is a minimizer of /4 if and only if

DG =€+ e = ()]
. (4.14)
+ D [hy(@* = €1 + €)= ()] 2 0

r=1

for any distinct iy, j;, ..., i,,j, € N, where i,,,; = i, by convention.” The condition
(4.14) for hy(2) = f,(z) — (P, 2), 1y (2) = f>(2), and z* = 0 reads

D0, —p;) < D (Hile =)+ fler — ey, (4.15)
r=1 r=1

which is a necessary and sufficient condition for p to be in S. Therefore,
S={peZ"|@4.15) for all distinct i;,j,... 5 jm}- (4.16)
On the right-hand side of the inequality (4.15), we observe

fk(ei —é) = sup{(ej - ei,x) | x € S}

= suplx; = x, | x € 5.} = 4G, j5G), @17

where the first equality is due to the definition of f;, = 5;k and the last equality is a

fundamental relation between the maximum potential difference and the shortest
path length; see, e.g., [27, Theorem 8.3]. (Recall from Sect. 4.1 that A(i,j;G,)
denotes the minimum y®-length of a path connecting i to j in G,.) With the use of
(4.17) we can rewrite the right-hand side of (4.15) as

m

Z(fl (¢ — &)+ fr(er — ) = Z(/l(injr;Gl) + 4Gy i413G))-
r=1

r=1

By introducing notation

3 The statement of [18, Theorem 8.33] imposes the condition “{iy,...,i,} N {jj,... ,j,} =@ which
allows the possibility of i, =i, or j, =j, for p # g, but this can be strengthened to the condition that
i1y -+ s Iy Jys - 5 J should be all distinct. There is a typo in [18, page 228, line 5]: “f,(x+ x,., — x,)”
shouldbe “f,(x = x,  + 1,)”
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m
Apsjis oo st 1= (i jiGy) + Ay i413G3)) (4.18)
r=1

and changing the variable p to x, we can rewrite the inequality in (4.15) as
x({jl9 9jm}) _x({i17 e lm}) S A(ihj]v et im7jm) (419)
and the representation of S in (4.16) as

S={xe2Z"|4.19) for all distincti|,j, ... iy jn}- (4.20)

4.3.2 Step 2 (using cycle decomposition)

The next step of the proof is to relate (4.20) to simple mixed cycles in
G, =G, + Gj;. Let C be a (simple or non-simple) mixed cycle with break vertices
(ysj1> -+ > Ly»Jjm)» and consider the inequality

X({Fys s D) = x5 oon s i, D) S 7(0) 4.21)

in (4.4), where y(C) denotes the length of the cycle C defined in (4.3). Using these
inequalities for simple mixed cycles C, we define S C Z" by

S:={xez"|421) for every simple mixed cycle C}. 4.22)

We want to show that S = §, which is (4.6) in Theorem 4.1.

The inclusion S C § is easy to see. Let C = ee, --e,_,e, be a simple mixed
cycle with break vertices (iy, ..., iy»jys - »Jy)- Since 4@, j,;Gy) and AG,, i,,1:G5)
denote shortest path lengths, we have

m

Moo e i) = (A jiGy) + AG ipy13G3))

r=1
14

< ) 7(e) = (O,
k=1

which implies S C S.

The reverse inclusion S 2 § can be shown as follows. Let (i, ... .i,.j,) be
an arbitrary tuple of distinct indices with A(i|,ji, ..., iy.j,) < +00. We will show
that there exists a family of simple mixed cycles such that the inequalities (4.21)
for this family imply the inequality (4.19) for (i,,j;, .., i,.J,)- Then the inclusion
S 2 § follows.

Since A(},j1s - »ipy-Jn) 18 finite, it follows from the definition in (4.18) that
A, j3G) < 400 and A(j,. i,,13G5) < +oco for r = 1,2,...,m. Let L be a shortest
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path from i, to j, in G, with minimum number of edges. Similarly, let L§2) be a
shortest path from j, to i, in G5 with minimum number of edges. We then have

y@P) = 4G jiG)y YUP) = A iy 3G5) (r=1,2,....m).  (4.23)

The concatenation (series connection) of L(ll),L(lz),L(zl),L(zz), ,L;P,Lg) deter-
mines a cycle C in G,. This cycle C is not necessarily simple. (The paths
L(ll),L(lz),L(zl),L(zz), ,L;:),Lg) may possibly have common edges, and in such a
case, it will be more precise to call C a closed walk, although we refer to it as a
cycle.)

We can decompose C into a family of simple cycles, say, {C,lq € K}. By
(4.23) as well as (4.18) we have

D r(C) = YD) +y(LP))
qeK r=1

m (4.24)
= N (A iG) + Aoy 1:GD) = Al oo i)

r=1

Each cycle C, is simple but may or may not be mixed. If C, is mixed, we can think
of an inequality (4.21) associated with C,, which we express as

x(J,) —x(I,) <y(C)), (4.25)

where I, U J, (with an appropriate ordering of elements) is the break vertices of C,.
If C, is not mixed, either all edges of C, belong to G, or all belong to G3. Since
neither G, nor G contains negative cycles, it follows that y(C,) > 0 and hence the
inequality (4.25) is also true under the definition of /, = J, = @.

A crucial observation here is the following counting relation. Fori € N and I C N
we define

. 1 Gel),
6“D={08:5. (4.26)

Lemma 4.1 Foreachi € N, we have

+1 GE€ (o sdmb)s
Z(g(i, J)—e(i, 1)) =4 -1 GE i iy, ... 0,1}, (4.27)

q€K 0 (otherwise).

Proof Let E, (i) and E, (i) denote the (multi)sets of the edges of C that enter and
leave i, respectively. First we consider the case of i = j,, where 1 < r < m. The last
edge of LV (C E)) enters j, and the first edge of L' (C E3) leaves j,. The vertex j,
may be contained in the middle other paths L% with s # r, but in this case, the two
consecutive edges connected at j, on Lgk) belong to the same class (£, or E7). There-
fore, we have
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|E1 nEin(ir)l = |E1 nEout(jr)l + 1’ IE; nEin(ir)l = |E§ nEout(ir)l - L

(4.28)
Suppose that C,, passes through j,, and let e;, € E; (j,) and e, € E,(j,) be the
edges of C, that enter and leave j,, respectively. If ¢, € E; and ¢, € E7, then

J- €J, (ie, €(,,J,) = 1). Symmetrically, if ¢;, € ES and ¢,,, € E}, then j, € 1,. If

out

{€ins €ou} C Ejor{e, e} C ES, then j. &1, UJ,. The vertex j, may be contained

1’ ~out

in several C,, but it follows from (4.28) that quK G J,) — quK
in (4.27). The case of i = i, can be treated in a similar manner with

e(jr,lq) = +1, as

|Ey NELG)| = |ENEy Gl =1, |ESNE,G)| = |ENEy@G)]+ 1.
Also the remaining case of i # i, j, can treated similarly using
|E, N E,(D] = |E; NEg DI, |ES N ER (D] = |ES N Eg, ().

Thus (4.27) is proved. O

The addition of (4.25) over g € K gives

> ) —xI) < Y r(C,. 4.29)

q9€K q€K

For the left-hand side of (4.29), we have

D@l = xU)) = XUy oo i) = Xy i D)

qeK

by Lemma 4.1, while the right-hand side of (4.29) is equal to A(i;,j;, ..., i,J,) bY
(4.24). This shows that each inequality in (4.19) can be derived from some of the
inequalities in (4.21). From this we can conclude that § D §, completing the proof of
Theorem 4.1.

Remark 4.3 The supporting function of a polyhedron Q C R” (in general) is defined
for all u € R" by

n(Q,u) = sup{(u,x) | x € Q}.

Then Q is described by a system of inequalities (i, x) < n(Q, u) with a suitable finite
set of u’s. If Q is a full-dimensional bounded polyhedron, the vectors u will be the
normal vectors of all facets of Q. It is known [10, Section 2.2, Exercise 8] that the
supporting function of a Minkowski sum is given by the sum of the respective sup-
porting functions:
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n(Qy + Oy, u) = n(Qy, u) + n(Q,, u).
This shows that the bounding constant y;; in (3.8) for L,-convex polyhedron
P =P, + P, is given as
vy = n(P, e - e') = r](Pl,eJ - el) + n(Pz,eJ - e[). (4.30)
Let S =S, + S, be an L,-convex set. Since f = 65 is given by
F) = sup{(u,x) — 6500 | x € 2"} = sup{(u,x) | x €S} (e 2",

the function f is nothing but the supporting function 5(P,-) of P = S restricted to
integral vectors. Similarly, f; is essentially the same as the supporting function
n(Py, ) of P, = S,. Furthermore, the relation f = f; + f, evaluated at u = ¢/ — ¢’ cor-
responds to (4.30).

5 Elimination approach to L,-convex sets

In this section we give an algebraic proof of Theorem 4.1 by means of the Fou-
rier—Motzkin elimination.

5.1 Fourier—-Motzkin elimination

The procedure of Fourier—Motzkin elimination [26, 31] is described here for a (gen-
eral) system of inequalities

Au<b 5.1)

inu € R". It is assumed that the matrix A has entries from {—1, 0, +1}, which is the
case with our system (5.13)—(5.14) in Sect. 5.2.1. Let R denote the row set of A, that
is, A = (aij |ieR,je{1,2,...,n}). The ith row vector of A is denoted by a; for

i € R. By assumption, we have a; € {-1,0,+1} for all i and j.

The Fourier-Motzkin elimination for (5.1) goes as follows. According to the
value of coefficient g;,; of the first variable u;, we partition R into three disjoint parts
(Rf.R;.R)) as

R ={i€R|a; =+1},

R/ ={i€eR]|a;=-1},

RV={i€R|a; =0},
and decompose (5.1) into three parts as

au < b; (i € R)), (5.2)
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au<b;, (€R), (5.3)

au < b; (i € R)). 5.4

For all possible combinations of i € RT and k € R}, we add the inequality for i in
(5.2) and the inequality for k in (5.3) to generate

(a; + ap)u < b; + b, (i€R], keR)). (5.5)

Since a;; +a;; =0 for all i € R} and k € R}, the newly generated inequalities in
(5.5) are free from the variable u;. We have thus eliminated u,; and obtained a system
of inequalities in (u,, ..., u,) consisting of (5.4) and (5.5).

For the variable u; we obtain

kex {Zakjuj - bk} Sup < g}e? {bi - Zaij“j} (5.6)

= =2

from (5.2) and (5.3). Once (u,, ..., u,) is found, u, can easily be obtained from (5.6).
Note that the interval described by (5.6) is nonempty as long as (u,, ..., u,) satisfies
(5.5). It is understood that the maximum over the empty set is equal to —oo and the
minimum over the empty set is equal to +oo.

It is emphasized that the derived system of inequalities in (u,, u,, ... , 4,) consisting
of (5.4), (5.5), and (5.6) is in fact equivalent to the original system consisting of (5.2),
(5.3), and (5.4). In particular, (,, u,, ..., u,) satisfies (5.2), (5.3), and (5.4) if and only
if (u,, ..., u,) satisfies (5.4) and (5.5), and u, satisfies (5.6). In geometric terms, the
projection of the polyhedron Q = {u € R" | Au < b} to the space of (u,, us, ..., u,) is
described by (5.4) and (5.5).

The Fourier—-Motzkin method applies the above procedure recursively to elimi-
nate variables u,,u,, ..., u,_;. At the stage when the variables u,,u,, ..., u,_; have
been eliminated, we obtain a system of inequalities to describe the projection of Q
to the space of (u,,u,,,...,u,). At the end of the process, a single inequality in u,
of the form (5.6) results. Then we can determine (&, u,, ..., u,) in the reverse order
U, U

1+ s U

5.2 Proof of Theorem 4.1 by Fourier-Motzkin elimination

We present the proof for an L,-convex polyhedron, from which the proof for an L,-con-
vex set follows immediately (see Remark 5.1). We prefer to work with polyhedra rather
than discrete sets because of the geometric flavor of the proof with an interpretation by
projections.

5.2.1 Inequality systems

Let P = P, + P, be an L,-convex polyhedron, where P, and P, are L-convex polyhe-

dra. Define
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0={(xy,2) ER” |[x=y+2z yEP, zEP,)}. (5.7

Then P = {x € R" | (x,y,2) € Q}, which is a projection of Q. By Theorem 2.1 we
have

Pi={yeR" |y -y, <) () €ED}, (5.8)

Py={z€R" |55 <77 () € E). (5.9)

where E|,E, C (N x N)\{(i,i) | i € N}, yjj“ € R (finite-valued) for all (i,j) € E,,
and y].(iz) € Rfor all (j, i) € E,. Then Q is described by

xi=yi+zl- (lEN), (510)
vi=v<ry () EE, (5.11)
G=5<r; (i) €Ey). (5.12)

We can eliminate z by substituting z; = x; — y; into (5.12), to obtain

yi=yi<ry () €E, (5.13)

Vi=vitx-x5<r) (i) €Ey. (5.14)
Let Q denote the set of (x, y) satisfying these inequalities, that is,
0= {(x,y) € R¥ | (5.13),(5.14)}. (5.15)

We denote by Q, the projection of O to the space of (x;,x,, ... Xy Yor Yoits o> Vn)
for =1,2,...,n+ 1. We have Ql = (Qand Qn+l = P. By eliminating y from (5.13)
and (5.14), we can obtain the polyhedral description of P. The Fourier—-Motzkin
elimination procedure enables us to carry out this task.

Example 5.1 Consider the L,-convex polyhedron P associated with the L,-convex
set in Example 4.1. The inequalities in (5.10)—(5.12) are given by

XI=Y1 42, X=Y+t2, X3=y3+223, X4=Y,+2,

V2= £3, y3=¥ =5 y-y;=8, y -y <7,

21—-23<2, -7 =<1, z—-73<3, z4—-2, <5, z3—2z4 <2,

and those in (5.13) and (5.14) are given by
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V2= £3, y3=¥% =<5 y-y;<8, y -y <7,
V3=V +x —x3 =52, y -y tx,—x <1,
V3=Vt X —x3<3, Y=Y+ X=X <5, yy—y3+xa3—x <2

By eliminating (y;,y,,¥3.Y4), We arrive at a system of inequalities for P, which is
given by (4.8) in Example 4.3.

Remark 5.1 Theorem 4.1(1) for an L,-convex set follows from the statement (2) for
an L,-convex polyhedron. Let S = S, + S,, where S, and S, are L-convex sets, and

denote their convex hulls by P = S, P, = S_], and P, = S_2 Since S, + 5, = S_, + S_2
in general ([18, Proposition 3.17]), we have P = P, + P,, where P, and P, are
L-convex polyhedra. We have S = P n Z" by integral convexity of an L,-convex set
([18, Theorem 8.42]), and hence (4.7) implies (4.6).

5.2.2 Polyhedral description of the projection Qf

In Sect. 4.1 we have introduced an inequality
x({.]]&3]m})_'x({l]99lm})sy(c) (516)

associated with a mixed cycle C with reference to its break vertices (see (4.4)
and (4.5)). This inequality is used in Theorem 4.1 to describe P = Q, +1- For the
description of Q, with general # (to be given in Proposition 5.1), we need a similar
inequality associated with a path. For a path L in G,, we define its break vertices
(A15J1s -+ > bys1-Jme1) (see below) and an inequality associated with L by

Vi =i+ x({ps-oosdm ) = x{in, ooy D) S v (D), (5.17)

where i and j are the initial and terminal vertices of L and y(L) = ., v(e) is the
length of L with respect to y in (4.2). It is noted that the first and last break vertices,
iy and j,,., do not appear in (5.17). The inequality (5.17) generalizes y; — y; < yi(jl) in
(5.13) and y; — y; + x; — x; < yj(iz) in (5.14) (see Example 5.2).

For a (simple or non-simple) path L = ee, ---e,_,e, from i to j (# i) in G, the
break vertices (i1, .- by41-Jme1) Of L are defined as follows. The index m is equal
to the number of EX-intervals in L; in particular, m = 0 if L has no edge from E7. We
define i, :=iand j,., :=j. Suppose that L has edges from E?, that is, m > 1. Let
J1 be the vertex at which the first ES-interval starts; we have j, = i, if the first edge
e; belongs to E;’ Foreachr=1,2,...,m, the r-th E;-interval starts at vertex j, and
ends at vertex i, :

L=lijley e lle e,y liales, e e, ey lisleg, -
~—— — 0 = N——
E, ES E, E
e 1 [, €, """, i €417 L -1 i1 €. G Vi1 ]-
——

E, E E,

(5.18)
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If e, € E7, the first interval e, ---¢, of E-edges is empty, in which case we have
t; = 0. Symmetrically, if e, € E7, the last interval e, - e, of E-edges is empty,

in which case we have s,,,; = ¢ + 1. With this convention we have 0 <1t,, 5, <1,

(r=2,3,...,m),s,, <¢+1for E-intervals,and ¢, +1 <s,,, —1(r=1,2,...,m)
for E-intervals.

The inequality (5.17) for a path L is illustrated in the following example, whereas
the inequality (5.16) for a mixed cycle C has been illustrated in Example 4.2.

Example 5.2 The inequality (5.17) for a path L is illustrated for some cases,

— If L consists of a single edge (i,j); € E, then m =0, (i;,j;) = (i,), and the ine-
quality (5.17) reduces to y; — y; < yi(jl) in (5.13).

— If L is a single edge (i, /), from E7, then m = 1, (iy,j,) = (i, 1), (i, /) = (j,j), and
(5.17) reduces to y; — y; + x; — x; < J,j(iz) in (5.14).

— For a simple path L=(,1),(1,2),2,), with m=2, (,j) =031,
(iy,J) = (1,2), and (i3, /3) = (j, ), the inequality (5.17) is given by

Vi—yitxi+x, —x —x < yﬁ) + yg) + yj(zz).
— For a simple path L=(i1),(1,2),(2,3),(3.)), with m=2, (i,j;)=(@1),
(iy.J,) = (2,3), and (i3, j3) = (j, ), the inequality (5.17) is given by

WL, 0, .0
VTVt X X3 = =X Syt ryy Fry F Yy

— For a non-simple path L = (i,1),(1,2),(2,1),(1,)), with m =2, (i,j;) = (1),
(iy,J) = (2, 1), and (i3, /5) = (j, ), the inequality (5.17) is given by

()] @) )] (@)
yj_yi+2x1_x2_-xjsyi1 +YQ1 +y21 +}’jl ’ (519)
in which x; appears with coefficient 2.

Recall notations @ in (5.15) and its projection Qf to the space of
(X, Yz € an‘f 1, where yiz) 1= (Vs Ye415 -+ » V). The following proposition states
that each Q, can be described by (5.16) for a suitably chosen family C, of simple
mixed cycles in G, and (5.17) for a suitably chosen family P, of simple paths in G,
connectingi € Ny to j € Ny, where N, 1= {7, £+ 1,...,n}.

Proposition 5.1 Let1 <7 < n+ 1. We have

0, ={(x, Yiep 1(5.16) for every (simple mixed cycle) C € Cy,

. (5.20)
(5.17) for every (simple path) L € P,}

for a family C, of simple mixed cycles in G, and a family P, of simple paths in G,
from a vertex in N, to another vertex in N,.
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In Sect. 5.2.4 we prove Proposition 5.1 by induction on £ on the basis of the Fou-
rier—-Motzkin elimination. The expression (5.20) for £ = 1 is true with the choice
of C, =@ and P, = E,; UES, because O, = Q is described by (5.13) and (5.14),
which are special cases of (5.17) as explained in Example 5.2. The expression (5.20)
for £ =n+1 implies the expression (4.7) in Theorem 4.1, since Qn+1 =P and
P, =90 (by N,,, = 0). Before describing the general induction step, we illustrate
in Sect. 5.2.3 the first step to eliminate y,.

Remark 5.2 The definition of break vertices for a path in (5.18) is consistent with
that for a mixed cycle in (4.5). A mixed cycle C = e,e, - e,_,e, with ¢; € E; and
e, € EJ may be identified with a path L = ee, - ¢,_ e, from i to j, where i is the
tail of e; and j is a copy of i. If (i},j;,...,i,41,/ms1) denotes the break vertices of
L, the break vertices of C are given by (i}, /,,...,i,.j,). Moreover, the inequality
(5.16) for C coincides (formally) with (5.17) for L with the understanding of y; =y;
andi,  =j=i=1,

5.2.3 Eliminating y,

Our proof of Proposition 5.1 is based on the Fourier—Motzkin elimination applied to
(5.13)—(5.14). In this section we describe the first step to eliminate y;.
To eliminate y, we classify the inequalities into six groups as

n-yn<ry G eE), (5.21)
y=n<rn (Lj)€E, (5.22)
yi—vi<ry (#1j# 1G] €E), (5.23)
=y x—x <7D (L) € By, (5.24)
Y=n+x-x5<r7 (G EEY, (5.25)
V=Vt —x Sy (#1,j# 1,00 €Ey). (5.26)

Note that y, appears with coefficient “+1” in (5.21) and (5.24), and with coefficient
“—1”1in (5.22) and (5.25), while y, does not appear in (5.23) and (5.26). Thus there
are four types of combinations to eliminate y;, namely, (5.21) + (5.22), (5.24) +
(5.25), (5.21) + (5.25), and (5.24) + (5.22).

— (5.21) + (5.22): This combination gives rise to
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1
y=vi<ry +r).
This inequality coincides with (5.17) for L = (i, 1),(1,),, for which m = 0 and
(il,J.l) = (la,])
— (5.24) + (5.25): This combination gives rise to
2) 2)

YimYit X=X Sy

This inequality coincides with (5.17) for L = (i, 1),(1,),, for which m = 1 and
(,Jy) = () and (i, /) = (.))-
— (5.21) + (5.25): The addition of (5.24) and (5.22) generates
vyt -y <y 4y
If i #j, this inequality coincides with (5.17) for L = (i, 1),(1,)),, for which
m = land (i;,j;) = (i, 1) and (i,, j,) = (j,j). If i = j, the above inequality reduces
to

X —x < 7,-(11) + Yff),
which coincides with (5.16) for C = (i, 1),(1,i),, for which m=1 and
(i17j1) = (l’ 1)
— (5.24) + (5.22): The addition of (5.24) and (5.22) generates

1 )

Vi—yitxi—xp syt

If i # j, this inequality coincides with (5.17) for L = (i, 1),(1,),, for whichm = 1
and (i;,j;) = (i, and (i5,/,) = (1,)). If i = j, the above inequality reduces to

S )
which coincides with (5.16) for C = (i, 1),(1,i); = (1,9),(i, 1),, for which m =1
and (i;,j,) = (1,9).
Thus the system of inequalities for (y,, Vs, ..., ¥, X, Xs, ..., X,) 1S given by (5.23),
(5.26), and the inequalities derived above. The interval of y, is given by (5.6) as

max{ max {—y(l.)

@
+y} max {—y® +y, +x, - x;
(2 Loy ok e = 4+ ’}}

. . 1 . 2
<y Smln{ min {yl.(l)+yi},(ll’1i}l€1}§2{)/fi)+yi—xi+x1}},

(.1)EE,

although this expression plays no role in the proof of Proposition 5.1.
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5.2.4 Proof of Proposition 5.1

We prove (5.20) in Proposition 5.1 by induction on # = 1,2, ...,n + 1. As already
mentioned right after Proposition 5.1, the expression (5.20) for £ = 11is true with the
choice of C; =@ and P, = E| U E,.

As the induction hypothesis, suppose that (5.20) is true for £, where 1 <7 < n.
That is, we assume that we have (C,, P,) such that Qf is described by (5.16) for
C eC, and (5.17) for L € P,. Since Qfﬂ is the projection of O, along the coordi-
nate axis of y,, we can obtain an inequality system for Qf +1 by eliminating the vari-
able y, from the inequalities in (5.17) for L € P,. It is noted that the inequalities in
(5.16) for C € C,, being free from y,, are not involved in the elimination process.

Let 73; denote the set of paths in P, ending at vertex ¢ and, similarly, let P, be
the set of paths in P, starting at vertex £. For Lt € 73; and L™ € P, express the
corresponding inequalities as

Yo = Yi+X(UH) = x(I') <y (L), (5.27)

Yi—Yetx(U7)—x(I7) <y(L7), (5.28)

where i (# £) is the starting vertex of L*, j (# £) is the end vertex of L™, and (I*,J*)
and (I~,J7) are determined from the break vertices of L™ and L™, respectively. The
operation of the Fourier—Motzkin elimination is equivalent to adding (5.27) and
(5.28), resulting in

Vi = Yi + XU+ x(U)] = [x(I) +xU7)] < (L) + y(L7). (5.29)
Then we obtain the following description of 0, :

Oyt = {6, Ypa) 1(5.16) for all C €C,,
(5.17) for allL € P, \ (P} UP,), (5.30)
(5.29) for all (L*,L7) € Py X P }.

Remark 5.3 Here is a remark to motivate our subsequent argument. The inequality
(5.29) for a pair (L*,L™) € 73:; X P, corresponds to (5.5) in the general framework
of the Fourier—Motzkin elimination. As such, the inequality (5.29) is legitimate to
describe Qf +1» but it may contain coefficients of +2. More specifically, a coefficient
of 2 appears if (J* NJ7)\U* UI") # @. In contrast, the coefficients must be taken
from {—1, 0,41} in (5.20). In the following we are going to find a family of inequali-
ties of admissible forms that implies (5.29). This family of inequalities are used to
update (C,, P,) to (Cpy1s Priy)-

Consider the concatenation (series connection) of L™ and L™, which is a path

L from i to j if i #j or a cycle C if i =j. (The paths L* and L~ may possibly
have common edges, and in such a case, it will be more precise to call L a walk,
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although we refer to it as a path.) For the sake of description, we assume that
we have a path L with break vertices (i, i, ..., Ips1>Jme1)» While the other case
of a cycle can be treated in a similar manner. This path is not necessarily sim-
ple. In particular, there is a possibility of [T UJH) NI UJ ) #B. If T NI~ #0
or JtNJ~ # @, the associated inequality (5.17) contains coefficients other than
{—1,0,+1} (see (5.19) for an example).

We can decompose the path L from i to j into a union of a simple path L, from
i to j and a family of simple cycles, say, {C, | ¢ € K}, where K can be empty. We
have

y(Lo)+ Y 1(Cp) = y(L*) +y (L) (5.31)

qeK
For the simple path L, we can consider an inequality in (5.17), which we denote as
Y =¥ +x(Jo) — x(1p) < y(Ly), (5.32)

where I, U J; is determined from the break vertices of L. Each cycle C, is simple
but may or may not be mixed. If C, is mixed, we can consider an inequality of the
form of (5.16) associated with C,, which we express as

x(J,) —x(1,) < y(Cp, (5.33)

where [,UJ, is the break vertices of C,. Denote the mixed cycles among
{C,lq€K}by {C,|q€K,}, where K, C K. Then we have an inequality (5.33)
foreachg € K,

We observe a simple counting relation using the notation £(-, -) in (4.26).

Lemma5.1 Foreachh € N, we have

[e(h,J) + e(h,J7)] — [e(h, I*) + &(h,I7)] = Z (e(h,J,) — e(h, 1))
q€K,u{0}
(5.34)
Proof Let h € N. The left-hand side of (5.34) is equal to +2 if h € J* NnJ~, and it is
equalto Oif h € Jt NI, etc.:

LHS of (5.34) |lhelI- heJ h¢gl uJ™
helt -2 0 -1
helJt 0 +2 +1

hegltuJt -1 +1 0

Next we consider the right-hand side of (5.34). Let ¢ and e, be the edges of L*, if

out
any, that enter and leave vertex h, respectively. Define e and e_ = similarly for L™.
mn out

— If heJ*nJ-, then {e;,e;} CE, and {e},. e, } CE;, and there exist pre-

cisely two g’s such that 2 € J,. Hence the right-hand side of (5.34) is equal to
+2.
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— IfheJtnI, then {ei e} CE and {e, out} C E5. Two cases can be dis-
tinguished. In the first case, there are dlstmct q' and q” such that h € J, and
h € 1. In the second case, & is not contained in any of 1, UJ,, which occurs
when {ei e_, ) is used by some C,, (or L;) and {e; , Om} is used by another C,
(or Ly). In either case, the right- hand side of (5. 34) is equal to O.

— IfhegItuJt and h &I~ uJ-, then {e er ) is contained in E, or E3, and
similarly, {e ,e_ } is contained in E1 or E3. Suppose, for example that
{ein Out} c E1 and {e; ,e_ } C E7. Two cases can be distinguished: There are

distinct ¢’ and ¢"” such that & € Jyand i € 1., or else h is not contained in any

of 1,uJ,. In either case, the right—hand side of (5.34) is equal to 0.

Similar arguments for other cases show that the right-hand side of (5.34) coin-
cides with the left-hand side of (5.34). O

Lemma 5.2 Inequality (5.29) is implied by (5.32) for L, and (5.33) for C, for all
q €K,

Proof Note first that r(C,) = 0if C, is not mixed, since neither G, nor G3 contains
negative cycles. Then it follows from (5.31) that

r(Lo) + 2}; 7(C) S y(LH) + (L), (535)
g€k,
By adding (5.32) and (5.33) for ¢ € K, and using (5.35), we obtain
V=Yt Y (U =x(U)) S yLe) + Y r(C) <y (L) +y(L7).
g€k, {0} g€k,
This implies (5.29), since
Y @U,) = 2) = XU +xU7)] = () + 2]

g€k, u{0}

by Lemma 5.1. O

For each pair (L*,L™) € P} x P, we obtain a family cLED = {C,1q€K,}
of simple mixed cycles, and also PLLD = {Ly}, where PLLD s defined to be an
empty set if the concatenation of L* and L~ forms a cycle. With the use of cEnED
and PLE), we can rephrase Lemma 5.2 more precisely as follows: The inequality
(5.29) generated by the elimination operation for a pair of inequalities indexed by
(L*,L7) € P} x P; is implied by (5.32) for P“"*7) and (5.33) for C*"7. On the
basis of this observation, we modify (C,, P,) to (Cs, |, P, ) as

Crpn=CoU < Yt 1@ 1) e Py x P;}>, (5.36)
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Proi =P\ (PLUP)) U < P @t L) e P x P;}>. (5.37)

Then we obtain
Q,;H 2 {5 Y4 | (5.16) for all C € Cyyy,(5.17) for allL € Py}

Finally, we observe that the reverse inclusion (C) is obviously true. Indeed, the
addition of the inequalities in (5.13) and (5.14) along C € C,, (resp., L€ P, )
results in (5.16) for C (resp., (5.17) for L). This means that these inequalities are sat-
isfied by every element of Qf +1» implying the reverse inclusion (C).

Thus we have completed the proof of Proposition 5.1 by induction on £, which in
turn establishes Theorem 4.1.

5.3 Box-total dual integrality of L,-convex polyhedra

To state our result we need to define the concepts of (box-)total dual integrality
introduced by Edmonds and Giles [6].

A linear inequality system Ax < b is said to be totally dual integral (TDI) if the
entries of A and b are rational numbers and the minimum in the linear programming
duality equation

max{c'x | Ax <b} = min{y"b|y"A=c", y> 0}

has an integral optimal solution y for every integral vector ¢ such that the minimum
is finite. A linear inequality system Ax < b is said to be box-totally dual integral
(box-TDI) if the system [Ax < b,d < x < c]is TDI for each choice of rational (finite-
valued) vectors ¢ and d. It is known [27, Theorem 5.35] that the system Ax < b is
box-TDI if the matrix A is totally unimodular. A polyhedron is called a box-TDI
polyhedron if it can be described by a box-TDI system. See [3-5, 26, 27] for more
about box-total dual integrality.
We are now ready to state our result.

Theorem 5.1 An L,-convex polyhedron is box-TDI. More generally, an Lg-convex
polyhedron is box-TDI.

Proof We first consider an L,-convex polyhedron P. Recall from Sect. 5.2.1 that
an L,-convex polyhedron P is obtained from the polyhedron Q of (5.7), which is
described by the system consisting of (5.10), (5.11), and (5.12). This system can be
written as

-1 1 I 0
I -1 -1 0
0 o0 B, [L? y®
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where each [ is the identity matrix of order n and, for k = 1,2, B, is a matrix whose
rows are e — ¢’ for (i,j) € E,. Each B, is totally unimodular.* Therefore, the matrix

-1 I 1
I -1 —-1/{. . S
A= o B o | also totally unimodular, which implies that the system (5.38)
1
O O B

is box-TDI, and hence the polyhedron Q described by (5.38) is box-TDI. Since the
projection of a box-TDI polyhedron on a coordinate hyperplane is box-TDI ([5, The-
orem 3.4], [26, pp. 323-324]), the polyhedron P is also box-TDI. Thus every
L,- convex polyhedron is box-TDI. By Proposition 2.2(2), this implies further that
every L -convex polyhedron is box-TDI; see [26, p. 323]. O

Theorem 5.1 enables us to apply the results of Frank and Murota [7] for separable
convex minimization on a box-TDI set. By so doing we can obtain min-max formu-
las for separable convex minimization on an Lj-convex set.

Remark 5.4 Here is a supplementary remark about Theorem 5.1. It is known ([26,
p- 323], [4, Theorem 2.5]) that box-total dual integrality is maintained under Fou-
rier—-Motzkin elimination if the coefficients belong to {—1,0,+1}. This is the case
with our system (5.13)—(5.14). However, we have discarded redundant inequalities
in the course of the elimination process, whereas redundant inequalities are often
necessary for a system of inequalities to be box-TDI. In view of this, box-total dual
integrality of the system (4.7) does not seem to follow from our argument, although
it is likely that the system (4.7) is, in fact, box-TDI.

We note in passing that the intersection of an Li—convex polyhedron with a box is
not necessarily an LJ-convex polyhedron, although it remains to be an integral poly-
hedron by Theorem 5.1. An example is given below.

Example 5.3 Recall the Lg—convex set S={(0,0,0),(1,1,0),(0,1,1),(1,2,1)} in
Example 3.2, and let B={0,1}3 be the unit box of integers. Then
SNnB=1{(0,0,0),(1,1,0),(0,1,1)} is not an L -convex set, since S N B itself is not
L"-convex, and the decomposition S N B = + S} with §', 8} C Z* is possible only
if S = SN B and S’ = {(0,0,0)} fori ;é J-A 51m11ar statement applies to the polyhe-
dral version. Indeed the convex hull S of S is an Lu -convex polyhedron, and SnB

(= SNB B)is not an Lq -convex polyhedron.

4 Matrix B, is the transpose of the incidence matrix of the graph G, in Sect. 4.1.
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6 Implications

In this section we show alternative proofs to some fundamental facts on discrete
convexity by using the results of this paper on polyhedral descriptions of L,- and
L -convexity. In general terms, we can distinguish between “inner” descriptions and
“outer” descriptions of combinatorial objects. For example, a matroid can be defined
by an exchange axiom as well as a submodular (rank) function, where the former is
an inner description and latter an outer description. Such a dual view often affords
a deeper understanding, which is the general recognition behind this section. The
alternative proofs given here are of outer-type, while the existing proofs are of inner-
type. We use Theorems 3.1 and 3.2, and not their refined versions in Theorems 4.1
and 4.2.

6.1 L,-convexity and L’-convexity

It is pointed out recently in [15] that a polyhedron P (or a set S of integer vectors)
is L-convex if and only if it is both L,-convex and L-convex. Here we show an
alternative polyhedral proof, based on Theorem 3.1, when the polyhedron is full-
dimensional. It is mentioned, however, that Proposition 6.1 itself is an easy fact,
which can be proved in any way, but the given proof will serve as a prototype of the
polyhedral argument.

Proposition 6.1 [15]

(1) A polyhedron P (C R") is L-convex if and only if it is both L,-convex and
L%-convex.
(2) AsetS(C Z") is L-convex if and only if it is both L,-convex and L-convex.

Proof (Full-dimensional case) First note that (2) follows from (1) applied to the
convex hull of S, and that the only-if-part of (1) is obvious. In the following, we
prove the if-part of (1), that is, if a polyhedron P is both L,-convex and L-convex,
then P is L-convex. Let F be any facet of P and v a normal vector of F. Since P is
L,-convex, we have v = c(e! — ¢’) for some ¢ # 0 and disjoint 1,J C N with || = |J|
by Theorem 3.1 (see also Remark 3.1 in Sect. 3.2). On the other hand, since P is
L-convex, we have v = c(¢' — ¢/) or v =ce for some ¢ #0 and i #j by Theo-
rem 2.2. Then it follows that v = ¢(¢! — &) for some ¢ # 0 and i # j. Therefore, P is
L-convex by Theorem 2.1. O
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6.2 Li-convexity and multimodularity

It is proved recently in [15] that a polyhedron P (or a set S of integer vectors) is
a box if and only if it is both L -convex and multimodular (see Appendix A.2
for the definition of mult1m0du1ar sets). Here we show an alternative polyhedral
proof, based on Theorem 3.2, when the polyhedron is full-dimensional.

Proposition 6.2 [15]

(1) A polyhedron P (C R") is a box of reals if and only if it is both Lg-convex and
multimodular.

(2) A set S(C Z" is abox of integers if and only if it is both Li-convex and multi-
modular.

Proof (Full-dimensional case) First note that (2) follows from (1) applied to the con-
vex hull of S, and that the only-if-part of (1) is obvious (cf., [14, Proposition 2]). We
prove the if-part of (1) when P is full-dimensional. Let F be any facet of P and v a
normal vector of F. Since P is Lg—convex, we have v = c(e! — ¢’) for some ¢ # 0 and
disjoint I,J C N with|I| — |J| € {—1,0, 1} by Theorem 3.2. On the other hand, since
P is multimodular, we have v = ce! for some ¢ # 0 and consecutive index set I C N
by Theorem A.1. Then it follows that v = ce’ for some ¢ # 0 and i € N. Therefore, P
is a box. O

b . h .
6.3 L,-convexity and M,-convexity

A nonempty set S C Z" is called Mn -convex if it can be represented as the 1nter-
section of two MP-convex sets. Slmllarly, a polyhedron P C R" is called M -con-
vex if it is the intersection of two M¥%-convex polyhedra. See Remark 6.1 below
for the definitions of M%-convex sets and polyhedra.

Itis known [23, Lemma 5. 7] that a set S (C Z") is a box of integers if and only
if it is both L -convex and M -convex, and an analogous statement is true for the
polyhedral case Here we show an alternative polyhedral proof, based on Theo-
rem 3.2, when the polyhedron is full-dimensional.

Proposition 6.3 ([23, Lemma 5.7])

(1 A éaolyhedron P (C R") is a box of reals if and only if it is both Lh -convex and

-convex.
2 A set S (C Z") is a box of integers if and only if it is both Lh -convex and
M:-convex.

Proof (Full-dimensional case) First note that (2) follows from (1) applied to the con-
vex hull of S, and that the only-if-part of (1) is obvious. We prove the if-part of (1)
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Table 1 Polyhedral descriptions

of discrete convex sets Vector a for{a,x) < b Ref.
Box (interval) +e Obvious
L-convex ¢ —é [18, Sec.5.3]
Lb-convex & —él, +é [18, Sec.5.5]
L,-convex e —e (1 =|J) this paper
Lg—convex e —e (I -1J € {-1,0,1}) this paper
M-convex el,—eN(=-1) [18, Sec.4.4]
M-convex +e! [18, Sec.4.7]
M,-convex el,—eN(=-1) by M-convex
Mg—convex +e! by MP-convex

Multimodular +e! (I consecutive) [15]

when P is full-dimensional. Let F be any facet of P and v a normal vector of F.
Since P is Li—convex we have v = c(e/ — ¢’) for some ¢ # 0 and dlS]Olnt I,JCN
with|I| — |J| € {—1,0, 1} by Theorem 3.2. On the other hand, since P is M -convex,
we have v = ce’ for some ¢ # 0 and I C N (see Remark 6.1 below). Then 1t follows
that v = ce' for some ¢ # 0 and i € N. Therefore, P is a box. O

Remark 6.1 An M®-convex polyhedron is a synonym of a generalized polymatroid
(g-polymatroid), which is described as {x | u(I) < x(I) < p(I) (I C N)} with a strong
pair of supermodular ¢ and submodular p (see [9, Section 3.5(a)], [18, Section 4.8]).
If 1 and p are integer-valued, the corresponding g-polymatroid is an integral poly-
hedron, and the set of its integer points is called an M"- convex set. The intersection
of two MP-convex sets (resp., polyhedra) is called an M -convex set (resp., poly-
hedron). Hence an Mn convex set (resp., polyhedron) is descrlbed by a system of
inequalities of the form max{u,(I), u,(I} < x(I) < min{p,(I), p,(I)}, from which
follows that a normal vector v is of the form of v = ce’ for some ¢ # 0 and / C N.
The reader is referred to [18, Section 4.7] for more about M¥-convex sets.

Remark 6.2 To be precise, [23, Lemma 5.7] does not deal with the polyhedral case
stated in (1) of Proposition 6.3. However, the proof there can be extended almost
literally to the polyhedral case. For completeness, we show the proof adapted to the
polyhedral case. That is, we prove here that, if a polyhedron P is both L ,-convex and
Mu convex, then P is a box of reals. Let P;, P, C R" be L%-convex polyhedra such
that P =P, +P,, and let Q,,Q, C R" be M’-convex polyhedra (g-polymatroids)
such that P = 0, N Q,.

First we explain the idea of the proof when P is bounded. Each P, has the
unique minimum element a* € P, and the unique maximum element b* € P,. Then
a = a' + a? is the unique minimum of P and b = b' + b? is the unique maximum of
P, for which we have P C [a, b]g. Since a,b € P = Q, N Q,, we have a,b € Q, for

@ Springer



260 S. Moriguchi, K. Murota

k=1,2, where a < b. This implies [a,b]lg € O, as is easily seen from the poly-
hedral description of an M®-convex polyhedron. Therefore, [a,bly € Q, N Q, = P
Thus we have proved [a, b]g = P

The general case where P may be unbounded can be treated as follows. For each
i €N, put g; :=inf,cpy; and b; :=sup,cpy;, where we have the possibility of
a; =—o0 and/or b; = +oo. Obv1ous1y, P C [a,b]y holds To prove [a, b]R cCP, take
any x € [a, b]g. For each i € N, there exist vectors p', ¢’ € P such that Pi<x 2q,
where pf, x;, and ql denote the ith component of vectors p’, x, and ¢', respectlvely.
Since p',q' € P =P, +P,, we can express them as p' =p’' +p?, ¢’ = ¢! + ¢”
with some p, g* € P, (k = 1,2). Consider

=A\r*er. ¢:=\/d"er, *k=12)

ieEN ieN
andletp :=p' +p> € Pandq := q' + ¢> € P. Then, for eachi € N, we have

1 2 il i2 ]
pi=p; +p; <p; +p7 =p <X

1 2 i1 i2 ]
q;=9; +q; 2 q; +4; =¢; 2 x,

showing x € [p,glg. Since p,g € P=0,NnQ,, we have p,qe€ Q, for k=1,2,
where p < ¢q. This implies [p, glg € O, which follows from the polyhedral descrip-
tion of an MP-convex polyhedron. Therefore, x € [p,glg € O, N O, = P, where x is
an arbitrarily chosen element of [a, b]i. Hence [a, b]gz C P. Thus we complete the
proof of [a, bl = P.

7 Conclusion

We conclude this paper by summarizing our present knowledge about the poly-
hedral description of dlscrete convex sets in Table 1. The polyhedral descrip-
tion of M,-convex (resp., M -convex) sets is obtained immediately from that of
M-convex (resp., M- convex) sets; see Remark 6.1. The polyhedral description
of multimodular sets, described in Theorem A.1, has recently been obtained in
[15]. Polyhedral descriptions are not known for integrally convex sets [18, Sec-
tion 3.4], discrete midpoint convex sets [16], and directed discrete midpoint con-
vex sets [30].

A Definitions from discrete convex analysis
L-convex and M-convex functions

A function f :Z" - RU {+oo} with domf # @ is called L-convex if it is
submodular:
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J@O+fO) 2 fxvy)+f(xAy)
for all x,y € Z" and there exists » € R such that
J&+ul) = f(x) + ur

forallx € Z"and u € Z.

A function f : Z" - R U {+oo} with domf # @ is called L,-convex if it can be
represented as the (integral) infimal convolution f;[]f, of two L-convex functions
fiand f,, that is, if

f&) =06 =inf{fi() + ) | x=y+z ¥,z € Z"} xez").

It is known [18, Note 8.37] that the infimum is always attained as long as it is finite.
A function f : Z" — R U {400} with domf # @ is called M-convex if it satis-
fies the exchange property:

(M-EXC) Forany x,y € domf and i € supp™(x — y), there exists j € supp™(x — y)
such that

O+ 2fx—e +e)+fy+e —é).

A nonempty set S is called M-convex if its indicator function 6 is an M-convex
function.

A function f : Z" - RU {+o0} with domf # @ is called M,-convex if it
can be represented as the sum of two M-convex functions f; and f,, that is, if
f&) =fix) +f,(x) (x € Z"). A nonempty set S is called M,-convex if it is the
intersection of two M-convex sets, or equivalently, if its indicator function dg is
an M,-convex function.

The reader is referred to [18] for characterizations and properties of L-, L,-,
M-, and M,-convex functions.

Multimodular sets

Let F C Z" be the set of vectors defined by F = {—e',e' —e?,e> —¢>,...,e" 1 —e", "},
where ¢! denotes the ith unit vector fori = 1,2, ...,n. A set S C Z"is said to be multi-
modular if

74+d z+d €S = z,z+d+d €S

for all z € Z" and all distinct d,d’ € F. (The concept of multimodularity is intro-
duced by Hajek [11] for functions and its set version is formulated in [14].)

It is known [14, 19] that multimodular sets are precisely those sets which are
obtained from Lf-convex sets by a simple coordinate change. Define a bidi-
agonal matrix D = (dij |1<ij<n) by d;=1(@G(=1,2,...,n) and di+1,i =-1
(i=1,2,...,n—1). This matrix D is unimodular, and its inverse D~! is an integer
lower-triangular matrix with (D™"); = 1fori > jand (D™"); = 0 fori < j.
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Proposition A.1 ([14, 19]) A set S C Z" is multimodular if and only if it can be rep-
resented as S = {Dy | y € T} for some Li-convex set T, where T is uniquely deter-
mined from S as T = {D™'x | x € S}.

In accordance with this relation, we call a polyhedron P a multimodular polyhe-
dron if it can be represented as P = {Dy | y € Q} for some L-convex polyhedron Q.
Such Q is uniquely determined from P as Q = {D"'x | x € P}.

Multimodular sets and polyhedra can be described by inequalities as follows. A
subset 7 of the index set N = {1,2,...,n} is said to be consecutive if it consists of
consecutive numbers, that is, it is a set of the form I = {k,k+1,...,2 — 1,£} for
some k < 7.

Theorem A.1 [15] Let N = {1,2,...,n}.

(1) A nonempty set P C R" is a multimodular polyhedron if and only if it can be
represented as P = {x € R" | a; < x(I) < b; (I : consecutive subset of N)}
for some a; € RU {—0} and b; € RU {400} indexed by consecutive subsets |
of N.

(2) A nonempty set S C Z" is a multimodular set if and only if it can be repre-
sentedasS = {x € 7" | a; < x(I) < b; (I : consecutive subset of N)}forsome
a; € ZU{—x}and b, € Z U {+o0} indexed by consecutive subsets I of N.

The above theorem implies immediately that a box is multimodular, which was
pointed out first in [14, Proposition 2].
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