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Abstract It is known that for special types of reaction—diffusion Systems, such as
the Gierer—Meinhardt model and the Gray-Scott model, stable stationary spike solu-
tions exist on boundary points with maximal curvature. In this paper, we rigorously
give the equation describing the motion of spike solutions along boundaries for gen-
eral types of reaction—diffusion systems in R2. We also apply the general results to
the Gierer—-Meinhardt model and show that a single spike solution moves toward a
boundary point with locally maximal curvature. Moreover, by showing the repulsive
interaction of spikes along boundaries for solutions of the Gierer—-Meinhardt model,
we have stable multispike stationary solutions in the neighborhood of a boundary point
with locally maximal curvature.

Keywords Reaction—diffusion systems - Boundary spike solutions -
The Gierer—Meinhardt model

Mathematics Subject Classification 35K61 - 35K57

1 Introduction

In 1972, Gierer and Meinhardt [9] proposed model equations to describe pattern forma-
tions in biology, according to the mechanism of diffusion-induced instability described
by Turing [14]. The model equation is as follows:
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70 S.-1. Ei, T. Ishimoto

Fig. 1 Profile of a spike solution with one peak in R2. Only the A-component is drawn

A(l
[A’ =dAA = A+ gm a5, oo g (1.1)

tH, = dAH — H + Ao,

with the Neumann boundary conditions, where d; and d> are positive constants, and
aj > 0 are nonnegative constants satisfying

a; — 1 ajs

0<

ar as+1°

In the model, d; is assumed to be sufficiently small, and we write it as d; = g2 for a
sufficiently small ¢ > 0.

One of the typical solutions of (1.1) is a spike solution. A spike solution has a
profile such that the A-component is close to A(x) ~ ¢ "w(|x|/e) for n > 0 and a
radially symmetric function w(r) > 0. That is, the A-component has a sharp peak, as
in Fig. 1. For the Gray-Scott model, similar spike solutions are observed [15,16].

There have been many works which studied the existence and stability of stationary
spike solutions for (1.1) under appropriate conditions in one- or higher-dimensional
spaces. We do not touch here on works related to one-dimensional problems of (1.1),
because in this paper we consider (1.1) in two-dimensional spaces.

For higher-dimensional problems for (1.1), one of the most typical solutions is a
boundary spike solution, which has peaks on the boundaries of its domain.

Related to boundary spike solutions in higher-dimensional spaces, a stationary spike
solution with one peak on the boundary 02 with globally maximum mean curvature
was constructed in [13], and, later, a stationary spike solution with multiple peaks
both inside 2 and on the boundary 9<2 was constructed in [10]. Recently, [11] and
[12] proved the existence and stability of a stationary spike solution with more than
one peak at points with locally maximal mean curvatures of 92 under the condition
az = ay + 1 in (1.1). Thus, there has been much research and many results on station-
ary spike solutions with peaks on boundaries for (1.1), but we do not know a result on
the dynamics of spikes along boundaries.

There have been several studies of the dynamics of solutions along boundaries for
other models. Studies [1-5], dealt with the mass-conserving Allen—Cahn equations
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Dynamics and their interaction of spikes 71

and/or the Cahn—Hilliard equations, and showed that small bubble solutions move
along boundaries toward a boundary point with maximal mean curvature. This was
proven using variational structures of systems together with other techniques.

On the other hand, many important examples of reaction—diffusion systems, such
as the Gierer—Meinhard model and the Gray-Scott model, do not have such variational
structures. Butitis strongly expected that boundary spike solutions move toward points
on boundaries with maximal mean curvature because many types of stable boundary
spike solutions with peaks located at points with maximal mean curvature have been
constructed.

In this paper, we give a general criteria necessary to study the dynamics and interac-
tions of boundary spikes in a domain & C RZ, for general types of reaction—diffusion
systems, and without assuming any variational structures. As one application of our
results, we show the movement of a boundary spike solution for (1.1) toward a point on
the boundary with locally maximal curvature. We also show the repulsive interaction
between two boundary spikes and hence the existence of stable stationary solutions
with two peaks in the neighborhood of a point with maximal curvature.

Here we note that there is a simplified version, called a shadow system, for the
Gierer—-Meinhardt model. It has a boundary spike solution, and a similar movement
along the boundary is observed. But the treatment for the model is rather different
from the one in this paper because the shadow system has nonlocal terms. This is
reported in [7].

Now, we shall briefly discuss the results we present in this paper. Let €2 be a
bounded domain in R2, and we assume that the boundary 9<2 is a sufficiently smooth
closed curve given by {I'(s) € R* 0 <5 < s0, 1'(0) = TI'(sg)}, where s is
the arc-length parameter of d<2. Then we can take a tubular neighborhood of 92 as
x = (x,y) =T (s)+zv(s), where v = v(s) is the inward normal unit vector of 9€2 at
I'(s). Define X (x) and Z (x) by the functions satisfyingx = I'(X(x))+Z(x)v(Z(x)),
and let k = k(s) be the curvature of dQ2 at I'(s) measured in the direction of v. We
consider general types of reaction—diffusion systems:

U =8*DAU+ F(U), t>0, x € (1.2)

with the Neumann boundary condition. Here, U = U (¢, x) € RN, D = diag(dy,
dy,---,dy) ford; > 0, and § > 0 is a sufficiently small constant. Let Ls(U) =
82DAU + F(U).

First we consider

U =DAU+FU), t>0,¢eR: (1.3)
with the Neumann boundary condition, where Ri = {¢ = (U,pn) € R2;
—o00 <l <00, u>0}Let0:=(0,---,0) € RY. We assume as follows:

(H1) F(0) = 0 is satisfied and (1.3) has a stationary radially symmetric solution, say

S = S(r), on the boundary 8R2+ with asymptotic form S(r) — %ﬁe“’”a, where

r=I2+u? a>0anda e R".
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72 S.-1. Ei, T. Ishimoto

Let A(U) := DAU+FU), A := A (§(r)), and Ay := A'(0) in Ri. We assume
the stability of 0 and S for (1.3).
(H2) S(r) is stable in the linearized sense, that is, the spectral set /1 (A) of Ais [ (A) C
Ip U 11, where Iy := {0} and I} C {ReX < —yp} for yp > 0, and O is simple.
(H2)’ 0 is a stable equilibrium for (1.3) in the linearized sense. That is, the spectral
set I (Ag) of Ag satisfies 1(Ag) C {Rer < —yp}.

Note that A9;S = 0. Hereinafter we denote 9;S(r(/, u)) simply by 9;S for
r = /12 4+ p?. Other cases, such as when r is a different function, are treated

ds
similarly, while we denote o by S,. Let A* be the adjoint operator of A, and
r
¢*(x) be the eigenfunction satisfying A*¢* = 0 with (9;S,¢*), = 7, where
(U, V), = fRz (U, V)d¢. We note that 9;S = cos6S, = éSr and that ¢™* is
+

also given by ¢*(¢) = 9;P* = cosHd; = éCDj‘ for a radially symmetric function
®*(r) under suitable conditions, where [ = rcos6 and u = r sin@, which will be
mentioned in the next section. Then the normalization (9;S, ¢*), = % implies that
(S,, CID;")R = 1, where (U, V)p := fooo r (U, V) dr for radially symmetric functions
U=U()andV = V(r) € R".

Now, coming back to the original problem (1.2) in €2, we show the following: Let
r(x,h) i=/(S(x) — h)2 4+ Z2(x), (0 < h < sp), and

o0 o0
My = _% 2/rZ(DSr,@j)dr+3/r3(1)s,,,q>j)dr
0 0

Then the solution U (¢, x) of (1.2) keeps close to S(r(x, h(t))/d8), and h(t) is governed
by the dynamics

h = M053Z—§(h) +0(8Y), (1.4)

. dh
where h denotes —. These results are proved by using invariant manifold theory

t
(e.g. [5]), while we need to obtain explicit estimates of several objects, such as spec-
trum and resolvent, for (1.2).
The above results are applied to the Gierer—Meinhardt model of the form
— 2 1
ur ==¢ Au—u+%w, (15)
Ty = dAv = v+ o,

where T and a are nonnegative constants, and the a; are the same ones as (1.1). If both
T and a are positive or T = a = 0 in (1.5), the case has been treated on the whole R?
space in [8], and, by using the results, the constant M is shown to be positive. This
shows that % (¢) approaches the point of the maximal « (s), that is, the point with the
maximal curvature of <2 (Fig. 2).

Thus, our results give the well-known results for a stable boundary spike solution
of the Gierer—Meinhardt model [9, 11-13,16] from the viewpoint of dynamics.
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(@) t=0 (b) =100 (c) t =300

Fig. 2 Movement of a boundary spike toward a point with maximal curvature, which is denoted by a
black circle in the figure. The parameter values are T = 0.5, ¢ = 0.01, d = 1.0,a = 0.01,a; = 2,
ap =2,a3 =3,andag =3

Fig. 3 Stable stationary solution with two peaks in the neighborhood of a point with maximal curvature,
which is denoted by a black circle in the figure. The parameter values are the same as in Fig. 2

We can also show the existence of a stable stationary solution with two peaks in
the neighborhood of a point with maximal curvature of 92 by using the repulsive
interaction (Fig. 3). The idea was presented in [8].

In this paper, only the two-dimensional case is considered. All the arguments and
techniques can be applied to the higher dimensional cases, too but we do not do it here.

2 Main results

Define Q(zg) := {x = T'(s)+zv(s), 0 <s < s0, 0 <z < 70}, where weregard I"(s)
and v(s) as periodic functions of s with period sg. We fix N1 > 0 and represent Q2 =
Qo U Qp, where Q) := Q(2N1+/$) and Qo := Q\Q(N;+/8). Hereinafter, ¢, ¢;, ¢,
and y; denote general positive constants independent of 8. Let xo(x) and x1(x) be cut-
off functions such that 0 < x;(x) < 1, xo(x)+x1(x) =1, xo(x) = 1,and x;(x) =0
for x € Q\Q1;and xo(x) =0and x1(x) =1 forx € Q\Qy = Q(le/g).

In the tubular neighborhood €21, define the coordinates s = X(x) and z = Z(x)
by x = I'(s) 4+ zv(s). Define S(x; h) = x1(x)S(r(x; h)/5), where r(x; h) :=
\/(E(x) — h)2 + Z(x)2. Here, we extend r(x; h) to the whole domain  so as to
satisfy ¢} |x — T'(h)| < r(x; h) < chlx — ' (h)| uniformly forx € Qand 0 < i < s0.
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74 S.-I. Ei, T. Ishimoto

Let 2, := Q¢N ;. Since S(r) satisfies S(r) — %e“”a asr — 400, S(x; h) <
0(e=</V%) in Q.

We add the following assumption. Let X := {U = U (r); N\U% = (U, U)r <
oo} be a set of the radially symmetric functions, and define AxU := D(U,, + %Ur) +
F'(S(r)U, XRAU := D(U, + LU), + F'(S(r))U. Note that Ay is the restriction of
Ain Xg, and AgS, = 0. Then we assume:

(H3) 0 is an isolated simple eigenvalue of Ag, and Ag is invertible in X .

If (H3) holds, there exists ¢;(r) € Xg such that A%¢5 = 0 and (S, ¢¢), = 1.
where 1’4\’;e is the adjoint operator of Ag. Then setting ®*(r) := [ " ¢ (r)dr, we have
¢*(L) = 9 P*(r) = cos 0D} (r) = cos O (r) = §¢§(r) for r = /12 4+ 2, and the
normalization (S, @), = 1 implies (35, ¢*), =7 because A*¢* =cos 92}(1)6‘ =0.

Theorem 2.1 Assume (H1) to (H3) and that the initial data Uy(x) is sufficiently close
to S(x; hg) for 0 < hy < so. Then for a positive constant c the solution U (t,x) of
(1.2) and h(t) satisfy

U, ) = SC;h()lloo < €8

and (1.4) uniformly for any t > 0 and sufficiently small § > 0.

Let us consider the reduced ODE of (1.4)
, d
= Mos* ). @.1)
ds

Corollary 2.1 If h* is a stable (or unstable) equilibrium of (2.1) in the linearized
2

d
sense, that is Mod_g(h*) < 0 (or > 0), then there exists a stable (or unstable)
s
stationary solution U*(x) of (1.2) satisfying ||U*(-) — S(-; h*)||ec < ¢8 for ¢ > 0.

Next we give the results for the movement of multispike solutions on the boundary.
Define G(r) = [ (F'(S(r)) — F'(0)a, ¢*(r))dr and My = [;°rG(r)dr
f(;'f esinede.
Theorem 2.2 Suppose the initial data Uy(x) is sufficiently close to S(x; hy) +

S(x; ho) forcy < hy < hy < sg — ¢y with ¢3|61ogd| < ho — hy < %clforpositive
constants ¢ and c>. Then

. d 5 5

Hi=Mo® ) — My 2e P (110 (2)) + 065%,
ds 3 h

. d 5 5

hy = Mo8> = (hy) + My, e (1+ 0 (2)) + 0%
ds h n

as long as c; < hy < hy < so — ¢y with ¢3|81logé| < hy — h; < %cl, where
h:=hy—hy.

2.2)

@ Springer



Dynamics and their interaction of spikes 75

Remark 2.1 The restriction of the range of 41 and h; is not necessary because we
may consider #1 and h> with mod sg. However, the statement of Theorem 2.2 then
becomes complicated, and so, for simplicity, we restrict the range in the theorem.

Consider the reduced system of (2.2)

. dk 1)
hy = Mys3—(h —M\/i—“h/a,
1 0 ds( 1) 3¢

2.3)

a3k S —anss

hy = Myé (ho) + M, e .
ds h

Suppose that My, M are positive and that 2* is a stable equilibrium of (2.1) in the
linearized sense. Then we can check that (2.3) has a linearly stable equilibrium, say
H* = (h7, h%) with h] < h* < hj and h5 — h} = O (|6 log6]) . The proof is given
in Sect. 6.

Corollary 2.2 Under the above assumptions, there exists a stable stationary solution
U*(x) of (1.2) satisfying [|U*(-) — {S(x; h]) + S(x; h3)}loo < ¢b for ¢ > 0.

U*(x) has a profile with two peaks in the neighborhood of a boundary point with
maximal curvature.

Corollary 2.3 For (1.5), suppose that both T and a are positive, or both T and a are
equal to zero. Ifaz = 2 and 1 < ay; < 3,0ra3 = a; + 1 for 1 < a; < 0o, then the
constant My is positive. That is, a spike on the boundary moves toward a point with
maximal curvature. Moreover, My is also positive, which implies the existence of a
stable stationary solution of (1.5) with two peaks in the neighborhood of a point with
maximal curvature, as stated in Corollary 2.2.

3 Formal derivation of (1.4)

In this section, we formally derive the ordinary differential equation (ODE) (1.4).
Equation (1.2) is represented by

v-"u —ply 4 L )l s ry G
T T M s T T=sue \1—sux '), '

for x € Qp if we take U(¢t,x) = U(t, (s — h(t))/8,z/8) with s = X(x),z =
Z(x),8l :=s — h(t), and §0 := z. Since § is sufficiently small, we can regard 2| as
approximately Ri. Let

Ko, 1)U ID[ Ky — ( ! U) U]
WU = =Dy~ n 1) —Uuy.
1) 1 —duk 1 —306ux \1—348ux !

Although K? is defined only in Q;, we may assume it is appropriately extended in
Ri, e.g. by multiplying K by cut-off functions disappearing outside of € and for
sufficiently large ©. Then (3.1) is written as
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76 S.-1. Ei, T. Ishimoto

h
U, — KIUI = DA, U+ F(U)+8K(, 1)U, t>0, (,z) e R2. (3.2)

Substituting U (¢, 1, ) = S(r) + V(t,1, ) into (3.2) for V € E+, we have
hy 5 2, 2
VI—X(COSQSr‘i‘VI):AV—G—gK S+ O(VI|~+6§), 3.3)

where [ = rcosf, u = rsinf, and E+ = {V; (V,¢*), = 0}. Now we assume
V = V(T,I, ) with T := 8t, and may set h, = Shy = §(Ho+8H; +8>Hy+ 0(8%))
and V =8V) + 82V, + 0(8%).

Since k = «(h(t) + 81) = k(h(1)) + Slks(h(r)) + O(8%), K? is expanded as
K% = K| + 8K + 0(8?), where

KU :=k(h)D(=U, +2nUy), Ko2U :=«s(W)D(nU; — 11U, +2ulUy)
412 (R D{—puUy, + 32Uy},

Hy = 0 is easily shown. Considering terms of order &, we have
— Hicos6S, = AVy + K S. (3.4)

Taking the inner product of (3.4) with ¢* (I, u) = cos 0P} (r), we have
T _ *
—EHl —<K15,¢ )2. (3.5)

Lemma 3.1 H; =0.

Proof Since 9, = sin6S, and 812S = @S, + cos268S,,, the direct calculation
of the right-hand side of (3.5) gives H; = 0. O

In order to obtain H», we now consider terms of order 82 of (3.3). Then we have
1
or Vi — Hycos6S, =AV2+KZS+K1V1+§F”(S)V12. 3.6)

First, we note that 07 V] = O(ht) = O(§) because H; = 0. Hence from (3.6), H»
is given by

T 1 " 2 ik
= SH ={K2S+ KiVi+ S F'(S)VE, ¢7) (3.7)
2

Since V; € E* is a unique solution of 0 = AV; + K;S and K;S is even with
respect to [, V1 = Vi(l,z) is also even with respect to I. Hence (K;Vi, ¢*),
= (3F"(S)V, ¢*), =0 and

= koS )
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Dynamics and their interaction of spikes 77

hold in (3.7). The right-hand side is directly calculated as
* * 4
(K2S. "), = (K28, cos 6 D), = — 15 Moxes (h),
and we have Hy = %M()KX (h). This shows (1.4).

4 Proofs of Theorem 2.1 and Corollary 2.1
4.1 Proof of Theorem 2.1

Let L(h) := Li(S(x; h)) = 8°DA + F'(S(x; h))in 2, and X := Cunir (€2) with the
sup-norm || - ||.

Lemma 4.1 The spectral set, say I(h) of L(h), is given by I1(h) = Iop(h) U I1(h),
where Io(h) C{|A| <c~/8} and I (h) C{Rer < —y1} for positive constants ¢ and y.

Proof We take 0 < y1 < yp such that {ReA > —y1} C p(Ap), the resolvent set of
Aop.

First, we consider L(h) in Q| := Q\Qo. In |, L(h) is expressed by using the
coordinate (/, i) of the tubular neighborhood as

LU = DA, U + F'(S(r)U + 8K°(l, ))U = AU + 8K°U

for (I, n) € Is := [0, s0/8] x [0, Ny/ «/3) with the Neumann boundary condition at
u = 0 and the periodic boundary condition with respect to /. Here we note that the
estimate |SK°U|| = O(/8)||U]|| c2(1;) holds. Hence we appropriately extend the oper-
ator AU + 8K °U to the one in Rf_ by extending the operator §K°U to Rf_ satisfying
this estimate, which can be done by multiplying K by cut-off functions disappearing
outside of /5.

Let Aj(h) := A+ 8K% in Cum'f(Ri). Since A is sectorial as an operator in
Cunif(Ri), l(x— A~ < c3/|A| for A € p(A), where p(A) denotes the resolvent
set of A. Now we need the following proposition.

Proposition 4.1

185G — ) K°|| < Ve (1 + |i_|)

for x € p(A) with || = c4/8.

Proof Let (A — A)"'(8K®%)g = U. Then §K®g = (A — A)U.S5K?g contains terms of
gz, 81, and so on, with 0(\/5) coefficients. For example, let us consider a(l, n)g; =
(A — A)U for some function a = a(l,u) € R with a = O(ﬁ). Set U* =
(h—A)~!(ag). Then G.— A)U}; = agu+2a181+ang+(F'(S(r)U*)u—F'(S(r)Uj;.
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78 S.-1. Ei, T. Ishimoto

Similarly, setting U** := (A — A)~"!(a;g), we have (A — AU = aig +ang +
(F'(S(r)U*); — F'(S(r)Up*. Then (. — A)(U — Uji + 2U*) = g* and U is
givenby U = Ujj — 2U™ + (A — A)~lg*, where g* 1= ayg — (F'(S(r)U*)y +
F'(S(r)Uj; + 2(F'(S(r)U™); — 2F'(S(r)U*. Since U};, U™, and g* are esti-

mated by /8¢y (1 + ﬁ) lgll, 1U]l < +/3cs (1 + ﬁ) llgll. All other cases are treated
similarly. O

Let us come back to the proof of Lemma 4.1. We consider (A — A1 (h))U = g for
A € p(A). Since A € p(A),

(Id —s(.—A'K WU =0-4)"g.

If the inequality || > ce+/3 holds, Proposition 4.1 implies
1
I6(A — A)_IK(S” = \/§C3 (1 + m) <7 (\/g-l- \4/3)

because K? = O(V/$). Thus {Id — (. — A)~'K?%} is invertible, and U is given by
U={Id—50—A)" 'K Tx— A)7 g,
which shows

10— Ay~ < % 4.1

for A € p(A) with |A| > csf/g. Here we note that A1 () is an operator in Cum-f(Ri).
Since so/§ is sufficiently large, we may assume (4.1) holds for Ay (k) in R; ={0 <
n<oo, 0<I<sp/8}.

Let Ly := 8°DA + F'(0) in , and L (h) of (x, y) € 1 be the operator A1 (h)
of (I, w) € Cuniy(R.), expressed with the original coordinates s = 8/ + h and
z = dpu. We may assume Li(h) is defined in 23 := Q3N \/3). Define D(A) =
K1 (@) — Li(W) "' 51(x) + xo(x)(A — Lo)~!, where ¥i(x) is a cut-off function
satisfying 0 < x1(x) < 1, x1(x) = 1 forx € Qy, and x;(x) = 0 for x € Q\Qs.
Here we note that L(h) = Ly (h) in €} and

(. — L(h)DO) = 1d 4.2)

in Q) U (), where Q := Q\Q. Since Q@ = Q| U QU Q», it suffices to consider in
Qy. LetUy := (A — Lo)_lg and Uy := (A — Ll(h))_l)ﬁg.

Proposition 4.2 If Rer > —yj for y1 > 0, then

U — UO||c2(QQ) = Cloe_cg/ﬁ(”UO”cO(Qg + [|U; ”CO(Q3))

forcg, c10 > 0.

The proof of this proposition will be shown in the appendix.

@ Springer



Dynamics and their interaction of spikes 79

We can write Uy = U; + By(h)Uo + B1(h)Uy with || B;(h)| < 0(6_09/‘/3) in ;.
Hence it follows in 22

(A= L()DR)g = (A — L(h)(x1U1 + xoUo) = g + Ba2(h)g,

where By (h)g := (A — L(h) xo{ Bo(h) (. — Lo) ' g + Bi(h)(A — L1 (h))~ ' X1} with
| B2(h)| < O(e=c/ ﬁ). We may assume B5 (h) is defined in €2 with the same estimate.
Then from (4.2), it follows in

(A= L(h)DN)g =g+ Ba(h)g.
. —cg//8 —cg//8
since || B2 < 0 (5~) = 0 (55
is invertible. Thus we find that

) < 1 for |x| > c11v/8, (Id + By(h))

(A= L(h)DO)(UId + Ba(h) ' = 1d
and
(A — L(h)™' = D)(Id + Ba(h))™" = D(AV)(Id + B3(h)), (4.3)

where B3(h) := (Id + B2(h))~' — Id with |B3(h)| < 0(6‘69/“/5). This shows
{IA = c1v/8} N {Rex > —y1} C p(L(h)). o

Let X be the fractional powered space of X for 1/2 < w < 1. Then we note
that |VU]| < c¢||U||l, for ¢ > 0, where || - ||, is the norm of X¢. Let Q(h) :=
% fCO(A — L(h))~'dx and R(h) := Id — Q(h), where Cy is a circle surround-
ing Ip(h) in the region {ReXl > —y1}. Then in a way quite similar to Lemma 5.2
in [6], QWU = ﬁ(U ¢* (), d(x; h) + Ba(h)U with |[Bs(h)| < O(5), and
Io(h) = {ro(h)} with |[Ao(R)| = O(8), where ¢(h)(x) := x1(x)9;S(r(x; h)/5) and
¢ (h)(x) := x1(x)¢*(r(x; h)/8). Let p(h) and ¢*(h) be eigenfunctions correspond-
ing to the spectral set Io(h) of L(h) and the adjoint operator L*(h), respectively
satisfying ¢ (h)(x) = ¢(h)(x) + O(8) and ¢*(h)(x) = ¢*(h)(x) + O(S). Note that
(@(h), p*(h)), = 8% + 0(8%). Set E(h) := Q(h)X and E*(h) := R(h)X. Now
we can construct a map I1(h) : EL(hy) — E-L(h) such that

I, 1T W < e, ITWW] < VW] (4.4)
for 0 < h < sg (periodic with respect to /). This is proved in Appendices.
Define E(x; h) := x1(x) V1, n) forl = (2(x) — h)/6 and u = Z(x)/5, where
Vid,n) € E L is the function defined in (3.4).
Defining S(x; h,§) := S(x; h) + §E(x; h) and substituting U = S(x; h, ) +
[1(h)W for W € EL(hg), we have
he(Sp(h, 8)+T1(WW)+TT(h) W, =L(S(h, 8))+LMW)II(W)W + G(W, h), (4.5)

with |G(W, h)| < c|W|%. Define W(D1) := {W € E+(ho) N X, |[Wlle <
Di8?) and W(Dy, Dy) = {W € C([0,5]; E*(ho); IWhllo < Dié%
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—%81S(r(x; h)/8) + 0(8), we have (3,S(h, §), p*(h)), = —%8 + 0(8?). Then for
W € W(Dy) operating Q(h) on (4.5), we have

|W(h)—W &) ||lw < D28|h—k|}.Since 0, S(x; h) = —#%Sr(r(x; h)/8)+0(8) =

hi (=38 +06Y) = (L(S(h.8)). ¢* ), + 06°)

because ¢*(h)(x) is a function of the form E (r(x; h) /8, 6) for some function E(r, 0)
decaying exponentially with respect to 7. Hence we can write h;, = G1(W, h) satisfy-
ing G(W, h) = — % (L(S(h, 8)), ¢* (b)), + O(8). Since

4
(L(Sh, 8)), 9" (), = =5" - Mok, (1) + 0(8”)

by the calculation in Sect. 3, we have

Gi1(W,h) = 53%114%(;1) + 0" (4.6)

for W € W(Dy).
On the other hand, operating R(/) on (4.5), we have

hi O(8%) + TI(W)W = R(h)L(S(h,8)) + L(W)TI(W)W + R(h)G(W, h)
= LW + 0(8?).

Thus, (4.5) is written as

[ hy = Gi(h, W), 4.7)

W, = L(WW + Ga(h, W),

where Z(h) = I~ YW LM)I1(h) and Go(h, W) = I-Y(W{R(h)L(S(h, §)) +
R(WG(W,h) — Gi(h, W)R(h)Sy} = O(8%). Moreover it follows that for W,
Ve W(D),

IL(h) — L) < %ﬂh—m,

1G1(h, W) — G1(k, V)| < c138*{|h — k| + [|W — Vl},
1G2(h, W) = Ga(k, V)| < c1ad{lh — k| + |W = Vo}.
Combining the above estimates and (4.4), we can show the existence of an attractive
invariant manifold M := {W = o*(h) € W(Dj, D) ;0 < h < so} in (4.7) for an
appropriately taken D1, D; in a way quite similar to [6]. That is, the solution U (z, x)
of (1.2) is given by
Ul(t, x) = S(x; k(1)) + 8E(x; h(1)) + TT(h(1))o™ (h(1))(x),

which completes the proof of the theorem.
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4.2 Proof of Corollary 2.1

In the first equation of (4.7), h satisfies
hy = G(h,o*(h)) = 83GT(h, o*(h)) =: 83G™*(h; §).

Since o* € W(Dy, D;), a stable (or unstable ) equilibrium A2* of %Moxs (h) =
G7*(h; 0), in the linearized sense, generates a stable (or unstable ) equilibrium of
G**(h; §) by the implicit function theorem for small § > 0, which completes the proof.

5 Proofs of Theorem 2.2 and Corollary 2.2

5.1 Proof of Theorem 2.2

If h := h, — hy > B8|logé| for a large B > 0, then we have \/%e_“h/‘s < 0%,
which trivially implies the equation (2.2). Hence it suffices to consider the case when
B18llogs| < h =hy — h1 < B28]|logd| for0 < B1 < Bo.

Let S(x; hy, hp) := S(x; hy) + S(x; hp) and L(hy, hy) = Eg(S(x; hi, hy)) =
S2A+F'(S(x; hy, h»)). Taking the tubular coordinate (/, 1) definedby s = X (x), z =
Z(x)and 8l := s — hy(t), 8u := z and letting S(/, ) := S(r) with r := /12 + u?,
we have S(x; hy,hy) = SU, )+ SU —h/6, w) =: SU, u; h) and

Sk 1 1
L(hy,h))U =D3U,, — U U
(1. h2) i 1 —Sux “+1—5pu< (I—S;LK Z)l]
+F'(SU, w; W)U
= DA U + F'(SU, w; W)U + 8K°(1, w)U (5.1)

in @1, where k = k(h1 + 81). The inequality B15|logd| < h = hy — hy < 28] log§|
leads to Bi|logd| < h/é < Ba|logd].

On the other hand, L(h1, hy) = Lo + O(e_”/‘/g) in Q¢. Then in quite a similar
manner to the proof of Lemma 4.1, we can show

Lemma 5.1 The spectral set, say I(hy, h2) of L(hi, ha), is given by I(hy, hy) =
Io(hy, ho) U I (hy, ha), where Io(hy, ha) C {|A| < ¢</8} and Iy (hy, hy) C {Reh <
—y1} for positive constants ¢ and y .

The rest of the proof is completed by combining the proofs of Theorem 2.1 [6,8].
In fact, we can show the existence of an exponentially attractive local invariant man-
ifold M = {S(x; hy, hy) + 0*(hy, ho)(x); ¢1 < hy < hy < 59 — c1, c2|8log | <
hy = hy < ger) with 0% (h, 7o)l < O (8).

5.2 Proof of Corollary 2.2
We omit the details here, but the proof is quite similar to the proof of Corollary 2.1.

We substitute S(x; iy, hp) + o*(hy, hp)(x) into the equations 9,/ and 9,k and use
the implicit function theorem.
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5.3 Proof of Corollary 2.3

The positivity of the constant M| was proved in [8]. Now we calculate the value of
the constant M.

Under the assumptions of the corollary, there exists a spike solution S of (1.5) of
the form S(r) = (U(r/e), V(r)) in R, where r := /12 + 12, and functions U (¢)
and V (r) are exponentially decaying positive functions. The function ®*(r) in the
definition of the constant My is given by

1

() = e
’ fo p(Up)zdp

(U(r/e),0) +o(1)

as ¢ | 0 by the result of [8]. Hence the approximate value of M is calculated as

8 (5)5°p*WUyH
My=—z¢ fOOOL”)Z'O_FO(D > 0.
ISz \ 2 [y p(Upy)%dp

Assumptions (H1)—(H3) are also discussed in [8], but on the whole R? space.
Then (H1)-(H3) in this paper are easily checked by the restriction to R%r. In fact, the
semisimpleness of the 0 eigenvalue in R? [8] directly leads to (H2) and (H3).

6 Analysis of ODE (2.3)

In this section, we give the proof of the following theorem.

Theorem 6.1 Equation (2.3) has a linearly stable unique equilibrium, say
P = (p1, p2), if both My and M are positive.

Proof With the loss of generality, we may assume I"(0) € 9<2 is a point of maximal
curvature. Equilibria of (2.3) satisfy

d )
0 = Mo83 " (p1) — My [~ o7,
ds p

J S 6.1)
0 = Mo83 5= (p) + Ml\/je_“”/s,
ds P
where p = p» — p1. Equation (6.1) leads to
dk dk
=, () + = (p2) = 0. (6.2)
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Since p1, p> are small, we can expand «;(p1) and ks (p2) as

2 3

o =20+ m 0+ 220 + 04
ds p1) = s P1 452 2171 ds3 Pi1)s

6.3)
dk 2 1

dk d“k A3k
—(p2) = —(0 —2(0)+ =p3—(0) + O(p3).
7, P2 = O+ pamz (0) + 5Py =5 (0) + O(p2)

Since p is also small, p; and p> can be expanded respectively as p; = (a; — 1)p +
ap* + 0(p3), p2 = a1 p+axp*+ O(p?), for some constants a| and a;. Therefore
(6.3) is rewritten as

dx

— ) = k2 (@1 — D p +aap? + el @ — 12 p* + 0(pY),
dk @ 2, 1.3 2 2 3

E(M) =y {a1p +axp”} + 36y aip”+ O(p?),

where

o =0 k@ = TE0) <0, P = )
ds 0 T gy 0 T gy

Thus (6.2) is rewritten as

1
(2/(62)611 — K(gz)) p+ (ZK(()Z)CZQ + K(()3)a% — Ké3)a1 + 5/{63)) p2 + O(p3) =0.

Then a; and a; are determined by

1 1
2/<(()2) (al — E) =0, 2/((()2)612 + K(?) (Cl12 —aj + 5) =0,
and hence
1 1S
a = -, ay = —=—5
2)
and
(3)
1 Ley” 5 3
Pz—zp—gpp + O(p?). (6.4)
0
Here,

1 5
Mo (Kéz) P2t 5Ky p%) + M \/;e_“p/‘s +0(sp3) =0 (©5
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holds by (6.1) and (6.3). Substituting (6.4) into (6.5), it follows that

Mo |2 ( I—K(§3> Lo (LY Vi [2emorn 1 0% — o
K, —p— = —K —e =0,
0 0 2p 8K(§2) 2 0 217 1 p p
and hence
1 3,(2) 8 —ap/$ 3.3
EM()S ko~ p+ M ;e +0(¢°p’)=0. (6.6)

Specially, the lowest-order part of (6.6) is

/a
2M053/< P+ M, —ar/s — (6.7)
p

Proposition 6.1 Equation (6.7) has a unique solution.

Proof Equation (6.7) can be rewritten as

lM s%@P _ _p, L —apss.
2 5 | z¢

Define f(x) := %M084K(§2)x, g(x) == =M x~"/2e=* for x > 0. Then Kéz) <0
yields a monotone decrease of f(x). On the other hand, g’(x) = M (x 32 eax (%4—
ax) > 0 leads to the monotone increase of g(x). Since limy_g f(x) =

0, limy_ oo f(x) = —o00, limy_0g(x) = —o0, and limy_,» g(x) = 0, we use
the intermediate value theorem to show that there is only one intersection of f (x) and
g(x). Thus (6.7) has a unique solution. O

Proposition 6.2 p = O (5 log$).

Proof Putting p = p/3, we have

1 1 -
— 5Moa“ @5 — M, \/:e—‘“’(> 0) (6.8)
p

by (6.7). Suppose lims_.o p = 0. Then the right hand side of (6.8) goes to oo as
6 — 0. But this means that lims_. ¢ 84 p = oo, which leads to the contraction. There-
fore lims_,o p # 0. That is, there is a positive constant C > 0 such that p > C

and
—1M084K(2)C < —1M054K(2)ﬁ = M le—aﬁ < M, le—aﬁ.
2 0T = 2 0 p -7V
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Setting C1 := —%%?Kéz)C\/E(> 0), we have C;8* < =P and

1 4
p < ——1logCi+ —|logé| < Cz|logs]| (6.9)
o o

67201[7 < Lefotﬁ
V P

by the inequality e ™** < /1/x (x > 0), we have

for a constant C, > 0. Noting

) 1 . 1M 1M
e < e = 0@ 55t < 0, D053 (5] 10g 8)).
D 2 My

2 M 0 -
Setting C3 := —%%?KO(Z)CQ(> 0), we also have e 2%7 < (383 and
- 1 3
p > ——1ogC3z + —]logd|. (6.10)
2a 2a
Equations (6.9) and (6.10) complete the proof. O

Proposition 6.3 P = (p1, p») is stable in the linearized sense.

Proof We define the right-hand side of (2.3) by G(h1, ha), H(hy, h) :

d B
H(hn, ha) = Mos> == (hy) - Ml\/je_“h/‘s,
ds h
d B
G(hy, ho) = M0<S3d—K(h2) + Ml\/;eah/a_
S

Then, the linearized operator L, of (2.3) with respect to P = (p1, p2) can be repre-

sented as
oH oH
)

L. — dh (h1,h2)=(p1.p2) dha
P G G

(h1,h2)=(p1,p2)

/4N

i
|

<t

™=

|y hoy=(pr.p) 02 Ly =1 )

where

2
= M3 45 (p1) (< 0),

=3}

ds?
B = Mo8* %5 (p2) (< 0),
Y= Ml\/ge*‘”’/‘S (ﬁ + %) (> 0).
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Thus, it follows trL, = (@ + f) — 27 < O and detL, = @B — (@ + B)7 > 0. Thus
P = (p1, p2) is stable in the linearized sense. |
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7 Appendices

In this section, we give the proofs of Propositions 4.2 and (4.4).

7.1 Proof of Proposition 4.2

In this proof, we use the symbols ¢, ¢/, ¢”, - - - as general positive constants independent
of small § > 0.

Let Q5 := Q(%Nlﬁ) and Qg = Q\Qy 2. Forany xo € Q, we define two balls
Bsy(x0) C Bﬁrl (x0) C Qg for rg, r1 > 0, where B, (xg) := {x € Qp; |x —Xx¢| <
r}. Since |S(x; h)| < O(e‘c/*/g) in 526’ forc > 0, L1(h) can be expressed as L1(h) =
Lo+ Ci(h) with |C1(h)| < ce=<'/V8in Qg forc, ¢’ > 0. Then (A — Lo)(U; — Up) =
Ci(h)Up in Bﬁrl (x0) C . Taking the stretched coordinate & := (x — x)/5, we
see that the equation (A — Lo) (U1 — Up) = C1(h)U; in B«/Srl (x0) becomes

(. — Ao)(U1 — Up) = C2(Uy, & € By, (7.1)

where Ag := DAE +F'(0), B} := Br./ﬁ(o) and C; (h) satisfies |Co(h)| < ce=¢'/IV8
forc, ¢’ > 0.

Since § is sufficiently small, B} is nearly R? and the assumption (H2)’ says that
(A — Ap) is also invertible in X := Cum-f(Rz) by taking A in the resolvent set of
Ap. Here we note that the spectral set I (Ap) is the same even if we consider that
Ap is in the whole space R?. Now we may extend Cy(h), Uy, and U; to R? with

similar estimates |Co(h)| < ce“'//‘/g, 1Uollx, < ||U0||C0(Bf) < [l0ollco¢q,), and
1Uillx, < I1U4 ”CO(BT) < 1U1llcoqs) respectively, for ¢, ¢’ > 0. Since (A — Ag) is
invertible in Xy, there exist unique W € X satisfying (A — Ag)W = C,(h)U in RZ.
Subtracting this equation from (7.1) on both sides, we have

(A—A))(U; —Up—W)=0, &e€Bj. (7.2)

Since Rel > —vyi,dist{r,1(Ap)} > y» for y» > 0. Hence we have W =
(A — Ag) "' C2(h)U, and

1w < ce VU Ixy < eV ULl coggy)

C2(RY
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for ¢, ¢’ > 0, and it suffices to show that
U — Uy = Wlleagz) < O (e—c /ﬁ) Uy = Up = Wlcoggy), (7.3)

where Bj := B, (0).
Let V := Uy — Uy — W, and consider the equation

(.—Ag)V =0, &eBf (7.4)

for A € C with Rel > —y.
First consider (7.4) in the interval I} := (=r1/v/8,r1/+/8) C R'. Then (7.4)
corresponds to

AV =DV — FyV =0,

where Fy := F'(0). If V(&) = ¢*6b, then
(wW*D + Fy — M)b =0, (7.5)

that is,

det(W>D + Fy — ) = 0. (7.6)
Lemma 7.1 p in (7.6) satisfies |Rej| > y3 for y3 > 0 independent of Reh > —y.
Proof Define E(t) := —1tD + Fp, and let I(7) be the set of eigenvalues of E(7).
Then by using a Fourier transform, we see that the spectral set I (Ag) is given by
I1(Ap) = U0l (7).

Putting 4> = a + ib(a, b € R,i := +/—1) and substituting it into the eigenvalue
equation (7.5), we have

{I +ib(aD+ Fy—2)"'D}b=0 (7.7)

if (aD 4+ Fy — 1)~ exists. Let E(A) := {I + ib(aD + Fy — 1)~ D}.
First, we consider the case a < 0. Puta = —7(r > 0). In this case,

=D+ F—nY <
I/\|_|( tD+Fy—2) [ <c
forc, ¢’ > Obecause of dist{\, I (Ag)} > y». Hence if |b| is sufficiently small, E (1)
is invertible and b must be zero vector in (7.7). This contradicts (7.6). Thus, |b| > y4
for y4 > 0.
On the other hand, it follows that dist (A, I(t)) — oo as T — oo uniformly for
ReA > —y1 and hence

(—tD+Fo—2)""=>0
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as T — oo uniformly for ReA > —y;, which means E (1) is invertible. Thus, T must
be 7 < ys for y5 > 0. Since Repu is given by

bZ
2t + T2+ b2

the estimates |b| > y4 and 0 < v < y5 imply |Reu| > y3 for y3 > 0.
Next we consider the case @ > 0. In this case, | Rep| is given by

a+ va?+ b?
2

|Rep|* =

2 1
|Repu|” = z 5(a+1b)).

Therefore, it suffices to show (a + |b|) > ye for y5 > 0.

Since dist{Xx, I(Ao)} > y» for Rer > —y, we have dist{A, I'(Ag)} > y,, where
I'(Ag) = Urs—y, I () for yz/, y7 > 0. Hence, (aD+Fy—»)"lis uniformly bounded
for0 < a < y7 and Rel > —y;.If |b]| is arbitrarily small, (7.7) leads to the invertibil-
ity of E(A). Thatis, if 0 < a < y;7 and |b| < yg for 3 > 0, then E () is invertible,
which contradicts (7.6). Thus, either |b| > yg ora > y7. Then we have (a + |b]) > vs
for y5 > 0. O

n=—o0
g(0) := VI[3dB], where (r, 0) is the polar coordinate of B} and b,(r) € R" . Then
(7.4) becomes

Finally, we consider (7.4) in Bf. Let V. = V(r,0) = > b, (r)e"? and

(7.8)

(B + 1B, — b)) + D~ (Fo — M)by = 0,
b;(O) =0, bn(rl/“/g) = &n;»

inf

where g(0) = > 00 gue.

Let {e;} be the bases of RN consisting of the eigenvectors of D~V (Fy — 1). That
is, D"V (Ko — rej = —,u?ej are satisfied. Note that |Rep j| > y3 for any j € N by
Lemma 7.1. Representing each b, (r) as b, (r) = Z;v:l Bj(r)e; and substituting into
(7.8), we have

1 n

2
/3}/"‘ ;ﬂ; _ rzﬂj _H’?ﬂj =0 (7.9)

for each b,,. Solutions of (7.9) are given by the Bessel functions Z,, (1 jr), where Z, (s)
is a solution of modified Bessel’s differential equation

U 1 / n2
Zn—i-;Zn— 1+S—2 Zn=0

Since Z,(s) has an asymptotic profile 0(%eis) and |Repj| > y3,B;(r)

also has an asymptotic profile 0(#?“’ ) for ¢ > 0. Therefore, |B;(r)] <
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O(e_c//*/g)wj (r1 /\/3) inr € [0, ro] for ¢’ > 0, and consequently we have

IV O)llcagsy < O™ YOIV 1/VE.0)lloo < 0D IVIicogs. (7.10)

This concludes the proof of (7.3).

7.2 Proof of (4.4)

In this subsection, we construct the map I1(h) : E+(hg) — E=L(h) satisfying (4.4).
When we consider L (/) in the domain Q/] = Q\Qp, L(h) is written as

L(h) = 8>A + F'(S(r/8))

for0 <s <spand 0 < z < NM/S, where r = r(x; h). Let U € El(ho).U is
expressed as U = U (s, z) in Q]. Hence we define the map I1(h) by

(M(WU)(s,2) = U(s — h, 2)
in Q/, and define in Qo
[AMWU)x) = U ) + V() ),
where V = V (h)(x) is a function satisfying
LoV =0, xeQ, V=U(s—-hz) —UG,z2), x €. (7.11)

Note that the function V satisfying (7.11) is uniquely determined because of the in-
vertibility of L. Finally, we give the map T1(h) : E+(hg) — E*(h) by II(h) :=
R(h)T1(h). By this construction, (4.4) obviously holds. O
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