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Abstract
A practical inverse method based on the hybrid experiment-finite element (FE) simulation is proposed for identifying strain 
rate sensitivity of a metal covering intermediate to dynamic loading conditions. The methodology uses the dynamic split 
Hopkinson pressure bar (SHPB) test for measuring mechanical responses at medium strain rates by optimizing temperature 
increase, non-uniform strain rate distributed in the non-standard notched SHPB specimens. From the standard dynamic 
SHPB test, the thermal softening index of the Johnson–Cook (JC) model is first determined by fitting the FE simulation to 
temperature changes in the specimen. The discrepancy between the measured and predicted flow stresses with the conven-
tional JC model can be attributed to the assumption of constant strain rate sensitivity. Therefore, the new approach using the 
notched SHPB specimens under dynamic loadings is introduced to identify mechanical responses covering a broader range 
of strain rate. Finally, the strain rate sensitivity parameter in the JC model as a function of strain rate is evaluated through 
the inverse FE scheme, in which the sigmoidal function is determined to be optimum by predicting the flow stresses under 
wider range of strain rate, especially in the intermediate range of strain rate. The present study provides a new methodology 
based on hybrid experiment and numerical simulation to fill the gap in predicting mechanical responses between quasi-static 
and dynamic tests using commonly available tensile test and SHPB test.

Keywords Split Hopkinson Pressure Bar test · Modified Johnson–Cook model · Strain rate · Inverse identification · Finite 
element simulation

1 Introduction

Accurate prediction of the deformation of structural materi-
als under external mechanical loading is important to ensure 
structural integrity and optimal product performance. Fail-
ure in such prediction often leads to catastrophic structural 
collapses and functional deficiencies [1]. Particularly, the 

needs for the modeling of structure deformation subjected 
to high-speed impacts have gained considerable attentions 
[2]. In parallel with experimental studies, the design con-
cepts based on modeling and simulation enable to reduce the 
material waste and to increase the efficiency for safety meas-
ures. This shift from experimental to numerical approach for 
optimizing the structure design under complex deformation 
mode enables the pursuit of economic and environmental 
benefits by minimizing cost and shortening construction 
timelines [3].

To effectively measure material properties under vary-
ing strain rate conditions, various experimental methods 
have been developed and employed, which is summarized 
in Fig. 1. For example, creep experiments, which observe 
deformation over time under a constant load, are utilized 
for the strain rates of  10–5/s or lower [4–6]. Quasi-static 
strain rates up to  10–1/s predominantly employ the equip-
ment operated with hydraulic. Intermediate strain rates in 
the order of  102/s utilize the test machine for the high-speed 
hydraulic pressure application. For the dynamic strain rate 
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beyond the intermediate strain rate, the Split Hopkinson 
Pressure Bar (SHPB) test has been the primary experimental 
method employed to measure the stress–strain relationship 
over the strain rate  103/s [7–11]. Beyond this high-speed 
range, impact experiments involve gas guns or explosives 
[12–14]. These diverse experimental methods enable the 
comprehensive study of material properties across a wide 
range of strain rates.

Simultaneously with the advancement of experimental 
methods for measuring physical properties, methodologies 
for predicting the behavior of materials based on modeling 
have also been developed [15, 16]. Accurate expression of 
the physical properties of a material through constitutive 
equations is crucial for predicting material behavior. Con-
sequently, as experimental methods have progressed, the 
development of constitutive equations to elucidate material 
behavior has also ensued [17–20]. In terms of the mechani-
cal responses represented by the stress–strain relationship, 
the capability of predicting quasi-static deformation using 
constitutive equations has been quite satisfactory. However, 
various limitations from the aspects of both experiment and 
constitutive modeling have been reported in literature when 
it comes to predicting deformation under high strain rates 
and non-isothermal conditions [21].

To predict the mechanical properties of materials sub-
jected to the high-speed deformation, researchers have 
undertaken studies on various dynamic constitutive equa-
tions. The examples of dynamic constitutive equations 
include the Johnson–Cook model, the Zerilli-Armstrong 
model, the Rusinek-Klepaczko model, and the Preston-
Tonks-Wallace model [22–25]. Among these models, the 
Johnson–Cook (JC) hardening model has been widely rec-
ognized for its capability to accurately predict the plas-
tic behavior of metallic materials across a broad range of 
strain, strain rate, and temperature conditions [26–28]. The 
JC hardening model is expressed as follows.

where � , �p , �̇� , T  are the equivalent stress, equivalent plas-
tic strain, strain rate, and temperature, respectively. There 
are eight material constants A,B,C, n,m, 𝜀0, Tm, T0 . Among 
them, �̇�0 , Tm , T0 are defined by reference data used in exper-
iments, so that five parameters are additionally identified 
through the best fitting method in general. The three terms 
in square brackets represent the work hardening, strain rate 
sensitivity, and thermal softening, respectively.

As numerous efforts have been made to extend the 
applicability of the JC hardening model in predicting 
material behavior under a wide range of boundary con-
ditions, significant concerns have emerged regarding the 
accuracy of the predicted results. Consequently, research-
ers have proposed various modified versions of the JC 
hardening model in different ways. In many instances, 
modifications were introduced to the work hardening and 
strain rate hardening terms, aiming to enhance the preci-
sion of predictions under plastic deformation of metallic 
materials [29–33]. Additionally, in some cases, adjust-
ments were made to the heat softening term by incorpo-
rating conditions that specifically consider the temperature 
causing the recovery and/or recrystallization [34].

Many existing studies focusing on modifying the JC 
model often overlook the consideration of strain rates cov-
ering all ranges of strain rates from the quasi-static to high 
strain rate condition. While the quasi-static and high-speed 
deformation can be experimentally investigated through 
the quasi-static test and SHPB test, respectively, design-
ing experiments for intermediate-speed deformation poses 
challenge. The manufacturing of relatively large-sized 
specimens required for intermediate-speed experiments 
is difficult, and even if such experiments are conducted, 
the tolerance is typically large, making it challenging to 
accurately determine the material properties. Additionally, 
special equipment for testing material properties under 
intermediate strain rates is not very common in both indus-
try and academia.

(1)

𝜎 =
[
A + B

(
𝜀
p)n][

1 + C ln

(
�̇�

�̇�0

)][
1 −

(
T − T0

Tm − T0

)m]

Fig. 1  Classification of experiments with respect to the value of strain 
rates
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In this study, we propose a new method that combines 
experimental data and finite element analysis (FEA) to 
determine the accurate JC parameters specifically under 
intermediate strain rate condition using the SHPB test. By 
utilizing the experimental data obtained from the SHPB 
test and employing the FEA technique, we can analyze the 
material properties in the intermediate strain rate range. This 
approach allows us to overcome the limitations associated 
with conducting experiments solely in the intermediate-
speed range. Furthermore, we introduce a method to meas-
ure the thermal softening index of the material solely at 
room temperature, which traditionally requires experiments 
at various temperatures. This novel approach enables the 
determination of the thermal softening index through experi-
ments conducted under a single temperature condition, sim-
plifying the experimental procedure, and reducing the com-
plexity of data analysis. By combining these approaches, we 
aim to provide a comprehensive and accurate characteriza-
tion of material behavior under intermediate strain rate.

2  Split Hopkinson Pressure Bar (SHPB) Test: 
An Overview

The Split Hopkinson Pressure Bar (SHPB) experiment, ini-
tially developed by Hopkinson in 1914, has been widely 
utilized for measuring the high-speed mechanical properties 
of structural materials. This technique enables the realization 
of various strain rates, making it applicable in diverse fields. 
By adjusting the weight and firing velocity of the striker bar, 
the SHPB test can be performed to cover a broad range of 
strain rate. Moreover, the simplicity and versatility of the 
experimental setup allows for efficient numerical modeling 
using FE method. Therefore, this facilitates the prediction of 
material behavior with novel inverse approach employed in 
the present study, which will be further explained in detail.

The experimental setup of the SHPB experiment is 
illustrated in Fig. 2a, where a gas gun propels the striker 
bar, leading to its collision with the incident bar and subse-
quent energy transfer. This energy is propagated through a 
specimen and transmitted bar in the form of elastic waves. 
The strain gauge attached to each bar records the incident, 
reflected, and transmitted wave as the strain signal over 
time, providing visual representation on an oscilloscope. 
The shapes of the elastic waves are depicted in Fig. 2b. 
By analyzing these waves, it becomes feasible to calculate 
the displacement of the incident bar and transmitted bar, 
as well as the applied force on each bar. To determine the 
stress and strain imposed on the specimen, factors such 
as the cross-sectional area and Young's modulus of the 
bars, along with the cross-sectional area of the specimen, 
are taken into account. The SHPB experiment adheres to 

this overarching framework, enabling the estimation of 
stress and strain on the specimen by incorporating relevant 
parameters and measurements derived from the incident, 
reflected, and transmitted waves.

The stress and strain experienced by the specimen in the 
SHPB test are determined by analyzing the displacements 
of the incident and transmitted bars. Based on the princi-
ples of one-dimensional elastic wave propagation theory 
[35], the displacement u of the material can be calculated 
using Eq. (2), where c represents the propagation speed 
of the elastic wave.

The displacement of the incident bar, denoted as u1 , can 
be obtained by subtracting the displacement caused by the 
incident strain wave, �i , from the displacement caused by 
the reflected strain wave, �r . This relationship is math-
ematically represented by Eq. (3).

The displacement of the transmitted bar, u2 can be 
expressed based on the output strain wave, as demon-
strated by Eq. (4).

If there is close contact between the specimen and each 
rod during deformation, the displacement of the speci-
men, denoted as us , can be expressed by subtracting the 
displacement of the incident bar from the displacement of 
the transmitted bar, as shown in Eq. (5).

From the Eq. (5), the strain �S of the specimen can be 
calculated as in Eq. (6).

The force applied on both sides of the specimen can be 
calculated as F1 and F2 . These forces can be calculated 
using the equations provided in Eqs. (7) and (8).

where Eb represents Young's modulus of the incident 
bar and the transmitted bar, and Ab and As denotes the 
cross-sectional areas of the bar and specimen, respectively. 

(2)u = c∫
t

0

�dt

(3)u1 = c∫
t

0

(
�i − �r

)
dt

(4)u2 = c∫
t

0

�tdt

(5)us = u1 − u2

(6)�s =
us

l0
=

u1 − u2

l0
=

c

l0 ∫
t

0

(
�i − �r − �t

)
dt

(7)F1 = EbAb

(
�i + �r

)

(8)F2 = EbAb�t
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Fig. 2  a Schematic illustration of SHPB test, and b the elastic waves emitted during the tests
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Therefore, the stress �s applied to the specimen is calcu-
lated as follows in Eq. (9).

If the length l0 of the specimen is sufficiently small, the 
calculation of stress and strain can be simplified by making 
the following assumptions, as shown in Eqs. (10), (11) and 
(12).

The validity of the assumptions has been established 
for specimens with a length of less than 3/4 inch [36]. To 
determine the strain rate, the strain of the specimen obtained 
through the procedure is divided by the time taken for defor-
mation. Both the stress and strain of the specimen calculated 
using this method are engineering stress and engineering 
strain, respectively, in the direction of deformation. In many 
cases, the JC hardening model is optimized based on the true 
stress-true strain curve derived from the engineering stress. 
However, in compression experiments, there is a certain 
level of discrepancy between the measured true stress and 
the equivalent stress of the specimen due to frictional effects. 

(9)�s =
F1 − F2

2As

=
EbAb

(
�i + �r + �t

)
2As

(10)�r = �t − �i

(11)�s = −
2c

l0 ∫
t

0

�rdt

(12)�s =
EbAb�t

As

Therefore, it is necessary to consider the influence of fric-
tion in the SHPB experiment [37], which will be discussed 
in the later section.

3  Experiments

3.1  Material

The material investigated in this study was a hot rolled steel. 
All testing samples were taken from the hot rolled H-beam. 
The material was manufactured by multi-pass hot rolling 
and quenching. The composition of the material is provided 
in Table 1.

3.2  Quasi‑Static Tensile Test

A miniature tensile specimen was fabricated to conduct 
a quasi-static tensile test. The experiment was conducted 
using the Instron 5942 test equipment at the strain rates of 
0.001  s−1, 0.01  s−1, and 0.1  s−1. Specimen geometry and 
experimental setup are illustrated in Fig. 3a and b, respec-
tively. Note that the specimen size was preliminary opti-
mized to produce the strain rate up to 0.1  s−1 in the given 
testing equipment because the standard tensile test speci-
mens cannot provide the strain rate near 0.1  s−1 in the cur-
rent testing machine. A digital image correlation (DIC) tech-
nique with a commercial DIC software VIC-3D 7 was used 
to measure the strain during the test as an alternative to the 
common mechanical extensometer [38–40].

Table 1  Chemical compositions 
of the hot-rolled steel

Composition (wt%)

C Si Mn P S T/Al Ni V Nb Ti N

0.105 0.220 1.494 0.012 0.003 0.019 0.070 Added Added Added  ≤ 5

Fig. 3  a Miniature specimen 
geometry for tensile tests, and b 
DIC setup with the tensile test-
ing machine
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3.3  SHPB Compression Test with Non‑Conventional 
Specimens

The SHPB experiments were performed at different speeds 
to examine the material properties under higher strain rate 
than the quasi-static test. Besides the mechanical proper-
ties, temperature data within the specimen during high-
speed deformation were also collected using a K-type ther-
mocouple. The experimental setup, depicted in Fig. 4a, 
encompassed the entire experimental environment. The 
specimen geometry used in the experiments varied for 
different SHPB test types, namely “Specimens 1–6”, as 
illustrated in Fig. 4b–g. For the specimens 3–6, each cross-
sectional geometry is shown in the right of each figure. 
The rationale behind conducting these diverse types of 
tests is elaborated in Sect. 5 of the study.

To achieve the various strain rates in the specimens, 
different test speeds were applied for the specimen geom-
etries in Fig. 4b–g. The experimental setup and the veloc-
ity of the striker bar are summarized in Table 2. Similar 
to the quasi-static experiment, at least five tests were con-
ducted for each test condition to ensure reproducibility of 
the results. The stress-strain curves were determined based 
on three sets of experiment data exhibiting high consist-
ency. Note that the strain rate in Table 2 was calculated 
from the averaged total strain attained during the test.

In the SHPB test, the specimen deformation is also 
affected by the friction between the workpiece and incident 
bar. Therefore, proper lubricants have been applied to the 
contact surface such as the liquid type of lubricant at low 
temperature as well as gel or solid lubricants at high tem-
peratures [41]. If the friction is not well controlled during 
the SHPB test, undesired specimen rotation occurs during 
deformation, which reduces the accuracy of the measure-
ment. In this study, the Vaseline lubricant with a gel state 

was applied to achieve reliable and uniform friction during 
the test, which prevented the specimen rotation.

4  Numerical Simulation and JC Parameter 
Optimization Procedure

In this study, the dynamic explicit FE software ABAQUS/
Explicit was used for modeling the SHPB test. For the effi-
cient control of computational cost, the optimized mass 
scaling factor of 100 was used. The main purpose of FE 
simulation is to accurately determine the coefficients of the 
JC hardening law by fitting the results obtained from SHPB 
experiments.

The FE model for the SHPB test and a flow chart sum-
marizing the optimization process for the JC hardening 
parameters are shown in Fig. 5a and b, respectively. The 
initial estimation of JC hardening parameters was provided 
from the stress–strain data of quasi-static tensile test. Note 

Fig. 4  a Experimental setup of the SHPB (red box indicates the position of incident bar, transmitted bar, and specimen in SHPB test). Specimen 
geometries b–g with different strain rates

Table 2  SHPB test conditions

Name Averaged strain 
rate (/s)

Length of striker 
bar
(mm), Diam-
eter = 19 mm

Impact speed
(m/s)

Specimen-1 1000 456 21.5
1400 456 26.3
2000 304 30

Specimen-2 1000 456 21.5
1400 456 26.3
2000 304 30

Specimen-3 820 304 30
Specimen-4 530 304 30
Specimen-5 200 304 30
Specimen-6 570 304 30
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that the initial guess from the quasi-static loading condi-
tions cannot cover the high strain rate ranges. To incor-
porate the JC hardening in the FE analysis, a user-defined 
subroutine for hardening law, VUHARD in ABAQUS was 
coded. The workpiece was discretized with the 3D coupled 
thermo-mechanical continuum element C3D8T, and the 
number of elements and nodes were provided in Table 3. 
Note that mesh of Specimen-2 was more fine than other 
specimen types due to investigate the influence of friction 
effect. The workpiece specimen was assumed to be elas-
tic–plastic material with von Mises isotropic yield function, 
while the incipient and striking bars were considered as iso-
tropic linear elastic material. The coefficient of friction was 
assumed to be 0.1 during the SHPB test considering the 
commonly reported friction coefficient under lubrication. 

Fig. 5  a FE modeling for the SHPB test, and b flowchart of optimization procedure for the JC model parameters

Table 3  The number of element and nodes for various specimen 
types

Specimen type Number of elements Number of nodes

Specimen-1 3120 3360
Specimen-2 21,600 24,960
Specimen-3 3360 3926
Specimen-4 2244 2560
Specimen-5 2156 2472
Specimen-6 4424 4938
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The combination of experiment and numerical simulation 
allowed for the refinement and optimization of the JC model 
parameters, enhancing the accuracy of the material behavior 
prediction.

Output variables from FE simulations, especially tem-
perature and stress–strain curve, were evaluated to determine 
the convergence of optimization using the following objec-
tive function Ω.

The objective function is based on both stress (σ) at the 
prescribed time steps, and temperature (T) between simula-
tion (sim.) and experiment (exp). Temperature was measured 
at the end of testing. During the optimization process, the 
residual was calculated at each iteration through the evalu-
ation of the objective function. If the residual did not meet 
the desired tolerance, the guess was modified, and the entire 
procedure was iterated using the Levenberg–Marquardt opti-
mization algorithm implemented in MATLAB. This opti-
mization approach, known as finite element model updat-
ing (FEMU), is widely recognized in the field of inverse 
methods [42]. Following the completion of the optimiza-
tion procedure, the JC model parameters were successfully 

(13)Ω =

T�
t=1

⎛
⎜⎜⎝

����
(t)
exp − �

(t)

sim

���
�
(t)
exp

⎞
⎟⎟⎠
+

���Texp − Tsim
���

Texp

optimized, leading to the attainment of an optimized set of 
parameters for accurate material behavior prediction.

5  Results and Discussion

5.1  JC Hardening for Quasi‑Static Loading 
Condition

From the tensile tests under quasi-static condition, the yield 
stress of the material was determined to be 427 MPa at the 
strain rate of 0.001  s−1. By fitting the stress–strain curves 
under three different strain rates, the JC hardening constants 
B, n, and C in Eq. (1) were determined to be 657.8 MPa, 
0.6894, and 0.009, respectively. In the model, the reference 
and melting temperatures  Tr and  Tm are referred to be 23 °C 
and 1538 °C, respectively. The comparisons between experi-
ments and optimized JC hardening curves are shown in 
Fig. 6. The Fig. clearly shows that the measured flow stress 
curves between the strain rate 0.001  s−1 and 0.1  s−1 can be 
perfectly fitted to the measurable strains. In the quasi-static 
experiment conducted at room temperature, the tempera-
ture change of the specimen was virtually negligible during 
plastic deformation. Therefore, the coefficient m in Eq. (1), 
which represents the thermal softening by plastically dis-
sipated heat generation, could be ignored by assuming the 

Fig. 6  Comparison between 
experiments and JC hardening 
fitted flow stress curves under 
quasi-static loading with the 
strain rate of a 0.001  s−1 b 
0.01  s−1c 0.1 s.−1
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isothermal condition for the JC modeling under quasi-static 
conditions. In the later section, a methodology for determin-
ing the thermal softening constant under high strain rates 
will be discussed.

5.2  SHPB Experiments and Simulations

Figure 7a shows the raw results for SHPB test using speci-
men-1 which reveals the repeatability at least 5 times. As 
shown in graph, there are large fluctuations in strain range 
0–0.07. These large fluctuations are bound to be caused by 
experimental methodology and have been reported in other 
studies [9, 34, 37]. In this study, true stress–strain curves 
in strain over 0.7 is used for comparison and fitting. It is 

reasonable because this study focusses on the hardening 
curve rather than the yield stress. Over the strain value 0.7, 
the average true stress–strain curve is calculated and smooth-
ened by MATLAB as shown in Fig. 7b

Figure 8 shows the comparison between the SHPB 
measured flow stress and the JC hardening fitted curves 
with coefficients based on the pre-determined quasi-
static experiments. The three very high strain rates of 
1000, 1400, and  2000s−1 were considered. In this case, 
the thermal softening parameter m was assumed to be 
1.0 to consider the plastically dissipated heat generation 
at very short deformation time. The three figures clar-
ify that the JC parameters identified from the low strain 
rates cannot be applied to predict the plastic behavior 

Fig. 7  a Raw data for true 
stress–strain curves using speci-
men-1 b Average true stress–
strain curve and smoothened 
curve using MATLAB

Fig. 8  Comparison between 
SHPB measured flow stress 
curves and J-C hardening 
curves with coefficient fitted to 
the quasi-static experiments. 
a Strain rate of 1000  s−1, b 
1400  s−1, and c  2000s−1
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of the same material at much higher strain rate range. 
Especially, when the slope of hardening (represented in 
Fig. 8) is significantly deviated between the experiment 
and calculated JC flow curve. Note that the slope was 
measured by linear fitting of stress between the strain of 
0.1 and 0.2 for both experiment and JC model. The slopes 
of measured flow stress at three high strain rates were 
0.14–0.17(MPa), while those of the JC fitted with quasi-
static flow curves were 0.21–0.23 MPa. The slope of the 
measured curves at high strain rates are much less than 
those of the quasi-static curves, which is attributed to the 
thermal softening effect caused by the temperature rise 
during the adiabatic process in high-speed deformation 
[43]. With these observations, the coefficient m in Eq. (1) 
was adjusted by conducting series of FE simulations until 
the measured temperature change can be well fitted. From 
this inverse identification procedure, the m value could 
be optimized as 0.69, which resulted in good agreement 
between measured and JC fitted slope of flow stress. The 
figures also show that the temperature rise after tests at 
three strain rates could be well fitted. The results high-
light the significance of considering the thermal softening 
effect for improving the prediction of material behavior 
under high-speed deformation.

5.3  Analysis of JC Parameters Considering 
the Quasi‑Static Behavior and Thermal 
Softening

The two main results of the previous sections can be summa-
rized as follows: First, the JC hardening model can fit well 
the flow stresses for the strain rate variation under quasi-
static level (Fig. 5). However, secondly, the flow stresses 
at high strain rates measured by SHPB test could not be 
reasonably predicted by the J–C model either with param-
eters identified from the quasi-static conditions (Fig. 8) or 
those from the SHPB results and temperature changes in the 
specimen (Fig. 9). In this section, the discrepancy between 
the model calculation and experiments in Fig. 9 is explained 
in terms of the friction effect and the dependency of harden-
ing coefficient on strain rate. The hypothesis on friction is 
reasonable because the frictional force between the surfaces 
of specimen and elastic bars is inevitably involved during 
compression, which influences the stress–strain curve of the 
material during the SHPB tests [44]. Regarding the second 
hypothesis, the JC model in Eq. (1) has the coefficient for 
controlling the strain rate sensitivity C, which was assumed 
to be constant in the previous analysis. To relieve the con-
stant condition, similar works reported the parameters as 
function of strain rate and/or temperature [29–33].

Fig. 9  Comparison of the SHPB measured flow stress and simulated flow curves with J–C model: a Strain rate of 1000  s−1, b 1400  s−1, and c 
 2000s−1. The J–C model was fitted to both flow stresses and temperature changes d–f during deformation
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5.3.1  Effect of Friction on Flow Stress Curves

The effect of friction on the flow stress in SHPB test was 
further analyzed using the finite element simulation. As the 
first evaluation, the friction coefficients were iterated to fit 
the measured flow stresses under different strain rates. Fig-
ure 10 shows that the flow hardening curves could be well 
fitted with increased friction coefficients of 0.28 to 0.35 in 
the FE simulations. The difference in friction coefficient 
under pressure can be feasible from the previous study [44]. 
To validate if the friction coefficients to give best fit to the 
measured flow stresses in Fig. 10, the ring compression 
test was conducted to estimate the friction at the interface 
between the specimen and impact bar during SHPB [45, 
46]. From the initial specimen geometry (Fig. 4c), the ring 
specimens were deformed after the SHPB tests as shown 
in Fig. 11a–c at the strain rates of 1000  s−1, 1400  s−1, and 
 2000s−1, respectively. As illustrated in Fig. 11d, less slid-
ing occurs at the interface for high friction, while low fric-
tion allows for simultaneous sliding at the interface leading 
to deformation with an increased inner diameter. From the 
measured change in specimen’s inner diameter and the cali-
bration curve in Fig. 11e [45, 46], the friction coefficient 
in the present investigation can be approximated to be 0.02 
regardless of the strain rate. Compared to the best fitting 
friction coefficients determined from the FE simulations (in 
Fig. 10), it is reasonable to exclude the effect of friction on 
the flow stress curves measured by the current SHPB test.

5.3.2  Effect of Non‑Constant Strain Rate Sensitivity on Flow 
Stresses

As a second hypothesis for a reason of discrepancy between 
the model prediction and experiment, the effect of strain rate 
sensitivity parameter C in the JC hardening model (Eq. (1)) 
is investigated. As can be seen in Fig. 12, model parameter 
C varies depending on the strain rate. For this, C was defined 
as a function of the averaged strain rate, which resulted in the 

best fitting to the measured flow stresses during SHPB tests. 
The results of FE simulations provided good agreements with 
experiments when the parameters C increased with respect to 
the strain rate in the investigated strain rate range.

The validity of the parameter C as a function of strain rate 
determined by fitting the flow stresses in quasi-static and 
dynamic strain rate condition is proved by designing a new 
experiment-simulation method as follows. First, the most 
appropriate function for the parameter C is constructed to 
cover the whole range of strain rate. This is because the current 
testing results only covered the quasi-static and high strain rate 
over 1000 /s and the data in the intermediate strain range are 
missing. Then, the new sample design is proposed so that the 
deformation in the SHPB test involves the wide range of strain 
rate simultaneously during the test. Therefore, if the proposed 
constitutive model with variable C parameter is rationale, the 
overall mechanical response should be well predicted.

Regarding the optimal function type of strain rate sensitiv-
ity parameter, three forms of equation based on the best fitted 
parameters in both quasi-static and dynamic conditions were 
tested: (1) the power-law of the logarithmic strain rate  (C1, 
Eq. 14), (2) the power-law of the strain rate  (C2, Eq. 15), and 
(3) the sigmoidal function of the logarithmic strain rate  (C3, 
Eq. (16)). These functions are intended similar fitting of the 
flow stresses in the measured range of strain rate, while they 
differ in the intermediate strain range. The three types of the 
functions and their model parameters are shown in Fig. 13 and 
Table 4, respectively.

(14)C1 = a1 ×

(
ln

(
�̇�

�̇�0

))b1

+ c1

(15)C2 = a2 ×

(
�̇�

�̇�0

)b2

+ c2

Fig. 10  The best fit flow stress curves calculated by finite element simulations with various friction coefficients for the strain rate of a 1000  s−1, 
b 1400  s−1 and c 2000s.−1
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Then, the optimum C parameter in the JC model among 
Eqs. (14)–(16) were determined by conducting FE simu-
lations and their comparison with experiments for non-
standard test specimens which include the wider range of 

(16)C3 = a3 × arctan

(
b3 × ln

(
�̇�

�̇�0

)
+ c3

)b3

+ d3

strain rate (especially from medium to high strain rate) 
in the specimen during common SHPB experiments. For 
this, the new design of specimens with varying cross-sec-
tional area of the SHPB specimen by introducing different 
notches were proposed. The four specimens are denoted 
as “Specimen-3” to “Specimen-6”, which are shown in 
Fig. 14a–d. From the preliminary FE simulations, the dis-
tribution of the strain rate on each specimen was pre-eval-
uated. As shown in Fig. 14e–h, each specimen represents 

Fig. 11  Deformed specimens after ring SHPB test under different 
strain rates: a 1000  s−1, b 1400  s−1 and c 2000s.−1. d Schematics of 
deformed specimen shape after ring compression test and their rela-

tionship with friction coefficient. e Determination of friction coeffi-
cient from the ring SHPB tests using the reference calibration curve 
[45, 46]
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quite distinctive strain rate distribution under the same 
loading condition of SHPB test. For example, the Speci-
men-1 includes the bi-modal distribution of strain rate 
with two peaks at around 200/s and 1400/s.

Finally, the force–displacement curves of the four newly 
designed specimens were predicted by adopting the three 
different C parameters of the JC hardening model. Fig-
ure 15 shows the comparison between the FE calculated 
flow curves and experimental results. It is shown that all 
the three models fitted well the trend of flow curves, but the 
best agreement could be obtained for the strain rate coef-
ficient with the sigmoidal type function  C3 in Eq. (16). The 

sigmoidal function is featured with no significant change in 
the intermediate-high strain rate range, but beyond a certain 
strain rate threshold the C parameter rapidly increases before 
being stabilized. Similar observations were also reported 
in other studies [31, 47], which proves the validity of the 
present inverse experimental–numerical approach.

6  Conclusions

This study proposed a new inverse approach for identify-
ing wider range of strain rate sensitivity using the conven-
tional SHPB experiments, especially at intermediate strain 
rate regime. The method includes characterization of quasi-
static stress–strain curves using the standard tensile test and 
dynamic flow stresses based on the SHPB test. Then, the 
flow stresses in the medium range of strain rate are opti-
mized through the finite element updating (FEMU) method 
on newly proposed non-standard notched SHPB specimens 
designed for including wider strain rate distributions. The 
main conclusions of the present study can be summarized 
as follows.

Fig. 12  Flow stress curves fitted to measured data using variable strain rate sensitivity parameter C in Eq. (1) as a function of three investigated 
strain rates: a 1000/s, b 1400/s, c 2000/s

Fig. 13  The three types of C parameter  (C1,  C2,  C3) as a function of strain rate according to a Eq. (14), b Eq. (15), and c Eq. (16)

Table 4  The best fitting parameters of  C1,  C2, and  C3

Hardening parameters

C1 a1 b1 c1 d1

2.518 ×  10–5 2.524 7.754 ×  10–3 -
C2 a2 b2 c2 d2

4.918 ×  10–4 0.2643 7.206 ×  10–3 -
C3 a3 b3 c3 d3

7.966 ×  10–3 2.304 -31.31 2.066 ×  10–3
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Fig. 14  a–d The newly designed SHPB specimens and e–h the distributions of strain rate in each specimen calculated by FE simulation
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(1) The Johnson–Cook hardening model could be well fit-
ted to the flow stresses between the strain rate of  10–3/s 
and  10–1/s measured by quasi-static tensile tests. In this 
range of strain rate, the effect of temperature increase 
from the plastic strain dissipation could be ignored.

(2) In the dynamic tests with standard SHPB specimens, 
the thermal softening index, m value in the JC hard-
ening model, could be determined from fitting the 
finite element simulation to the measured temperature 
changes during adiabatic process of high-strain-rate 
tests. The inverse engineering approach through the 
iterative finite element updating scheme could be an 
efficient method for obtaining the thermal softening 
index as an alternative to the direct isothermal testing 
method.

(3) The effect of friction on the flow stresses measured by 
the SHPB tests was marginal, and the estimated fric-
tion coefficient using the conventional specimen with 
holes in the dynamic condition was less than 0.05 in 
this study.

(4) The discrepancy between the measured flow stress and 
the predicted one with the conventional JC hardening 
model can be attributed from the use of constant strain 
rate sensitivity parameter. Therefore, a new approach 
for determining the strain rate sensitivity parameter 
using the notched SHPB specimens was suggested. The 

new notched specimen design included the optimiza-
tion of strain rate distribution in the specimens, where 
a broader range of strain rate could be attainable in a 
single specimen.

(5) The strain rate sensitivity parameter as a function of 
strain rate itself was evaluated for three different forms 
of function. Then, through the inverse FE scheme with 
the newly designed notched specimens of SHPB test, 
the sigmoidal function was found to be optimum by 
predicting the flow stresses under wider range of strain 
rate, especially in the intermediate range of strain rate.

(6) The present study provides a new methodology based 
on hybrid experiment and numerical simulation to fill 
the gap in predicting mechanical responses between 
quasi-static and dynamic tests using commonly avail-
able tensile test and SHPB test.
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