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Abstract We introduced (€,, €, Vq;)-fuzzy (left, right,
bi-) ideals of an ordered Abel Grassman’s groupoids (AG-
groupoid) and characterized intra-regular ordered AG-
groupoids in terms of these generalized fuzzy ideals.
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1 Introduction

The fundamental concept of a fuzzy set was introduced by
Zadeh in his classic paper [29], which provides a natural
framework for generalizing some of the basic notions of
algebra. Kuroki [10] introduced the notion of fuzzy bi-
ideals in semigroups. A new type of fuzzy subgroup, that is
(o, B)-fuzzy subgroup, was introduced in an earlier paper
of Bhakat and Das [3] by using the notions of “belong-
ingness and quasi-coincidence” of fuzzy points and fuzzy
sets. The concepts of an (€, € Vq)-fuzzy subgroup is a
useful generalization of Rosenfeld’s fuzzy subgroups [19].
It is now natural to investigate similar type of
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generalizations of existing fuzzy sub-systems of other
algebraic structures. The concept of an (€, € Vq)-fuzzy
sub-near rings of a near ring introduced by Davvaz in [6].
Kazanci and Yamak [11] studied (€, € Vq)-fuzzy bi-ideals
of a semigroup. Shabir et al. [20] characterized regular
semigroups by the properties of (€, € Vg)-fuzzy ideals,
fuzzy bi-ideals and fuzzy quasi-ideals. Kazanci and Yamak
[11] defined (€,€Vq)-fuzzy bi-ideals in semigroups.
Many other researchers used the idea of generalized fuzzy
sets and gave several characterizations results in different
branches of algebra. Generalizing the concept of x,qf,
Shabir and Jun [21], defined x.qif as f(x)+t+k>1,
where k € [0,1). In [21], semigroups are characterized by
the properties of their (€, € Vgy)-fuzzy ideals.

Faisal and Khan [15] introduced the concept of an
ordered AG-groupoid and provided the basic theory for an
ordered AG-groupoid in terms of fuzzy subsets. The gen-
eralization of an ordered .AG-groupoid was also given by
Faisal et al. [27] and they introduced the notion of an
ordered I'-AG"*-groupoid.

The concept of a left almost semigroup (L£.4-semigroup)
was first introduced by Kazim and Naseeruddin [12] in
1972. In [7], the same structure was called a left invertive
groupoid. Protic and Stevanovic [18] called it an Abel-
Grassmann’s groupoid (AG-groupoid). An AG-groupoid is
a groupoid S whose elements satisfy the left invertive law
(ab)c = (cb)a,Va,b,c € S. In an AG-groupoid, the medial
law [12] (ab)(cd) = (ac)(bd),Va,b,c,d € S holds. An
AG-groupoid may or may not contains a left identity. The
left identity of an .AG-groupoid allow us to introduce the
inverses of elements in an AG-groupoid. If an AG-groupoid
contains a left identity, then it is unique [16]. In an AG-
groupoid S with left identity, the paramedial law
(ab)(cd) = (dc)(ba),Ya,b,c,d € S holds. If an AG-
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groupoid contains a left identity, then by using medial law,
we get a(bc) = b(ac),Va,b,c € S. If an AG-groupoid S
satisfies a(bc) = b(ac),Va,b,c € S without left identity,
then S is called an AG™-groupoid. Several examples and
interesting properties of .AG-groupoids can be found in
[28], [16] and [22].

Motivated by the study of Khan et al. [14], Yin and Zhan
[25] and Yin et al. [26] on generalized fuzzy ideals in
ordered semigroups, we study the theory of (€,, €, Vg;)-
fuzzy sets in ordered .AG-groupoids. .AG-groupoids are the
generalization of the concept of semigroups and it was
difficult to handle the results on (€,, €, Vgs)-fuzzy sets in
ordered .AG-groupoids. In this paper we introduce
(€,, €y Vgs)-fuzzy ideals in an ordered AG-groupoid and
introduce some new results which are infect the general-
ization of the concept of (€,, €, Vgs)-fuzzy ideals in an
ordered semigroup. We characterize an intra-regular
ordered AG-groupoid by the properties of its (€,, €, Vgs)-
fuzzy ideals.

2 Preliminaries and examples

In this section, we will present some basic definitions
needed for next section.

Definition 1 An ordered AG-groupoid (po-AG-groupoid)
is a structure (G,., <) in which the following conditions
hold [15]:

(i) (G,.) is an AG-groupoid.
() (G, <) is a poset.
(iii) Va,b,x € G,a<b = ax <bx(xa <xb).
Example I Define a new binary operation “o,“ (e-sand-
wich operation) on an ordered .AG-groupoid (S, ., <) with
left identity e as follows:

ao,b = (ae)bVa,b e S.
Then (S, 0., <) becomes an ordered semigroup.

An ordered AG-groupoid is the generalization of an
ordered semigroup because if an ordered AG-groupoid has
a right identity then it becomes an ordered semigroup.

Let A be a non-empty subset an ordered .AG-groupoid G,
then

(A]={reS|t<a, for some a € A}.
For A = {a}, we usually written as (a].

Definition 2 Let G be an ordered AG-groupoid. By a left
(right) ideal of G, we mean a non-empty subset A of G such
that (GA] C A((AG] C A). By two-sided ideal or simply
ideal, we mean a non-empty subset A of G which is both a
left and a right ideal of G.
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Definition 3 An .AG-subgroupoid A of G is called a bi-
ideal of G if ((AG)A] C A.

Definition 4 A non-empty subset A of G is called a
generalized bi-ideal of G if ((AG)A] C A.

A fuzzy subset f of a given set G is described as an
arbitrary function f : G — [0, 1], where [0, 1] is the usual
closed interval of real numbers. For any two fuzzy subsets
f and g of G, f C g means that, f(x) <g(x),Vx € G. Let f
and g be any fuzzy subsets of an ordered .AG-groupoid G,
then the product f o g is defined by

(feog)a)
{ V {f(d) Ag(e)}, ifthereexistb,c € G,suchthata <bc
— a<bc
0, otherwise.

Definition 5 A fuzzy subset f of an ordered .AG-groupoid
G is called a fuzzy ordered .AG-subgroupoid of G if

Foy) >f(x) Af(y),Vx,y € G.

Definition 6 A fuzzy subset f of an ordered .AG-groupoid
G is called a fuzzy left (right) ideal of G if

fly) Zf ) (f(xy) 2 f(x)),Vx,y € G.

Definition 7 A fuzzy subset f of an ordered .AG-groupoid
G is called a fuzzy ideal of G if it is both fuzzy left and
fuzzy right ideal of G.

Definition 8 A fuzzy subset f of an ordered .AG-groupoid
G is called a fuzzy generalized bi-ideal of G if

f((xy)z) >f(x) Af(z),¥x,y and z € G.

Let F(G) denotes the collection of all fuzzy subsets of
an ordered AG-groupoid G, then (F(G),o) becomes an
ordered AG-groupoid [15].

The characteristic function y, for a non-empty subset A
of an ordered .AG-groupoid G is defined by

) I, ifx €A,
X)) =
xa 0, ifx¢A.
A fuzzy subset f of an ordered .AG-groupoid G of the form
}’(7£ O)a ify<x
-1} .
, otherwise

is said to be a fuzzy point with support x and value r and is
denoted by x,, where r € (0, 1].

In what follows let y,0 € [0, 1] be such that y <. For
any B C A, we define X;?B be the fuzzy subset of X by
XfB (x) > and X;?B (x) <7,Vx € B. Otherwise, clearly X;?B
is the characteristic function of B if y =0 and 6 = 1.

Definition 9 For a fuzzy point x, and a fuzzy subset f of
an ordered AG-groupoid G, we say that:

() x € fiff(x)>r>9.
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(i)  x.qsf if f(x)+r > 20.
(i)  x, €, Vgsf if x, €, f or x,qsf.

Now we introduce a new relation on F(G), denoted as
“C Vg5 s as follows.

For any f,g € F(G), by f C Vq(,5g, we mean that
X € f =X, €, Vqsg,Y¥x € G and r € (y,1].

Moreover f and g are said to be (7, d)-equal, denoted by
f =40 & i f C Vg8 and g C Vq,s)f.

Example 2 Let G = {1,2,3} be an ordered .AG-groupoid
with the multiplication table and order below:

-1 2 3
T 1 11
211 1 3
31 1 1

<= {(L 1)? (27 2)7 (Sa 3)7 (17 3)7 (1’ 2)}

Define a fuzzy subset f : G — [0, 1] as follows:

09, forx=1
f(x) =206, forx=2.
0.7, forx=3

Then by routine calculation it is easy to observe the
following:

(1) fisan (€p3, €03 Vqoa)-fuzzy ideal of G.
(ii) f is not an (€, € Vqq3)-fuzzy ideal of G, because

F12) <f(2) A2,

Example 3 Let S=1{0,1,2,3} be an ordered .AG-grou-
poid with the multiplication table and order below:

01 2 3
0[0 0 0 0
1{0 0 0 0
210 0 0 1
310 0 1 2
<= {(0,0),(1,1),(2,2),(3,3), (0, 1)}

Define a fuzzy subset f : S — [0, 1] as follows:

0.75 forx=0
0.65 forx =1
fx) = 0.7 forx=2
0.5 forx=3

Then clearly f is an (€93, €03 Vqgo4)-fuzzy left ideal of S.
If

< :={(a,b),(a,c),(a,d)}
Again define a fuzzy subset f : S — [0, 1] as follows:

09 forx=0
0.7 forx=1
Fl) = 0.6 forx=2
0.5 forx=3

Then f is an (€92, €02 Vqo.5)-fuzzy bi-ideal.
Lemma 1 Letf,g,h C F(G) and 7,6 € [0, 1], then
(@)
I S Va8 2 Va(,.58) < max{f(x),7} < min{g(x),

o} (max{f(x),y} > min{g(x),d}),Vx € G.
(i) Iff CVquegand g CVq,sh, then f C Vg s h.

Proof The proof is straightforward. O

Corollary 1
F(G).
Definition 10 By Lemma 1, it is also notified that f =

\/CI(;;,é)g < max{min{f(x), 5}1 y} =
max{min{g(x),d},y},Vx € G, where y,0 € [0, 1].

=Vq,s IS an equivalence relation on

Lemma 2 Ler A and B be any subsets of an ordered AG-
groupoid G, where r € (y,1] and y,6 € [0, 1], then

() ACBS 19 CVapeLs

(2) X?A n X?B =(1.6) Xﬁ(msy

B) a0 xos =00 X;)(AB]'

Proof (1): Assume that A and B are any subset of an
ordered AG-groupoid G. Let for any x € G such that x €
A C B, then by definition, we can write X:,?B >0 — (i). Let

X €, XfA, then XfA(x) >r >7y. Now two cases arises for

Eq. (i). ‘

Case(a): if 0>r, then (i) = yop>r, therefore
X €, ;5.‘33.

Case(b): if o<r then (i) = Xf;B +r > 206, therefore
x,angB.

Hence 15, C V4.0 105-
Conversely, let ;{fA - \/Q(y.’(g)Xf,B. Let x € A, then by
e 0 5 .

definition we can write 79, > 0. Let x, €, 194 C Vq(,.5) %
where 15, and 9, are any fuzzy subsets of G. Thus x, €,
Toas Xr €, 10 OF Xrq52505- AS X, €, X;SA, then 5, (x) >r >y
and ijB(x) >r>vy or xff,B(x) +0 > 20 — (ii). Now here
arises two cases for (ii).

@ Springer
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Case(a): if r<o, then

(ii) = Xf;B(x) >20—r>06= }(.(;B(x) >0=x € xfB.

Case(b): if r > 9, then
(ii) = X,‘E.B(x) >r>0 = ijB(x) >0 = x€B.

Hence A C B.
(2) : Assume that }(.fA and ng are any fuzzy subsets of an

ordered .AG-groupoid G. Let x, €, X’?A N xij, then x, €, Xf;A
and x, €, ;(33 = XiA(x) >r>vy and x;?B(x) >r>7. Let
X € AN B, then by definition xf(AmB) (x) > 6 — (iii). Here
arises two cases for (iii).

Case(a): Let r <9, then

(iii) = XS(AOB) (xX)=z6=r= X?(AQB) (x)=r=x €, X:,?AQB'

Case (b): Let r > ¢ then
(iii) = X;?A(x) +r>0+0=20=> x?A(x) +r>20= qu(ﬁXf?-AmB.
Hence 15, N X?;B C q<>,_5>xf/5(AmB> — (iv).

Assume that for any x € G, there exists a fuzzy subset
X"?(AQB) of G such that x, €, xfj(mm, then X;av(AﬂB) (x)>r>7.
Let x € A N B, then by definition, we can write X.f( 4)(X) >0
and ;{5(3) (x) > 0. Thus
Koy N 2oy =000 =0 = i) N 255y 20 — ().

Here arises two cases for (v).
Case(a): if r <0, then

5 5 ) 5

(V) = Za) N oimy 2 027 = Lia) OV iy 2 7

) 0

= X € 1) N )

Case(b): if r > 9, then
(V) = 1wy N 2oy + =048 > 26 = 2 N Ay + 1> 20.
Hence 7045 C Vq(},,(s)ng N x5 — (vi). From (iv) and
(vi), we get X?A N 1o =0.0) Xf(AﬁB)'

(3) : Assume that X?;A and xf:B are any fuzzy subsets of
G. Let x € G, then

5 6 o8
-xr Ey XyA o X'}!B — lyA o /{yB Z r> y

Now we have to show that x, €, xf(AB] or 61(5%?( AB]" Let
€ (AB], then y) 5 (x) >0 — (vii). Now here arises two

cases for (vii).
Case(a): if r <9, then

(vii) = xfj(AB] (x)>6>r= }{f;(AB] x)=r==x¢ X?(AB]'

Case(b): if r > 0, then
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(vii) = X?(AB] (x) +r=040>20= Xg(AB] () +r>20

= Xr‘]éxfj(AB]-

Hence 79, 0 755 C q(},,(;)xi(AB] — (viii).

Assume that for any x € G there exists r € (y, 1] and
7,0 € [0, 1] such that x, €, Xf(AB] = X?(AB] (x) >r>1y. Let
x € (AB], then x<ab for a € A, b € B, and if a € A, then
by definition, we can write ng(x) >0 and similarly for

beB= Xf?.B(x) >¢. Thus we can write

X;SA °© X?B(x) = \/xSab{XgA (a) N Xf»B(b)}
> Ve<ap {0Nd} = 0.

Thus ijA o xfB (x) >0 — (ix). Here arises two cases for
(ix).
Case(a): if r <9, then

(ix) = XSA o Xff,B(a) >0>r= ;{fA o x.‘jB(a) >r

= X, €5 104 © Lop-
Case(b): if r > 9, then
(ix) = }(fA oxfB(a) +r>0+0>20

= X?A o ;{f,B(a) +r>20.50V q(y,(;)xf/)A o ijB.

Hence x;’:(AB] < \/q(,),’(;)ng‘ o y% — (x). From (viii) and (x),
we get X?A ° X;)B =39 X;?(AB]' =
Corollary 2 Let G be an ordered AG-groupoid and 7,
Y1, 0, 01 € [0, 1] such that y <0, y, <01, y<y, and 6, <9.
Then any (€,,€, Vqs)-fuzzy left ideal of G is an
(€55 €y, Vg5, )-fuzzy left ideal over G.

Definition 11 A fuzzy subset f of an ordered AG-groupoid
Giscalledan (€,, €, Vgs)-fuzzy AG-subgroupoid of G if for
all a,b € G and s,t € (y, 1], the following conditions hold:

(1) Ifa<bandb; €, f = a; €, Vqsf.
(i) Ifa, e fandb; g, f= (ab)mm{,’s} €, Vgsf.

Theorem 1 A fuzzy subset f of an ordered AG-groupoid
G is called an (€,,€, Vqs)-fuzzy AG-subgroupoid if for
all a,b € G and t € (y,1], the following conditions hold:
(1)  max{f(a),y} > min{f(b),d} with a<b.

(2 max{f(ab),y} > min{f(a),f(b),d}.

Proof (i) = (1) : Assume thata,b € Sand t € (y, 1] such
that max{f(a),y} <t < min{f(b), o}, then
fla)<t<y=f(a) + <29,

that is a,€, Vq,f and f(b) >t > 7 and therefore b, €, f, but
a,€, Vq,f is a contradiction. Hence max{f(a),y} > min

{f(b),0}.
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(1)= (i) : Leta,b € S,7,0 € [0,1] and b, €, f, then by
definition f(b) >t > 7. Now by (1)

max{f(a),y} > min{f(b), 0} > min{z, 5}.

We have to consider two cases here:
Case(a): If + <9, then

fla)>t>y=a¢&,f.
Case(b): If t > 0, then
fla)+1>26 = a,qsf.

From both cases we can write a; €, Vg;f.

(ii) = (2) : Let f be a fuzzy subset of an AG-groupoid
G which is an (€, €, Vg;)-fuzzy AG-subgroupoid of G.
Assume that there exists a,b € G and t € (7, 1] such that

max{f(ab),7} <t < min{f(a),f(b), 0},
Thus
max{f(ab),y} <t = f(ab) <t <7y
= (ab),€, Vqsf and min{f(a),f(b),0} >t.
Therefore

min{f(a),f(b)} >t =>f(a) >t >y and f(b) >t >y
= a,€,f,b €, f,

but (ab),€, Vgsf is a contradiction to the definition. Hence

max{f(ab),} = min{f (a). f(b), o},

(2) = (ii) : Assume that there exist a,b € G and t,s €
(y,1] such that g, €, f and b, €, f, then by definition

Va,b € G.

fla)=t>7y and f(b) >s>7,
therefore
max{f(ab),0} > min{f(a),f(b),0} =>f(ab) > min{t,s,d}.
We have to consider two cases here:
Case(a): If {t,s} <9, then
flab) = min{t,s} >y => (ab) g,y €S-
Case(b): If {t,s} > 9, then
f(ab) + min{t, s} > 20 => (ab) yin, 9o -

From both cases, we can write (ab) ., € Vaof,Va,b €
G. O

Definition 12 A fuzzy subset f of an ordered AG-grou-
poid G is called an (€,, €, Vg;)-fuzzy left (right) ideal of
Gifforalla,b € G and t € (y, 1], the following conditions
hold:

(1) Ifa<band b, c,f = a; €, Vgsf.

i) If bye,f= (ab), €, Vgsf (a, & f= (ab)t S
\/q(sf).

Theorem 2 A fuzzy subset f of an ordered AG-groupoid
G is called an (€,, €, Vqs)-fuzzy left (right) ideal of G if
forall a,b € Gand 7,6 € [0,1], the following conditions
hold:

(1) max{f(a),y} > min{f(b),d} with a<b.
) max{f(ab),y} > min{f(b), 6}.

Proof (i) < (1) : It is same as in Theorem 1.
(if) = (2) : Assume that a,b € G and ¢, s € (y, 1] such
that

max{f(ab),y} <t < min{f(b),d}.

Then

max{f(ab),y} <t = f(ab) <t <y => (ab),E,f
= (ab),€; Vasf,

Also

min{f(b),0} >t >y = f(b)>t >y = b, &, f.

But (ab),€, Vqsf is a contradiction. Hence

max{f(ab), 7} > min{f(5),6).

(2) = (ii) : Assume thata,b € G and t, s € (7, 1] such that
b, €, f, then by definition we can write f(b)>1>7,
therefore

max{f(ab),d} > min{f (), d} > min{z, d}.

We have to consider two cases here:
Case(a): If <9, then

flab)>t >y = (ab), €, f.

Case(b): If t > 0, then

flab) 4+t > 26 = (ab),qsf -

From both cases, we have (ab), €, Vg,f,Ya,b € G. [

Lemma 3 Let f be a fuzzy subset of an ordered AG-
groupoid G and 7,0 € [0,1], then f is an (€,, €, Vqs)-
fuzzy left (right) ideal of G if and only if f satisfies the

following conditions.

(i) x<y= max{f(x),7} > min{g(x),d},Vx,y € G.

(i) SofCVquesf and foSCVqusf (SofC
Vqeaf and f oS C Vg, 5f).
Proof The proof is straightforward. O

Definition 13 A fuzzy subset f of an ordered .AG-grou-
poid G is called an (&, €, Vg;)-fuzzy bi-ideal of G if for
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all x,y,z€ G and s,t € (y,1], the following conditions
hold:

(1) Ifa<band b g, f = a, €, Vqsf.
(i) if x €, f and ys €, f = (X)) pyin(rs) € V4o -
(i) ifx €, f and z; €, f = ((%9)2)mingrs) € VG-

Theorem 3 A fuzzy subset f of an ordered AG-groupoid
G is called an (€,, €, Vqs)-fuzzy bi-ideal of G if for all
x,y,2€ G, s,t € (y,1] and 7,6 €10,1], the following
conditions hold:

(1) max{f(a),y} > min{f(b),d} with a<b.
@ max{f(xy),y} = min{f(x).f(v),}.
(3)  max{f((xy)z),7} = min{f(x),f(z), 0}

Proof (i) < (1) : It is same as in Theorem 1.

(if) = (2) : Assume that f is an (€,, €, Vgs)-fuzzy bi-
ideal of an ordered .AG-groupoid G. Let x,y € G and s,1 €
(y, 1] such that

max{f(xy), 7} <t < min{f(x),f(v), 6}

Now

Fay)<t<y = (), € = (V) mingr € VoS-

As

min{f (x).f(v),0} =2 {f(x),f()} 2t = f(x) =1 >y, f(y) 2t >

- X e'ny)s eyfv

But (xy),,i, (15} V4of , which is a contradiction. Hence

max{f(xy),7} > min{f(x),f(y),0}.

(2) = (ii) : Assume that x,y € G and ¢, s € (7, 1] such that
X €y fa ys € fa but (xy)min{t,s} < \/('I5fv then f(x) >t>,

fO)=s >y, flxy)<min{f(x),f(y),0} and f(xy)+
min{z,s} <20. It follows that f(xy)<d and so

max{f(xy),y} < min{f(x),f(y),d}. Which is a contradic-
tion. Hence

X €y Sfiys eyf - (xy)min{t,s} S Vqsf's VX’Y € G.

(iii) = (3) : Assume that x,y,z € G and ¢, s € (7, 1] such
that

max{f((xy)z), 7} <t < min{f(x),f(z), d}.

Now

max{f((xy)z),7} <t = f((xy)z) <t = ((xy)z),E,f
= ((x)2),€, Vaaf,

and
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min{f(x),f(z),0} >t >y = f(x) >t > p,f(z) >t >y
:>X[ eyf,zt eyf,

but ((xy)z),€, Vqsf, which is a contradiction. Hence

)
max{f((xy)z), 7} = min{f(x),f(z), 0}.

(3) = (iii) : Assume that x,y,z € G and t,s € (7, 1] such
that x; Sy f’ s Sy f7 but ((Xy)z)min{z,s} Sy \/Q(Sf’

then f(x)>t>7y, f(z)=s>7, f((xy)z)<min{f(x),
Ff»),6} and f((xy)z) + min{z,s} <26. It follows that

f((xy)z) <9 and so max{f((xy)z),7} < min{f(x),
f(»),6} is a contradiction. Hence

Xt €y f’ Zs 6”:’f = ((xy)z)min{t,s} Sy \/Cléf,VX, ye€ G.
O

Lemma 4 A non-empty subset B of an ordered AG-
groupoid G is a bi-ideal of G < xij isan (&,,€, Vqs)-
fuzzy bi-ideal of G, where 7,6 € [0, 1].

Proof Let B be a bi-ideal of G and assume that x,y € B,
then for any a€ G, we have (xa)y€ B, thus
}(f?,B((xa)y) >0>y and therefore X?,B(x) >0, ijB(y) >0
which shows that z,(x) A xJ5(y) > 9. Thus

10s((xa@)y) V p > 105 ((xa)y) 15 (x) A 105 A S = 6.

Hence 705((xa)y) V7 > 205(x) A 195(y) A 0.
Let x € B,y ¢ B, then

(xa)y & B,Va € G = 104((xa)y) <7<, 105(x)
>0 > yandxij(y) <y<d.

Therefore

10s((xa)y) V7 > yand 105 (x) A 135 (y) A S = £p(y).

Hence XfB((xa)y) Vy> xf:B(x) A xf:B(y) A 0.
Let x ¢ B,y € B, then

(xa)y #B,Va € G = yp((xa)y) Vy>6 > 7,

X?’B(x) <9, Xffg()’) >¢ and xf,:B(x) A xf;B(y) NS = X;?B(x),
Therefore
1op((xa)y) V 6> 105(x) A 105(y) A 6.
Let x,y € B, then
(xa)y & B,¥a € G = 15 (x) A £ (y) <7 and yjp((xa)y) <7.
Thus

15p((xa)y) vy =y and 225(x) A 19p(v) A 0 < 20p(x) A x3p(v) <.
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Hence ;(ij((xa)y) Vo> xf,B (x) A xf,B (y) Ad. Converse is
simple. O
Lemma 5 Let A be a non-empty set of an ordered AG-
groupoid G, then A is a left (right , two-sided) ideal of G
& X?A isan (€,, €, Vqs)-fuzzy left (right , two-sided) ideal
of G, where 7,6 € 0,1].

Proof The proof is straightforward. O

Lemma 6 ([9]) In an ordered AG-groupoid G, the
following are true.

() AC(AL,VACG.

(i) ACBCG= (A]C(B,VA,BCG.
(iii)  (A](B] C (AB],VA,B C G.

(iv) (Al =((4]],vA CG.

(vi)  ((A](B]] = (AB],VA,B C G.

3 Main results

This section contains the main results of the paper.

Definition 14 An element a of an ordered .AG-groupoid
G is called an intra-regular element of G if there exists
x € G such that a < (xa®)y and G is called an intra-regular,
if every element of G is an intra-regular or equivalently,
A C ((GA®)G),V A C G [15].

From now onward, G will denote an ordered .AG-grou-
poid unless otherwise specified.

Theorem 4 For G with left identity, the following con-
ditions are equivalent.

(i) G is an intra-regular.
(i)  For every left ideal L and bi-ideal B of G,
LN B C ((LB]B].
(i) For an (€,,€, Vqs)-fuzzy left ideal f and an
(€, € Vqs)-fuzzy bi-ideal g of G,fNgC Vg,

(fog)osg.

Proof (i) = (iti) : Let f be an (€,, €, Vg;)-fuzzy left
ideal and g be an (€,, €, Vgs)-fuzzy bi-ideal of an intra-
regular G with left identity, then for any a € G, there exist
some x,y € G such that

a < (xa®)y = (a(xa))y = (y(xa))a < (y(x((xa®)y)))a
= (x(v((a(xa)y)))a = (x(a(xa))y*)a = ((a(xa))(xy*))a
= (") (xa))a)a = (((ay*)x*)a)a
= (((x**y*)a)a)a = (ba)a, whereb = (x*y?*)a.

Thus (ba,a) € A,. Therefore

max{((fog)og)(a),v}ma’({ V (fog)(ba)/\g(a)vv}

(ba.a)€A,

>max[min{(fog)(ba),g(a)},y]
=min[max{(fog)(b ) }max{g( ),7}]

L max{(b v, {f((xz)yz)a)Ag(a),v}}]
L smax{g(a),7}
> min [max{f((x*)y*)a) Ag(a).7} max{g(a).7}]
=min [max{min{f((+*)y*)a).g(a)},7},max{g(a),7}]
’max{max{f((xz)yz)a)a?}vmax{g(a)a"/}}}
. smax{g(a),}
> min[min{f(a) Ag(a),0},min{g(a),0}]
=min{(fNg)(a),0},

=min

which shows that fNg C Vv, ((fog)og).

(iii) = (i) : Let L be a left ideal and B be a bi-ideal of
G with left identity, then by Lemma 5, XEE-L is an
(€, €, Vgs)-fuzzy left ideal of G and by Lemma 4, y9,
is an (€,, €, Vqs)-fuzzy bi-ideal of G. Therefore by using
Lemma 2, we get

8 b 5 5 8
=(7.0) XyL n ;] - \/4(;‘.(5) (XyL © X«,B) ° %8
B
c v‘](y,&)(C(LB]) o = C(B)B)-

b
ZyLnB

Therefore LN B C ((LB]B].
(if) = (i) : Clearly (Gd] is both left and bi-ideal of G
with left identity, then

€ (Ga] N (Ga] = (((Gal(Gal](Gal] =
= (((Ga)(Ga))(Ga)] = (((GG)(aa

(((Ga](Gd))(Ga)]
))(Ga)] € ((Ga®)G).

Therefore G is an intra-regular. O

Theorem 5 For G with left identity, the following con-
ditions are equivalent.

(i) G is an intra-regular.

(i) fNgNhCVy,,(fog)o(foh), where f is an
(€, €y Vqs)-fuzzy left ideal, hisan (&,,€, Vqs)-
fuzzy right ideal and g is an (€,, €, Vqs)-fuzzy bi-
ideal of G.

Proof (i) = (ii): Assume that f is an (€,, €, Vgs)-fuzzy
left ideal, 4 is an (&, €, Vqs)-fuzzy right ideal and g is an
(€,, €y Vgs)-fuzzy bi-ideal of an intra-regular G with left
identity. Then for any a € G there exist x,y € G such that

a< (xa*)y = (a(xa))y = y(xa) <y(x((xa®)y)
= y(x(a(xa))y) = y((a(xa))(xy))
= (a(xa))(y(xy)) = ((y(xy))(xa))a
= ba, whereb = (y(xy))(xa)

and
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a < (xa?)y = (x(aa))y = (a(xa))y = (y(xa))a = ca.

Thus (c,a) € A, and (y(xa),a) € A,. Since A, =10,

therefore

\ £ Agla)y
(ca)eA,
> max[min{f(y(xa)),g(a),7]
= min[max{f(y(xa)), y}, max{g(a), y}]
> min[min{f(a), 6}, min{g(a), 6}]
min{(f N g)(a), 0},

max{(f o g)(a),7} = max

and similarly we can show that max{(f o h)(a),y} =
min{(f N h)(a),d}, therefore
fNgnhcC \/q("/,_&)(fog) o(foh).

(ii) = (i) : Since ch is an (€, €, Vgs)-fuzzy right
ideal of G, therefore

fng=fngncs< \/qw)(fog)o (gOCG) - \/6](7,é>(fog)oga

which implies that fNgC Vv, (fog)og. Hence by
Theorem 4, G is an intra-regular. [

Lemma 7 For G with left identity, the following con-
ditions are equivalent.

(i) G is an intra-regular.

(i) fog=fnNg, foran (&,, &, Vqs)-fuzzy right ideal
fand an (€,, €, Vqs)-fuzzy left ideal g of G such
that fis an (&,, €, Vqs)-fuzzy semiprime.

Proof The proof is straightforward. U]

Note that every intra-regular AG-groupoid G with left
identity is regular but the converse is not true in general
[28].

Theorem 6 For G with left identity, the following con-
ditions are equivalent.

(i) G is an intra-regular.

(i) hNfNgCVy,(hof)og, forany (€€, Vqs)-
fuzzy right ideal h, (€,,€, Vqs)-fuzzy bi-ideal f
and (&, €, Vqs)-fuzzy left ideal g of G.

(i) hNfNgCVy,(hof)og, forany (€, €, Vqs)-
fuzzy right ideal h, (€,,€, Vqs)-fuzzy generalized
bi-ideal f and (€,,€, Vqs)-fuzzy left ideal g of
G.

Proof (i) = (iii) : Assume that G is an intra-regular
with left identity. Let h, f and g be any (&,, €, Vgs)-
fuzzy right ideal, (€,,€, Vqs)-fuzzy bi-ideal and
(€, €, Vgs)-fuzzy left ideal of G respectively. Now for

@ Springer

a € G, there exist x,y,u € G such that, a <(au)a and
a < (xa®)y. Now

max{((hof)og)(a),y} =max { \/  (hof)(au) /\8(“):3'}

(au.a)eA,
> max([min(hof)(au),g(a),y]
=min[max{(hof)(au),y},max{g(a),y}|

— min {m{ v h((ae)((yu)x))Af(a)s,”
- (((ae)((yu)x)),a)€Aw

;max{g(a),y}
= min[max{h((ae)((yu)x)) Af(a),7}, max{g(a),y}]
=min[max{min{A((ae)((yu)x)).f(a)},7},max{g(a),7}]
i) ) o)1)
;max{g(a),7}
> min[min{A(a),0},min{f(a),d},min{g(a),,d}]
—min{h(\/Ng)(a).0},

therefore hNfNg C Vg, (hof)og.

(iii) = (ii) : is straightforward.

(ii) = (i) : By using the given assumption, it is easy to
show that hog CV, ;hNg and therefore by using
Lemma 7, G is an intra-regular. O

Theorem 7 For G with left identity, the following con-
ditions are equivalent.

(i) G is an intra-regular.

(ll) (f o g) N (g of) ;) vl](»,‘.o'yfm 8, fOI" any (61'7 e“/
\Vgs)-fuzzy right ideal f and (€,,€, Vqs)-fuzzy
left ideal g of G.

(i) (fog)N(gof) 2 Vy,,fNg: for any (€€,
\Vgs)-fuzzy right ideal f and (&,,€, Vqs)-fuzzy
bi-ideal ideal g of G.

(iv)  (fog)N(gof) 2 Vy,,fNg for any (€€,
\Vgs)-fuzzy right ideal f and (&,,€, Vqs)-fuzzy
generalized bi-ideal ideal g of G.

(V) (fog)N(gof) 2 Ve, fNg, for (€€, Vgs)-
fuzzy bi-ideals f and g of G.

(Vi) (f © g) N (g of) ; \/q(?_ﬂfﬁ 8 fOV (EW 6/‘ V‘I(S)'
fuzzy generalized bi-ideals f and g of G.

Proof (i) => (vi) : Let f and g be an (€,, €, Vgs)-fuzzy
generalized bi-ideals of an intra-regular G with left iden-
tity. Now for a € G, there exist x,y,u € G, such that
a< (xa®)y and a < (au)a.

a< (xa®)y = (a(xa))y = (y(xa))a,
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and

y(xa) <y(x((xa®)y)) = y((xa®) (xy)) = (xa*)(y(xy)) = (xa*)(xy*)
= () (a%y’) = *(Fy*) = (aa)(y*) = ((&*y*)a)a
= (V) ((xa®)y))a = ((xa®) ((FY)y))a = (x(x*y*))(@’y))a
= (@) (@x))a = (@ (Y(y*)x))a = (x(y(*y*)))a*)a
= (a(x(y(x*y*)))a)a = (av)a, wherev = (x(y(x*y*)))a.

Therefore

max{(f o g)(a), 7} = max \/

(av)a,a)eAa

> max[mm{f((a a),8(a),?]

= min[max{f((av)a), y}, max{g(a), v}|
> min[min{f(a), 6}, min{g(a), 5}]

= min{(f N g)(a), o},

f((av)a) A g(a),y

which shows that f o g 2V, f Mg and similarly we can
show that gof 2OV,  fNg. Therefore (fog)N(gof)
D) \/%_Mf Nng.
(vi) = (v) = (iv) = (iii) = (ii) are obvious cases.
(iif) = (i) : By using the given assumption, it is easy to
show that fogCV, fNg and therefore by using
Lemma 7, G is an intra-regular. O

4 Conclusion

Fuzzy set theory introduced by Zadeh is a generalization of
classical set theory. Fuzzy set theory has been advanced to
a powerful mathematical theory. In more than 30,000
publications, it has been applied to many mathematical
areas, such as algebra, analysis, clustering, control theory,
graph theory, measure theory, optimization, operations
research, topology, artificial intelligence, computer sci-
ence, medicine, control engineering, decision theory,
expert systems, logic, management science, pattern rec-
ognition, robotics and so on. In the present paper we
applied the more general form of fuzzy set theory to the
theory of AG-groupoids to discuss the fuzzy ideals in AG-
groupoids. We introduced (€,, €, Vgs)-fuzzy (left, right,
bi-) ideals of an ordered Abel Grassman’s groupoids and
characterized intra-regular ordered .AG-groupoids in terms
of these generalized fuzzy ideals.

In our future study, may be the following topics should
be considered:

1. Characterization of completely regular ordered .AG-
groupoids in terms of (€,, €, Vgs)-fuzzy ideals.

2. On (€,€ Vgy)-fuzzy soft ideals of ordered AG-
groupoids.

3. A study of (€,, €, Vgs)-fuzzy soft ideals in ordered
AG-groupoids.
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